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Abstract. Let A be a set of nonnegative integers. Let (1A)? be the set of all integers in the sumset hA
that have at least ¢ representations as a sum of & elements of A. In this paper, we prove that, if k = 2,
and A = {ag,a1,...,ax} is a finite set of integers such that 0 = qp < a; < -~ < a; and ged (ay, az, ..., ax) = 1,
then there exist integers c¢, d; and sets C; < [0, c; — 2], D¢ < [0, dt — 2] such that

(hA)[t) =CrU [C;;, hay — d;] U (hak_l —D;;)
for all hsz:Z (ta;—1)-1. This improves a recent result of Nathanson with the bound h = (k-1)(tag—1)a; +1.
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1. Introduction

Let A and B be sets of integers. The sumsets and difference sets are defined by
A+B={a+b:acAbeB}, A-B={a—-b:acAbeB}
respectively. For any integer ¢, we define the sets
t+A={t}+A, t-A={t}-A.

For h = 2, we denote by hA the h-fold sumset of A, which is the set of all integers n of the
formn=a, +a, +---+ ay, where ay, ay, ..., aj are elements of A and not necessarily distinct.

In [3,4], Nathanson proved the following fundamental beautiful theorem on the structure of
h-fold sumsets.
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Nathanson’s Theorem A. Let A = {ay, a,..., ax} be a finite set of integers such that
O=ap<a<---<ax and gcd(A)=1.

Let hy = (k—1)(ay — 1)ay + 1. There are nonnegative integers ¢, and d, and finite sets C, and D,
with C; €10, c¢; —2) and D, < [0,d; — 2] such that

hA= CUlcy, hak - dl] U (hak —Dy)
forallh=h;.

Later, Wu, Chen and Chen [6] improved the lower bound of &, to Zfzz a;—k. Recently, Granville
and Shakan [1], and Granville and Walker [2] gave some further results on this topic.

Let A be a set of integers. For every positive integer h, the h-fold representation function
14,1 (n) counts the number of representations of n as the sum of & elements of A. Thus,

h

h
rA,h(n):ﬁ{(ajl,...,ajh)eA :n=)_aj and aj, S--~sajh}.

i=1

For every positive integer ¢, let (hA) be the set of all integers n that have at least ¢ representa-
tions as the sum of # elements of A, that is,

(hA) P ={neZ:ryp(n) =t}

Recently, Nathanson [5] found that the sumsets (hA)™® have the same structure as the sumset
h A and proved the following theorem.

Nathanson’s Theorem B. Let k =2, and let A= {ay, a1, ..., ax} be a finite set of integers such that
0=ap<a) <---<ayandgcd(A) = 1. For every positive integer t, let hy = (k—1)(tax—1)ax+1. There
are nonnegative integers c; and d;, and finite sets C; and D; with C; < [0,c; —2] and D; < [0,d;—2]
such that

(hA)([) =CtUlcy, hag —diu (hag — Dy)
forallh = h;.

In this paper, motivated by the idea of Wu, Chen and Chen [6], we improved the lower bound
of h in Nathanson’s Theorem B.

Theorem 1. Letk =2, and let A={ay, ay,..., ax} be a finite set of integers such that
O=ay<a;<---<ar and gcd(A)=1
For every positive integer t, let

k

he=) (ta;—1)-1

i=2

There are nonnegative integers c; and d; and finite sets C; and D with
Ci:<0,c,—2] and D;<[0,d;—2]

such that
(hAY = Cy ULy, hay —dil U (hay — Dy) 1)
forallh = h;.

Remark 2. Theorem 1 is optimal.

We shall prove Theorem 1 and Remark 2 in Section 3. In Section 2, we give some lemmas.
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2. Some Lemmas

Lemma 3 (see [5, Lemma 1]). Let A be a set of integers. For any positive integer h and t, we have
(hAY + Ac((h+1)A4)"7.

Lemmad4. Letk =2, andlet A={ay,a,...,ar} be a set of integers satisfying0=ap < a; < --- < ai
and gcd(A) = 1. For every positive integer t, let h; = Zfzz(mi -1)-1and c; = Zf;ll ai(tajy1— 1. If
c;—ak <n< c’t, then there exist at least t distinct nonnegative k-tuples (x1,5,X2,5,..., Xk,s) (1 S s 1)
satisfying

n=2Xxysa1+Xpsap+---+ Xk, s Ak
and xy s+ Xz s+ -+ Xps<hy fors=1,2,...,¢.
Proof. Since gcd (ay, ..., a) =1, there exist integers xi, ..., X such that

n=xyay+---+ Xrag.
For any positive integer s, [(s—1)ap, saz — 1] is a complete residue system modulo a,. Hence there
exists an integer g such that x; = a,q + x s with (s —1)ay < x1 5 < sap — 1. This gives
n=xysa1+(a1q+xz)az+ -+ xgay.
Let x5 = a; q + x,. Similarly, there exists an integer ¢’ such that x, = asq’ + xo,s with (s —1)az <
Xp,s < saz — 1. Now we have
n=x1,sa1 + X2,s% + (a2 q' + X3)az + -+ + X a.

By continuing this process, we obtain

n=X1sa1+ X250+ + X s Ak
with (s—1)a;4+1 < xis < sa;j+1 —1fori=1,...,k—1and x , is some integer. Hence, for any integer
s€[1, t], we have

O0=x;s<tajy1—1.
Since n > ¢} — a, it follows that
Xie,s i = N— (X1,501 + X2,6a2 + -+ + Xje_1 s Ak—-1)
>n—(tap— ) ay—-—(tax— 1) ax_, =n—c,>—ay,
and then xi ; > —1. Noting that x; ; is an integer, we have xj ; = 0. By the bound of x; s, the
following nonnegative k-tuples
(X1,5) X2,5) .+ 0» Xk—1,00 Xk,s) (1=S=<1)

are distinct.
Next, we shall prove that x1 s+ xp s +---+ X s < hyfors=1,2,...,¢.
For any integer s € [1, ¢], let x1 s+ Xa,5 + - - + X, s = Us. Since n < ¢}, it follows that
n=XxXsa)+X2s02 + -+ X Ak

=X1,s41 T+ Xf-1,50k-1 T+ (us —Xl,s T X250 xk—1,s) ag
=usag — Xx1,s (A — a1) — -+ — Xg_1,5 (Ag — Ag-1)
= usay— (taz — 1) (ax — a1) — - — (tar — 1) (ar — ax-1)

=usayp—ai[(tap—1)+---+(tar—D]+ay (ta—-1)+---+ar_; (tar—1)
= usay— (hy+1) ag + ¢}
> ugsay — (hy+ 1) ag + n.

Hence usay — (hy +1) ax <0, and then ug < h; + 1. Therefore, ug < h;.
This completes the proof of Lemma 4. d
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Lemma5. Letc} and h; be defined in Lemma 4. Then

k-1
¢;=Y ai(taj-De((h,+)AY.
i=1

Proof. Fori=1,2,...,k—1,let p; = ta;+; — 1. Then
ci=(tap—)ay+--+ (tax—1) ax_1 = prai +-- + Px_10ae-1.

Noting that
k
p1+-+Pp-1= Z(tdi—l) = ht+1,
i=2
we have ¢, € (h;+1) A.
Moreover, for any integer r € [0, £ — 1], we have

k-1 k-1 k-1
A=Y (tapm-Vai=Y (t—-rai—Dai+1y aiai

i=1 i=1 i=1
k-1
=((t=-nNa-Dar+ ) (t=rain —1+rai1)a; + rag-ax
i=2

=pLrartp2rat o+ Pr-1,r k-1t Pk,r Gks
where p1,, = (t-r)az—1, pr, =rax-1 and p;, = (t—r)a;j41 —1+ra;-1 2=<1i<k-1). Hence
pir=0forallie(l, k] and

k
Zp,‘,r:(t—r)ag—1+(t—r)a3—1+ral+-~-+(t—r)ak—1+rak_2+rak_1
i=1

=hi+1-r(a+---+a)+r(a++ax)

=h;+1-r(ar—a) < h;+1.
Thus, 74.,+1(c}) = £, and so ¢} € (h, +1) AP, O

Lemma 6. Let n and ay, a, be positive integers with gcd(a,, ap) = 1. For any positive integer t, if
n>tayax — ay — az, then the diophantine equation

amx+axy=n )
has at least t nonnegative integer solutions. The lower bound of n is also best possible.

Proof. Suppose that n > ta;a, —a; — a. Let (xp, yo) be a solution of the equation (2). Then all the
integer solutions of the equation (2) is

X =Xg+ kay,
keZ. 3)
y=yo—ka,
In order to have x =0 and y = 0, we only need x > —1 and y > —1, that is,
-1- +1
—xo<k< Yo . 4)
a a

Since
Yo+1 -1-Xx9 aa+ar+axo+azyo ar+ax+n a+ax+taiax—a;—ay .
_ = = > =

’

ay az ayaz aaz aap

there exist at least ¢ integers k such that (4) holds.
Therefore, the equation (2) has at least t nonnegative integer solutions.
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Now suppose that [ = ta;a, — a; — ap. Then (ta, — 1,-1) is a solution of (2). Take xo = ta, — 1
and yp = —1. Then (3) becomes
x=tap—-1-kay,
2 2 keZ.
y=-1+ka,

Since x = 0 and y = 0, it follows that 1 < k < ¢ — 1. Hence there exist at most ¢ — 1 nonnegative
integer solutions.
This completes the proof of Lemma 6. U

3. Proofs

Proof of Theorem 1. Let ¢, = Z’.C__l a;(ta;+1 —1). By Lemma 4, there exist smallest integers ¢; and
t i=1 g
d; satisfying
[c¢}—ar+1,¢,—1] e, heag — di) < (h, AW
It follows that ¢; — 1 ¢ (h;A)"” and hyay —d, +1 ¢ (h, A)"”. Additionally
cr<ch—ap+1, (5)
C’t—l = htak—dt. (6)
Define the finite sets C; and D; by
Ci= AV n[0,¢,-2]

and
hiar— Dy = (h AV 0 [heay — (dr —2), heag.
Then
(he A = Cruler, heax —di) U (heag = Dy). @

Therefore, (1) holds for i = h;.
Now we prove (1) by induction on h. Suppose that (1) holds for some h = h;. Define

BYW=C,Ulcs, (h+Dag—d U ((h+ag—Dy).

Firstly we prove that B < ((h+1)A)®.
Take an arbitrary integer b € B,

Casel: be C;U|cy, heay — dy]. By (7), we have

be(hAY < ((h+1A)Y.
Case2: be[c;+ay,(h+1)ap—d] U ((h+1)ay— D;). It follows that

b-ag€ ¢, hay — d;) U (hap — D;) < (hA)?.
Thus, By Lemma 3, be (hA)D + a; < (h+1)A)D.
Case3: h;ar—d;+1=<b<c,+ar—1. By (5) and (6), we have
ctap—1<c,<hiap—d;+1. ®
Thus b= C/r' By Lemma 5, we have
b=cie((h,+1) AP c((h+1)AHY.

Therefore, BY < (h+1)A)®.
Next we shall prove that ((h + 1) A)"” € B, Take an arbitrary integer a € ((h+1)A)(".
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Case 1: a = c,. By (8) and h = h;, we have
ce<cy<hiag—di+1<(h+1)ag—d;.
Hence a = c, € B,

Case 2: a # c’t and a ¢ (hA)D, Since a € (h+1)A)?, there exist t nonnegative integer k-tuples
(X1,5,X2,5,... Xk,s) (1 = s<1)satisfying

a=xysa1+x2say+-+Xpar and xjs+xps+-ct+xps<h+1.

Furthermore, we can get
Osxjs<taj.1-1,1<i<sk-1,1ss<t. 9)
Otherwise, without loss of generality, assume that x;,; = tay, then for j =1,2,...,t, we have
a=xj1a1+xp1a2 +-- +xk,1ak
=(x11—jaz) a1+ (x20 + jan) ap + -+ + Xp 1 ag.

Noting thatfor j =1,2,..., ¢,

(x11—ja)+ o +ja)+x31 4+ +x1=h+1-jlaz—a) <h+1,

we have a € (hA)'?, a contradiction. Hence the inequality (9) holds.
By a¢ (hA)?, there exists s € [1, t] such that a = x; sa; + Xp,sap + -+ + Xy, sax and

X1s+ X+ +Xps=h+1.

By (9), we have
a=Xy1sa1+ X502+ -+ X Q)

= X151+ + X151+ (R 1= X1, 5= Xo 6 — o — Xg1,) Ak
=(h+1Dag—x1,5(ar—ar) — - — Xg-1,s (A — Ag—1)
= (h+Dag—(taz — 1) (ax — a1) —---— (tax — 1) (ag — ax-1)

=(h+Dag—arl(tap—1)+---+(tar—D]+ay (tap—1)+---+ ap_; (tax—1)
=(h+Dag—(h;+1)ag+c,
> c}.

Since a # c}, it follows that a = ¢} + 1. By (5), we have a = ¢, + 1 = ¢; + ay.
If xi s = 0 for some s with 1 < s < £, by (9), then

as<(tay—Day+-+(tax—1) ax_1 = c},

a contradiction.
Hence xi s = 1 for all integers s=1,2,..., .
Therefore, a— ay. € (hA)Y and a— ay = c;. By the induction hypothesis,

ac ap+lcy, hag—dy U (hay — Dy) = [¢; + ag, (h+Day—d; ) U (h+1ax—D;) < BY.
Case 3: a # ¢, and a€ (hA)". By the induction hypothesis, we have
(hA)"Y = C,Ulcr, hag — di U (hag — D).

Since C; U [c;, (h+1)ay —d,;] < BY, we can suppose that a > (h+ 1)ay — d;. By a € (hA)?, there
exist at least ¢ distinct nonnegative k-tuples (x5, X2,s, ..., Xk,s) (1 < s < f) such that

a=Xxysa1+ X250y + -+ Xg sAg

and
X1+ X2 5+ + X s < h.
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Asin the proof of Lemma 4, assume that 0 < x; s < ta;41—1fori=1,2,...,k—1.If x; s < 0, then

by (6) we have
as=Xxysa1+xpsa+---+ Xk—1,5Ak—1

<ay(tap—1)+---+ a1 (tar—1)
=c,<hiap—d;+1
<(hi+1Dar—d;<(h+1)ay—d;,
which contradicts with @ > (h + 1)a; — d;. Therefore x;; = 1 and a— a; € (hA)?. Since a >
(h+ 1) ay — d;, it follows that a — ay € hay — D;. Hence
a€(h+1)ap—D;<BY,
and so ((h+1)A)" c B,

This completes the proof of Theorem 1. i
Proof of Remark 2. Letn =3 be aninteger and A = {0, n, n+1}. By Theorem 1, there exist integers
ct, dy and sets C; < [0, c; — 2], Dy < [0, d; — 2] such that

(hA"Y = C, U [y, hag — d) U (hay — D)
forallh=h;=t(n+1)-2.

For any integer m = ¢, choose an integer k' = r(n+1) —2 such that ' ay— d; = m, then we have
me (h'A)W,

Hence, there exist f nonnegative integer tuples (u;, v;) (1 <i < f) suchthat m=u;n+v;(n+1).

On the other hand, there does not exist £ nonnegative integer tuples (u;,v;) (1 < i < t) such
that ¢, — 1 = u;n + vi(n + 1). Otherwise, if exist, choose 7 > max;<;<;{u; + v;}, then we have
c;—1¢€ (hA)WY, a contradiction. Hence, by Lemma 6, it follows that ¢; —1 = taja, —a; —ax =
tn(n+1)—-n—-(n+1),and then ¢; = tn(n+1) —2n.

Let pe ((h;— 1) A)D, Then there exist ¢ nonnegative integer tuples (¢;, v;) (1 <i < t) such that
p=un+v;(n+1)and u; > up > --- > u; are the maximal ¢ numbers in all the representations.

Hence
p=un+vin+)=[u-m+Dln++n)(n+1)

=[lup-2(n+Dn+(v;+2n)(n+1)

=lu—-(t-Dn+Dn+[vi+(E-Dnl(n+1).
It follows that u; = u; — (¢t —1)(n+1), v; = v1 + (¢t — 1) n. Noting that
U+ V< U1+ Vi1 <--<up+v1<he—1,

we have
u+rvi=u—(t-1n+D)+v1+(t-1n

=+ -t-1)<h;—-1-(-1)=tn-2.
Hence, for every p € ((h; — 1) A)?,
p=umn+vin+1)<(us+v)(n+1)=(tn-2)(n+1)
=tnn+1)-2(n+1)<tn(n+1)-2n=c;.

By (1), it follows that
(hy—=1DAP [0, tn(n+1)-2(n+1)].

Therefore, (1) cannot hold for & = h; — 1, and so Theorem 1 is optimal. O
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