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Dimension reduction in spatial regression
with kernel SAVE method

Réduction de la dimension en régression spatiale avec la
meéthode SAVE a noyau
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Abstract. We consider the smoothed version of sliced average variance estimation (SAVE) dimension reduc-
tion method for dealing with spatially dependent data that are observations of a strongly mixing random field.
We propose kernel estimators for the interest matrix and the effective dimension reduction (EDR) space, and
show their consistency.

Résumé. Nous considérons la version lisse de la méthode SAVE pour prendre en compte des observations
spatialement dépendantes émanant d'un champ aléatoire fortement mélangeant. Nous proposons des esti-
mateurs a noyau pour la matrice d’intérét et I'’espace de rédution de la dimension, et montrons leur conver-
gence.
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Version francaise abrégée

Soit le modele semi-paramétrique de régression (1); on cherche a estimer 'espace de réduction
de la dimension, obtenu par la méthode SAVE, sur la base d’observations sur le domaine .%, = {i =
(i1,i2,...,i1) € Z1 < ix < ng, k =1,2,..., L} d’'un champ aléatoire {W;, i € (N*)1}, ott Wj = (4, Y})
ala méme loi que (Z,Y), avec Z = £~1/?(X —[E(X)), la matrice T étant la matrice de covariance
de X supposée inversible. La méthode SAVE étant basée sur I’analyse spectrale de la matrice T’
définie en (2), I'estimation recherchée est obtenue a partir de I'analyse spectrale de 'estimateur
a noyau lA“n de I défini en (3). Posant i = n; x ny-+- x ny et n = (ny,...,n;) € (N )L, on écrit
n — +oo lorsque min{n;,i = 1,2,..., L} — +oo. Soit une suite (by) de réels strictement positifs
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tendant vers 0 lorsque n — +oco, constituant la fenétre de l'estimateur a noyau précédent, on

logn

pose ¢n = bE + b—ln , et on obtient :

Théoréme 8. Sous les hypotheses 2—-6 avec x(t) = o), r>0, 0 >2L et ﬁbﬁ(logﬁ)‘l -0

61 1 4L+
nby' (logh)™" — +oo o6 = 557, ona:

T,-T= Op(&)+Op(¢:)+op((ﬁ:)+0p((£:)+Op((ﬁ::)+Op(bk (i’:)

Corollaire 9. Sous les hypothéses 2-7 avec x(t) = O(t™%), t > 0, 8 > 2L et fib3(logh)™" — 0

b2 (logh)~! — +oo 016 = 420 onaTyn-T'=0,[H2).

Supposons que 71,72,...,Ty sont des vecteurs propres orthonormaux de I' associés aux va-
leurs propres A1,..., AN respectivement telles que A} > A1 >--- > An > 0. Soient 71,72,...,Ty des
vecteurs propres orthonormaux de T, associés aux valeurs propres Ay AN respectivement,
telleAs qued; > A, >- > AN >0. }T’our_tout] €{l,...,N},onaf; =2 27 etonpose ; = £;'/°7;,
oUZy = £ Yies, (Xi— X)(Xi—X) et X = £ Yies Xi

Corollaire 10. Sous les hypotheses du Théoreme 8, on a pour tout j € {1,..., N}, IIBj =Bl =0,(1).

1. Introduction

Let us consider the semiparametric regression model introduced by Li [8] and defined as
Y=gB{X,B1X,...,BLX,€), )

where Y (resp. X) is a random variable with values in R (resp. R%, d = 2), N is an integer
such that N < d, the parameters 1, 82, ..., Bn are d-dimensional linearly independent vectors,
€ is a random variable that is independent of X, and g is an arbitrary unkown function. The
estimation of the space spanned by the f;’s, called the effective dimension reduction (EDR)
space, is a crucial issue for achieving reduction dimension. For this problem, Li [8] introduced
the Sliced Inverse Regression (SIR) method whereas an alternative method, called sliced average
variance estimation (SAVE), that is more comprehensive since it uses first and second moments
was proposed in [4]. Smoothed versions of these methods, based on kernel estimators, have
been proposed later in [13] and [14]. Recently, nonparametric statistical methods have evolved
with the existence of spatially dependent data. So, kernel nonparametric estimation of the
spatial regression function have been studied (cf. [1, 2, 6,7, 10, 11]). For dimension reduction
in spatial context, Loubes and Yao [9] investigated the kernel SIR method under strong mixing
conditions. In this note, we study the case of kernel SAVE, which had never been done before.
In Section 2, we introduce a kernel estimate of SAVE based on spatially dependent observations.
Then, assumptions and consistency results are given in Section 3. An outline of the proofs of
theorems is postponed in Section 4.

2. Kernel estimation of SAVE based on spatial data

In all of the paper, we assume that E ( X IIZ) < +00, where |-| is the usual Euclidean norm of R¢,
and that the covariance matrix X of X is invertible. Putting Z = 2~"/2(X — E(X)) and denoting by
Cov(Z|Y) the conditional covariance matrix of Z conditionally to Y, it is shown in [4] that the
EDR space is fully obtained from the spectral analysis of the matrix

T:=E[(I - Cov(Z|Y))?] = 14— 2E(C(Y)) +E [C(Y)?], @)
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where I is the d x d identity matrix and C(Y) := Cov(Z|Y) = R(Y) — r(Y)r(Y)T, where R(Y) =
E(ZZT|Y) and r(Y) = E(Z|Y). From the variance decomposition theorem, we have that I; =
E(C(Y)) + ¥, where ¥ = Cov(E(r(Y)) = E[r(Y)r(Y)T]. Therefore, I = —I; + 2% + A, where A =
E[C(Y)?], and the estimation of T boils down to that of the matrices ¥ and A. From now on,
we assume that Y admits a density such that f(y) > 0 for all y € R. Let us consider a stationary
random field {W;, i € (N*)L} where W; = (Z;, Y;) has the same distribution than (Z, Y). We suppose
that this process is observed on a region %, = {i = (i1, i2,...,i1) € 781 < i< npk=1,2,...,L},
where n = (ny,...,n;) € (N9)L. We put i = 1y x np--- x ny and write n — +oo if min{n;,i =
1,2,...,L} — +oo. For defining our estimators, we consider a sequence (by,) of strictly positive real
numbers converging to zero as n — +oo, and a kernel function K defined on R. An estimator of f
is then given by fe, (y) = max{en, fn(y)}, where (eyn) is a sequence of strictly positive real numbers
such thatlimy,_., o en =0, and

y-Y
]
fn Y bn i€ bn
Then, we consider
Yi
mn(y) Z K( )ZI) Mn(_V) - Z K(y l)ZIZT
ﬂleﬂ bn ic.% bn
- ( ) ~ Mn(3)
Pn() = = “y Ra(y) = =22
fen fen(y)
and we take as estimator of I' the random matrix
Tn=-I;+2%,+A,, 3
where 1 1
Pn== Y WP -ZZT, An== Y Ca(W)?
Nieq Nicq,
Wlth ZZ EZEJ"Z and Cn(Y) - n(Y) - rn(Y)rn(Y)

3. Assumptions and asymptotic results

In order to establish the asymptotic results, the following assumptions will be considered.
Assumption 1. T is a positive-definite matrix.

Assumption 2. The kernel K is a density function with compact support, is of order k (where
k = 3) and satisfies quIkK(u) du=1and |K(x) - K(y)| = C|x — y| for some C > 0.

Assumption 3. The functions f, r and R belong to Ck([R{) and SUP e If(k) l, SUpP e II m® I
and SUP e IIM[k) (31 are bounded, where m(y) = f(y) r(y) and M(y) = f(y) R().

Assumption4. VAE[|R(Y)[?1{f(y)<en] = 0(1), VAEIIF(Y)1*1(f(v)<en] = 0(1) and VAE[|R(Y) | x
||r(Y)||21{f(Y)sen}] =o(D).
Assumption 5. ||Z] < D, where D is a strictly positive constant.

Assumption 6. The process {Wj, i€ (Z*)!} is strongly mixing, i.e. there exists a function y from
R, to itself satisfying y(¢) | 0 as t — +o0, such that for all subsets S and S’ of L,

a(AB(S), B(S) = sup IP(ANB) ~P(AP(B)| < x(8(S,S))
AeB(S), BEB(S')

where %(S) (resp. %(S')) denotes the Borel o-fields generated by {W;, i € S} (resp. {W;, i€ §'}) and
8(S,S") denotes the Euclidean distance between S and S'.

C. R. Mathématique — 2021, 359, n° 4, 475-479
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Assumption 7. by, ~ n‘c1 and e ~1~%, where ¢; and c, are real numbers satisfying ¢; > 0,

2k-1 c 1 _
0<c < 5— D and +4,C < < 2c).

logn

Putting ¢n, = b’li + b_l.. , we have:

Theorem 8. Under Assumptions 2-6, if y(t) = o, r>0,0 > 2L and ﬁbﬁ(logﬁ)‘1 — 0,

ﬁbg1 (logh) ™! — +oo with 6, = gf;g, then we have:
2
¢>,,) +op(b’,§+¢—;‘).
ed e

Th-T= op(\/ﬁ)+op((ﬁ:)+op (ﬁ:)+op(fl‘1‘)+op

Corollary 9. Under Assumptions 2-7, if x(t) = O(t™%), t > 0, 6 > 2L and fb3 (logh)™! — 0,

ﬁbgl (logﬁ)_l — +00 with 91 = ge‘gg) then we have I‘n -T=0 (A—I/Z)

For dealing with the ﬁ j’s we assume that 71, 7»,..., Ty are orthonormal eigenvectors of I' asso-
ciated with eigenvalues 11, .. AN respectively, such that A1 > A, >---> A nN>0. LetT1,72,...,TN
be orthonormal elgenvectors of T, associated with the eigenvalues /11, GAN respectively, such
that 1; > /12 >...>An>0. For j€{l,. N}, we have ; = 2727; and we put B; = £;12%,
where £, = & Ly ies (Xi-X)(Xi- ) and X=41 Zley“ X;. Then, we have:

Corollary 10. Under Assumptions 1-6, if x(t) = O(t~ %), t>0,0 > 2L and ﬁbf’l(logﬁ)’1 -0

nbe1 (logh) ™! — +oco with 6, = L;g, then we have forany j € {1,...,N}, |8 — Bl = 0,(1).

4. Outline of proofs

We first have to prove that, under the assumptions of Theorem 8, we have > SUPyeR | Ma(y) -
MW = Op ((/)n) For doing that, we consider the inequality SUpP e ||Mn(y) MW =
supyeRlM (y) - [E[M I +5Up e ||[E[M 62) —M(y)II From the equality [E[M WMI-My) =
fK(v) [M(y vbyn) — M(y)] dv we obtain supyGR ||[E[M NI =M = Op( bk) by using a Taylor
expansion of M and the properties of K given in Assumption 2. For dealing with the other term,
we consider a real € > 0 and a sequence (a,) of non-negative real numbers converging to +oco,
and we obtain

P (sup||1\7n(y) ~E[MaW)]||> 12271 < an) <P(Sn>¢),
yeER

where Sn = Tie.s, Oin With Oin = g2 1427 | +EZZ] 111}y 5,724, Cz being a constant
that bound K. Then, using the spatial block decomposition of [12] together with Lemma 3.6
in [3], Markov inequality and Bernstein inequality, and taking € = & = bin logn and ap =
(logn)'’* we show that P(S, > &) — 0 and P(|ZZT|| > ay) — 0 as n — +oo. Hence

P(supym”]\//?n(y) —[E[]/W\n(y)] | > £n) — 0 asn — +oo, that is supy€R||1/VI\n(y) —[E[]/\/I\n(y)] | = Op(en).

We have T T = 2(Sp ~ 2) + (Ap — A); it is shown in [9] that Sy~ = = O (bf+ 2 ) then for
proving Theorern 8 it remains to treat the second term. This is done from the decomposmon
An A = Ay + Ay + Azp, where Ain =3 zleﬂn C(Y)?-E [COV(ZIY) ], Azn = £ Yieg, Cen(Y)? -

1Y ies C(YD)? and Asp = £ Yicq, Ca(YD)? — £ Yics, Con(Y))?. Using Lemma 6.3 of [9], we show
that A = O,(1/0) = O \/ﬁ) The second term is decomposed as Azpn = Azin — A22n With
Az1n = A211n + A212n, Where

E(VAlA211nl) < VRE (IR rvy<en) + VRE (RO I ODIP T <ep)
and
E VAl Azoall) < VAE (IRODIPT (v)<ep)
+2VAE (IR (V)11 r(v)<ens) + VARE (1M1 L v)<eny) -

C. R. Mathématique — 2021, 359, n° 4, 475-479
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From Assumption 4 and Markov inequality we deduce thatAz1, = Op (1/ ﬁ), Azon = Op (1/ \/ﬁ),
and consequently that Az, = O (I/ﬁ). The third term has a decomposition Agn = Agln — Azon+

Agzn With Ag1n = A311n + A312n + A313n + A314n, Where || Az inll < 22 IIf falloo + 225 ||M Malloos
and
If = fall? llm — fitg 12 lm = finlloo 1| f = fal
| Az12nll < 2D* f ];“ © 4 2p? > oo 42p8 —= [~/ x,
e, [ e
n n n

Then from Lemma 6.5 in [9] and the above result | My — M|lo = Op (¢n), we obtain Agjin =
Oy (4’ ) and Azi2n = Op (‘P ) Similar arguments lead to Azisn = Op (4’ ) and Az = Op (‘b“)

and we conclude that Az, = Op(‘b“) + O,,(d)“) It can be noticed that || Assnll = | A31nll. Thus,
A33n = Op(¢“) + Op(d’“) Similarly, we also obtain Aspp = Op(d’“) + Op(d)“) + Op(d’“) + Op(d)“)
We can then conclude that Az, = Op ) + Op(d)“) + Op(¢“) + Op(¢“) Corollary 3.1 is obtained
from the fact that Z‘/’ ~fl2reta \/@. Since —1/2 + ¢, + ¢ < 0, we obtain that ?(pn -0
as n — +oo. Then, (g =0, @Y%) = 0p(1) and, consequently, (P“ =0, ((g—:) = O,,(ﬁ‘”z) for ¢ =

2,3,4. For proving Corollary 3.2, we write Zn -X=5 Ziejn 1= (X - [E(X)) XT-EX) ()_(— [E(X))T,
where 7 := X; X,/ —E(X)E(X)”. Then using 6.3 of [9], we obtain % Yic 5, % = O, (1/f) = 0p,(1) and
X —E(X) = 0,(1/8) = 0,(1). Therefore, £p— = = 0,(1/R) = 0,(1) and [Z;'/2 - 27V2|| = 0, (1).
Applying Lemma 1 of [5] and Theorem 8 permits to obtain t |T; — 7| = 0,(1) for j = 1,2,...,N.
Finally, from [I8; - 81l < IZ5Y2 = =72 I7;1 + IZ"V2|| IF; - 7; ]| we conclude that ||8; - /3, =
0p(1).
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