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1. Introduction

N. Wiener in [19] proved that if a periodic function with absolutely convergent Fourier series
never vanishes, then it also has an absolutely convergent Fourier series.

A Banach subalgebra «f of a Banach algebra 98 having a common identity is called inverse-
closed in B if A€ of with A~! € 2 implies A~! € «. For a Banach subalgebra </ which is inverse-
closed in %, we say that of admits a norm-controlled inversion in 2 if there exists a function
h:R; xR, — R, such that

1A e < RUA™ 2, | Aller)

for all A € o with an inverse A~! in %, where ||| and ||- || are norms on «/ and 4, respectively.
N. Nikolski in [9] showed that the algebra of absolutely convergent Fourier series does not
admit norm-controlled inversion in the algebra of continuous periodic functions.
Let a discrete set A = R% be relatively-separated, that is,

R(A)=sup Y Xj4(0,1)¢(X) <co. 0y)]
xeR4 AeA

ISSN (electronic) : 1778-3569 https://comptes-rendus.academie-sciences.fr/mathematique/


https://doi.org/10.5802/crmath.54
mailto:qiquanfang@163.com
https://comptes-rendus.academie-sciences.fr/mathematique/

408 Qiquan Fang and Chang Eon Shin

The set A may not form a group. Our prime models are paraboloids {(x, y,2) : z= ax®>+by?,x,y€
Z}, and elliptical hyperboloids {(x,y,z) : z°> = ax* + by?x,y € Z}, where a,b > 0, and the set
{k+6r: kez? 6, €(0,1)%.

For 1 < p <ocoand r =0, define the Baskakov—Gohberg-Sjostrand(BGS) class 6, (A) by

Cp,r(A) = {A= (@A A g pen : I Allsg,,(a) <00}

where for 1 < p < oo,

1/p
lAllg,, 0 ={ Y. sup laQ,ANPA+IA=ADP ¥ 0paA-AD] 2)
kezd AAEA
and for p = oo,
lAll%,,, ) = sup la, AN +(A=A"])T, 3)
AN EA
where for x = (x1,...,x4) € R4, |x| = max(|x1], ..., |x41). The above classes of infinite matrices form

Banach algebras. In particular, when p = 0o, 6w, (A) is called a Jaffard algebra and written as
fr (A) with the norm || - ”fr(/\)'

Let o/ and 98 be Banach =-algebras with common identity and involution. If 28 is a symmetric
algebra (see [4]) and « is a differential subalgebra of 98, then «f admits norm-controlled inver-
sion in 28 (see [6,7,12]). Several algebras of infinite matrices with certain off-diagonal decay in-
cluding Grochenig—Schur algebra, Baskakov—-Gohberg-Sjostrand algebra and Jaffard algebra are
shown to be differential *-subalgebra of B(2(ZY)) (see [3,5-8,10-13,15-18]), where for 1 < g < oo,
2B(¢9(V)) denotes the space of all bounded linear operators on ¢9(V) with the norm | - | gg(¢4) and
£9(V) is the set of all g-summable sequences on V with the norm || - || q-

Using the commutator trick and the partition of the identity, J. Sjostrand in [14] showed
Wiener’s lemma for %) ¢(Z%). The polynomial norm-controlled inversion is studied in [6] for a
differential subalgebra of a symmetric Banach algebra and in [7] for matrices in Besov algebras,
Bessel algebras, Dales-Davie algebras, Baskakov—Gohberg-Sjostrand algebras and Jaffard alge-
bras. A. G. Baskakov in [1,2] depending on Bochner-Phillips theorem proved that Jaffard algebras
and Baskakov-Gohberg-Sjostrand algebras with p = 1 admit norm-controlled inversion in B(¢2).
E. Samei and V. Shepelska in [11] showed that the convolution algebras as a subalgebra of a C*-
algebra admits an inversion controlled by a subexponential function. In [13], it is shown that a
Beurling algebra admits a polynomial norm-controlled inversion in a symmetric Banach algebra
SB(0%(V)), where V, E are the sets of vertices and edges in the graph & = (V, E), respectively, which
has a complicated structure to prove the norm-controlled inversion.

In some applications in the field of mathematics and engineering, widespread-used algebras
2 of infinite matrices are Banach algebras 28(¢”) for p € [1,00], while they are symmetric only
when p = 2. Theresultsin [1,2,6,7,11,13] deal with the norm-controlled inversions in symmetric
algebras, on the other hand, we provide the norm-controlled inversion in a nonsymmetric
algebra. In this paper, for 1 < p,q < oo, r > d(1 — 1/p) and a relatively-separated subset A of R?,
we give the simple proof for the norm-controlled inversion of the Baskakov—-Gohberg-Sjostrand
subalgebra %6, (A) of a nonsymmetric Banach algebra 2(¢7(A)). We expect that the method in
this paper can be applied to algebras of infinite matrices having off-diagonal decay with different
weights from polynomial functions. The proof of the main theorem is based on commutator trick
and the partition of the identity in [14].

For a = (ay,...,ay) € R, we write [a] = ([a1],...,[a4]), where for b € R, [b] denotes the largest
preceding integer of b.
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2. Norm-Controlled Inversion

To state our result on norm-controlled inversion for localized infinite matrices, we recall some
concepts. For a relatively-separated subset A of R? satisfying (1), we define Schur norm of an
infinite matrix A = (a(A, 1))y yea by

I All#(a) = max|sup Y la(A,A)], sup Y la(A,A)]]. 4)
NeAdeA AeA Ve

For any 1 < g < oo, one can show that the Schur class .#(A) is a subalgebra of the Banach algebra
PB(¢7(A)) and

| Allgzceacny = 1Al (a)- (5)

Let A = (a(A, ) A Aen be an infinite matrix in a BGS algebra, we define its approximation
matrices Ay, N = 1, with finite bandwidth by

Ay = (@A, AV x10,1 (A= A1/ N)) ) 1ren- (6)
We have the following properties of the algebra 6, (A) for 1 < p<ooand r > 0.

Proposition 1. Letl < p,q<ocoandr > d(1—-1/p), and let A be a relatively-separated subset of
R satisfying (1). Then the following statements hold.

(1) The BGS algebra 6,,0(7\) is a subalgebra of Schur algebra & (M), and

I All.#n) < 2R(M)I Allsg, o (n) for all A€ 61 0(A). )
(2) The BGS algebra 6),0(A) is a subalgebra of the Banach algebra 2(¢£9(A)), and
Il Acllgacpy < 2R | Allg, o licllcany forall A€ 6 o(A) and ce £9(A). (8)
(3) The BGS algebra €, (A) is a subalgebra of the algebra 61,0(A), and
3dr 1—1/}7
I Allg, o (n) < (m) IAll,, for all A€ €p (7). 9)
(4) The BGS algebra 6,y (\) is a Banach algebra, and there exists a positive constant Cy such
that
IABl,, ) = CillAllg,, ) IBlw,, ) for all A,B €€, (A). (10)
(6) Amatrix A in6p,(A) is well approximated by its truncated matrix An, N = 1, in the norm
” . ”‘gl’o(A)y and
da-1/p) \"VP o rvaa-up
— N Prifp#£1,
A= ANl o) < 1Allg,, ) % (r_d(l_”p)) v an
N7’ ifp=1.
Proof.
(i) and (ii). Observing that for A € A,
sup Y la(, DI < RA) Y. sup |ald, Dy o,neA—A) (12)
A€A Fep kezd M, AeA
and
sup ) la(A, ) <2R(A) ) sup [a(d, D)y 0e (A= A), (13)
AeA AeA kezd L, AeA

which imply (7) in (i). Combining (5) and (7), one can get (8) in (ii).

(iii) and (v). By direct computation, we obtain (iii) and (v).
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(iv). Let 1 < p <ooand r > d(1 - 1/p), and take the matrices A = (“Mﬂw)awe/\ € €p,r(A) and
B=(b(A,A)); yep € €p,r(A). Then by the fact that |a+ b|" <2"(lal” + |b|") for a, b € R, we have

1/p

p
||AB||<gp_,(A)szr( Y sup (Z |a(A,A”)|(1+|A—A”|)'|b(7t”,7t’)|) xkﬂo,l)dm—/u))
kezd LAEA\A"eA

1/p

p
+2r( Y, sup (Z |a(7L,A”)||b(A”,A’)|(1+M”—M)’) xk+[0,1)dm—a’))
kezd LA EA\A"eA

=i+ ]2 (14)
Observing from (12) that

/ﬂg’s(Z sup (R(A) Y 1aA DIA+IA =AD" X _ppcr1yeA—A)
kezd LA'EA tezd

1/p
x |b(A,A’)|x4+[o,Dd(A—A’))”)

< R Alls,, 1Bl o)
and similarly J»/2" < R(A)||A||<51,0(A) ||B||cgp‘,(A), these together with (14) and (9) in (iii) imply (10)

. r+1 34 1-1/p
with C; =2 R(A)(m) forlsp<oocandr>d(l-1/p).

For p = 0o, we have

| ABll,,,(n) 52’( sup Y. Ia(/l,ft")l(l+I7L—/1”|)’|b(/1",/1')|)
AMVEAA e

+2f( sup Y. |a(/1,/1”)||b(/1”,/1’)|(1+W—A’n’)
MAVENQ e

<2"(IBll» @) I All%,, . ) + 1 Al (a) |IB||<goo,,(A))- (15)
The desired result (10) follows from (7) and (15) for p = co. O

Let h(?) := min(max(2 —|¢,0),1) be the trapezoidal-shaped function. The function # is Lips-
chitz continuous.

For 1 < g < oo, a positive integer N and A € (¢9(A)), define localization operators ‘Pﬁv , )d\’
and commutators [‘I’f.v,A], iezd, by

WNc:= (/N =1)c(d) e p (16)

11 e:= (ron (i = A/ N)e) e a7
and
(PN, Alc=¥NAc— APV ¢ for c:= (c(M))ren € €9 (M),
where for a set I, y;(-) denotes the characteristic function on 1.

In the next theorem, we show the norm-controlled inversion of a Banach algebra || Allcgw( A in
2B(¢7)(A) which is not a symmetric *-Banach algebra.

Theorem 2. Letl<p,q<oo,r>d(1-1/p), A bearelatively-separated subset of R satisfying (1),
and let A € 6y, (A) be invertible in 2(¢9(A)). Then there exists an absolute constant C, indepen-
dent of A, such that

-1 -1 -1 d in(1,r—-d(1-1
1A e, 1) < CIA™ ggeay 1A g e I Allg,, () (4P iR =d0=1PD

{1 ifr£d1-1/p)+1,
X

_ (18)
(InU A gl Allg,, )@ PP i =aa-1/p) + 1.
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Proof. We follow the arguments in [18]. Let 1 <= g <ooand 1 < p < co. When g =00, p =1 or
p = oo, we can follow the same proof. Write p’ = p/(p — 1). Define the linear operator ®, on
29(A) by
Oyc:=(HAIN)C(A) ) n for c¢:=(c(A))1ep € 9(N),
where H(t) = (¥ ;cza h(t— i))_l, t € R, By the invertibility of A, we have that
LA o 19 Y cllg < 19 Acllg + TP, Alcll
< WV Acllg + 13N 1PN, Alel g + 1T = 3D AN Vel
<Y Aclg+ X AN ¥y, Alon Y cllg + 1A= Al oW cllg.  (19)

jezd
Choose N so large that
1p 1/(r=dlp")
N= (z(rp,_ d) 1A e I All,, ) (20)
It follows from (11), (19) and (20) that
1A g 1P clg < 21N Aclg +2 ) XN WY, AlonWely. 1)

jezd
Fori,je 7% with |i — jl =10, we obtain from Lipschitz property of & that
N Y, Aoy el

qg\1/q
(Z(Z xinWla, A)IhA/N =i) = h(X'/N - i)|h(A'I N - ])Ic(/l)l) )
AeA \VeA

q 1/q
s(z ( > min(l)t—/l'I/N,1)|a(/1,/1')|h()t’/N—j)llc(/l/)l) )
AMeA\IA-AN|<15N

=R

Y min((kl+1)/N,1)Ag
|k|<15N

wellg, 22)
and for i, j € Z% with |i — j| > 10, we have that

g\1/q
||x?£[\P§V,A1®N\Pch||qs(Z(Zx Wla, A) A IN - mcw))

AeA\NVeA
qg\1/q
s(z |a(A,A’)|h(A’/N—j)lcm’)|) )
AeA\(li—jl-5)N<|A-AN|<(li-jl+5) N
<2R(A) Ak) Iwielq, 23)
(li—=jI=-5)N=|kl=(li-jl+5) N

where

Ak— Sup |a(l A)|Xk+[01)d(//‘/ A)
AAEN

We define a function

~ <isymin((lk|+1)/N,1) A, if |i] <10,
VA,N(i):ZR(A)x{ZkI‘ISN in((|k| +1) ) Ak ?Il'l 24)
1il-5) N=<Ikl<(i|+5)N Ak if [7] > 10.
We have from (21), (22), (23) and (24) that
1Wielg <21A7 aen IV} Acllq+ 3, VanG, DIV clg, (25)

jezd
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where VA,N = (VAYN(i’j))i,jEZd and VA'N(l',j) = 2||A_1 ||@([Q)‘7A'N(i —j).We write

VX,N = ((VA’N)[(i’j))l',jGZd’ (26)

We apply (25) repeatedly to have that

n-1
WY cllg <21 A e 1P Acllg + 21 A gen) Y. Y. Vi NG DIYY Aclg

0=1 jezd
+ Y VENG DIV el @D
jezd
Note that
/
1A, =<2"( Y AP@+1kpP)"? (28)
kezd
and
1/p
> A’,j(1+|k|)”’) <2")| Allg,,n)- (29)
kezd

Observing from (29) that

1/p
( > (VA,N(i))”(1+|i|)p’)

|i]>10

sZR(A)(loN)d(P‘”’M’N"( Y
|i]>10 (|i|-5)N<|k|<(li[+5) N

< 10425 RN | Al ) (30)

1/p
AP (1 + |k|)’7’)

and

1/p
( > (VA,N(i))”(1+|i|)P’)

|i|<10
p\1/p
sZR(A)(Z (1+|i|)i’r( Y min((lkl+1)/N,1)Ag
li|<10 |k|<15N
<2RMIYPINTY Y (k+ DA+ Y Ap)
|k|IsN-1 N<|k|<15N

< RWN2"211 P | Allg,, )
{(( d )l/p'+(2d+rp’_d)l/p’)N_min(l,r_d/pr) ifrdip +1,
X

rp'-d |rp'-p'-d|

/ / (31)
Qd)"P N"'an(N+1)YP ifr=dip +1,
we have that
IVanle, @i < Daprl A g Al NI EdipeL
< x /
ANTGy @) = Zdpr 1S ABEOTE N A Not v+ 1)V i r=dip' +1,
where
d \1/p 2d+rp'-d\1/p’ if div +1
D :23r+311d+rR(A)X (rp’—d) +(m) ifr # p+1
“nt @ad)'v ifr=dip +1.
Choose the smallest integer Ny satisfying
—min(l,r-d/p") . ’
_ ifr£d/p'+1
122C1Dgp A Igea | Allsg,, a) X3 ° , (33)
1d,p,r PB(T) pr () No_l(h’lNo)l/p ifr = d/p’+ 1,
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where C; is the constant in (10). Then N satisfies (20), so (21) and (27) hold. From (33) there exist
absolute constants C,, C3 such that for r #d/p’ +1,

No = Co(I A I gem | Al )V iR/ P (34)
andforr=d/p' +1
No = Gl A lggeay Il Allg,, o) (InULA™ i ge | Al a)) P (35)
It follows from (10), (32) and (33) thatfor ne N,
IVA N, lg,, @4 < 27", 36)

This combining with Proposition 1 (ii) and (iii) implies that

. PR N
Tim Y Vi DI el =0,
j(—;Zd jezd q
so taking n — oo in (27), we have that
I30cly < 1A eny X Wan (i DIV Aclg, 37

jezd
where Wy n, (i, j) =21+ 22‘;‘;1 V/‘f No(i,j). It follows from (36) that
” WA,NO ”cgp'r(zd) =4. (38)
We define an infinite matrix Ha y, := (Ha,n, (A, A")) 2, 17en, Where

Hany WA= ) Y, Wan(m,n). (39)
\mN()—A|SNO \nN()—/V|SZNO

Since for k € 79,
SuPAXk+[0,1)d -1 ) > Wy, N, (m, 1)
'e

A [mNy—Al=Ny |[nNy—A'|<2Ny
= > > W, Ny (m, 1),
£={—4,-3,...,3,4)4 m—n=[k/Nol+e

)

we have from (38) that

”HA,NO ”(gp‘r(A) < 10d/p+r+d+1Ng/P+r' (40)
Let AL :i= (@Y, A vens ai,l =(a A, 1)) ea and a/{,l (A) = a1 (A, 1'). Replace c by ai,l in (37)
to getthatfor le Aand me 79 with |[mNg— Al < Ny

la 'A< 10 ayt

<1A  Ngwsy Y Y Wanm Wi Aa i,
[mNy—Al<Ny |[nNy—A'|<2Ny

< | A" ligg(eay Ha,ng (A, A). (41)

It follows from (40) and (41) that
_ _ dl -
1A e, ) < A geay | Hano g, () < 10 PHTHATINTPE ) A7 gy 0. (42)

From (34), (35) and (42), (18) holds. O
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