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Exponential of a hamiltonian in large subsets of a
lattice and applications

J. Nourrigat

after works with L. AMOUR, C. CANCELIER, Ph. KERDELHUE,

P. LEVY-BRUHL and Ch. ROYER.

1. Some models.

We are interested to quantum Hamiltonians for large systems of particles moving
near the points of a large, but finite subset A of the lattice Z?. Near each point \ of
A a particle, or a system of particles, moves in IRP. The interaction between these
particles is described by two functions:

e The interaction between particles moving near the same point A of the lat-
tice is described by a C* real-valued, lower bounded function A,(z) on IRP.
We assume that all derivatives of order > 1 of this function are bounded,
independently of .

e The interaction between particles moving near different points A and p of the
lattice is described by a C™ real-valued function B ,(z,2") on IR?", which is
bounded, like all its derivatives. A more precise hypothesis will be made in
section 2.

Then, for each finite subset A of Z<, the potential Vi (function in (IRP)%) is
defined by
Va(z) =3 Aslaa)+ D Bauloa ) (1.1)

A€A (A EAZ NAp

where, for each point A of A, x) denotes the corresponding set of variables. The
hamiltonian is given by

h2
HA = —? Z AJ}/\ + VA(Z') (12)
AEA
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In quantum statistical mechanics, the exponential exp(—SHy), (8 > 0), plays
an important role. A first description of the heat kernel of H,, with estimations
independent of the finite set A, was given in Sjostrand [23]. More precisely, this
article described an approximation, up to O(h>), of this heat kernel, and introduced
the notion of 0-standard function with exponential weight. Later, the preprint [3] with
L. Amour, C. Cancelier and P. Lévy-Bruhl described the heat kernel itself, using
implicitely the concept of 0-standard function in a simple particular case (see also
[4]). We prove, under suitable hypotheses, that the operator exp(—3H,) has an
integral kernel

Ur(z,y, 8,h) = U (x,y, B, h)e Palwoh) (1.3)

where U I(XO) is the heat kernel for the free Hamiltonian (without potential), and for
1, we give estimates, (stated more precisely in section 2), meaning that this family
of functions is in a particular case of 0—standard functions.

There is a large literature of classical statistical mechanics for spin systems, with
potentials Vi of the form (1.1). More generally, (see for example B. Simon [22]), it
is common to associate, to each finite subset Q of Z<, (not only to sets of one or
two points), a term Ag which is a function on (IRP)?, and then the potential V, can
be defined, instead of (1.1), (with obvious notations), by

Vi(z) = QZAAQ@Q)- (1.4)

Of course, an estimation of ||Ag||« as the diameter of @) increases is needed. It is
possible, also, to take the sum on all finite subsets with a non void intersection with
A, considering the variables x), for points A which are not in A, as given parameters.
We shall see that, even when the potential V) is of the particular form (1.1), the
function 1, appearing in (1.3), at least when it is restricted in the diagonal, has a
decomposition of the form (1.4), where the sum is taken on all the boxes ) contained
in A, if A itself is a box. Moreover, the term corresponding to any box () satisfies
estimations involving the diameter of () (See Proposition 2.2).

Then, once the decomposition of ¥, analogous to (1.4) is obtained, we can apply
(or modify) the usual techniques of classical statistical mechanics for spin systems
to prove, for the Schrodinger operator, results which are well known in classical
statistical mechanics for spin systems. The first one is the decay of “quantum cor-
relations”. See Theorem 3.1 for a precise statement, at least in a particular case.
Similar rate results in classical statistical mechanics are well known: see section 3.
Then, we can give other applications by a combination of the previous results and of
usual techniques: rate of convergence of the mean value of observables for finite sets
to their thermodynamic limit, mixing property of this thermodynamic limit, proof
that this thermodynamic limit depends continuously of 3 in the domain of validity
of our estimations (in other words, absence of phase transitions). See section 3, and
the preprint [3].

In order to study other Hamiltonians than the Schrodinger operator, an attempt
was made, with L. Amour and Ph. Kerdelhué [5], and with Ch. Royer [18], to study,
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not the heat kernel, but the pseudo-differential symbol of the operator exp(—FHp),
also with estimations independent of A. Unfortunately, we could apply our tech-
niques only to operators of order 1, for example to the relativistic Hamiltonian

Hy = Z V1 — h2AacA + VA(.T) (15)

AEA

Our initial aim was to study the quantum Heisenberg model, with both large di-
mension and large spin. This would lead to Hamiltonians of second order on the
manifold (SU(2))" of a similar form, but our techniques cannot be applied for this
problem (brought to our attention by B. Helffer). See section 4.

2. Heat kernel of the Schrodinger equation.

We assume that, for each finite set A of Z?, V has the form (1.1), that the functions
A, have all their derivatives of order > 1 bounded independently of \. We assume
that there exists € €]0, 1 such that B, , satisfies the following condition (H.).

(He)

B m 7
For each m > 1, there exists C,,(¢) >0 such that sup Z HM—C(]R” < Cnle)
/A peZA €|/\_M|
If (H.) is satisfied, there exists M;(e) and Ms(e), independent of A, such that:
IV, Vall < Mi(e) (2.1)
ViV, Vi
sup ”A—A” < My(e) (2.2)
AEA ,LLEA 5‘ _:u"

Theorem 2.1. Under the previous hypotheses, the integral kernel Up(x,y, 3, h) of
e PHA can be written in the form

_la—y]?

Ur(x,y, B,h) = (2mBh2) A2 = cminendh) (2:3)
where ¥y is a C function in (IRP)* x (IRP)A x [0, +oo[, depending on the parameter
h > 0. Moreover, if (H.) is satisfied, for each finite subset A of Z*, we have, for all
B>0

Sup [Vava (s, B, )| < BM(e) (2.4)

and if m > 2, we have, for all points XV, ... \m=1) jn A,
Z ||V}\(1) "'VMm*l)va/\('? ) 67 h)HLOO

Ediam({/\l,.../\m—lvﬂ})

< BK () if  hB < My(e) V2 (2.5)

nEA

where K, (¢) is independent of A.

The function 1, of Theorem 1.1 is obtained as the solution of the Cauchy problem
(we wrote t instead of [3)
OPa T —y h?

h? 9
T + ranit vwa_?A$¢A = Vae(z) — ?Waﬂﬁﬂ (2.6)
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¢A($ay707h’7 5) =0 (27)

First, a theorem of global existence, for a fixed A, is obtained, using a fixed point
theorem, and a variant of the principle of maximum (see L. Amour and M. Ben-
Artzi [2] for similar techniques, without the singular coefficient *7¥). The variant
of the principle of maximum is used again in the proof of (2.4) and (2.5). There
is a relation between the inequality (2.5) and the notion of 0—standard function of
exponential type of [23].

The next step is a decomposition of ¥, similar to (1.4), in order to adapt the
techniques of classical statistical mechanics. This will be obtained when A is a box of
¢, i.e. a set of the following form, where a; and b; are in Z and a; < b; (1 < j < d):

A={NeZ a;<N<b 1<j<d} (2.8)

Proposition 2.2. If A is a box of Z¢, the function ¥x(x,y,3,h) of Theorem 2.1
satisfies, if (H.) is satisfied and hB3 < My(e)~/2,

@DA(I‘,y,ﬁ, h) - Q/)1\<an - l‘,ﬁ,h) - Z (TQ¢A)(xwyaﬁ7h> (29)

QCA

where the sum is taken over all boxes contained in A, and Ty is a function de-
pending only on x — vy, 3, h and on the variables x, and yy such that A € Q. For
each integer m > 1, there ewists K,,(¢) such that, for each points NV, ... X" of
A,

V3.V (Toa) (., ., B)|| < Ko (e)Betiom(@ if A3 < My(e)™V2 (2.10)

If m =0, this result is also valid for bozes () non reduced to single points.

In particular, when it is restricted to the diagonal, T, depends only on the
variables z, and y, such that A € ), and we have a decomposition of ¥, which is
very similar to the form (1.4) usually supposed for the potential Vj in the literature
of classical statistical mechanics. Theorem 1.1 and, again, the principle of maximum,
are used in the proof of (2.10).

3. Applications: decay of quantum correlations, mixing prop-
erty of states, etc.

In classical statistical mechanics, for each finite set A and for each § > 0, the mean
value of a bounded function f on (IRP)*) by

f(]Rp)A e‘ﬁVA(x)f(x)d:U
e_BVA(x)d;U

Erp(f) = (3.1)

f(]Rp)A

Then, the correlation between two such functions f; and f; is defined by cova g(f1, f2) =
Eng(fif2) — Eapg(fi) Eap(f2). If f; is a bounded function in (IR?)%7) (j = 1,2),
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where E; and E, are disjoint finite sets, we can define covA, B(fi, fo) for each A
containing E; and F,. A classical problem is the estimation of the decay of this
correlation with bounds which are independent of A, but depend on the distance
between E; and E,. For [ small enough, see L. Gross [10], where a decomposition
of the form (1.4) for the potential V) is supposed. For § large enough, stronger
hypotheses are needed: see Helffer-Sjostrand [15], Sjostrand [24], where the correla-
tion is related with an eigenvalue of the Witten Laplacian of V,, acting on 1—forms,
Sjostrand [25], and Bach-Méller [7].

A first application of the results of section 2 is the study, when 3 is small enough,
of a quantum analogue of the correlation. Instead of functions, we consider, for each

finite set A, bounded operators on the Hilbert space H, = L?((IRP)*). First, if A is
such an operator, (a local observable), we can define the 'mean value’ of A as

tr (e‘BHAA>

Exp(A) = T (e

(3.2)
If £y and E, are disjoints subsets of A, and if A; is an operator in Hg, (j =
1,2)), we can define their quantum correlation by cova g(A;, As) = Fp3(A1As) —
Ep 3(A1) Eap(Asz), where the mean value is now (3.2).

We denote by dist(F, F') the distance, for the ¢ norm, of two subsets £ and F
of Z?. In the definitions of the mean value and of the correlation, we shall write
Ey5(f) and covp g(f, g) instead of Ej 3(A) and covp g(A, B) when A and B are
multiplications by bounded functions f and g.

Theorem 3.1. We assume that, for |x,| large enough, Ax(xy) > c|xy|, and that (H.)
is satisfied (0 < € < 1). Then, for each é such thate < 6 < 1, there ezist K(g,9) >0
and By(e,8) > 0 with the following properties. If Ey and Ey are disjoint sets of ¢,
if f; is a continuous, bounded functions on (RP)¥i, (j = 1,2), then we have, for
each set A containing Ey and By, for all h and 8 satisfying h3 < My(e)~"/?, and
B < Bole, ), for each box A containing Ey and Es,

|cova,s(fr, f2)] < inf (ﬂ(El),ﬂ(Ez)) B K(e,0) 0™ il follo (3.3)

When the operators A; and Ay are no more multiplications, see the preprint [3]
for a more precise statement. The preprint [3] gives more complicated statements,
with stronger hypotheses, for Theorems 2.1, 2.2 and 3.1. The improvement of these
results is a work in progress.

This estimation for the correlation of two local observables may be applied, to
prove that, if A € L(Hg) (Q fixed finite subset of Z<) is a local observable, and if
G > 0, the following thermodynamic limit exists

wg(A) = nl—l>r—£loo Ey, 3(A) A, ={-n,...,n},
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and to estimate the rate of convergence. Thus, this limit define a state on the
C*—algebra associated to the lattice, and the decay of correlations is again applied
to prove the mixing property, or the absence of phase transitions. See [3]. This kind
of results is also obtained, with other hypotheses, by probabilistic methods: see [1],
[8], [16], [17].

4. Pseudo-differential techniques: relativistic Hamiltonians.

It may be interesting to present earlier results where, instead of the integral kernel,
the pseudo-differential symbol is studied. For each finite subset A of Z<, we consider
an holomorphic function fy(z,£) on the following domain

Qula) = {(z,6) € (C")* x (C")*,  [Im(z,8)]e < a} (4.1)

where a is a positive constant, independent of A. We suppose also that, for some
M > 0, also independent of A, such that

Vo a2, )| + Ve falz, )] < M VA€ A, V(,§) € Qula).  (42)

We assume also that fa(z, € is real when (z,&) is real, and lower bounded, with a
lower bound which may depend on A. We shall say that a family (fy) is in S(a)
if these conditions are satisfied. Then we associate to the symbol f the h—pseudo-
differential operator Opy(fa) defined formally by

Om(fu(a) = rh)™ [ et (T

dyde .
- 5 &uly) dydg

where n = p|A|. With these hypotheses, e7*OP»(/a) is well defined, and we know,
by the functional calculus of Helffer-Robert, that it is also a pseudo-differential
operator, for each fixed A. The next theorem gives bounds which are uniform with
respect to A (see [5] and [18] for the proof).

Theorem 4.1. With the previous hypotheses, for each b €]0,a| and for each integer
m > 1, there exists a constant €, > 0 and a family (ga,n) in S(b) such that
e7tOPUN) = Opy(e7920)  if  B™A| <&, 0<t<1. (4.3)

The bounds of the derivatives of gan, like in (4.2), are independent of h and A
satisfying the condition of (4.3) (for m fized). Moreover, ga s has an asymptotic
expansion in powers of h:

gAh—ZE (&, 1007 + W R{V (€, t, h) (4.4)

where the families E/(\j) are in S(b), £ (0) (x,&,t) = th(a: €) and, if (x,&) is in Qa(b)
and 1is the previous conditions are satzsﬁed, |RA Yz, &,t,h)| < CwlA|, for some
Cp, > 0 independent of A.
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The applications of Theorem 4.1 are limited due to the two restrictions: the order
of the operator cannot be greater than 1, and the inequality between the Plank’s
constant and the number of elements of A makes impossible to apply it to the
existence of a thermodynamic limit. With Ch. Royer, we considered for example the
Hamiltonian (1.5) where d = 1, A = A, = {—n,n}, where n — 400, where the
functions A, and B, , are holomorphic if |Imz|., < 1, real when z is real. Moreover
By, is uniformly bounded, and B, ,, = 0if |[A—pu| # 1 (nearest neighbor interaction),
while A, has it derivative of first order uniformly bounded, and, in the real domain,
increases at infinity enough to give a sense to the following trace:

1 An —tH
Zp (t,h) = mln [(2mh)PAnI Ty (=t ) | (4.5)
where H)p, is now the relativistic Hamiltonian (1.5). Then the existence of the
pressure Z(t,h), limit of Z, (t,h) when n — +o0, is classical. See for example,
Ruelle [21], where the rate of convergence O(n™') is proved. Theorem 4.1 can be
applied to prove that the pressure Z(¢,h) has an asymptotic expansion in powers
of h. For this application, the relation between |A| and A is not a difficulty. In
particular, the inversion of the two limits (n — +o0 and h — 0) is justified. This
problem was brought to our attention (for another model) by B. Helffer.

The proof of Theorem 4.1, given with Ch. Royer in [18] relies on a still earlier
result, with L. Amour and Ph. Kerdelhué [5], on the pseudo-differential calculus
with large dimension. In particular, in [5] we give an estimation for the composed
f *n g of two symbols which are holomorphic and bounded in Q4 (a) (i.e. the symbol
such that Opy(f *n ) = Opi(f) © Opr(g). By Lemma 5.1 of [5] (see also Theorem
3.2 of [18]), this function is holomorphic and bounded in Q4 (b) for b €]0, a[ and, if

we set || f|la = SUD (.£)e01 (a) |f(z,€)|, we have:

V2h (a—b)? "
< S — .
||f*h .gHb — ||f||a ||g||a (1 + <CL _ b)ﬁe ) n p|A|
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