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Abstract. In this article, we consider the radial Dunkl geometric case k = 1 corresponding to flat Riemannian
symmetric spaces in the complex case and we prove exact estimates for the positive valued Dunkl kernel and
for the radial heat kernel.

Résumé. Dans cet article, nous considérons le cas géométrique radial de Dunkl k = 1 correspondant aux
espaces symétriques riemanniens plats dans le cas complexe et nous prouvons des estimations exactes pour
le noyau de Dunkl a valeur positive et pour le noyau de chaleur radial.
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1. Introduction and notation

Finding good estimates of Dunkl heat kernels is a challenging and important subject, developed
recently in [1]. Dunkl analysis has been developed intensely in recent years (refer to [7]). Opti-
mal Dunkl heat kernel estimates have important consequences in harmonic analysis (e.g. Hardy
spaces, maximal inequalities, see for instance [1]), potential theory (e.g. Green function esti-
mates, Martin boundary description, see [2]) and spectral theory (see [3]). Recall that the Dunkl
heat kernel is the probability transition function of the Dunkl stochastic process (refer to [5]
and [7]). Consequently, Dunkl heat kernel estimates have also stochastic applications for the
Dunkl process. Establishing estimates of the heat kernels is equivalent to estimating the Dunkl
kernel as demonstrated by equation (3) below.
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428 Piotr Graczyk and Patrice Sawyer

In this paper we prove exact estimates in the W-radial Dunkl geometric case of multiplicity
k =1, corresponding to Cartan motion groups and flat Riemannian symmetric spaces with the
ambient complex group G, the Weyl group W and the root system A,,.

We study for the first time the non-centered heat kernel, denoted p!’ (X, Y), on Riemannian
symmetric spaces and we provide its sharp estimates. Exact estimates were obtained in [2] in the
centered case Y = 0 for all Riemannian symmetric spaces.

We provide exact estimates for the spherical functions ¥ (X) in the two variables X, A when 1
is real and, consequently, for the heat kernel p}’V(X ,Y) in the three variables ¢, X, Y.

We recall here some basic terminology and facts about symmetric spaces associated to Cartan
motion groups.

Let G be a semisimple Lie group and let g = £ @ p be the Cartan decomposition of G. We
recall the definition of the Cartan motion group and the flat symmetric space associated with
the semisimple Lie group G with maximal compact subgroup K. The Cartan motion group
is the semi-direct product Gy = K X p where the multiplication is defined by (k;, X;) - (k2, X2)
= (kj k2,Ad(k1)(X2) + X7). The associated flat symmetric space is then M =p = Gy/K (the action of
Go on p is given by (k, X) - Y = Ad(k)(Y) + X).

The spherical functions for the symmetric space M are then given by

WA(X)=f AMAARID)
K

where A is a complex linear functional on a c p, a Cartan subalgebra of the Lie algebra of G.
To extend A to X € ad(K)a = p, one uses A(X) = A(74(X)) where 74 is the orthogonal projection
with respect to the Killing form (denoted throughout this paper by (:,-)). Note that in [9-11], 1 is
replaced by i 1.

Throughout this paper, we usually assume that G is a semisimple complex Lie group. The
complex root systems are respectively A, for n = 1 (where p consists of the n x n hermitian
matrices with trace 0), B, for n =2 (where p = iso(2n+ 1)), C,, for n = 3 (where p = isp(n)) and
D,, for n = 4 (where p = iso(2 n)) for the classical cases and the exceptional root systems Eg, E7,
Eg, F, and G».

The radial heat kernel is considered with respect to the invariant measure py(dY) = 72(Y)dY
on M, where n(Y) = [[45¢ @(Y).

Note also that in the curved case M = G/K, the spherical functions for the symmetric space
M are then given by

P2 (e¥) = f eA-PH(EE) g
K
where p is the half-sum of the roots counted with their multiplicities and H(g) is the abelian
component in the Iwasawa decomposition of g: g = ke’®) n.
The authors are thankful for the helpful suggestions by the anonymous referee.

2. Estimates of spherical functions and of the heat kernel

We will be developing a sharp estimate for the spherical function y,(X). We introduce the
following useful convention. We will write

f(t)X)A) :g(t)X)A)

in a given domain of f and g if there exist constants C; >0 and C, > 0 independent of ¢, X and 1
such that C; f(¢,X,A) < g(t, X, 1) < C, f(t, X, A) in the domain of consideration.
We conjecture the following global estimate for the spherical function in the complex case.
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Conjecture 1. On flat Riemannian symmetric spaces with complex group G we have,
X0

[T a+aeax)’

a>0

Aleat, Xea'.

(X)) =

Remark 2. Recall that, denoting 6 (X) =[[4>0 sinh? @ (X), we have

7(X)
¢a(et)= NT(X)WA(X)' M
Since
512 (x) = eP® 1 (X)
[T a+a)
a>0

in the complex case, Conjecture 1 therefore becomes

X\ _ (A-p)(X) 1+a(X)
fa(e7)=e aE[O 1+ahaX) @
in the curved complex case.

Let us compare the estimate (2) we conjecture for ¢, with the one obtained in [12, Theorem
3.4], cf. also [17, Remark 3.1]. The estimates in [12] apply in all the generality of hypergeometric
functions of Heckman and Opdam. The authors show that there exist constants C;(1) > 0,
C,(A) > 0 such that

Ci) e PX TT 1+ aX) ¢ (e¥) < e PD [T a+aX)).
a>0, a>0,
a(A)=0 a(l)=0

Given (1), corresponding estimates clearly also hold in the flat case for 1, (X). The interest of our
result, in the case A;, lies in the fact that our estimate is universal in both A and X.

The results of [12,17] and our estimates in the A, case strongly suggest that the Conjecture 1
is true for any complex root system.

Note that asymptotics of w; (£ X) when A and X are singular and ¢ — co were proven in [8] for
all classical complex root systems and the systems F4 and Go.

Consider the relationship between the Dunkl kernel Ey(X,Y) and the Dunkl heat kernel
p:(X,Y), as given in [13, Lemma 4.5]

X, V)= e g (X X) 3)
peia, - 2)/+d/2(:lC k "ot)’

where y is the number of positive roots and the constant cj is the Macdonald-Mehta-Selberg

integral. The formula (3) remains true for the W-invariant kernels pyv and E". In the geometric

cases k = %,1 and 2, by [4], the W-invariant formula (3) translates in a similar relationship

between the spherical function 1, and the heat kernel p!V (X, Y):

W(X Y) = 1 t_%_y —|X\i;m2 Y @
Pt ’ - 2Y+d/2()k e Yx 21
A simple direct proof of (4) for k =1 is given in [8, Remark 2.9].
Equation (4) and Conjecture 1 bring us to an equivalent conjecture for the heat kernel
w
p; (X, Y).

Conjecture 3. We have

—1x-v2
d e @
2z

[T ¢+aX)ay)

a>0

pl (X, V)=t
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Consider also the relationship between the heat kernel p/¥ (X, Y) and the heat kernel 5}V (X, Y)
in the curved case. We have

n(X)n(Y)
51/2(X)61/2(Y)
This relation follows directly from the fact that the respective radial Laplacians and radial mea-
sures are 7' L o and 7(X) dX in the flat case and 6~ '/? (L, — |pl?) 062 and §(X) dX in the
curved case (L4 stands for the Euclidean Laplacian on a).

In the curved complex case, Conjecture 3 becomes

. _ _d _ 1+aX)A+a(Y)) -ix-v?
Wi, )= el d grocen [ ¢ .
priXx)=e ¢ I~ eamy

Y (X,Y) = e Pl PV (X, 7). (5)

Remark 4. In [6], sharp estimates of W-invariant Poisson and Newton kernels in the complex
Dunkl case were obtained, by exploiting the method of construction of these W -invariant kernels
by alternating sums. When a root system X acts in R?, the sharp estimates of [6] have the common
form

KR (X, 7)
[T (x-YP+aX) )

a>0

KY(X,Y) = X, Yea', (6)

where KW (X, Y) is the W-invariant kernel in Dunkl setting and ICRd (X,Y) is the classical kernel
on R?. Let us observe a common pattern in the appearance of the classical kernels KR and of
products of roots a(X)@(Y) in formulas (6) and of the Fourier kernel e X) and the classical
Gaussian heat kernel and of products a(1)a(X) in the estimates given in Conjecture 1 and
Conjecture 3.

2.1. Proof of Conjecture 1 in some cases

We start with a practical result.

Proposition 5. Let ay, ..., a, be the simple roots and let Ay; be such that (X, Aq,) = a;(X) for
X € a. Suppose X € at and w € W\ {id}. Then we have

rooa®(y)
Y-wY=) 2-— A 7
o lail
where a}’ is a linear combination of simple roots with non-negative integer coefficients for each i.
Proof. Refer to [6, Proposition 3.5]. O

Remark 6. Note that al'.”(Y) /la;|? isbounded by C maxy |a(Y)| where C is a constant depending
only on w € W and, ultimately, on W.

Corollary 7. LetY € at and w € W. Consider the decomposition (7) of Y — wY . If al(Y) #0 then
ay appearsinay, i.e. a;’ = Yi_ nia; withng>0.

Proof. Refer to [6, Corollary 3.10]. O

As a prelude to the next Proposition, we give here a description of the Abel transform A(f) of
a function f on a in the case of a flat symmetric space (in the case of the curved symmetric space
refer for example to [15]). The dual of the Abel transform .A*(f) can be defined as follows

A*(f)(X)=[Kf(ﬂa(Ad(k)(X)))dk

C. R. Mathématique — 2021, 359, n° 4, 427-437
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where, as before, 7, is the orthogonal projection with respect to the Killing form. We can then
define (in analogy with the curved case)

ff(X)A(g)(X)dX:fA*(f)(X)g(X) wX)dX
a a

where w(X) =[]g>0 l@(X)|"™ and m, is the multiplicity of a. From [9, Chap IV, Theorem 10.2],
we can deduce that the support of the dual Abel transform is C(X), the convex hull of W - X. The
set C(X) has non-empty interior as long as not all roots are 0 on X. From there, we conclude that
we can write

A*(f)(X)=f fY)K(X,Y)dY
C(X)

and that K(X, Y) dY is a probability measure supported by C(X).

Proposition 8. Let 5 > 0. Suppose a;(A) aj(X) <6 foralli, j. Then y(X) < e*® (the constants
involved only depend on d).

Proof. Notice that
eminAX) < ) (X) :f MV KX, V) dy < M (8)
C(X)

where w,;; is the element of the Weyl group giving the minimum value of w A(X). Now, using
Proposition 5 and Remark 6 with Y = A, we see that forany we W

a1
AX) — wAX) _ (WA-AX) LX) _T1 2oz %X ax
e >e =e A :He laxg] e\t
-1

r r
> l—[ e—2C(max,C arN) a;(X) e(&,X) > l—[ e—ZCzS e(A,X). O
i=1 i=1

Remark 9. This case and this method apply for any radial Dunkl case; it suffices to replace
K(X,Y)dY by the so-called Rosler measure pux(dY) in the integral in (8), see [14].

Proposition 10. A spherical function v (X) on M is given by the formula

___ n(p) (wA, X)
VAX) = e O W;We(w)e : 9)

where p = %Zaez-# M@ = Y ges+ a and y = |Z¥| is the number of positive roots (refer to [9,
Chap. IV, Proposition 4.8 and Chap. II, Theorem 5.35]).

Proposition 11. Suppose a(1) a(X) = (log|W|)/2 for all « > 0. Then
X
VA= o
We are assuming here that|a;| = 1 for each i.

Proof. Suppose w € W is not the identity. In that case, a;(1) is not equal to 0 for some i. By
Proposition 5 with y = A and Corollary 7, A(X) - wA(X) = Za;“(/l) aiX)/Nail?z2a;(M)a;(X) =
log|W|. Each term e{“}X) in the alternating sum (9) corresponding to w # id is bounded by
e~ 108IWI AN — A /1 1y/| Hence, since only half the terms in the sum are negative,
4
w|er® > e(w)e WX » M _
W] Y, e(w) >

1
e/l(X)”Wl — e/‘l(X). O
wew 2

C. R. Mathématique — 2021, 359, n° 4, 427-437
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3. The conjecture in the case of the root system A,

We will prove the conjecture in the case of the root system of type A.

Theorem 12. In the case of the root system of type A, in the complex case, we have

wa(e¥) = et , A Xed (10)
[T (1+ (A= A7) (xi = x7)
i<j
where X =[x1, ..., Xps1) With x; = xj.1 and A= [Aq, ..., Aps1l With A; = Aj41.
Corollary 13.
1+ x; —Xj
by (eX) = AP0 ,
( ) il:[j 1+(xi—xj)(/1i—itj)
—Ix-v|?
w _da e 4
pr X, Y)=t"2 )
! [T (t+xi—x) i—y))
i<j

PV (X, ¥) = e P11~ % ep 1) ] (L+xi—x)) (L+yi-y)) -ueve
i<j (t+(xi=xj) (vi—yj))
We recall (refer to [16, Theorem 4.1]) the following iterative formula for the spherical functions
of type A in the complex case. Here the Cartan subalgebra a for the root system A,_; is isomor-
phic to R”. For A, X e a* cR", we have

yva(eX) =¥ if n=1

-1
n Xn-1 X1

and vy (¢¥) = (n— 1)t eln Zir X (H (xi—xj)) fx fx ¥, (e”) (11
n 2

i<j

[T Wi-ypdyr - dyna

i<j<n
where Ao(U) = X721 (A — Ap) .

Remark 14. Formula (11) represents the action of the root system A,_; on R”. If we assume
n n
Yoxk=0=) Ag,
k=1 k=1

we have then the action of the root system A;,_; on R""!. We can also consider the action of 4,_;
on any R” with m = n—1 by considering formula (9) and deciding on which entries xi, the Weyl
group W = S, acts. These considerations do not affect the conclusion of Theorem 12.

3.1. Approximate factorization for A,

Before proving the conjecture in the case A,, we will prove an interesting “factorization”.

Proposition 15. For n = 1, consider the root system A, on R™! Let A,X € a© <« R*™1,
X' =1[x1,..., xnl so that X = [X', xp+1]. Define

Xn Xn-1 X2 X1
I(”)zl(”)(/l;X):f f f f oMo X'=Y)
Xn+1 JXn X3 X2

(vi—y;) (Ai=2;)
i<j<n 1""(}’1'—)/]) (Ai_aj

)dJ’1dY2"'d)’n-

C. R. Mathématique — 2021, 359, n° 4, 427-437
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Then the following approximate factorization holds
n
I(n) - 1_[ I](Cn) (12)
k=1

where

X
1 = f LA @y gy,
X2

and

k-1 o o
Il(cn) - ka e~ Ae=2ns1) (xk=yi) b = vi) (A = M) dyy for 1<k=n.
X,

kel j=1 1+ (xj = we) (A - k)

Proof. Since u/(1 + u) is an increasing function, we clearly have

I(”)Sfxn j‘JCn—l ”.fxz fxl e—/lo(X'—Y) l_[ (x,-—yj) (/11'—/1]') dyldyz---dyn,
X1 Jxn x5 Jx icjen 1+ (xi=yj) (Ai = 2;)

On the other hand,

X, Xn—1 X2 X1
ﬂ’”zf " f f f oMo (X'=Y)
(Xn+Xn+1)/12 J(Xp-1+xp)/2 (x2+x3)/2 J(x1+x2)/2

(i —y)) (Ai = Aj)
i<j<n 1+(Yi_yj) (Ai_/lj

X, Xn—-1 X2 X1
(Xp+xXp+1)/2 J(xp-1+xn)/2 (x2+x3)/2 J(x1+x2)/2

H ((xi+xi+1) /2—yj) (ﬂi—ftj)
icjen L+ ((xi+xi41) 12=yj) (Ai— A

- f " f L f ® f T Ay
(Xp+xXpe1)/2 J(xXp_1+xn)/2 (x2+x3)/2 J(x1+x2)/2

(xi —y5) (i =2;)
i<j<n 1+(xi_yj) (/li_lj

)dJ’1 dys---dyn

)d}’ldJ’Z"'dJ’n

)dJ’ldJ/Z"'dJ’n:

11 f x" o Ot e [ om0 A=A [T A
k=19 (xp+xp41) /2 jo1 L+ =y (A=) i1
since
(Gt xin/2-y)) Ai=A)) _ (xi=y;) (A= Ay)
1+((x,-+x,-+1) /Z—yj) (ﬂ,,‘—ﬂ,j) - 1+(x,-—yj) (/L'—/lj)
while

(xi —y) (Ai = 4;)

((xi+xi+1)/2—y]')(;ti—7tj) - (xi—yj)lz(}t,-—/lj)
L+ (x; = yj) (Ai = Aj)

l+[(x,~+xi+1)/2—yj) (Ai—%]’) - 1+(x,~—yj)/2 (Ai—/lj)

1
2_
2

Now, let

+ k— . .
B = f Ot ) o T ) A=A
X,

f1 =1 L+ (x5 = i) (A = Ax)

and note that I](C”) = Agcn) + B](C").

C. R. Mathématique — 2021, 359, n° 4, 427-437
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Now, using the change of variable 2w = xj — yx, we have

B o j‘(xk—xkﬂ)/z o2 (A=Ansr) w k-1 (x]' —Xp+2 w) (/1]' - /1k) d
k (¥e—xi1) /4 jo1 L+ (g — e +2w) (A = Ag)

<4

f(x"x’““)lz o2 (e=Ani) w ’ﬁ (3 = xic+ w) (A = Ax) d
(Xp—Xps1)/4 j=1 1+(xj—xk+ w) (Aj—ﬂk)

—Xps k— R R
S4f(xk Xper1)/2 o~ (k=) w l_ll (x] xk+w) (AJ Ak) dw=4A§Cn),
0

j=1 1+(xj—xk+w) (ﬂ,j—/lk)

where the last equality comes from the change of variable w = xj — y§ in the expression for Agc").
Therefore I,(C") = A;{") + B,(C”) <5 A;C”). The result follows. O

The next Proposition 16 gives an inductive way of estimating I"**V, knowing I” and 177V,

Proposition 16. Consider the root system A4+, on R™2. Let A\, X € a* < R"™*2. Assume a;(X) =
an41(X). Then
(X1 = Xp+1) (A1 = Aps1)
1+ (X1 = Xp+1) (A1 = Apt1)
1™ Az, ..., Ansts Ansas X2, .., Xpa2)
I (Ao, ooy Ay Apao; X2, oony Xpa1)

Proof. We start with an outline of the proof.

(i) 17D is estimated by a product of n + 1 factors 1"V (4; X).
(ii) The product of the first n factors I i”“) X, ..., 15V X) gives an estimate of the term
I (A1, ..., An, Ans2; X') by Proposition 15.
(iii) In the last factor I (n+1) (A; X), we “draw off” one term from under the integral, us-

n+l
ing the additional hypothesis a;(X) = a;+1(X). The remaining integral corresponds to

1D X) = T (A, ..., Ay Adpsas X1 veey Xng1)

L) (A2, .oy Ansas

n ( 2y ey An42; X2, oo ey xn+2)-

(iv) Thelast factor I(” of I is estimated by 1" /1"~ up to a change of variables (we re-use
the idea of (ii)).

Since Xp12 < Yna1 < Xpa1 and Xpp1 — Xpg2 < X1 — X2, We get X1 — X1 < X1 — Ynal < X1 — Xpi2
< 2(x1 — x,+1) and we have

D :fx"” o=t =As) Gt —yer) (1= Yne1) 1= Ani1)
el Xn+2 L+ (x1 = ¥n+1) A1 = Ans1)
I (%) = yne1) (A = Ans1)
j=2 1+ (xj = yns1)
_ (x1 = Xp+1) (A1 = Apg1) *n+l
1+ (x1 = Xp+1) (AL = Ans1) Jxpss
L (xj_yn+1) (Aj_/lnﬂ)

[

j=2 1+ (x] —yn+1) (A] —/",n_{.l

(;Lj - A«n+1) dyns1

e—(AnH —Ans2) (xn+1 —}’n+1)

) dyns1.

Hence, noting that IY”U X)) IV A X) = I (Mg, Ay Anso; X'), we have
(X1 = Xp11) A1 = Aps1)
1+ (X1 — Xp41) A1 — Apg1)

fx"+1 e_(/‘ln+l_/ln+2) (xn+1_J’rz+1) " (x] _.Vn+1) (/1] —An+1)
Xn+2 j=2 1+(x]'—yn+1) (/’i’j_ArHl

1"V X) =1 (A, .., Apy Ansz; X7)

) dyni1.

C. R. Mathématique — 2021, 359, n° 4, 427-437
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Finally,
fxn+1 e—(ﬂn+1—/1n+2) (xn+1_yrz+1) 12[ (x] _J’n+1) (/1] _AVH—I) dyn+1
Xn42 j=2 1+ (xj _J/n+1) (/lj _}Ln+1)

I_nI kaH e—(lkﬂ—/lmz) (*k+1=Yr+1) t= (xj+1 _yk+1) (/1].4-1 _}Llﬁl) dyk+1

k=19 %k2 j=1 1+(xj+1_J’k+1) (/1j+l—ak+1)
(e kaH ef(/lk+1*/1n+2) (*k+1= Y1) = (xj+1 B yk+1) (/lj‘*'l _A'k"'l) Ay
k=19 %cs2 i1 T (1 = Vierr) (A = Aks)

_ I(n) (A/Z) ey An+1yﬂn+2; X2y eeey xn+2)

B I(ﬂ—l) (AZ) [ A“}’lr A’ﬂ+2; x2)--~rxn+l) ’

Remark 17. When 7 = 1, the result of Proposition 16 remains valid if we set I® = 1.

We now prove our main result.
Proof of Theorem 12. We use induction on the rank. In the case of A;, we have

X1
i (€X) = 2t (xl—Xz)‘lf ehi=12y g,

X2

(A1-2A2) x1 (A1—=22) x2
_ A2 (X1+X2) -1 € e
=e (%1 — x2)

A=A
—(A1=-A2) (x1—-X2)
— 6/11 x1+/12x2 ]'_ e ! > ! i = eﬂ,] X1+A2)C2 ]'
(A1 =2A2) (x1 = x2) 1+ (A1 = A2) (x1 = x2)

sincel—e ¥=u/(1+u) foru=0.
Assume that the result is true for A,, 1 < r < n, n = 1. Using (11) and the induction hypothesis,
we have for r =1,...,n+1 and A, X in positive Weyl chamber in R!

(X)) e My, ((xy, ..., X, Xri1])

r+1

Ca Al Xoxe [ x
=rla\)e tMe i fx fx wa(e") T1 (vi-yi)dy-dy
r+1 2

i<j<r+l
Xr Xr—1 X2 X1 , R YN A_A
:f f f f M1 T (vi-y) (Ai-4) dyrdys -+ dy,
Xre1 JXr X3 Jxp i<j<r+l 1+(.Vi_.Vj) (Ai_}tj)
where X' = diag[xy, ..., x,] and A’ = [A4, ..., A;]. Using the notation introduced in Proposition 15,

we have
X)) e My (51, e X = 1 (A e A, X1, Xee)
Still using the induction hypothesis, we have

H(X) ”(A,) e_A(X) W[/ll,...,)lr+1] ([xl) ey xr+1]) = r'I(r) (Alr ey /’"I‘Jrl; xl)---rxr+1)
_ a(X)m(A) (13)
[li<jsr+1 (1 + (;Li _Aj) (xi _xj))

forr=1,..., n.
It remains to show that (13) holds for r = n+ 1, i.e. that

a(X)m(A)
Hi<jsn+2 (1 + (/11' _/1]) (xi _xj)) ‘

1
1D (A, o Apgas X1 veey Xpyo) =
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It is sufficient to prove the last formula under the hypothesis that a; (X) = a,+1(X) since the
case a1 (X) < ap+1(X) is symmetric. Now, according to Proposition 16 and (13),
(X1 = Xp+1) (A1 = Apt1)
1+ (X1 — Xp+1) (A1 = Aps1)
I (A2, ooy A1, A2 X2, vy X)) (I77D A2y oy Ay A2 X2, - xn+1))_1
(x1 = Xp+1) (A1 — Aps1)
T L+ (0 = X)) M — Apg)

[I (i-x) I (i-2y)

17D (4 X) = I A1, ooy Ay Ans23 X1, ey Xns1)

i<j<n+l i<j<n+l
n
l_[ (1+(x,- —x]-) (/15—11')) H A+ (x; = Xp+1) (A = Aps2))
i<jsn i=1
[T Gi-x) I (-4
1<i<jsn+2 l<i<jsn+l

[T (+(x-x) (Ai-2y))

l<i<jsn+2

n
[T (+(xi—x;) (Ai=25) [T @+ @i = xns1) A = Ans2))

I<i<j=n i=2
[T (i-x) I (-2
1<i<j=n+l I<i<j<n+l
(xi—x;) [T (Ai-4y)
_X1— Xpe1 1+ (01— Xpe1) (A1 —A2) i<jsn+2 i<jsn+l
X1 — Xpa2 1+ (X1 = Xp41) (A1 —A2) H (1+(ﬂ,i—/1j) (xi—xj))
i<jsn+2
The result follows since x; — x,4+1 = X1 — X,42 given that x; — X2 = X417 — Xp42. Il

4. Comparison with the estimates of Anker et al. in [1]. Conjecture for Dunkl setting

In [1, Theorem 4.1 p. 2372 and Theorem 4.4, p. 2377] the following estimates were proven for the
heat kernel p;(X, Y) in the Dunkl setting on R™. There exist positive constants ¢y, ¢, C; and C,
such thatforall X,Y € a*t

Cle—cllX—lelt Cze—mx-wz/t

min{w(B(,vD), wBEV] L maw(BX V) w BV

where w is the W-invariant reference measure (in our paper w = 7(X)2d X) and the w-volume of
a ball satisfies the estimate ( [1, p. 2365])

wBX, ) =" [] (r+a(x)*@.

a>0

The same estimates follow for p}’V(X, Y). Our sharp estimates in Corollary 13 for k(a) =
1 in the W-radial case A, suggest that ¢; = ¢, = 1/4 in (14) and that products of terms
(t+a(X)a(Y) @ are natural in place of separate terms w(B(X, V1) and w(B(Y, V). On the
other hand, estimates (14) and in Corollary 13 suggest that the following conjecture is true in the
Dunkl setting.

Conjecture 18. The Weyl-invariant heat kernel for a root system X in R? satisfies the following
estimates

—Ix-v?
e~ 4

[aso (£ + a(X)a(Y)k@

(Y

pV (X, V)=t

(15)
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Formula (3) then implies that the W -invariant Dunkl kernel satisfies the estimate

MX)

EV(X, V)= i
¢ Maso (1+a(X) a(1)*@
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