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Abstract. This paper is concerned with the canonical metrics on generalized Hartogs triangles. As main
contributions, we first show the existence of a Kdhler—Einstein metric on generalized Hartogs triangles. On
the other hand, we calculate the explicit expression for Rawnsley’s e-function, and then we give the sufficient
and necessary condition for the canonical metric to be balanced. As an application, we also find that there
exist canonical metrics on generalized Hartogs triangles being both Kdhler—Einstein and balanced.
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1. Introduction

Let Qf, ,, be a Hartogs type domain in Ck*™ which is defined by
Qo= {@w) = (a1, 2w, o, W) €M 2P < [wi P <o <wP <), ()

where ||z]|? = |z > +--- +|z|?. In this paper we call Q. ,,, the generalized Hartogs triangle. It is not
hard to see that Qy, ., is a bounded nonhomogeneous pseudoconvex domain without a smooth
boundary.

Recently, the Hartogs triangles have attracted a lot of attentions and many deep results have
been obtained on it from different points of view. For example, Edholm [9] studied the LP bound-
edness of the Bergman projection on fat Hartogs triangles. In 2017, Zapatowski [17] characterized
the existence of proper holomorphic mappings between generalized Hartogs triangles and gave
their explicit forms. Later on, Bi-Su [2] explored the geometric properties of a special Hartogs tri-
angle (that is Q,,,,). There are also some other beautiful works on Hartogs triangles, the reader is
referred to [4, 8, 16] and references therein.
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In the following, we equip Q. ,,, with a Kdhler metric g(u) associated with the Kéhler potential
D m(z, w) defined by

m—1
Opom(z,w) = —poln (lwi P = 121%) = Y pjin(Jwjr >~ |w) ) = I (1= 1w ), @)
=1

in which p = (o, -+, um) with g; > 0(0 < j < m). Therefore, we know that the associated Kihler
form wg(y) on Qg », can be expressed as

-1 —
W) = ——00D 1y
g(w) o k+m
A Kéhler metric on a complex manifold (M, g) is said to be Kéhler-Einstein if the Ricci tensor
form Ricg is proportional to the associated Kahler form w, namely
Ricg = Aw.
In 1980, Cheng-Yau [5] proved that there exist complete Kdhler-Einstein metrics with negative

Ricci curvature on strictly pseudoconvex domains (M, g) in C". And their solution was exactly
the solution of the Monge-Ampere equation:

det[ 2| = D@ 5 pp
62,'62]' ’ ’

D(2) =00, z€0M,

3)

where the metric g is given by 0°®/9z;0z jdzi ® dz/. So the existence of Kihler-Einstein metric
on M is equivalent to the existence of solution for the above Monge-Ampere equation on M up
to a constant. However the solution of (3) is not easy to obtain.

It is well known that the Bergman metric of homogeneous domain was a Kdhler-Einstein
metric, and the explicit solution of (3) was also obtained on homogeneous domain. For the
nonhomogeneous case, people were mainly focused on the Hartogs domains. Bland [3] described
the Kdhler-Einstein metric on {|z|? +|w|?P < 1} without giving the explicit solution of (3). Wang et
al. [15] firstly obtained the explicit solution of the Monge-Ampére equation on nonhomogeneous
domain called Cartan-Hartogs domain. Zedda [18] also gave an equivalent description of Kdhler—
Einstein on Cartan-Hartogs domain by using the scalar curvature. For other studies on Hartogs
domains, please see [1,11] and [14]. So it is natural to ask whether the Monge-Ampeére equation
can be explicitly solved on some other Hartogs domains.

Hence one purpose of our paper is to show that there exists a Kdhler-Einstein metric on
generalized Hartogs triangles Qy ,, or equivalently, a solution of the Monge-Ampere equation
on generalized Hartogs triangles Qy ,, can be explicitly found. One of our results is as follows:

Theorem 1. The generalized Hartogs triangle (Q, ,, g(W)) is a Kdhler-Einstein manifold if and
onlyifuo/pj=(k+1)/2forj=1,---, m.

Therefore it is easy to obtain a solution of Monge-Ampere equation on generalized Hartogs
triangles Q. ,,.

Theorem 2. Forv>0,u;>0(j=0,---,m), the following @' (z, w)

' (z,w) =

m m-—1
2 2 2
Ly [T sl - poln (= 121?) = 3 ajin(Jjea = |0y F) I (1~ L)
n+m+1 j=1 i
is the explicit solution of Monge-Ampere equation on generalized Hartogs triangles Q. , if and

only if
k+1

n+m+1

Vzll(l)clll"'llmylloz »uj: )j:]-)"'rm-

n+m+1
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In the rest of this paper, we will discuss the balanced metrics. Firstly, we define a complex
Hilbert space Hy (Q, ) as follows:

gl
Hyg (Qk,m) = {fE@(Qk,m) :fk‘m |f|2 exp{—a®rm} (ki’:n)' < +00};

where O(Qy, ) denotes the space of holomorphic functions on Qg p. If Ha(Qk,m) # {0}, let
K, (Z,Z) be its weighted reproducing kernel. Then the Rawnsley’s e-function can be expressed
as

f(a,g) (Z) = exp{_ aq)k+m(Z)}Ka(Zyz)r Z= (Z], oy Ry W,y LUm) € Qk,WL'

Definition 3. The metric g(u) onQy, n, is balanced if the Rawnsley’s e-function e, g)(Z)(Z € Qi )
is a positive constant on Q. p,.

The definition of balanced metrics was originally given by Donaldson [7] in the case of a
compact polarized Kdhler manifold (M, g) in 2001. After that, there has been tremendous interest
in developing the existence of balanced metrics (refer to [1,11] and [12]). Moreover, many studies
also indicate that balanced metric plays a great role in the geometric quantization, the asymptotic
expansion of Bergman kernel and the stability of projective algebraic varieties, please see [10]
and [13] for reference.

Recently, Bi-Su [2] proved that there exist a balanced metric on Q; ,,. Inspired by this, we want
to solve the existence of balanced metric on generalized Hartogs domain Qy ., for general k. In
fact, we also obtain the following result.

Theorem 4. The Kéihler metric g(u) on Qi is balanced if and only if 1o = k+ 1 is an integer,
uj=2areintegersforall j=1,---,m—-1, and py > 1.

By Theorems 1 and 4, we easily have

Corollary 5. The metrics g(u) on Qy ,, are both Kéihler-Einstein and balanced if and only if
po = (k+1)p and pj=2p (j=1,---, m) where p € N*. In particular, the Bergman metric on the
generalized Hartogs triangles Q. ,,, is both Kéhler-Einstein and balanced.

The paper is organized as follows. In Section 2, we will compute the determinant of g(u),
and then give the proof of Theorem 1 and Theorem 2. In Section 3, we will calculate the explicit
expression of the Rawnsley’s e-function. By using this explicit form, we will complete the proof of
Theorem 4.

2. The existence of Kihler-Einstein metric

In order to prove the existence of Kéhler-Einstein metric on Q, ,,, we first give a key lemma.
Lemma6. Let (Qy,,, §(1)) be the generalized Hartogs triangles. Then we have
kT 2
Ho I1 pj |wj|
det(g(u) = = - : 4)
(wn? =202 1 (Joga = g ) - (1= T ?)?
j=

Proof. By definition, a straightforward computations imply that

lwi 211212 +| 2

62q>k+m(jw) _ MOW (j=Ll=1,--k),
0z0z po—2L2 (G#ALj =1, k).

Z
(lwn P=11z11%)

C. R. Mathématique — 2022, 360, 305-313



308 Enchao Bi and Zelin Hou

Taking the derivative of ®, ,, with respect to z; and wy, we have

%Dy 1 (2, W) u —Zj-w
p— = Ho )
0z;0wy (w12 - 112012)°

(jzl,...,k).

Similarly, we can also see that

oy (=122, ),
(|WL| —|wj1] ) (|w1+1| ~|w;] )
__Twiwr I=1,---,m-1;j=1+1),
62®k+m(iw) :< Hi (|wj|2_|w1|2)2 ( J )
dw;ow; e (j=1- m=-Ll=j+1),
(luwjP=twn2)
‘wm—l‘z 1 ==
=Y =t P 0 P l=t=m)
and
PP, (2, w) [ w2
——— = [lp 1 :
Ow, 017 (w2 =1212)* ° (wal —wi2)?
Therefore we get
lw 12— z11%+12, 2
lw " —lz|"+lz 17, 0
B - iai)?
2221
__za ., 0
Ko G- 1a2)?
gy = :
.o _WM*IWm
0 B Pt wm—112)?
0 s e e, —

(wmP=lwpm-112)° (1-lwml?)®

It is not hard to see that

m
b T pj |y
j=1

det(g(w) = ]
(1w 12 - 1212)*

I1

-
j=1

(a2 (- tom )

The proof of Lemma 6 is finished. g

Proof of Theorem 1. Itis well known that the Ricci curvature Ricg is given in local coordinates by

4%1In (det
Ric‘l-:—w,(j,h L, k+m).
J 0207,

The formula (4) implies that

m k+1 m=1 2 2

Indet g(w) = In [T |wj|2 —ln(lwll2 - ||Z||2) -In[] (|wj+1|2 - |wj|2) -(1 —Iwmlz) .

j=1 j=1
Combining with (2), we can see that the metric g(u) is Kdhler-Einstein if and only if g = %,u ji=
%,/1 is a constant, that is Z—;’ = % for j=1,---, m. We finish the proof. O
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Proof of Theorem 2. By definition and after a direct calculation, we can see that

!
e(n+m+l)(b —

m
v IT w]®
j=1

.uj(n+m+1)' )um(n+m+l).

m—1
(= 120) "0 (fwoga [~ ws) (1=l P
Jj=

By (2), we have
1 mn 2
@' (z,w) — Dz, w) = Py |_| lnv|wj| .

Since Inv|w; |2 are pluriharmonic terms. Therefore we get 00D’ = 0D k+m- It follows that

oAt
det — =detg(w).
62,'62]'

Then the conclusion follows by (4). The proof is completed. U

3. The existence of balanced metric

Now we are in a position to discuss the balanced metrics on Qy, ,,. We at first give some useful
lemmas.

Lemma 7 (see D’Angelo [6, Lemma 1]). Suppose a € (R;)", then we have
f et gy () = P
B! 2|’
B(a)
on-1 :

f 0** ldo(w) =
srt

Fora € (Ry)", B(a) is defined by
[1T(a;)

o
(@)="—,
p I'(lal)
where T is the usual Euler gamma function. Here dV (r) is the Euclidean n-dimensional volume
form, d is the Euclidean (n — 1) dimensional volume form, and the subscript + denotes that all the

variables are positive.

Lemma 8 (see D’Angelo [6] Lemma 2). Let x = (x1,---, X,) € R", Ixl2 <1 and s € R with s > 0.
Then
T(gl+s) 24 _ 1
n - _ 2 s
4eN"T(s) 1 F(ql,+1) (1 llxll )
i=1
Theorem9. LetZ = (zy, -, 2k, W1, -+, Wm), P=(Po1, ***» Pok> P1, ***» Pm) € Z**™M  then we have

k
[1T(poj+1)

m j=1
27 (1* =n* g [T s

——B{(|po| + ko —k
i F(|p0|+k) (| 0| 0 )

m v
x HIB |pol +ro+ Y. (pj+Hj) = o+ 1Ly =1/,
V= j=1

where B(p, q) = fol xP71(1 = x)7 dx is the beta function.
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Proof. According to the definition, we get

gl
|27 - | 127 expi =@z i} A
k+m
2 2 2\ T 2 2\H 2 \Hm
= [ 1287 (1P = 12) T (gl = )" (1= om?)
Qierm J=1 (5)

m
ﬂg[llﬂj|wj|2
x —_ dm(2),
(a2 = 12) T (f0goa =L ) (1= a2

where dm(Z2) is the standard Euclidean measure. Let

, k
zq=toge”1 (1= q=<k), 15 = Zl g
q:

and w; = t; e'% (1 < j < m). Combining with the Fubini theorem, we get

k (0 \2Pog+1 2y o—k~1
0 I I I
(5) = 2m)k+™ knu, H(J) (1_(_0) ) glon g lok
. g=1\ h h 41 h
05§<1
T
m m-
2p10-2 2pj+3 -2 m—2
g f Pl I tjp]+ H =) (L= )" dn - d .
0<ty<-—<tm<l J=1 I=1
J
Let u= 2 = (uj, -+, uy) and using the spherical coordinates in the variable u = r¢, we get
k Zp +1 —-k-1
I= q 0g (1 2)#0 du

osu<1 77
— | r2lpol+k k- 1( Ho—k=1 4 f EZPOLI'H
[ n

Next we set so = r2, and by Lemma 7, we have

1
1:%] Slp"'”c‘l(l—s)"O‘k—lds—ﬁ(”OH)
0

2k—1
k
jl:[l r (p()] + l)
Bllpol b=
Similarly, we can also obtain that
_ 1 Ipol+uo+pr {5 pi+1 1! Hi=2 Hm=2
J= om f sy ]_[ S [T (sis1=s)H " @ =sp)H2ds,
0<s)<-<sp<l j=2 =1
where s = (s, -+, s») and s; = tjz. (1 =j < m).Adirect computation implies that

J L v
:_ml_[ (|p0|+'u0+Z(pj_"/vtj)_liv'f‘l,/.ly—l
v=1 =
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Therefore
HIF(POJJFU
ZP || =Rk T = B(lpo|+k -k
127] ]Hl] (N B(|po +k, pto — k)
m
H Ipo|+uo+Z (pj+1j) = po+1, 10—
l}:
The proof of Theorem 9 is completed. O

Theorem 10. Suppose that (Q.m,g(W) is a Hartogs triangle endowed with the Kéhler metric
g(w). Let ug = k+1 be an integer, uj = 2 be integers forall j = 1,---, m -1, and let y,;, > 1. Then
H; (Qk+m) # {0}, and the Bergman kernel is given by

k
I1 (ko—v)
Ki(2,2)= ———_¥=1
akEm ik (lwy |2 - || 2)12)H

"ll—ll Hj— 1 Hm—
2\Hj _ 2\Hm
I (PR PTG KT ST
Proof. Since Q. , is a Reinhardt domain, thus {Z”/|| ZP||?} forms a complete orthonormal basis

of Hy (Qk+m). Together with Theorem 9, we can conclude that the corresponding multi-index
p=(po, -+, pm) ranges all integers that satisfy the following inequalities forall v =1, -+, m,

v
|po|+ w0+ Y (pj+1)) — o 20.
j=1

Let N denote the set of all the multi-index p = (po, ---, pm) satisfying such inequalities. Hence we
get
Ki(2,2)
~ |ZP|?
pEN ||Zp ||
CI)k+m
1 +00 r(|p0|+k) |Z|2p° +00 |w1|2p1

)3
kMg ﬁlﬂj poeNt l]_C[ T (poj+1) B(|pol+ koo = k) - {50 —pig B([Po[ +P1+po+ 1,1 =1)
Jj= j=1

o w2
X eoe X Z

Pm==|po|—po~ Z (P]+NJ

m
|po| + po + X (pj+ 1)) = tm + l,um—l)
j:

Then one can see that

+00 |wm|2pm

)3

m
Pm==|po|—po~ Z (P]ﬂl] (|P0|+,u0+ 'Zl (p]+l~l])_l~lm+l,ﬂm_l)
]:

8

|wm|2A

m—1
—2(|P0I+uo+ x (Pjﬂlf)) g
=|w j=1 -
0B(A+1,um—1)

m

S
Il

m—1
y (Ilﬂo|+uo+j§l (p,+u,)) fm —1

:l m (1_—|wm|2)“m'
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Similarly, we have

m-1
. , —2(|P0|+#0+ L (pj‘*'ﬂj))
= |wyp—117Pm=1 | wp| =

)3

m—1
Pm-1=~|po|-po— Z (pﬁu] |Po| + Lo + '21 (Pj+1j) = tm-1+1, 1 —1)
]:

m-2
—2(|Po|+#0+ > (Pj"’.“j)] Mm_1—1
= |Wm—1| = (lwm|2 _ |wm_1 |2),Um—1 :

By induction, we finally get

k

I (1o —v)

- 1 m- pji—1 Lm —
Ki(Z,Z)=
%2 e gy (|W1|2—||Z||2 1:[ i (Jwiar | = wg ) o (=Tl

The proof of Theorem 10 is completed. U

Now we are able to prove Theorem 4.

Proof of Theorem 4. By the definition of balanced metric and Theorem 10, we can get

€1,9(2) =exp{—Pim}Ki(Z,Z)

k m
yl;[1 (o =) I (1 —1)

km k11
Mg TT
j=1
Thus, the metric g(u) is balanced.
On the other hand, assume that g(u) is balanced. So there exists a constant C > 0 such that

Ki(Z,Z) = Cexp{®ksm}
1

= C(ln =121 T (Jwprf =y ) ™ (1= 2.

j=1

According to Lemma 8, we get

by L(pj 1) 2(pj 1)

oD (k)T(py+1) '
Thus for any py € NF, confider the coefficient of | z|?”? in the expansion of K; (Z, 7Z), we can see

that there exists a constant C such that the corresponding coefﬁcient equals

(g = ) w77 Jwja |

¢ Jio L (|po + o) 1wy 2ol +#0) . H Z ) w23 |w o |20P5H9)
k k 1p—0r(l11) (P1+1) ! !
PoENT T (11p) HIF(quH) =1 p;
q:
5 Klomtin) e

pm=0 r (/Jm) r (Pm + 1)
It follows that there exist p; such that pg = p; — |pol. Therefore p is forced to be an integer.
Similarly, we can see that p; = p» — p;. Then u; must be an integer. Then by induction, we
can easily conclude that for any j =1, ---, m — 1, there exist p; and p;, such that

Ho=p1—Ipol,lj=pj+1— P

where |pol and p; (j =1, ---, m) are integers, therefore uo, -+, -1 are forced to be integers.
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The proof of the Theorem 4 is finished. U
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