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A characterization of Nested Groups in terms
of conjugacy classes

Une caractérisation des groupes emboités en termes de
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Abstract. A group is nested if the centers of the irreducible characters form a chain. In this paper, we will show
that there is a set of subgroups associated with the conjugacy classes of group so that a group is nested if and
only if these subgroups form a chain.

Résumé. Un groupe est emboité si les centres des caracteres irréductibles forment une chaine. Dans cet
article, nous montrerons qu'il existe un ensemble de sous-groupes associés aux classes de conjugaison de
groupe tel qu'un groupe est emboité si et seulement si ces sous-groupes forment une chaine.
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Throughout this paper all groups will be finite. In Research problems and themes I of [1],
Berkovich suggests the following two problems: Problem #24 asks for a description of the p-
groups G for which the centers (quasi-kernels) of the irreducible characters form a chain with
respect to inclusion and Problem #30 suggests the study of the p-groups G such that y(1)2 = |G:
Z(y)| for every character y € Irr(G). In [6] and [7], Nenciu initiates the study of groups that satisfy
both of these properties and obtains several results. Nenciu uses the term nested for groups
satisfying the following condition on the centers of its irreducible characters: For all v, y € Irr(G)
with ¢ (1) < y(1), we have Z(y) < Z(y) whenever (1) < y(1). It is easy to see that in this case the
centers of such groups form a chain with respect to inclusion.

In this paper, we follow [5] and say that a group G is nested if for all characters y, v € Irr(G)
either Z(y) < Z(y) or Z(y) < Z()). We note that this definition of nested is somewhat weaker
than the definition given by Nenciu, but in Lemma 7.1 of [5], it is shown that this definition is
equivalent to the definition of Nenciu in the situations studied in [6] and [7]. The second author
proved a number of results regarding nested groups in [5]. Among these results, Theorem 1.3
of [5] gives a characterization of nested groups that is character-free.
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Many people have observed that there is a strong connection between the irreducible charac-
ters of a group and the conjugacy classes of group. David Chillag has outlined many of these con-
nections in [4]. We have defined nested groups in terms the irreducible characters of the group.
It makes sense to ask if there is an equivalent definition in terms of the conjugacy classes of G. In
this paper, we present such a characterization.

We now introduce some notation. Let G be a group. Define ys(g) = {[g, x]| x € G} for every
element g € G. We let [g, G] denote the subgroup generated by ys(g). We believe that it is well-
known that [g, G] is normal in G, but we do include a proof of this as Lemma 2.2 of [2], and so,
[g, Gl is determined by the conjugacy class of g. With these definitions, we prove the following:

Theorem 1. Let G be a nonabelian group. Then G is nested if and only if for all elements g, h €
G\ Z(G), either [g,G] < [h,G] or [h,G] < [g,GlI.

Nenciu defines a group G to be a generalized VZ-group (or a GVZ-group) if it satisfies y(1)? =
|G : Z())| for every character y € Irr(G). We obtain the following characterization of nested GVZ-
groups. As we stated above, Nenciu studied nested GVZ-groups and it makes sense to apply
Theorem 1 in this case, and we obtain the following theorem.

Theorem 2. Let G be a nonabelian group. Then G is a nested GVZ-group if and only if for all
elements g, h € G, eitheryg(g) Syc(h) oryg(h) S yg(g).

As we stated above, Nenciu introduced the study of nested GVZ-groups in her papers [6]
and [7]. Thus, from the beginning the study of nested groups and GVZ-groups has been linked.
However, we believe that the two concepts are really independent of each other. In [3] and [5],
we have focused on studying nested groups, and the examples presented in [5] show that there
are nested groups that are not GVZ-groups. That being said, both of those papers do include a
significant number of results regarding nested GVZ-groups. On the other hand, in the paper [2]
we study GVZ-groups. We note that the main focus of this paper is on nested groups, and that
other than one result, which is well-known, the results used to prove Theorem 1 are independent
of the work in [2]. Not surprisingly, we use a characterization of GVZ-groups proved in [2] in the
proof of Theorem 2, which is about nested GVZ-groups. We also mention that the techniques in
this paper are completely independent of the techniques used in [3] and [5].

In [2], we prove that G is a GVZ-group if and only if y¢(g) is a group for every element g € G.
Note that we are not assuming this in Theorem 2, instead this ends up being a consequence of
the containment of the sets yg(g) for ge G.

Recall from above that a group G is nested if {Z(y)|y € Irr(G)} is a chain with respect to
inclusion. In this case, we write {Z(y)|x € Irr(G)} = {Xo, X1,--+, Xy}, where G = Xp > X3 > -+ >
X, = 1. Following [5], we call this the chain of centers for G.

When N is a normal subgroup of G, we write Irr(G| N) for the set of characters in Irr(G) that
do not contain N in their kernels. The following lemma appears in [2]. Since the proofis only one
line, we include it here also.

Lemma 3. Let G be a group. Fix an element g € G and a character y € Irr(G). Then g € Z(y) if and
only if(g, Gl < ker(y).

Proof. This follows immediately from the definition that states: Z(y)/ker(y) = Z(G/ker(y)). O

This next theorem includes Theorem 1. We also obtain a partial generalization of Nenciu’s
result [7, Theorem 3.3], which states that when G is a nested group with chain of centers G =
Xo > Xy >---> X, > 1, then G is a GVZ-group if and only if y5(g) = [X;, G] for every element
g € X;\ X;;1 and every integer 0 < i < n— 1. In particular, we show when G is a nested group, then
g, Gl = [X;,Gl forall g € X;\ X;,. Hence, removing the GVZ hypothesis, we need to replace yg(g)
by [g, G] to obtain equality with [X;, G].
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Theorem 4. Let G be a nonabelian group. Then G is nested if and only if the set{[g,Gl : g€ G} isa
chain. Moreover, in the event that G is nested with chain of centers G = Xo > X1 > - > X, =2 1, we
have (g, G| = [ X, G] for every element g € X; \ X;4+ and every integer0<i<n-—1.

Proof. First, assume that G is nested with chain of centers G = Xp > X; > --- > X, = 1. We will
show that [g,G] = [Xj, G] for every element g € X; \ X;;; and every integer i = 0. Thus, we fix
an integer i = 0 and an element g € X; \ X;4. If v € Irr(G| [X;, G]), then X; is not contained in
Z(y) by Lemma 3. Thus, we have Z(y) < X;;. This implies that g ¢ Z(y) and hence also that
g, Gl ﬁ ker(y). We deduce that [X;,G] < [g,G]. But g € X;, so [g,G] < [X;,G] as well; this gives
(g, Gl = [X;, G]. It follows that the set {[g,G]|g € G} is a chain and that [g, G] = [X;, G] for every
element g € X; \ X;;; and every integer0<i<n—1.

Now assume that the set {[g, G]| g € G} is a chain. For each element g € G, define the subgroup
Zg = G by Zg/1g,Gl = Z(G/lg,Gl). Fix an element g € G. Then we have [Z;,G] < [g,G]. On
the other hand, since [g,G] < [g,G], we have g € Z; and so, [g,G] =< [Zg, G]. This proves that
[Zg,G] = [g,G] for every element g € G. Also note that the set {Zg | g € G} must also be a chain.
By Lemma 3.2 of [5], it suffices to show that there exists an element & € G so that G = Z;, and for
every normal subgroup N < G, there exists an element g € G so that Zy = Z. First, there exists an
element & € G so that [k, G] is maximal among the sets [g, G]. Since these subgroups form a chain,
we have [g,G] < [h, G] < G’ for every element g € G. Observe that G’ is generated by the various
subgroups [g, G| as g runs over G, and so, we conclude that G’ = [h, G]. Notice that [k, G] = G’
implies that Z;, = G.

Consider a normal subgroup N < G. Set Zy/ N = Z(G/N). We can find an element g € G so that
Zn = Zg and Zy is not contained in Z; where k is the element of G so that Z; < Z, are consecutive
terms in the chain of Zg’s. Hence, there is an element x € Zy \ Z.. We have that [x, G] £ [k, G] and
[x,G] = [g,G]. It follows that [x, G] = [g, Gl. Since x € Zy, we have [x,G] = N. Thus, if y € Zg, then
[¥,G] = [g,G] = [x,G] = N and thus, y € Zy. We conclude that Z; < Zy, and thus, Zy = Zg as
desired. O

We obtain Theorem 2. Notice that we recover one implication of Nenciu’s result [7, Theo-
rem 3.3].

Theorem 5. Let G be a nonabelian group. The following are equivalent.

(1) G is anested GVZ-group.
(2) Foreveryg,heG, eitheryg(g) <yg(h) oryg(h) € yg(g).

Moreover, in the event that G is a nested GVZ-group with chain of centers G=Xo > X1 > -+ > X, >
1, then we have clg(x) = x[X;, G] and [x, G] = [Xj, G] for every integer 0 < i < n and every element
xeXi\ Xii1-

Proof. We first assume (1). Since G is a GVZ-group, we know that yg(g) is a subgroup of G for
all elements g € G by Theorem B of [2] and thus, yg(g) = [g, Gl. Now conclusion (2) follows
immediately from Theorem 1. Now assume (2). Let g,y € G. Then y¢(g) = yc(g?), since these
sets have the same size. Then means that for any element x € G, we have

g,y g, x1 =y glg, y 0l =1g",y xleys(g).

It follows that y;(g) is a subgroup of G. Hence, G is a GVZ-group by Theorem B of [2]. It now
follows that {[g, G] | g € G} is a chain, and so, G is nested by Theorem 1. O
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