INSTITUT DE FRANCE

Académie des sciences

Comptes Rendus

Mathématique

Xu Pan and Liangchen Wang

Improvement of conditions for boundedness in a fully parabolic
chemotaxis system with nonlinear signal production

Volume 359, issue 2 (2021), p. 161-168
Published online: 17 March 2021

https://doi.org/10.5802/crmath.148

[ This article is licensed under the
CREATIVE COMMONS ATTRIBUTION 4.0 INTERNATIONAL LICENSE.
http://creativecommons.org/licenses/by/4.0/

"I.<1
>
MERSENNE

Les Comptes Rendus. Mathématique sont membres du
Centre Mersenne pour I’édition scientifique ouverte
www.centre-mersenne.org
e-ISSN : 1778-3569


https://doi.org/10.5802/crmath.148
http://creativecommons.org/licenses/by/4.0/
https://www.centre-mersenne.org
https://www.centre-mersenne.org

Comptes Rendus
Mathématique

2021, Vol. 359, 2, p. 161-168
https://doi.org/10.5802/crmath.148

Partial differential equations / Equations aux dérivées partielles

Improvement of conditions for boundedness
in a fully parabolic chemotaxis system with
nonlinear signal production

Xu Pan“ and Liangchen Wang™ ¢

% School of Science, Chongqing University of Posts and Telecommunications,
Chongqing 400065, PR China

E-mails: panx_math@163.com, wanglc@cqupt.edu.cn

Abstract. This paper deals with the chemotaxis system with nonlinear signal secretion

ur=V-(D(w)Vu-Sw)Vv), xe€Q, t>0,

vi=Av—-v+gu), xeQ, t>0,
under homogeneous Neumann boundary conditions in a bounded domain Q ¢ R” (n = 2). The diffusion
function D(s) € CZ([(),oo)) and the chemotactic sensitivity function S(s) € CZ([O,oo)) are given by D(s) =
Ca(1+s) %and0< S(s) < Css(1+s)ﬁ’1 forall s = 0with C4, Cs > 0 and «, € R. The nonlinear signal secretion

function g(s) € C1([0,00)) is supposed to satisfy g(s) < CgsY forall s = 0 with Cg,y > 0. Global boundedness
of solution is established under the specific conditions:

1 2
0<y=1 and a+ﬁ<min{l+7,l+f—y}.
n n

The purpose of this work is to remove the upper bound of the diffusion condition assumed in [9], and we also
give the necessary constrainta + f <1+ %, which is ignored in [9, Theorem 1.1].
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1. Introduction

In the present work, we consider the following system, which describes the fully parabolic
chemotaxis system with nonlinear diffusion, sensitivity and signal secretion

u;=V-DWwVu-Su)Vv), x€Q, t>0,

vi=Av—v+g(u), x€Q, >0,
ou _ 0v _ F) (1
=5 =0 xeoQ), t>0,

(1, V)(x,0) = (up(x), vp(x)), x€Q,

with homogeneous Neumann boundary conditions, where Q c R” (n = 2) is a bounded domain,
and 0/0v is the derivative of the normal with respect to 0Q. In system (1), u = u(x,t) and
v = v(x, t) represent the density of population and the concentration of chemicals, respectively.
In this article, the diffusion function D € C2([0,00)) and the chemotactic sensitivity function
S € C%([0,00)) with S(0) = 0 are given by

D(s)=Cy(1+5)™% and 0=<S(s)<Css(1+ $)P71 foralls=0 2)

with C4,Cs > 0 and «, 8 € R. The signal secretion function g € CL([0,00)) is nonnegative and
satisfies

g(s) < Cgs' foralls=0 with Cg,y>0. (3)

The well-known chemotaxis model for the chemotactic movement of one specie [4] proposed
by Keller and Segel, which describes the aggregation phenomenon of the Dictyostelium dis-
coideum, there are many results about this system [1, 3,9, 12, 13, 15, 16]. For instance, in case

g(u) = u, the asymptotics of g((z)) = un is critical to distinguish the blow-up and global bound-

S o cun ~€ for all u > 1 with € > 0, Tao and Winkler [12] obtained

D(uw) —

the global boundedness of solution; while if g((”)) <custforall u>1 [16], the solution of (1)
blow-up either in infinite time or finite time. We note that in [9], global boundedness of solution
is established under the conditions that a + f+y <1+ % and do(1+ u)® < D(u) < dp (1 + u)*! with
dy,d; > 0 and «, a; € R. The purpose of this work is to remove the upper bound of the diffusion
condition and give the necessary constraint ¢ + f < 1+ % that is ignored in [9, Theorem 1.1]. The

main result of this article is described below.

edness: under the condition

Theorem 1. Let Q < R™ (n = 2) be a smooth bounded domain. The nonnegative initial data
(19, ) € C*(Q) x C'(Q). Assume that (2) and (3) hold. If0 <y <1 and

1 2
a+pPB<min{l+—,1+——-vy¢,
peminfis L1eorf

then system (1) possesses a unique global bounded classical solution (u, v) in the sense that there
exists some constant C > 0 satisfying

lu(-, Dl + v, Dl <C  forallt>0.

Remark 2. Compared with the previous study in [9, Theorem 1.1], we give the necessary con-
strainta+f <1+ % that is ignored in it, and we also remove the restriction on the upper bound
of the diffusion function D(s).

2. Boundedness

Let us state the local existence result, which has been established in [1, 3,8,10,17,18].
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Lemma 3. Let Q c R" (n = 2) be a smooth bounded domain. The nonnegative initial data
(uo, Vo) € CY(Q) x CH(Q). Assume that (2) and (3) hold, then there exists t € (0, Tmax) such that
system (1) has a unique non-negative solution and satisfies

1, v € C(Q x [0, Tnax)) N C*' (Q x (0, Trnax))»
where Ty, 45 denotes the maximal existence time. Moreover, if Ty, 45 < 00, then
lu(-, Dz + v (-, D) =00 ast,/ Tmax-

In order to obtain the global boundedness of solution to system (1), we first establish a series
of prior estimates; then we treat the dissipative terms on the right hand side of the inequality
by using the Gagliardo-Nirenberg inequality; last, we get our final results by controlling the
parameter range in the inequality. The ideas come from [9, 12-14].

Lemma 4. Let Q ¢ R" (n = 2) be a smooth bounded domain. The nonnegative initial data
(ug, vg) € C%(Q) x C1(Q). Assume that (2) and (3) hold, then the first term of the solution to system
(1) satisfies

llee(-, 1) ||L1(Q) = U0||L1(Q) forall te (0, Tmax) - 4)
Furthermore, assume that0 <y <1, ifs€ [1, (m,+1)+), then there exits C > 0 such that
|| v( y 1) ” wbs(Q) <C fOr all te (0, Tmax) . (5)

Proof. Integrating the first equation of (1) over Q, (4) can be easily obtained. From the Neumann
semigroup estimates method in [5, Lemma 1], (5) can be obtained. 0

Before we give the result of main part, we first select the appropriate parameters.

Lemma 5. Let Q < R" (n = 2) be a smooth bounded domain, the nonnegative initial data
(1, Vo) € C°(Q) x C1(Q), assume that (2) and (3) hold. In case0 <y <1, if

+B< '{1+11+2 }
a min —, - — s
n n Y

. n
then there exists s € [1, m) such that

1 1 1
——<=<l+——-a-8. 6
LA n h ©)
Moreover, letl<a<min{$,ﬁ} andb>max{g,2iy}, we choose some px > 1+ 5t and
Gx > 1+ 5 such that for all p > px and q > qx, then we have
n-2 p+a+2-2 1
P h <—<pt+a+2p-2, Q]
n p-a a
2 1 n-2
l1--<—<1- ) 8)
s a nq
-2 2 1 2 1 2 2b(g-1
) | <—<—+—(1——) ana 2247V 9)
n p-a b n g b-1
Proof. The proofis similar to [9] (also see [12]), so we omitted it here. U

In the following lemma, we obtain the uniform boundedness of | ull1rq) by establishing a
priori estimates and taking appropriate parameters.
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Lemma 6. Let Q c R" (n = 2) be a smooth bounded domain. The nonnegative initial data
(uo, Vo) € C°(Q) x C1(Q). Assume that (2) - (3) and Lemma 5 hold. If

O0<y=<1 and a+ﬁ<min{1+%,1+%—y},
then there exists C > 0 such that
e, Dllr) + IIVY(-, DllLay =C (10)
forall t € (0, Tmay) with all p € [1,00) > py and q € (3,00) > gs.

Proof. Multiplying both sides the first equation of (1) by p(u +1)P~! and integrating, then using
Young’s inequality, we have

d
Efg(uu)”s—cdp(p—l)fQ(Hu)’”‘“‘ZIWZ*CS”(’”‘Df (e Ul
_—Cd”’(z”_l)f(1+u)""°“2|vm2 Mf(lw)”*“”ﬂ 2Vl

Q

The first term on the right-hand side of the inequality (11) can be expressed as

2 Q (p _“)2

(11

this together with (11) which implies
if 1+ wp 4+ 2caPP—1) f ‘V(l )52 | < Mf (1+wPre2b2y2  (12)
dr Ja C(p-a? 2Cy Q
for all £ € (0, Timax). For a prior estimate of v, one can see [9,12,13], for completeness, a brief proof
is given here. Applying the second equatlon of (1), the point-wise identity A|Vv|*> = 2 |D2v|
2Vv-VAv and the fact |[Av|? <

thf [Vo|?9+ = f|Vu|2(‘7 l)lAv|2+2f V|24

s/ Vo2~ VAIVp|? +2f V29 Vvy. Vg (u)
Q Q

, we derive

(13)
olVul?
—(q—l)f |Vu|2“7*2>|V|vU|2|2+f woa-n IV 4
Q 00 ov

—Z(q—l)f IVUIZ(q_Z)VIVUIZ-VU'g(u)—Zf IVu29YAv- g(u)
Q Q

for all ¢ € (0, Trhax)- Using the property of boundary integral without the convexity of domain [6,
Lemma 4.2] and the trace inequality [2, Proposition 4.22, 4.24] we have

4|V
f [Vp|?@-D Vol ds<21<9f IVvlzqu<—/ |V|Vv|q|2+C1f V|29 (14)
0Q ov 0Q

with some xq, C; > 0. Combining (13) with (14) and using Young’s inequality yield

thf [Vu]?9+ = f|Vu|2(‘7 DIAU|2+2f V|29

-1
S__f VoL’ '2+q—zf IVIVUI"I2+Q[ Vol
2 Ja q° Ja
2 n
+—f |VU|2(q—1)|AU|2+(2(q_1)+_)[ IVUIZ(q 1) 2(”)
n Q 2 Q
2
flvy|24+_f |VU|2(q_l)|Al/|2
nJa

+(2tq-1 +g)fQIVv|2(" Ve*(w),
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thus, this together with (3) which implies
qg-1 n
vopd+ I fvaZch 2(g-D+— fu"“YvUZW‘”+ c-zf Vo2 (15
thf|| 7 Jo VIV = C2ta -1+ 5 | wivvl (€1-2) | Vol (5)

for all ¢ € (0, Tmax)- Combining (12) and (15) we have
d 1 -1 2 -1 -a
—f ((1+u)!’+—|vU|2‘f)+q—2f |V|Vv|‘7|2+Cdez)f VA+uw)T 2
dt Ja q g° Ja (p—a) Q
5C2f (1+u)p+“+2ﬁ_2|Vv|2+C2f (1+u)2Y|vU|2(q‘”+c2f IVu|?9  (16)
Q Q Q

2 (e
for all £ € (0, Tmayx) With Cy := max{ % Z(CZ Vo -2, Cé (2(g-D+ g)} > 0. According to Lemma 5,

a,b>1,leta := -4 >1land b= bTbl > 1, applying Holder’s inequality to the first two terms on
the right-hand side of the inequality (16), we infer

f(1+u)p+a+2ﬁ 2|Vl/| (/ (1+u)(p+a+2ﬁ 2)(,1) (f |Vl}|2u) 17

RN

and
1
!

f(1+u)27|Vv|2(q “<U (1+u)27’b) (f V|2~ Ub) (18)

In view of (4) and Gagllardo—Nlrenberg inequality [7,11] we have

- 2prar2p-2)
(p+a+2p-2)a p-a
(f(1+u)” A~ ) H(“”) 2a(p+a+2p-2)
F A e
2p+a+2p-26 g 2pras2p-20-0)
<03(V(1+u) 2 o lrw |, T
2(Q) L4 Q) 9
pea || 2ABFA+2B2) (19)
+C3‘(1+u)7 e
LP=2(Q)
p+a+2ﬂ—26
p-a |2 p-a
sc4(f va+u® ) +Cy
Q

'E

p-a

with C3,C; >0,and 0 = %j‘”m € (0,1) is guaranteed by (7). Similarly, according to (5) and
Gagliardo-Nirenberg 1nequa11ty agaln we have

2/ Jd 2 2(1-0) 2
R R TR AP M N e (L

La@ , (20)
<Cs (f |V|Vu|q|2)” +Cs

q
with Cs5,Cg > 0, and § = 2”+ Z € (0,1) is guaranteed by (8). Combining (19) and (20) with (17),

there exists a positive constant C7 > 0 such that
2p-2

pta+ 5
2) e +1)((f |V|Vv|q|2)q+1). @1
Q

Similarly, in view of Lemma 4, (9) and Gagliardo—-Nirenberg inequality again we derive

1
(f (l+u)zyb)b:)|(l+u)p2i f Va+u'z
Q Q

—a

Cgf(1+u)’”+“+2ﬁ 2\vy)? <c7((f (V(1+u)

2 20
)” "Gy (22)

Ay
p-a

o =G
LP=%(Q)
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and
i, Z(q n (g-nd
(f V|2~ Ub) =|Ivel | iy scg(f |V|VU|‘7|2) " 4G (23)
T @ o
pa_pa a q
with some Cg,Cg > 0, 0 = = ‘,‘,”’ €(0,1)and § = %ﬁrm” € (0,1). Then combining (22)

and (23) with (18), there emsts a posmve constant Cyg > 0 such that

S22 (g-16
sz(1+u)27|Vv|2(‘7_1)sC10((f )V(1+u)”z;“ )”+1)(U |V|Vv|"|2) ! +1). 24)
Q Q Q

Therefore, using (16) in conjunction with (21) and (24), we infer

if ((1+u)n+l|vy|24) 2Cap(p - Df ‘V(1+u)
dr Jo q

(p—a)?
p=a|2 %9 2 E
<Cn f’V(1+u) 2 +1 f|V|VU|q| +1 05)
Q Q
290 (q-1s

+cn((f V(1+u)”zj2 ) +1)((f |V|Vv|‘7|2) +1)+czf|w|2q
Q Q Q

for all £ € (0, Tinax) with some Cy; > 0. Thus, according to [12, Lemma 3.1] and Young’s inequality,
we can obtain

d 1 Cap(p— D[
—_ Py 2q
dtfg((””) Al ) — ’V(1+u)

sczf IVu|?9+Cp,  (26)
Q

with Cj» > 0 if the assumptions
+a+2-2_ 8 2y0 -1)6
p—a q p—«a q
are satisfied. Therefore, in order for the assumptions in (27) to be satisfied, let

<1 @27

pra+2f-2 1 1,1 1

h _p+a+2,3—29 5_T %a §+ﬁ_§

(@)= _ to=1 1.pa t1_ 1.4

9 w32+ n 27t

and
~ = -1

O AU VN ol B whd i

@i=—g SI_1,patT1_1.4°

P q nT2t 2 nm2ts

according to the condition (6) of Lemma 5, we have
h(g(p) <1 and h(qg(p)) <1
with g(p) := p % s. Since g(p) — +oo as p — oo, for all p = p, there exists g = g, such that
h(g)<1 and h(g) <1,

thus, the assumptions in (27) are satisfied. In order for the inequality (26) to satisfy the form of
Gronwall’s inequality, using Gagliardo-Nirenberg inequality and Lemma 4 imply

9 L
p-a
) + C13 (28)

f(1+u)P= H(1+u)¥
Q

75, 5013U va+ws
p-a Q
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p-a_p-a

with some Cy3 >0, and 0 = — = € (0,1) is satisfied because of the condition p > 1+ 2% in

I_
Lemma 5. In the same way, wi we obtain

1 1
(— +c2)f Vo9 = (— +Cy
q Q q

q
s

o
11019720 < Cua (lewvmz) +Cu

(29)
2 + C15

with some Cy4,Ci5 >0, and 0 = € (0,1) is satisfied because of the condition g > 1 + % in

nd (29) with (26), which implies

(iltf ((1+u)p+ |VU|2q)+C16 ([ (1+u)p) f |VU| q<C17 (30)

for all ¢ € (0, Tmax) With some Cg, C17 > 0, therefore, according to the ODI comparison principle
with (30), which implies (10). O

Lemma 5. Therefore, combining (28

Now, we can easily prove Theorem 1.

Proof of Theorem 1. In view of [12, Lemmas 3.3 and A.1], we obtain the desired results. O
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