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DIFFUSIVE LIMITS FOR A BAROTROPIC MODEL
OF RADIATIVE FLOW

RAPHAEL DANCHIN AND BERNARD DUCOMET

Abstract. We aim at justifying rigorously different types of physically relevant diffusive
limits for radiative flows. For simplicity, we consider the barotropic situation, and adopt
the so-called Pl-approximation of the radiative transfer equation. In the critical functional
framework, we establish the existence of global-in-time strong solutions corresponding to
small enough data, and exhibit uniform estimates with respect to the coefficients of the sys-
tem. Combining with standard compactness arguments, this enables us to justify rigorously
the convergence of the solutions to the expected limit systems.

Our results hold true in the whole space R™ as well as in a periodic box T™ with n > 2.

1. INTRODUCTION

We consider the barotropic version of a model of radiation hydrodynamics. Our
main goal is to provide the rigorous justification of asymptotics that have been
investigated formally and numerically by Lowrie, Morel and Hittinger [15], and
mathematically by the second author and S. Necasové in [10, 11, 12] in the finite
energy weak solutions framework.

The fluid is described by standard classical fluid mechanics for the mass density
o and the velocity field ¥ as functions of the time ¢ € Ry and of the (Eulerian)
spatial coordinate x € 2 where 2 is either the whole space R™ or some periodic
box T" with n > 2.

Radiation acts through some radiative momentum source S r which is given by

- 1 >
Sp=- / / @S didv,
C 0 Sn—1

where c is the light speed.

The radiative source S = S(t,z,d,v) depends on the direction vector & € S"~*
(where S"~! denotes the unit sphere of R™), and on the frequency v > 0 of the
photons, and is given by

- ~ 1
S:UQ(B(Z/,Q)—I)+0-3(I_I) where I:W 7 do.
Sn—l
The radiative intensity Z obeys the transfer equation
1
SHIT+G-V,Z=S in(0,T)x QxS x(0,00). (1.1)
c

In the present paper, as in [7, 8], we make the following simplifying assumptions

(1) Isotropy : the transport coefficients o, and o are independent of J;
(2) ‘Gray’ hypothesis : o, and o, are independent of v;

Math. classification: 35Q35, 35A01, 35B25, 35D35, 7T6N10.
Keywords: Radiation hydrodynamics, Navier-Stokes system, diffusive limit, critical regularity,
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32 R. Danchin & B. Ducomet

(3) ‘P1 hypothesis’ : the averaged radiative intensity I := fooo 7 dv is given by
the ansatz
I=1Iy+a&- 1, (1.2)
where I and fl are independent of & and v.
Plugging (1.2) in (1.1), and computing the Oth and 1st order momentum with
respect to J, we find out the following evolution equations for Iy and I; (keeping
the same notation B for the distribution function averaged in v)

1 1 -
E atIO + E divmll = Ua(g)(B(Q) - IO)a (13)

1 . -
- Oy + Vo Iy = —(04(0) + 0s(0)) 11 (1.4)

Besides, the radiative force is now given by

§F:_<m&ﬁ+adw>ﬁ_ (1.5)

n

In order to identify the most relevant asymptotic regimes, we rewrite the equa-
tions in dimensionless form. To this end, introduce some reference hydrodynamical
quantities (length, time, velocity, density, pressure): L, T, U,p, p, and reference
radiative quantities (radiative intensity, absorption and scattering coefficients and
equilibrium function): I, 64, s and B.

Let Sr := L/TU, Ma := U/+/P/o and Re := UpL/ji be the Strouhal, Mach
and Reynolds numbers corresponding to hydrodynamics. Let us also define C :=
c/ U, L = I_/6a, Ls = 05/0,, various dimensionless numbers corresponding to
radiation. In all that follows, we assume our flow to be strongly under-relativistic
so that C is large.

Choosing B = I, we discover that the evolution of the dimensionless unknowns
(still denoted in the same way) is governed by the following system of equations

Srdpo + div (o) = 0,

Sr 4 (0il) + div (0 ® @) + 172 Vp — 2= (div (uViE+! V) + V (Adiv 7))
= L(et0e02) I,

590y + L divly = Lo (B - 1),

% at-fl + VIO =L (Ua + »Cso—s) -flu

where o = o(t,x) € Ry and @ = (¢, z) stand for the density and pressure, respec-
tively, p = P(p) is the pressure, A = A\(p) and p = p(p) are the viscosity coefficients.
The given functions P, A and u are supposed sufficiently smooth, and we make the
following strict ellipticity assumption
vi=A+24>0 and pu>0.

In our recent work [8], we gave a mathematical justification of the low Mach num-
ber asymptotics. In the present paper, we investigate another physically relevant
asymptotic regimes, which are of diffusive type. They correspond to the case where

C is large and all the other dimensionless numbers, but £ and L, are of order 1.
To make it more concrete, take

Ma=Sr=Re=1, C=¢c"', p=P(3)=B(0)=04(0)=0s0) =1,
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where ¢ is a small positive number, bound to tend to 0.

Because we shall focus on small perturbations of the reference density o = 1,
it is convenient to introduce the new unknown b := B(p) — B(1). In this context,
all the functions of p may be written in terms of b. Setting jo := Iy — B(1) and

;'1 = fl, and using exponents to emphasize the dependency with respect to €, we
eventually get the following system

yb*+il® - Vb + (1 + ky (b°))div = = 0,
i+ - VT — (14K (b)) AT + (14 ks (b°)) V0 = EEED (14 £y (%)) 55
205 + 3 div T = L(V = j5),
e + Vs = —L(1+ L)j5,

(1.6)

with A := pA+(A+p)Vdiv and where k1, ko, k3, k4 are smooth functions vanishing
at 0.

2. FORMAL ASYMPTOTICS

Let us first present some formal computations so as to exhibit the limit equations
we can get from (1.6) in different types of diffusive asymptotic regimes. We restrict
to the case where the following necessary and sufficient linear stability condition
(derived in [7]) is fulfilled

nyﬁ>6(2+ﬁs>~

1+ L,
Note that (2.1) implies that liminf L&~ > 0 for £ going to 0.

(2.1)

In all that follows, it is assumed that (b, @, jé,j¢) converges to (b, @, jo, j1) in
some suitable space with enough regularity to pass to the limit in the nonlinear
terms.

e Case L~ ¢ and L, — +o0.
Denoting by P the L? orthogonal projector on divergence free vector fields, we
get

PJi() = = 20FE P 0). (2.2)
Hence P75 tends to 0 for € — 0.
— Subcase L2Ls — 0. Setting Q := Id — P, we see that the equation for j§ entails

that Q;f = O(e). Next, the equation for ij implies that Vj§ goes to 0, too,
because e2L, — 0. Assuming that jo decays to 0 at infinity, this yields jo = 0.

From the equation for ;f, we also get
— L(1+ Ly)]5 = Vji + O(e). (2.3)

Hence £(1 + £,)j5 goes to 0 and (b, @) thus satisfies the barotropic Navier-Stokes
equations. In other words, the radiative effect becomes negligible in the asymptotic
L ~¢and 2L, — 0 with L5 — +o0
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— Subcase lim. o L2L, € (0,+00). This is the so-called nonequilibrium diffusion
regime. The analysis of the previous paragraph shows that 55 = O(e) (hence j; = 0)
and that (2.3) holds true. The new fact is that the equation for j§ combined with
(2.3) implies that

1£ 1

_ i€ = . 4
€£2£8AJO O(e) (2.4)

e L,
0o + E(JS —b°)
Now, if we assume that

L K m
Z 5= and L£%L,— —
€ ny v

for some m € (0,+00) and x > 1 (see (2.1)), then (b,u) satisfies the following
compressible Navier-Stokes equations coupled with a parabolic equation

Ob+U-Vbo+ (14 ki (b))diva =0,
Ot + - Vit — (14 ka (b)) Ad + (1 + k3 (b)) Vb + L (1 4+ ka(b))Vijo =0, (2.5)
Do + 755 (jo = b = 5 8jo) = 0.
— Subcase L2L, — +oo. We still have j = O(¢), (2.3) and thus (2.4) holds true.
Now, as L2L; — 400 and £ =~ ¢, the r.h.s. of (2.4) tends to 0. Therefore, if we

assume as before that £/e — k/(nv) then we find out that (b, d,jo) satisfies the
following degenerate nonequilibrium diffusion system

Db+ - Vb + (1 + by (b))divii = 0,
Oyl + 0~ Vil — (1 + ky(5) Al + (1 + k3(8)) Vb + L(1 + ka(0))Vio =0, (2.6)
Otjo + 7= (jo — b) = 0.

e Case e < L. K 1.
Recall that we have (2.3) while the equation for j§ implies that

div 75 = nL(d° — j5) + O(e). (2.7)

Hence Qj; = 0 (as £ — 0), and
AGS +nL2(1+ L) (6 —j§) = O(e) + O(eL(1 + Ly)). (2.8)
— Subcase L2L; — 0. Then (2.8) implies that Ajy = 0 and thus jo = 0 (if one
assumes that jo — 0 at co). Consequently, (2.3) implies that the radiative force in

the velocity equation tends to 0 when e goes to 0. Therefore (b, @) just satisfies the
classical compressible Navier-Stokes equation.

— Subcase v2L2L, — m € (0,400). We have j; = 0, and Relations (2.3), (2.8)
imply that (b, 4, jo) fulfills the following Navier-Stokes-Poisson system

Ob+ - Vb+ (14 ki(b)divi =0,
Ot + - Vi — (14 ko (b)) A + (1 + k3(b)) Vb + L (1 + ka(b))Vjo =0, (2.9)
—v2Ajo +mn(jo — b) = 0.
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— Subcase L2Ls — +0o. Then (2.8) implies that jo = b. Combining with (2.3), we
thus find out that (b, @) fulfills the following compressible Navier-Stokes equation
with modified pressure law

O+ - Vb + (1 + ki (b))divii = 0,
Qi+ - Vi — (14 ko (D) AT + (14 £ + ks (b) + Lka(b)) Vb = 0.
e Case vL — £ € (0, +00).

(2.10)

— Subcase V2L2Ls — m € [0,+00). Passing to the limit in (2.8) gives
— V2 Ajo + n(f% +m)(jo — b) = 0. (2.11)
So we get System (2.9) for (b, jo, @) with the last equation replaced by (2.11).

— Subcase L; — 400. Exactly as in the case £L — 0, we get jo = b, fl =0, and
(b, @) satisfies (2.10).
e Case L — +o0.

Relation (2.3) implies that j; = 0, and thus, according to (2.7), we have jo = b.
Therefore (2.3) implies that

L(1+ L4)j5 — Vb,
and (b, @) thus satisfies (2.10).

To make a long story short, the above formal computations pointed out five
types of asymptotic regimes. They are governed by

(1) The ordinary compressible Navier-Stokes equations with null radiation (if
L — 0and £2L, — 0);

(2) The compressible Navier-Stokes equation with an extra pressure term see
(2.10) (equilibrium diffusion regime corresponding to ¢ < £ and £2L, —
+00, or L — 400);

(3) The Navier-Stokes-Poisson equations (2.9) (or (2.11)) (case e < £ < 1 and
v2L2Ls — m € (0,4+00));

(4) The compressible Navier-Stokes equations coupled with a parabolic equa-
tion (2.5) (nonequilibrium diffusion regime £ ~ e and V2L L% — m €
(0, +00));

(5) The compressible Navier-Stokes equations coupled with a damped equation
(2.6) (degenerate nonequilibrium diffusion regime £ ~ € and £,£? — +00).

The rest of the paper is devoted to justifying rigorously the last four asymptotics
globally in time in the framework of small solutions with critical regularity.

In the next section, we introduce a few notations that will be needed to define
our functional framework, and give an overview of the strategy. Section 4 is de-
voted to a fine analysis of the linearized equations (1.6) about (0,0,0,0), which
turns out to be essentially the key to proving global results and justifying the dif-
fusive asymptotics we have in mind. The next three sections are devoted to the
rigorous justification of the nonequilibrium diffusion regime £ ~ ¢ and £,£2? > 1,
the equilibrium diffusion regime £ — +o0o0 and of the Poisson type diffusion regime
(e < £ <1 and v2L2L, — m € (0,+00)). In all of those sections, we establish
a global-in-time existence result for the expected limit system, and uniform esti-
mates for (1.6) (in the case of coefficients £ and L, satisfying the assumptions of
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the studied regime), and eventually show the convergence of the solutions of (1.6)
to those of the expected limit system. Some estimates, of independent interest, for
the solutions to a class of linear ODEs corresponding to the linearized equations of
(1.6) in the Fourier space are postponed in the appendix.

3. FUNCTIONAL FRAMEWORK AND OVERVIEW OF THE METHOD

The functional framework we shall work in is modeled on the linearized equa-
tions corresponding to (1.6), and is thus the same as in our first paper [7] devoted
to the global well-posedness issue in critical regularity spaces for small perturba-
tions of a stable constant state. The key to proving asymptotic results however,
is to prescribe norms depending on the parameters €, £ and L, so as to get op-
timal uniform estimates, enabling our justifying rigorously the different diffusive
asymptotics exhibited above.

Let us first very briefly recall the definition of homogeneous Besov spaces B;)l
(the reader is referred to [1], Chap. 2 for more details). For simplicity, we focus on
the R™ case (adapting the construction to the torus being quite straightforward).
Fix some smooth radial bump function x : R® — [0,1] with x = 1 on B(0,1/2)
and x = 0 outside B(0,1), nonincreasing with respect to the radial variable. Let
w(&) == x(&§/2) — x(€). The elementary spectral cut-off operator entering in the
Littlewood-Paley decomposition is defined by

Aju = o279 D)u = F~Hp(277 D) Fu), JjEZ
where we denote by F the standard Fourier transform in R"™.

For any s € R, the homogeneous Besov space Bg_ll is the set of tempered distri-
butions u so that

lullgg, o= 322714 ulx < oo,
JEL
and
lim x(AD)u=0 in L. (3.1)

A— 400
As pointed out in [7], scaling considerations that neglect low order terms of
System (1.6) suggest that critical regularity is Bfl_l for iy, jo,0 and 5'170, and

le for by. However, to handle lower order terms, one has to make additional
assumptions for the low frequencies. To this end, it is convenient to introduce the
following notation (where 7 stands for a positive parameter)

ggl: > 2| Agul>  and |\u||’§;1 =Y 25 Al e,
, ok <2n ' 2k>n/2

[l

b = Z Apu and ul" = Z Aju.

2k <y 2k>n
Note that [[u7]| 5 < Cllul%” and |uP7| 5 < Clluls" . As the Littlewood-
2,1 B34 21 B3

Paley decomposition is not quiﬁe orthogonal, it is importarit to allow for a small
overlap in the above definition of semi-norms.
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In some places, we will have to specify in addition the behavior for the middle
frequencies, and we thus set for some given 0 < n < 7/,

’ .
lul 5™ = > 25 Agul| 2.

B3,
’ n<2k <y’

Broadly speaking, our strategy to justify the different types of diffusive limits is as
follows:

e Step 1: We prove ‘uniform estimates’ for the global solutions to (1.6),
uniform meaning that we want a bound independent of ¢, but the norm
itself may depend ‘in a nice way’ of the parameters ¢, £ and L.

e Step 2: We show that the limit system is globally well-posed in the small
data case.

e Step 3: We take advantage of estimates of Step 1 to exhibit weak com-
pactness properties. Combining with the uniqueness result of Step 2, this
allows to conclude to the convergence of the whole family of solutions of
(1.6) to those of the limit system.

The most technical part is step 1, as it requires a fine analysis of the linearized equa-
tions of (1.6) about 0 that keeps track of the coefficients £, L5 and e. Schemat-
ically, in the Fourier space, one has to resort to different types of estimates for
low, medium and high frequencies. The low frequency analysis is carried out by
considering approximate eigenmodes of the system, that are constructed by a per-
turbative method from the (explicit) eigenmodes corresponding to null frequency.
A part of the difficulty is that the ‘fluid modes’ are of parabolic type, hence the
corresponding eigenvalues tend quadratically to O when the frequency size tends to
0 while the radiative modes are expected to be exponentially damped. The high
frequency analysis is inspired by the corresponding one for the barotropic Navier-
Stokes equations, after noticing that coupling between radiative and fluid unknowns
occurs only through 0 order terms, and thus tend to be negligible for very high fre-
quencies. Last but not least, medium frequency regime has to be looked at with
the greatest care, as the low and high frequency regimes need not overlap. We do
not propose any general strategy for handling them, apart from ‘guessing’ suitable
approximate eigenmodes.

4. UNIFORM ESTIMATES FOR THE LINEARIZED EQUATIONS

To reduce the study to the case where the total viscosity v := A + 2u is 1, and
to get a symmetric first order system for the radiative unknowns, let us set

(b, jo. 1) (t, @) = (b, @, V/n g, ) (vt, v). (4.1)
Then (b°, @, j§, %) satisfies (1.6) if and only if (b, @, jo, j1) satisfies
Ob+1U-Vb+ (14 ki (b))dive =0,

O + 10 Vit — (1 + k(b)) AT + (1 + k3(b)) Vb = E24(1 + ky(b)) ],
edijo + o= divii = L(b— v/ jo),

g1 + ﬁvjo = —LMJ,

(4.2)
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with
M:=1+L,, L:=vL and A:=v'A (4.3)
The corresponding linearized system reads
Ob+divu = f,
Oyl — Aii + Vb — MG — 5
edejo + o div fi + L(jo — V/nb) =0,
e0i1 + o= Vio + LM, = 0.

(4.4)

The coupling between the incompressible part of @ and jl that is Pu and 7331 where
‘P stands for the projector on divergence-free vector-fields is obvious as

B L LM -
aPi — Lapi = =22pj,, (4.5)
v n
and
'Pi (t) =e e Pi (0),
hence in any functional space X we have
ZM”leHLl(X) < e]|P1(0)]|x. (4.6)

The coupling between b, d := A~divi, jo and j; := A~'divj, (where A® :=
(—A)*/2) is quite complicated: in Fourier variables, we have

AN AN
d| d —p_ P 0 =57 d 0
pr7ell ISR Bl IRV VR L _r_ 171 o (4.7)
dt /.7\0 € € ey/n /]\0

jl O 0 _spn l:?A jl 0

The analysis that has been performed in [7] pointed out the following necessary
and sufficient stability condition

L> %(1 + MY, (4.8)

So we shall make this assumption in all that follows. Of course one also has to keep
in mind that M > 1, a consequence of M := 1+ L. For notational simplicity, we
shall simply denote £ by £ in the following computations.

4.1. Estimates for small frequencies. In order to prove estimates in the case
0 < p <O (with C; > vV1+n~1), we shall use that (4.7) enters in the class of
ODEs that has been considered in the Appendix. Indeed, it corresponds to (A.3)
with
LM nl
S=—)» n= f ’ 5 =

n 9

AN T T
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4.1.1. The case L Z 1 and LeM 2 1. We shall follow the first approach proposed
in Appendix A with matrices Ay, A1, A2 and B; as follows:

00 0 0 0 1 0 0
1
000 0 “l- 0 0 0
AO: O 0 % 0 ’ Al: O 0 O i;;TE; ’
LM 1
0 0 0 2 0 0 — e 0
0 O o = 0 00 O
B 0 0 =z 0 o010 —=£
Bi==| o »a "0 o0 and A2=14  ¢ o
10 0 0 000 0
Therefore we set
0 0 0 =y
0 0 5 0
P.= n3/2L , 4.10
e N (1 (4.10)
1
i 0 0 0
which corresponds to the change of unknowns
i I A
0 — 7P 1 T TETA = d
Jo -Vn *cep 1 — izl Jo
j1 P 0 0 1 Ji

According to (A.8), working with (a, c/l\,}o,jy‘\l) or (E, ’D\,/j\o,?l) is equivalent whenever
p < Lmin(e™ M). (4.12)
Let us compute the matrices PBy, [P, A;] and As appearing in (A.2). We have
-M=t 0 0 0

€ 0 -1 0 0
PB; = WL 0 0 1 0 ’
0 0 0 M
0 0 _s(l;ﬂ/ﬂ) 0
TLB 2
. 1+e2 (14 M~ (n41))
[P, Ai] = 7 1+52(1+9\A(1+n)) 8 8 Tg ,
T e/ M
0 —1-M"1 0 0
_ﬁ 0 ﬁ 2 0
e 0 1-% 0 i+ i)-:
3 14e 0 0 0
ev/n LM
0 -4 0 0

If eLM 2 1 and £ 2 1 then |A3| < 7 and |P| S e. Hence, up to a O(ep?) term,

the system for (b,) reads
IS 0
2 nLM e
Jor (L) (5)

~

$<§>+p<_1_0n1 é)(

o) o)



1+e2(1+M ™ (n+1))

o~

0 Jo
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e(1+M™1)
_ ,02 n3/21
0 £ _
n

)(}

) .

n2

In order to estimate (E, 5), we just follow the method of Appendix B, which requires

Condition (4.8) and
Vi

(1-—M-D)e
1—- nl

p<

Keeping (4.12) in mind and noticing that
5
L

is of order 1 for small e, we thus conclude that if

r=1-

1+ MY,

p<
then

(6,9 |+p/|b ) dr < (6,3)(0)]

V14+n=1 and p < Lmin(e™ M)

(4.13)

(4.14)

t . 1\ ~ t N~
+p2/ (jo + e+ =i >d7+5p3/ b,9,j0,j1)|dr.  (4.15
[ (Zlol+ (= 2 )l 1350 )l dr. (4.15)

Next, we see that the equations for (jo,j1) read (omitting the O(gp®) term)

o~ 2 —~ o~
i io n g + % 0 /j\O n P < 0 1+4¢€? > lo
dt \ i 0 LM | <o h) yne\ -1 0 "
. 1+e2(1+M(1+n)) 0 0
_ ev/n LM .
— 7 s J(2) @)
L
Therefore, computing
d 2 2\(5 12
1 4.17
(Rl + a4 RP) (117)

so as to eliminate the term in p, we end up with
o~ o~ L[t < PN
Go O+ £ [ ol dr £ 1Ga ) 0)

0

tp /t<( clM L

2Y6l+ £l )ar + o [ BTl dr (w1s)

Now, adding up (4.15) and (4.18), we easily conclude that if ¢ is small enough and

Lmin(l,eM) 2 1 (4.19)
then we have
|(/b\;5;/j\0’/]\ | + p | b |dT + — / ‘ ]Oall |dT < I(b a/j\Oa/j\l)(O)L (420)
whenever 0 < p < v1+n—L
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Now, resuming to the /j\l equation in (4.16), and evaluating the first order term
according to (4.20), we deduce that, in addition

LM [t~ ~ A o
=2 [ hilar 163500 (1.21)
0

4.1.2. The case e < L <1 with eL2L%2 > 1 and L2L, > 1. If £ < 1 then plugging
(4.15) in (4.18) does not allow to get (4.20) any longer. In order to overcome
this, we shall follow the second approach proposed in Appendix A with coefficients
defined as in (4.9): we set

S

0 0

0 0 . "G
PEErd
P = O _ E\/ﬁ O £ 1+E )
) L : Vr(l—M)L
T LM 0 Vn(1-M)L
and we thus have, remembering that M — 1 = L
b 1 0 0 e b
0 —nzP 1 gl 5 d
7 — — n 2 ~ 4.22
Jo —/n _%P 1 - f/t*fz:g P Jo ( )
1 L/\fws 0 o \/HPLSL 1 g1
The determinant of the above matrix is
2 &2 14 ¢2
( * £2p)< +n£2./\/12p> nczcz’
Hence working with (A c/l\ 5 3 ) or (E, 5,3\0,3\1) is equivalent whenever
L
p<S—= and p<VnLL,. (4.23)
€

Then following the computations of Appendix A, second approach, and setting
Ag := (PAg — A1)P + As leads to

0 1 0 0
d —1- % 0 0 O
a’ e 0" 00 0 |Y
0 0 0 O
£ 2
“nLmP 0 0 0
0 ( —i)p2 0 0
+ e c 1 2 Vv
0 0 S+ 0
LM 5 £2
0 0 0 = T (nﬁ./\/l - nljus)pQ
-1
0 0t 0
e _ 1+4e? _ e2(1+4n)
=p? e 0 (nt1)e g 8 n n2£0 n2LM 174
T evnLsL  nL
0 _1:1:1/\4 0 0

+ p3[As, P)(I + pP)™'V. (4.24)
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Just writing that |[As, P]| < |P|(|P|?|Ao|+ |P||A1]| +|A2|) using the explicit values
of Ag, A1 and Ay and

1 1
|P| < 7 max (5, Eg), (4.25)
does not provide an accurate enough bound for [A3, P]. Now, we have
2 2 2
0o & 0 &3 - %)
PA P2 - 1 n%ﬁﬁs 0 n51/2 (lzg - 52) 0
0 - E 0 _(1+eHM 0 (14+e*)M (L _ 871+8)
, VnLg n32L, \M? L2
2
—wr 0 g (€2 — 12 0
0 g? 0 ete’
nLs M 5 n2L2M
2
o = &g 2 14e2 (1+2) -1
£ 0 B mt \/%61:2 0 . na/zecs (e - Qg‘”)
n./f/l2 + 5n£‘§5 0 n3/26£5./\/l o (8\/’;2):5\4 0
0 _e 0 _@
1 [ aenne ) e
A P? = ) nM?2 = 0 n3/2£s/\s/t 0 )
L 0 0 0 0
0 0 0 0
00 0 0
PAP 1100 0 0
EEloo 0 (b
0 0 —%mm 0
0O 0 0 0 0 0 0 0
5 e 0 0 0 O
AP = ”EOM 8 "3/025 8 and PA; = 0 _m o &
T Lvn
0 O 0 0 0 0 0 0

[N

Hence, given that ¢ < £ < 1 an
ering, one may conclude that

that £; =~ M in the regime that we are consid-

e 1 1
|[A37P]|§max<£a£2£sa€£2£§>' (4.26)

Note that we still have 7 — 1 for ¢ — 0. Hence applying the method of the appendix
to handle (b,), we find out that if (4.8), (4.13) and (4.23) are fulfilled then

GO+ [ 16.]ar < IE.00)+ 0 [ (Sl + 2l )ar

+p% max | = ! ! /t [V|d
LY LY. T.
P L 2L, =L222) ),
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As regards the radiative modes, we have

o~ L 1+¢€? p2 t/,\ ~ 2 t 1 g\~
= £ < —
|Jo(t)|+(€+(€+ o )nﬁ)/o ol < fo(@)] +Co?* | (5%%)“"‘”

+OpP max( LI /t|V|dT
P L 2L, =£202) ), ’

~ LM € 1+¢?
j1(t — d C d
o1+ (24 (g~ o)) [ Bolar < o+ o2 [l
1 1
+Cp? max(E YT £2£§>/0 |V|dr.
From the above three inequalities, we get for any A € (0, 1]

1(6,3)(&)] + Afo(®)] + Fu (1)) + 7 / (6,3 |dr+A—/ |Jo|dr+—/ | dr

S IGO0+ ARO[ (SRt gl )ar+as [ (5 )flar

3 e 1
+p maX<£,%,m)/o |V|d7'

Now, we notice that taking A = comin(1,eLL;) for a sufficiently small constant ¢
allows to absorb all the terms of the r.h.s. (but the data) by the Lh.s. provided we

have 0 < p<V1+n~!t

e< LS, eL2L2>1 and L2L, > 1. (4.27)

2
p
Tz

We thus conclude that for all 0 < p < v/1+n~1, we have

~

r

\(b, min(1,eLL; )]07]1) |+p /|b ) dr + = mm(l eL L, /|]0|d7’

Jr—5 /|?1|d7gC\(E,S,min(1,e.ccsﬁo,?1)(0)|. (4.28)
0

Let us point out that in the case where £2£, ~ 1 (even if £ ~ ¢ in fact) then the
same computation will lead to (4.28), but only for 0 < p < ¢, with ¢ a small enough
constant.

4.1.3. The case ¢ < L < e'/? and L2L, ~ 1. As the value v/1 4 n—1 will not play
any particular role, we fix some C7 > ¢ in the following computations. We want to
get (4.28) for p € [c,C4]. To this end, we introduce (p and ¢ such that
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~

Then we discover that (b, c/l\, ZO, Zl) fulfills

8t3+p(/i\:0,

~ ~ 1 ~ ~ LM~
O+ p*d—p| 1+ — |0 = 5l + =G,
~ L~ p = P 7
8+ 28 =-LC - a—Pd

tCO+€CO 5\/ﬁ 1 \/ﬁl+n£)22M )
o+ E(m- L Va=—L (1+ 2 Vg
LT nL2M ) \neM nL2mM )"

Let p be in [e, C1]. For the first two equations, performing the standard barotropic
estimates (which rely on the use of U, defined in (4.43)) leads to

(b, d)(t |+/\BJ < |(b,d)(0 |+/\g0|d7+cc/\g1|d7. (4.29)
For CO, it is obvious that
|<0 )N+ = / |C0| dr < |<0 / |C1| dr + pf/ |d| dr, (4.30)

and, as our conditions on £ and L, guarantee that p < /n/2 LM for small enough
€, we also have

[,M P p2 t
G+ 52 [ Glar< GO+ oL (142 5) [l aay

Putting together those three inequalities, we readily get for all A, B > 0, observing
that p? ~ L2M =~ 1

o~ o~

t t
6. DO+ AS ()] + Belar ¢ |+/ G.djir+a | |co|dr+BzM/O & dr

o~ o~

~ ~ t ~
S I(b,d)(U)\+AZ\C0(0)|+B€|41(0)\+£M/O Guldr

t A [t e [t B [t~
= AS = .
+ [Gldr+ 7 [ Glar v ag [dars 3 [ iGlar

It is now clear that if one takes first A large enough (independently of ) and B
much larger, all the integrals of the r.h.s. may be absorbed by the left-hand side,
as M~! < p, and we thus get for all p € [¢, (1]

o~ o~

GO+ S5 + el |+/ \(b,d)| dr

o~ o~

+ [ Wlar+em [ Glar 16001+ SIGO1+ GO (43

Plugging this new inequality in (4.31), we easily deduce that

o~ o~

&t |+—/ Gldr S G O)]+ £Go(0)] + 1B D))
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then inserting this information and (4.32) in (4.30), we discover that

o~ o~

1
61+ £ [ lar <1601+ 2601+ (1+ g ) BDOL
eLM?
Therefore, putting (4.32) and the above two inequalities together, using that

(b, Z)|~|(bdjt],11)|

d. Go,
and assuming in addition that £ < /2, we conclude that

6.8 o 3ol + [ 16.D)dr+ £ /|<o ildr

£]0731)(0)\ forall c < p < Cy. (4.33)

Note that due to the expression of (,A“l, one may replace 61 with 31 of ?1 in the
integral.

Still in the case £ < ¢'/2, we claim that we have the following inequality

-~ L[t - > s € oo
pio(t)] + = / IpGol dr 5 1(b.d, pjo, o, 1)(O)] forall 0<p<Cr, (434)
0

which turns out to be crucial in the justification of the asymptotics toward (2.9).

Indeed, inequality (4.30) does not require any assumption on p and thus implies
that

~ Lot~ ~ p? [t~ ) to
— < —_— .
lpCo(t)| + E/O |PCO\dT\|PC0(0)\+E\/ﬁ/O |GildT +p \/ﬁ/0 |d| dr

For 0 < p < ¢ (resp. ¢ < p < (1), the last term may be bounded according to
(4.28) (resp. (4.33)). Regarding the term with (;, we notice that

~

G ]1+££M<f+b)

hence (4.28) and the fact that £2L£, ~ 1 guarantee that for 0 < p < ¢

2t LM ("~ L2t - 2

e [ s L‘(/ |n|dr+/p2;o+¢ﬁb|dr)
evn Jy e Jo
< LA+ E)|(b,deLLo, 1) (0)]-

A

In the case £ < €'/2, it is obvious that Inequality (4.33) implies that the above
inequality is also true in the range ¢ < p < C1, which completes the proof of (4.34).

4.1.4. The case L =~ ¢ and Lg% 2 1. We saw that if (4.8) is fulfilled then (4.28)
holds true on some small interval [0, ¢]. So we have to fill in the gap between ¢ and
v1+n~1. As the value v/1+ n—1 does not play any particular role, we fix some
Cy > c and look for estimates if p € [c,Cy]. For simplicity, take £ = ke/n (with
k> 1 owing to (4.8)).
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Setting 61 = /j\l — mp/jo = 31 — n\s//?\l/t pjfo as before, we observe that
Ob+ pg: 0,
dyd + p*d — pb = nm;o + B G,
~ ~ (4.35)
Ojo + (£ + JTM)JO + ﬁﬁ = b
0+ (5 = )G = ot (1 + ) o — b
Let us focus on the subsystem corresponding to the first three equations, namely

8153—1— pc?z 0,
Od + p>d — pb — 2o = f (4.36)

o~ ~

i 2 >
Oejo + (5 + wdm)jo — b=

If we have the stronger condition e2M — oo then we rewrite System (4.36) as
follows

d b 0 P 0 b 0
—|d|l+| -, ¥ —wm||d]|= f : (4.37)
dt | ~ _5 5 -~ 02 T~

Jo Vn n Jo 2o T g

The eigenvalues of the matrix M, in the left-hand side are the roots of the polyno-
mial —X3 + a1(p)X? — az(p) X + as(p) with

K 1 K
ailp) =~ +p%  az(p) = (1 + )p ,az(p) = (1 + )pn
According to Routh-Hurwitz criterion, those roots have positive real part if and
only if

ai(p) d AR (
a(p) >0, | 2 () ‘>O I R K e

As a1(p) and a3(p) are positive, it suffices to check the second condition, that is
K ’k
ai(p)az(p) — as(p) = (1+ =)o + L2 (e = 1) > 0,
and this is indeed the case for all p > 0, as kK > 1.

In particular, all the eigenvalues of the matrix M, have positive real part if we
assume p to belong to the compact set [c, C1]. Therefore (see [7]) there exist two
positive constants co and C> depending only on ¢ and Cf, so that the matrix M,
satisfies

|e_tMP’ < Coe™ ! forall t>0 and p € [c,C4].
By taking advantage of Duhamel’s formula, we thus deduce that

o~ ~ o~ ~

G.LG0l+ [ 1@d5lar 16350+ [ (Foldr+ o [ Gl
0
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Of course, owing to the assumption e2M — oo, the last term of the r.h.s. may be
absorbed by the Lh.s., for € going to 0. So we get

(b, d, 7o) |+/|38 ) dr < |(b,d, jo)(0 |+/|fg\dT (4.38)

In the case where e2M does not go to co then we have to proceed slightly differently.
If we assume (for simplicity) that €2 M tends to some m > 0, then the matrix M,
in (4.37) has to be changed in

0 p 0
N,=| —» P —nm
Kk K P

£ 0 £+

The above analysis based on Routh-Hurwitz theorem still holds as the additional
term has ‘the good sign’, and one may conclude, as before, that (4.38) is satisfied
for all p € [c, C4].

In every case e2M > 1, resuming to (4.35), Inequality (4.38) allows us to get for
all p € [c, (]

o~

t t

6.3+ [ 16430l £ 16.4G00)+eM [ [Glar @)
0 0

Next, from the equation of 61, we readily get

()] + M / & dr S G (0)] + (M) / 15, 0)] dr.

Hence, adding up to Inequality (4.39), we conclude that (4.28) is also true for
all p € [¢,C4]. This completes the proof of estimates in the low frequency regime
P € [Oa Cl}

4.2. Estimates for middle frequencies.

The case liminf M = +oco. As in/ichg previous paragraph, introduce 61 = 31 —
ﬁ Jo- The system fulfilled by (b, d, jo, (1) reads
6tg+ pc/i\z 0,
Oyd + pd — pb = —Ljo + lea
at]O+ (£+n£/\/l)‘70+\/ﬁs<1 f b

LM _ = N
G + (24 - nsﬁM)Cl = ﬁcMa (£+ nﬁ/\/l)jo - b

The subsystem corresponding to the first three equations is
8t3+ pc? =0,
Od + p*d — pb — £ jo = f, (4.41)
Bijo + £(1+ %)30 - \/ﬁfgz 9

(4.40)

with
f: Z and §=--—L_0. (4.42)
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Assume that (f, g) = (0,0) for a while and set

o~ o~ AT

U2 :=2|(b,d)* — 2pRe (bd) + | pb|*. (4.43)

On one hand, we have
§%U§+p2|b\2+p2\d\2 3/2Re ((2d — pb) jo). (4.44)

and on the other hand,

1d~ 2 L p2 2 L ek
th\ jol? + E<1+ LM ljol* = \/ﬁ;Re (bJo)-

Therefore
1d £ | = ~ s P P \p p =
——(U* + —=|pjol? (b, d)? + = (1 2=2""Re(djp).
s (6 el + PGP + 5 (14 L )l =2 e (@)

Now, by using the fact that

p o 1~y Ap? ~
QWRG (djo) < Tn|d|2 + WUOP,
and by taking A = 3/4, we conclude that for p? > %, we have

d 13 ~ 2 o~ o~
%(u§+7‘p‘70|2) m 2|( d»]O)|2<07

whence, because 3@‘171672”71) <1+ %, we get for some universal positive constants cg
and C

3‘? +\/7|PJO _Cot( 33 |+\/7|pjo ) for p>+v1+n!

Resuming to the equation fulfilled by ;0 in (4.41), the above inequality implies (still
assuming that f = g = 0) that

L P’ Lo ~ vnL [* \/Z 7 I
= < e <. /= =
E(HM,ZM)/O il < o )+ [ lpblar <\ Zdo(0) 1+ I D)0,

then plugging this inequality in the equation for J, we get in addition

t
~ ~ ~ £~
7 [ W <1301+ 0]+ 5 1ioo)

Repeating the above computations in the case of general source terms f and g,
we conclude that the solution (b,d,jy) to (4.41) satisfies for all p > V14 n=1,
assuming only that £ 2 ¢

6.0+ Sloitol + [ 16Dl ar+ £ 1+ ﬁw)/wm
< < pb, d)(0 Of+4/7 " |070(0 |+ \flﬂ/ ng\ dT)
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Resuming to the value of ]? and g in (4.42), we thus get for p > V1+n—! and
LZe

.0+ Shohool + [ 1Dl + (14 £2M>/|P]0|d7'
( (. DO+ Zloio(0 |+( )/@w)- (4.45)
Es

Next, it is clear that the equation for Cl implies that whenever p < \f LM

2 t
2% PN e [
G5t [ Glir < GO 2 (1) [ elars g [ 1o

Hence, we get if M is large enough and p? < £3/2M?e!/?

G |+—/|<1|dr c(1Go1+ o (168 a0 01 +1/% 1om(o)) ) @

Then plugging that inequality in (4.45) implies that
> / 0ol dr

(pb, d)(t |+\/7|pjo \+p/|d\d7+/\pb|dr+ <1+
BN el/22 \
< (168, DO)+ |/ S0 + (e + £ 57) GO, (wan)

whenever 1+ 1/n < p? < L3/2M2e1/2.

Here is another method that gives decay estimates in the range LV M < p <
LM if M is large enough. From the first two equations of (4.40), we have

(pb, d)(t)] + p / |d|dT+/ |pb| dr

<168, 00) + L [ Galar+ Z4 [ Gar. )

The equations for jo and Cl give, if p < f LM

~ 1 p? f ~ p b Lyn [~
N+=(c dr < [Go(0)] + —2— dr+ =Y bl dr, (4.49
o 01+ 2 (E4ir) [ ol dr < o)+ [ @lar+ =2 [lar, (.40

& |+—/ &) dr

2
p p
d bldr. (4.
+\/ﬁ£/\/l5<£+n£./\/l>/|‘70| 7'+ /H T. 50)
Plugging (4.49) in (4.50), we discover if p < LM that

<G (0)

G+ 22 [ Glar <601+ G0+ o [ oblar. s
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Inserting that inequality in (4.48), we see that the last term of (4.48) may be
absorbed by the Lh.s. if M is large enough. Now, Inequality (4.49) ensures that

t
p -~ 1 peLM -~
LA dr < — ==
n3/2\/0 |jO| T \/ﬁ(”LZM+p2)|JO(O)|

P> LM HP
+<n252M+pn>/ Cl'd”( £2M+p>/’)'b'd“

Again, resuming to (4.48), we see that the second term in the r.h.s. may be absorbed
by the Lh.s. This is also the case of the last one if p? > £2M. If all those conditions
are fulfilled then we end up if LV M < p < \/gﬁj\/l with

(pb, d)(¢) |+p/|d|d7+p/ \b|dT+P/ ol dr

~

+.cM/O &ldr < [(ob, d)(0)] + =

M)+ G0 (452)

Resuming to (4.49) and (4.51), we thus easily deduce first that

G+ Z2 [ Gl dr S GO+ o)+ 1168, D)L

and next that

o~

G0l + 2 c+— /uow o] + #7100 + £, (O]

Our estimates and the definition of ¢; allow us to change ¢; to j; in (4.52). So
finally, in the case eM 2 1 we get for some large enough C; and small enough ¢
independent of

t t t
(62, (£ 50, 50O+ [ 1 dr+ 5 [ dr+ g (00£24) [ gl ar
0 0 0

M [t .
=2 [ ldr S 16,404+ £, 500 (153)
0
whenever C1 LV M < p < cLM.

The case e2M < 1/2 and L > ¢. Let (o := jo — /nb. We start from
Oyd + p?d — pb = 7]17

0iCo + £Go + ﬁsjl —Vnpd =0,
g1 + £ — G — 20 =0.

In order to show the exponential decay, we set

U2 = 20b? + 2|d]* + |pb]? — 2pRe (bd) and T2 :=[Gof? + [1]* (4.54)
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We easily get for all K > 0,

2 2 2 2 9
th(u +KJ)+p (b, d)) + K= (|C0 + M| >

- 2%R Gid) + p(K - %M)Re GiD) + KvinRe (pd o). (4.55)

It is thus natural to take K = LM to cancel out the second term of the r.h.s. For
the first and the last terms, we write that

K /iRe (pd o) < 10?2 +nK?[jo — /i B2,

~ = ~ = -~ 2~
2[:TMRe (j1d) = %Re (J1d) < %p2|d\2 + 23612{,02 .

Note that the last terms above may be absorbed by the Lh.s. of (4.55) if, say

2K
nk < £ and — < LM,OQ.
2e €

Given the value of K, the first condition is equivalent to e2M < 1/2, whereas the
second one means that p?n > 2. Under this latter condition, we thus end up with

d( o LM
- (up +

which implies, according to (4.8), the following exponential decay estimate for some
small enough x > 0

LM [~ 1 -
J2)+72|(b d)? + m (|C02+6M|31|2)<0, (4.56)

eL M

U () + eLMT2(t) < e (ug(o) SN AC )) if p=+/2/n.  (4.57)

To exhibit the parabolic decay for d, we introduce ¢ == j; — (VnLM)=pjo, and
get

8t3+ p(/i\: 0,
Od + p*d — p(1+ LYo = £M¢, ¢ n3p/2é\01
~ o~ ~ 2 o~
0o+ (L + nEM)CO + \/ngl =Vnpd— \/EZL:Mb’
o~ 3

6t61 + (LZ\A - nEP;M)C = \/’Elp_‘,ME (‘C + nZZ/Vl)ZO + neﬁpz./\/l?/b\‘

We thus have for 1/2/n < p < \/n/2LM

t t

/|pb\d7+p2/ dl dr < |(pb,d)(0 |+—/ Gdr+ 2 /wm

0 0
1 p2 t N =N
— <
(et i) [ lar < o)

/\<1|dr+fp/ i+ =L EM/ b r,

LM [t~ R p - _
- < - r .
- /0Q'dT\|<1(0)|+\/EEEM<E+nLM)/O Gl s [l
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Combining the inequalities for 50 and 217 we easily get if p < cLM with ¢ small
enough

LM/ Gildr S O]+ £ (e|60<o>|+pa/ dlar+ gz [ 1alar).
(+ 27 [ Valdr i)+ ZogiGo+pe [ dlar+ o [ il am

Now, the exponential decay pointed out in (4.57) allows to bound the last terms
above, and we get

2
(£+ p

~ ~ ~ p ~
< o \/
whereas using Z/{g allows to get directly

EM/ Gl dr < Uy(0) + VELMT,(0) EM/ pdldr, (458)

t t
p2/ ddr < |<pb,d><o>|+.cM/ ] dr.
0 0

Using the definition of 31 and, again, Inequality (4.57), we may replace 31 with Zl
as follows

t t t
p2/ |d| dr S U,(0) + VeLMT,(0) + E./\/l/ |C1| dT Jr/ |pCo| dT. (4.60)
0 0 0
Then plugging (4.58) and (4.59) in (4.60) and observing that ¢ < LM, we get
t
o / | dr < U, (0) + VELMT,(0)
0

pLM

+£2/‘/‘+P2<€|@°’a)( )|+ g Un(0) + VEEMI, (0 ))+pe/0 Iildr>'

Because we assumed that £ > ¢, the last term may be absorbed by the L.h.s. Using
in addition that e2M < 1, we end up with

0 /Ot (| dr < U, (0) + VELMT,(0).
Then resuming to (4.58), (4.59), we obtain
p/ota)|d7'—|—ﬁ/\/l/0t & dr < U, (0). (4.61)
Obviously, this inequality implies that
M /Ot Gl dr < U, (0) + VLM T,(0) + £l (o, C1)(0)). (4.62)

Of course, we get the same inequality if replacing {y and (; with jo and j;. So one
can conclude that for \/2/n < p < cLM, we have (4.57) and

t t t
p2/ |d|dr+cM/ \j1|dr+p/ ol dr < 1o, d)(0)| -+ VELM| (Gor 1) (0)]. (4.63)
0 0 0
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4.3. High frequencies. We eventually come to the proof of decay estimates for
p = cLM, where c is some given positive constant. We shall use that fact that
the systems satisfied by (b, d) and by (jo, j1), respectively, tend to be uncoupled for
p — +00. As regards (b, d), the classical approach for the barotropic Navier-Stokes
equation, based on the study of

~ AT

2._ o1 2 712
U2 :=2|(b,d)* — 2pRe (bd) + | pb?,

guarantees, if p > ¢, that
t t
(b Do) +* [ Ndldr+ [ plblar < (b D)+ —/ Gildr.  (464)
0 0
Next, from the system fulfilled by (jo, /1), we get

1 2 ;C’\ 2 M’\ 2 E o~

2 (GoP +hl7) + S0 + E22 Gup = viZRe (50),
d . = L ~ = P~ 9 P~ 9 L~
R @ R — L _150)? = vn=Re (bjy).
o e (o) + _(L+ M) e(JOJl)*’g\/ﬁUl\ E\/ﬁbo\ \/ﬁ5 e(bji)
Therefore, for any « > 0

1d 2 -~ 2 2H£M -~ = K ,C/_\ 2 ,CM 2
g (1 [ = £ Re G5 ) + (14 2 m) £+ E24 (1 )
 RLEM

— 1+ MRe (o) + Vi SRe (53 - pM 7))

For p > ¢LM, it is clear that our choosing x small enough implies that

e the first term of the r.h.s. may be absorbed by the second and third ones

of the lLh.s.,
o we have |jo|* + [j1[* — 2L Re (jo j1) & [5o]* + [1

e we have (1+ %M)%E@\Q (1- )& LM |]1|2 £ LM (|J'0|2 + |31\2)

2,

Vn Z 2ne
Therefore, we end up with the following inequality
t t
“lGo. (0] + £ [ 1Goi )l dr S Go GO + £ [ Blar. (165)
0 0
Combining with (4.64), we conclude that if
p=cmax(l,LM) and p>CL, (4.66)
for a large enough constant C' then
t t
(@ a0+ [ i+ [ plbldr < 1. d oGO (@67
Go @1+ 22 [1Godlar £ Z1ADOI+1Go T (w6s)
whence

(0, Jor J1)(B)] + 52 /|d|d7+/p|b|df

/uo,h ldr < (66,370, 1)), (4.60)
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The only case where the condition p > C'L may be stronger than p > ¢LM is
when M is bounded. From our study for small p’s, we must assume that LM > e~ 1,
and thus ¢LM is still much larger than /2/n. Therefore, one may take advantage
of (4.57) to bound the r.h.s. of (4.65), and combining with (4.64), we get for p ~ L

t t
(b, d, VL0, VLR ) ()] + 22 / dl dr + / plb dr
0 0
t
y / 1Gos G0l dr < (06, 4, VeLio, VELT)(0)]. - (4.70)
0

5. THE NON-EQUILIBRIUM DIFFUSION REGIME

This section is devoted to the study of the so-called non-equilibrium diffusion
asymptotics. Assuming that for some x > 1 and m > 0, we have

L
25 and L2, — ﬁzv (5.1)
e nv v

we want to prove the convergence of the solutions of (1.6) to those of (2.5) or (2.6)

if m < 400 or m = 400, respectively, when ¢ goes to 0.

The first subsection concerns the proof of global existence with ‘uniform’ esti-
mates for the radiative Navier-Stokes equations (1.6) in the asymptotic (5.1), in the
small data case with critical regularity. Next, still for small critical data, we estab-
lish the global existence for the limit systems (2.5) and (2.6). In the last part of the
present section, we combine the uniform estimates with compactness arguments in
order to justify the convergence of (1.6) to (2.5) or (2.6).

5.1. Global existence and uniform estimates. In order to get a global-in-
time existence statement for (1.6) in the non-equilibrium diffusion regime, we first
put together the estimates that we obtained in the previous section, in the case
L ~ ¢ and L2L, > 1. Even though localizing the linearized equations by means
of Littlewood-Paley operators allows to get essentially optimal estimates for the
linearized equations of (1.6), it is not enough for our purpose, owing to the con-
vection term « - Vb that may cause a loss of one derivative. The difficulty may be
overcome by paralinearizing the whole system, as explained below. After that, it is
easy to prove global in time estimates for the solutions to (1.6) just by combining
the estimates for the paralinearized system, and standard product laws in Besov
spaces to handle the other nonlinear terms.

5.1.1. Linear estimates. Performing the change of variables (4.1) reduces the study
to that of the linear system (4.4).

Low frequencies estimates. Using (4.28), the comment that follows, (4.39) and the
fact that |(b,d, jo,j1)| = |(b,5,j0,j1)\, we get for the solution (b, d, jo, j1) to (4.7),

o~ o~

t t t
\(b7d7j07j1)(t)|+;02/ |<b,d,jo,j1>|dr+/ |io|dT+M/ fuldr
0 0 0

< C|(b,d, o, j1)(0)] forall 0< p<Cy, (5.2)
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Lo+ Lo .
Vim0 Zrom

with! jo := jo — \/ﬁg— \/ﬁ%p&\and/j\l =1 —

Middle frequenczes estimates. If £2L, ~ 1 then using (4.53), and the definition of
Cl versus that of j; j1, we get

t t t
6250300+ [ (@G0l dr+p [ blar+M [ Fijar
0 0

< C|(pb,d, jo,71)(0)| forall Cy < p<cLM. (5.3)

If £2£, — 400 then (4.46) and (4.47) ensure that

t t t
8. pios 3001+ [ dlar +p [ \BTollar + M [ Fular
0 0 0
< C|(pb,d, pjo, j1)(0)] forall V1+n-1<p<evvVM, (5.4)

and, according to (4.53), if CrevvV M < p < cev M,

t t
WWU+”MMmWWFIMw+f/Mw
0 0

t
-~ N o~ 2 MNT
+(1+7€25M)/ IpJoldT+M/ i1l d7 < |(pb. d, (1+=25)jo, 1) (0)],  (5.5)
0 0

Hence

t
‘(Pb7 d7 max(lvmin(p’ p_l‘SQVM))jOajl)(t)' + p/ |(b7 min(l’ JTM)]ON dr
0

t ¢
—|—p2/ |d|dT+M/ lj1|dr
0 0

< C|(pb, d, max(1, min(p, p~*e>vM))jo, 1)(0)].  (5.6)
High frequencies estimates. Using (4.69), we have for p > LM,

(b, d o T (¢ Hw/WwHw/ww+M/\Mﬁ
Clirb,d. 50,300 (5.7)

Optimal estimates in Besov spaces. For notational simplicity, we shall slightly abu-
sively change ¢ and C7 to 1 in all the following computations.

If £2L, ~ 1 then localizing (4.4) with nonzero source terms f and § according to
Littlewood-Paley operator Ay, using (4.5) and following the computations leading
0 (5.2), (5.3) and (5.7) (combined with Fourier-Plancherel theorem) we end up for

INote that the last term of jo given by (4.22) is negligible for p < 1 and may thus be omitted.
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all s € R with?

S5 . = 2,1
16 o, 1) ()35, + 1B, |+ [1b(E) Bs+1+/ IIUIIdeT

/ || b ]0731

M / [l ar + / ||J0||mcl+z‘£Md7'+M / 1Gios ) H“MdT

.o l,
S (@ o, 1) (0) 135, + 1160 )IIBE + [16(0 )IIBs+1

Bs+2 dr + Bs+1 dr +

t
l, .
+ / (U5} + NS5t + g ) dr (5.9

with
e . 1 1
jo = Jo — \/ﬁb — \/ﬁ:dlv’lj and j; =71+ —Vjo— = Vb. 5.9
L Vn LM LLM (5:9)
According to our previous work in [7], the critical regularity framework corresponds
to s = n/2 — 1. Therefore, the following quantities will play an important role

15, @, o, 1)1 x = 18Il a_HrIIbH sz TG Jos )l g
21 21

and

16, )y = sup 5, . o, SO + [ (1005 oo+ 0l -+ Nl 5.0 )r
Z R4

21

Liev M ,1,ev M h,ev M
+ / (MIT 2+ liol s o+ ol +M||<yo7al>||g”1)dr
Ry 21 21 By,

We denote by X and Y the corresponding functlonal spaces (where time continu-
ity is imposed rather than just boundedness) and agree that Y (¢) stands for the
restriction of Y to the interval [0, ¢].

In the case e2L, — +00, we have to change slightly the definition of the norms

|l - lx and || - ||y as the middle frequencies obey (5.6). Consequently, we set
16, @, jo, 1)l xoe = ||b|| AR g T 1@ 70l 5
2 1 2,1
—|—H]o|| " Z”f\ft,—k Z 28% max(1, 2%, min(27 %2 M))|| Arjol| L2
1<2F<eM
and
(6. do. 1)l = 51D (6.0 1) () + / (101 01 410 )
t>0 R4 2 1

[ (IR ol + MG TS )dT
Ry 21 B

2,1

/ #% min(1, 2% 20T MY || Aol L2 dr.
Rt 1<2kgem

2Further explanations on the method will be supplied to the reader in the next paragraph.
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To prove global estimates for the nonlinear system (1.6), the natural next step
would be to take advantage of (5.8) with s =n/2—1 and all the nonlinear terms in
the r.h.s. Unfortunately, this does not work for the convection term - Vb causes

a loss of one derivative (indeed, if b is in Bf 1 then @- Vb cannot be smoother than

Bf N 1). A nowadays standard way to overcome the difficulty is to paralinearize
(1.6), that is to add to (4.4) the principal parts of the convection terms. This is
the aim of the next paragraph.

5.1.2. The paralinearized system. Before introducing the paralinearized system as-
sociated to (1.6), let us shortly recall the definition of the paraproduct, according to
the pioneering paper [2] by J.-M. Bony. The (homogeneous) paraproduct between
two tempered distributions U and V satisfying (3.1) is given by

TV = Zsk_lUAkV with Sk—l = X(Zk_lD).
k

We also introduce

TyU = Spp2V A,
k

and, observe that, at least formally
UV =TyV + Ty, U.

To some extent, if U is smooth enough then Ty V may be seen as the principal part
of the product UV. This motivates our considering the following system

Ob+ 1Ty -Vb+divi = F,

o+ Ty - Vu—Au—i—Vb— ] —G

(5.10)
Orjo + flejl‘F (Jo—\fb)—o
5t]1+6\/» *0

where A = pA + (A + p)Vdiv, M := 1+ L, ¥ and G are given time dependent
vector-fields, and F' is a given real valued function.

PROPOSITION 5.1. — For any smooth solution (b, i, jo,fl) we have the following
a priori estimate if 0 < m < 400

¢
(b, 1, jo, J1) Iy @) < C((b, i, jo, 71)(0)[| x +/ |V V|| oo || (b, 4, jo, 1) x dT

/H VF,G) h,i 1d7+/ |(F =Ty Vb,G — T~~Vu)||Bn 1dT)

2,1

A similar inequality holds if m = 400, with X (t) and Y, (t) instead of X (t) and
Y (t).
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Proof. — Localizing System (5.10) by means of Ay, yields
6tAkb + Ak(Tg . Vb) + div Ak’lf = AkF,

. T . (5.11)
0¢Arjo + ﬁ div Agj1 + g(Akjo — \/ﬁAkb) =0,
O Arjr + ﬁ VApjo + £ A = 0.
The important point is that in order to obtain all the estimates corresponding to
p = (1, one only has to resort to combinations between fluid unknowns on one
side, and radiative unknowns, on the other side. This will enable us to use exactly
the same energy method for (5.10) as for (4.4), in the middle and high frequency
regimes, without introducing unwanted parts of convection terms in the inequalities.
1. Low frequencies: 2F < C4.
Including the para-convection terms in the source terms of (5.11) and repeating
the computations leading to (5.2), we get after taking L? norms and using Fourier-
Plancherel theorem

t t
1A, o, ) ()22 + 22 / |Aw(b, @)l 22 dr + / | Aol = dr
0 0
t
\ L, / 1AG 22 dr < 1A, @, o 1) (0)]] 2
0
t . t . —
+/ \|Ak(F—Tﬁ~Vb)||L2dT+/ IAWG — Tz - V@) |2 dr. (5.12)
0 0

2. Medium frequencies: C7 < 2k < cZEs.
Keeping in mind the proof of (5.3), we see that it is suitable to introduce

Go=+ Vjo-

1
Vi LM
Now, because we have

atAkb + div Ak’lf = AkF,

atAk’lf - ./ZA]CI_L' + VAkb = #VA]C]O + %Aka + Aké,
we easily get by computing

1d

2dt
and by using Lemma 4.1 in [7] to handle the para-convection terms, the following
inequality for all 2% > C,

(2||(Akb,Aka)||§2 + |ARVD)2. + Q(Aka|Aka’)Lz), (5.13)

t t
(AR Vb, Akﬁ)(t)HLaJrZQk/ |ARE] L2 dr+/ IALVD| L2 dr < ||(ARVD, Ag@)(0)|| 2
0 0
t . . — t . ~ t . -
+/ ||(AkVF,AkG)||L2 dT+/ ||VAkj()||L2 dT+£M/ ||VAkj1||L2 dr
0 0 0

t
+ IV o< (A b, A 2 dr.
k' ~k 0



DIFFUSIVE LIMITS FOR A BAROTROPIC MODEL OF RADIATIVE FLOW 59

Then looking at the equations satisfied by Ayjo and Akfl (in the spirit of (4.40)),
we derive inequalities similar to (4.49) and (4.50) for ||Agjollr2 and ||Ak(i||z2, and
thus following the computations leading to (4.53), we end up in the case m < 400
with

t t
||Ak(Vb,’L_I:7Vj(),j1)(t)||L2 +22k/ ||(Akﬂ:7Ak]0)||L2 dT+/ ||Aka||L2 dr
0 0
t t
L, / |AkCillze dr S I Aw(Vb, @, Vio, J1)(0)]| = + / |AW(VE, G2 dr
0 0

t
+Z/ V]| oo | A (Wb, @) || 12 dr. (5.14)
K~k 0

Comparing the definition of 51 and fl, we see that one may replace 51 with ;1 above,
if Oy < 28 < eLL.

The obvious modifications to be done if m = +o0 are left to the reader.
3. High frequencies: 2k > el L.

Again, we compute (5.13) to bound the fluid unknowns. In addition, to handle
radiative unknowns, we compute for some small enough « (see the proof of (4.65))
the following quantity

Ld o (- ek
**(HAkJOH%? + ||Akjl|‘%2 — kLM 2 Qk(AkJO\Akleh)m)-
2 dt

Combining the computations leading to (5.7) with Fourier-Plancherel theorem and
Lemma 4.1 in [7] eventually yields

t t
1Aw(b, @, o, 1) (1) 2 + 22 / | A gz dr +2¢ / 1Agb| g2 dr
0 0
t
L, / 1(Ardo Axf)llz2 dr < | Ax(Vb, @, jo. J1)(0)]| 2
0

t t
+/ |AKL(VEF,G)||L> dr + Z/ V& oo | A (Wb, @) || .2 d-
0 K~k 0

Finally, multiplying (5.12), (5.14) and the above inequality by 2¥(3 ~1) and summing
up over k completes the proof of the proposition. O

5.1.3. A global existence result. According to the computations of the previous
paragraph and to the change of variables (4.1), it is suitable to introduce the
following norms for getting global solutions with uniform estimates in the case?
m < 400

S A7 h,y~t S
16, @, jo, )l x = IIbHB’Q’%;l +V|IbIIB§1 11 o, 31l 53

3Writing out the corresponding definition if m = 400 is left to the reader.
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and

H(ba ﬁ7.j07.j1)||ys” = igg ||(b7 ’J’ ]Oajl)(t)”XV

+/R+(|

L,eM — le eM
+/R( MU+ 1||JO|| s ol o T M o )1 ),
.

21 21 2,1

o +v||a‘||3%+l)d7
2.1 2,1

with jo := jo — b — %divﬂ’ and Jy := j1 + 25 Vio — 7505 V-

Of course, if (o, @, jb,7,) and (b, @, jo, 1) are interrelated through (4.1) and v.L
is used for (o, @, jb,7;) instead of £, then we have

H(ba ﬁ7j07j1)||X;’ = V||(b/7 ﬁla]()a]i)”Xé and H(ba ﬁ’j07jl)||Y5" = V||(b/7 ﬁl,j(/ﬁ;i)”YEl .

THEOREM 5.2. — Assume that £ ~ 1, that liminf e " 'nvL > 1 and that £2L, ~
1. There exists a positive constant 1) depending only on u/v, n and on the pressure
law such that if € is small enough and the data (b§, ﬁ&j&o,fio) satisfy

||(b(6]7687jo 0»]1 0)||Xg <, (5.15)

then System (1.6) admits a unique global solution (b°, @, j§, j5) in Y. In addition,

we have
16, @, 55, ) v < CN(bF, @55 55,0 75 0)ll x- (5.16)
A similar result holds true if L2L4 — +o0.

Proof. — Performing the change of variables proposed in (4.1) reduces the proof
to the case v =1 (changing £ into L= vL). Hence we consider a smooth enough
solution to (4.2), and show that one may close the estimates globally? under As-
sumption (5.15).

Let us set Uy := [|(5, 15, J5, 0 e o)llx: and U(t) := || (b7, ﬁs,jg,ff)ﬂysl(t). In what
follows, we drop exponents ¢ for notational simplicity. Finally, to shorten the
presentation, we just treat the case where £2L, ~ 1.

Now applying Proposition 5.1 with ¥ = 4, F := =T, - @ — ki (b)divd and

. - L -
G .= i U+k’2( )Aﬁ— k’3(b)Vb+ M k4(b)j1,

yields for all ¢ > 0
t -
U(t) < C(Uo + [ 190 .o o)
0

2

t
/0(||FH g I =T Vbll g Gl o + 1T Vil g 1)d7)- (5.17)

4Existence follows from spectral truncation as in e.g. [1], Chap. 10, and is thus omitted. As
for uniqueness, we refer to [7].
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Using standard continuity results for the paraproduct and remainder, and compo-
sition estimates leads to

||T/v1:'77||3’2 CIIVbII 1Hu|| 341
IIkl(b)divﬁll CIIbH HdIVUII
Hence we have ,
/ |F| .2 dr < CU(¢). (5.18)
0 32,1

We also have . .
ITs - Vil 3+ < Clfl 521Vl 5

-5 < CIVl, 5 Il 5o
kst >Au||.%_ < Ol ||v2 H
ks GIH 3+ < bl 1901,

%
Bounding E./\/lk;4(b)fl is slightly more mvolved as it is not true that the low fre-
quencies of j; are bounded in L' (R BQE 1 1). However, one may write that

LMF, = LMY EM LMY LM LIIVHAEM =120 EM,
Therefore

h,LM 6,LM

LM||k4(b)] a < LM(||F i ; "
[ £a( )Jl”Lg(B;l IR (1 L5 ;1)+Ilnll 1(.;;1))\\ IIL?,(B;I)
+|b a (L1 Vb“ML HIVelEEM, ).
1ol . 2%1)( Vo B2 l ””Lg(B;l 1))
Hence .
/(HTE.wHBg,l+\|é||3%,1)drgczf2(t). (5.19)
0 2,1 2,1
Finally

- Vbl - <Cllall ;3

g,l,

ra(b)div il g <CBl| o5 IIdIVUH E1

2,1

Therefore, by Cauchy-Schwarz mequahty
t
/ |F = Ty Vb| 5 dr < CU(). (5.20)
0 BZ,I

Inserting (5.18), (5.19), (5.20) in (5.17) and remembering that BQ%)1 — L (to
ensure that, say, |b] < 1/2 if ||b||B% is small enough), we end up with
2,1

U(t) < C(Uy +U?(t)) forall t=0.
By a standard bootstrap argument, we easily deduce that

U(t) <2CU, forall t>0,
provided the data have been chosen so that 4C2U, < 1. O
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5.2. Study of the limit system. In this paragraph, we prove the existence and
uniqueness of strong (small) solutions with critical regularity for Systems (2.5) and
(2.6). We shall give a common proof that works for both systems.
Before giving the global existence statement, let us introduce the solution space
o If m € (0,400) (that is for System (2.5)) then Initial data will be taken in
the space X'¥ which is the set of triplets (b, @, jo) satisfying

-1 —1 —1 -1

b, i, j so= )5 by ]+l T ol < 00,
1(b, 4, jo) || v == || HBgl_l | |B§1 | ||B22:1 1 ||J°”B;1 IIJOIIB;;Z

and the solution space Y will be the set of triplets (b, @, jo) in Cp(Ry; X)

satisfying
16, o)l := sup[|(b, . jo) ()]l

b [ (o =Bl +vIB% 5 + w1 g + sl )
R+ 322,1 322,1 322,1 B22,1
o If m = 400 (that is for System (2.6)), Initial data will be taken in the space
X% which is the set of triplets (b, 4, jo) satisfying

- . L 5,1/_1 h,u_l — N . N
O e L e

and the solution space Y% will be the set of triplets (b, @, jo) in Cp(Ry; XX)
satisfying
16, o)y, += sup (b, Jo) (B}l v

v

. Z, -1 — . h,l/_1
+ [ (lio=bls + w1055 + vl o+ il )ar < .

2?: 2,1 2,1
THEOREM 5.3. — There exist two positive constants ¢ and C so that if
||(b0,ﬁ0,j070)||xv <cv (case m < +OO), (521)
or | (bo, @, jo,0)llay, < cv  (case m = +o0), (5.22)

then System (2.5) (resp. (2.6)) admits a unique solution in the space )” (resp.
V%) satistying in addition,

1(b, @, jo) [y < Cll(bo, @o, jo,0) [l if m < 400, (5.23)
16, @@, jo) vy, < Cll(bo, U, jo,o)lxy, if m = +oo- (5.24)

Proof. — Set K := k/n and m := mn. As usual, it is enough to treat the case
v =1 as performing the change of unknowns

(b,u, jo) (t, ) = (b, Jo) (v, v ),
gives Systems (2.5) or (2.6) for (g, U, jo) with v = 1 and A := A/v and, obviously
16y, jo) D)l = vl B Jo) (v Dllan and ([ (b, jo)llye = 1B, Jolly-
Let us start with the study of the linearized equations with no source term, namely
Otb + divi = 0,
O, — At + Vb +n~Vj, =0, (5.25)
Aejo + R(jo —m 1 Ajo —b) = 0.
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The divergence-free part Pu of the velocity satisfies
P — pAPT = 0,
while the coupling between b, d := A~!div# and jy is described by
Ob+ Ad =0,
0yd — Ad — Ab—n"'Ajy =0, (5.26)
dijo + F(jo —m ™ Agjo —b) = 0.
Note that the stability of a similar system has already been established in the
previous section for k > 1 (or, equivalently, K > 1/n).

Linear estimates for low frequencies. We introduce (g := jo —b— &' Ad and notice
that

8t3+ pC/l\: 0,
8d + p*(1 — %n)cf— (1+2)pb = Lp,
alo+ (F+ (2 + 1)) 0 = —((1+ 1)L+ 2)p%+ ((1- 1)L - L)oo

On one hand, because kn > 1, the method described in the appendix (see in
particular (B.7)) allows to write that, omitting the dependence with respect to &

~

G, d)) + p? |3c7 < 1(B.d)(0 |+P/|C0|d7

On the other hand, the last equatlon directly gives

|&(t)l+(ﬁ+( +~ /\<o|d7 G+ o 1+ /|bpd|dT

Hence plugging the second inequality in the first one

o~ o~

G, d) (¢ |+p/|3c7 < 16.d)(0)]

+1+(1+l7)nl)p2<<0( )|+ (1+m™! / (b, pd) |d7‘)

It is clear that the last term may be absorbed by the integral of the lLh.s. if
p < 11 Hence we eventually get if p < (H_Lm)pg for some small enough p, > 0,

t
|6, d, o) (®)] + p° | (b,d |d7+/ [pColdT S 1(b, d, pCo) (0)]. (5.27)
0

Linear estimates for high frequencies. We set § := d — A~1b and notice that
8@—&-3 = —pg,
9,0 + (p> — 1) = p~1b + n~Lpjo,
Do+ F(1 + £)jo = Fb.

Therefore

. t R t 1t
BN+ (-1 [ Blar <o)+ o [ Blar s [ olplar
0 0 0
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At the same time
b1+ [ Blar <o) +p [ 5l
0 0
io(t Rl14+ = ol dT < |jo(0 I bldr.
fool+7(1+ %) [ olar <o) +7 [ Blar
Hence
~ t ~ 1 py\~
o(t 2 1 sldr < 16(0 —+ 20
B0+ (=) [ Blar < )1+ (5 + 2) o)
n—l5-1 R 2 t
_— i 1+ — ol dr.

Therefore there exists a constant p, depending only on m and n (with n > 2 if
m = +00) such that for p > pp, we have

t t
(b, 5)(1)] + min(p, mp~ ) Go(®)] + p / (5 o)l dr + 2 / 5 dr < 1(6b.5, 7o) 0)].

(5.28)
Of course, one may replace § with d in (5.28).

Linear estimates for medium frequencies. The stability argument used just below
(4.37) allows to write that there exist two constants ¢ and C' depending continuously
on 1/m, such that if p € [ %5 pe, pp] then

b,d, jo)(t)| < Ce™|(b,d, jo)(0)]. (5.29)

Estimates for the paralinearized system. The previous steps allow us to get handy
estimates for the following paralinearized version of System (2.6)

O+ Ty - Vb+divii = F,
Oyt + Ty - Vi — Al + Vb +n~'Vjo = G, (5.30)
Oijo + K(jo — m~1Ajo — b) = 0.

More precisely, following the steps leading to (5.27), (5.28) and (5.29), introducing
Co := jo — b— Kk~ 'div#, and arguing as in Subsection 5.1.2 we end up with®

t
. 01 . 0.1 . 4,1 =\ (1451
t 7@ + b7 t 7&, +/ _b ’ﬂ + b7 ’ﬂ d
Lio®llyy +1bDON5+ [ (o=l +IbDN ) dr
t
< 1o (O)%y +11b, @) (01 +/ (1P =T V0l + G =T v, ).
N”‘]O()Bfl | (b, @)( >||Bffl ; [ HBE;I | ulBZfl T
(5.31)

5Here we do not track the dependency with respect to m.
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For high frequencies, we get, in the case m = 400

t
h,1 — h,1 .
v+ la®)) s + b, +un dr
o TN+ [0l +la..)

2,1 2,

S NG,y + 1O / (17155 + 16155 )ar

2,1

1B, jo) (t)]

+ [ I 160l 5, + 1, %—)dﬂ (5:32

and if 0 < m < +00

t
h, h, .
OIS + 1o+ 1T + [ (10.30llh + 1155 dr

2,1 2,1 2,1

h,1
y + Gy )

21 1

SOy + 150 + 17O} / (
Bz,l 321
/ IVl (1013, + ol + 1 3.0) . (5.39)

Proof of existence. We only establish global-in-time a priori bounds in the space
Yt or YL for the solutions to (2.5) or (2.6) with data satisfying (5.21) or (5.22).
Our proof is based on (5.31), (5.32) and (5.33) with ¢ = 4

F=-—TL, -T—k(b)divi and G = —T, i+ ks(b)Al—ks(b)Vb—n""ks(b)Vjo.

Bounding [|F' — Ty - Vb||£ 17_1 -g relies on (5.18) and (5.20). As regards

2 1 2 1
G, the computations that we did in the proof of Theorem 5.2 ensure that the first
three terms may be bounded as in (5.19). To handle the last term, k4(b)Vjo, in
the case® m < 400 we use the decomposition

ka(b)Vijo = ka(b)Vb + k4 (b)V (jo — b).

The first term may be bounded quadratically exactly as k3(b)Vb. As for the last
term, we may write

i — n < n 0 — n
IV Go ~ Dl ) S 100, g2 190~ Dl g0,
hence it is also bounded by C|(b, 4, jo)[[31 ;-

This enables to conclude that we do have for all t € R

10, @, jo)llyr ey < C N6, @, jo) (0) [l + 11D, @, o) 13 r))-

This obviously yields (5.24) if (5.22) is fulfilled.

6The case m = +oo does not require that decomposition.
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Proof of uniqueness. It works the same as for the standard barotropic Navier-Stokes
equations: we look at the system satisfied by the difference (o, diZ, §jo) between two
solutions (b!, ', j8) and (b2, 42, j2) of (2.5), namely (denoting K; = 1 + k; for
i=1,2,3,4)

Oy + % - Vb = —dui - Vb + (K1 (b) — K1 (b?))div @2 — K1 (b)div i,
0y0it + w2 -V it + di- Vit — (Ko(b?) — Ko (b'))Au? — Ko(b')Adi + K3(b')Vd
+H(K3(b?) — K3(b") Vb +n~ (K (07) = K4 (01)) Vg + n~ Ky(b*) Vo = O
Ndjo + K (&o — &b — iAéjo) =0.
Now, exactly as for the barotropic Navier-Stokes equations, it is possible to bound
&, o and djy just resorting to basic estimates for the transport and heat equations.

However, the hyperbolic nature of the first equation forces us to estimate (&b, diZ, djo)
with one less derivative, namely in

L0, T; B, ) x (L(0,T; BE, )N LY(0,T; BE,))" x LN0.T; B, ).

In dimension n = 3 combining estimates for the transport and the heat equation
allows to get uniqueness on a small time interval, then on the whole R by induction.
In dimension n = 2, this is slightly more involved as some product laws do not work
correctly if estimating (&, &, djp) in the above space (some regularity exponents
become too negative). Nevertheless this may be overcome by combining logarithmic
interpolation and Osgood lemma (see e.g. [6] for more details). This completes the
proof of the theorem. O

Remark 5.4. — 1If 0 < m < +o0o then one may alternately assume that jg is in
B2 1 Taking advantage of the parabolic smoothing given by the equation for jo, it
is not difficult to get a solution (b, @, jo) with

[ Wioll g on < C (Il 31+ wltollp + 10l 30 + il )
Ry 2,1

5.3. Weak convergence. Here we justify the weak convergence of (1.6) to (2.5)
or (2.6) under the assumption that liminfe?£, > 0 and that £ tends to £ for
some Kk > 1.

THEOREM 5.5. — Let the family of data (bg,ﬁ67j8’(),jﬂ'io)o<5<1 satisfy Condi-
tion (5.15). Assume in addition that

L
L2L.% —m € (0,+00] and E ke (1, 400). (5.34)
5
Then the global solution (b°, @, j, j5) given by Theorem 5.2 satisfies
Ji=0 in LRy BET+BYY),

and, if (bg, U5, jg.0) — (bo, U0, jo,0) then (b%,4*, j§) converges weakly to the unique
solution (b, U, ]0) of (2.5) supplemented with initial data (bo, to, jo,0)-

Proof. — From (5.16) we gather that

G)EM=oM™) and ()M =0O(M™Y) in L'(Ry:Bi; ).
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Therefore, taking advantage of the boundedness of the low frequencies of Vb and
Vj§ in L*(Ry; BZ,), and of the fact that

|

b
LM

e - 1 £
1 VJ() + EﬁgMVb s

€
1

<

we get
i=0() in L'Ry;BE '+ BE). (5.35)

Next, we observe that (5.16) implies that (b°) and (u°) are bounded in the spaces

LRy BN BE) ML (Rt B + By and LRy BN LRy BT,
respectively. Note that this implies that @ is bounded in L?(Ry; BQ%, 1). Because
Qb = —@ - Vb — ky (b°)div i,

and the product maps Bfl_l X 32%,1 in Bil_l, we thus get in addition that 9;b° is
bounded in L?(R,; Bfl_l), and thus (b°) is bounded in C2 (R ; Bzgl_l) Interpolat-
ing with the bound in Cy(R.y; B ), we thus have (b°) bounded in C% (Ry; B, ) for
all € [0,1]. Then combining locally compact Besov embeddings and Ascoli theo-
rem allows to conclude that there exists b in L (R4; B;;l ﬂBZl) NLY(R4; Bflﬂ +
Bfl) and a sequence (gx)ren going to 0 so that, for all ¢ € S and all « € (0, 1]

GbF — b i Ls(Ry: Bi, ). (5.36)
From (5.16), we readily get for some sequence (gx)ren tending to 0
@ =i in LRy B )NLN R BETY)  weak %, (5.37)

which, combined with (5.36) is clearly enough to pass to the limit in the mass
equation. Next, we see that (5.16) implies that (j§) is bounded in L™ (Ry; B;l_l)
Hence there exists jo € L= (Ry; Bfl_l) and a sequence (ex)ren going to 0 so that

. n

JjoF —jo in L°°(R+;Bgfl) weak *.

Because

1. L 1 1 -
—divif=—— —— |AjE — ———— 9, div 5% 5.38
c W E(£2(1+£5)> Jo £(1+£5) td1V 71, ( )
and (5.35) implies that 9,5 — 0 in the sense of distributions, we deduce that
1 -
SdiviE - - Ajy i S
€ nm
Note that the right-hand side is 0 if m = 4o00. Therefore (b, jo) satisfies the third

line of (2.5) (case m < +00) or (2.6) (case m = +00).

Let us finally pass to the limit in the second equation of (1.6). The main difficulty
is that, owing to the radiative term which is only bounded in a L'-in-time type space

(namely L'(R.; B; n 1) or so), one cannot take advantage of some suitable bound
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of Oyui® so as to glean some equicontinuity and then resort to Ascoli theorem. To
overcome this, we use the fact that, owing to (5.38)

o, (ﬁs + %(1 n k4(b5))]‘f) — VT 4 (14 ko () AT
1 .
—(1+ ka(b*) V= — (1+ ka(67)) Viji5 + %kg(bs)atbe .

Now, because (@°) is bounded in the space L>(Ry; 32%1_1) N L2(Ry; Bil), (4§) is
bounded in L°°(R+;Bffl) and (b°) is bounded in (L* N LOO)(R+;B2%,1), product
laws in Besov spaces ensure that the first four terms of the r.h.s. are bounded in
L2(R+;B§1_2) (only in LQ(RJF;BEO_OQ) if n = 2). The same property holds true
for the last term for (9;b°) is bounded in L?(R; Bzgl_l) and (j%) is bounded in
L™ (Ry; BQ% 1 1). Using locally compact Besov embedding and Ascoli theorem, one

can now conclude that there exists some ¥ in L (R4; Bf 1 1) so that for all ¢ in S
and « € (0,1), we have, up to extraction

-,

o(7 + S(L+ ka(6) J5) — 67 in LR BETT).
Of course, combining with (5.35), we discover that ¥ = @. Hence we also have
$iF — ¢7 in LiL(RyBi, %) forall €S,
It is now easy to conclude that the second line of (2.5) is fulfilled by (b, @, jo)-

Finally, that the whole family (b%,4®, j§) (and not only subsequences) converges
to (b, , jo) stems from the fact that the solution to (2.5) or (2.6) is unique. O

Remark 5.6. — 1t is also possible to justify the strong convergence of the solu-
tions of (1.6) to (2.5) or (2.6) using (5.35) and performing the difference between
(b5, u*, j§) and the solution (b, 4, jo) to the limit system. Again, taking advantage
of the decay properties of j§ is crucial. Note however that, exactly as in the proof
of uniqueness, owing to the hyperbolic nature of the density equation, one cannot
prove the strong convergence in the solution space. There is a loss of one derivative
that may be partially compensated by combining with uniform estimates. As we
do not think this approach to bring much compared to weak compactness, we leave
the details to the reader.

6. THE EQUILIBRIUM DIFFUSION REGIME

This section is devoted to the mathematical justification of the equilibrium dif-
fusion regime given by (2.10). To avoid useless technicality, we focus on the case
where

L— 400 and LM =1 (6.1)

6.1. Linear estimates. Let us gather the estimates we proved for (4.7) for the
above asymptotics in Section 4.
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Regarding low frequencies, one may combine (4.20) and (4.21) to get

PO P L [t LM [t
|(b,d, jo, j1) (1) + p? / |bd|d7’+—/ |]o|d7'+7/ lji|dr
e Jo e Jo
< Cl(b,d,jo, 1)) for 0<p<VI+nt, (6.2)

~

with £:= L, Jo := o —v/ab— v pd and 1 =i — £,

For middle frequencies, we have according to (4.57) and (4.63)
~ t N t N t N - t R
(. 850 301+ [ 16bldr+ o [ fdldr+p [ Goldr+ Eat [ lar
0 0 0 0
< Cl(pb,d,Jo,71)(0)] for /2/n<p<cLM, (6.3)

and (4.69) gives, if M is large enough

(b, o, J) ()] + 72 / \d|df+p/ |b|dr+—/ 1Gos30)l dr

Cl(pb,d, jo. j1)(0)| for p=cLM. (6.4)

If M is bounded then we must assume that p > C’lﬁ./\/l for some C'; > c. However,
we have (4.70) and M bounded implies that eL = 1. Therefore (6.3) is satisfied up
to p < CLLM.

For the whole system (4.4) with nonzero source terms f and ¢, we thus obtain
(taking slightly abusively ¢ = Cy = 1 for notational simplicity)

(@, jo, 71)(t)]

2,1
sg, + IO+ IO + / 1) 551 dr + = / lioll:

ZM ¢ b . m m,
+£2 / Hnugi i+ [l b]07J1)||B+2dT+ [ sl 2z “M)dT

IIbH s dT + — || josJ1)] “M dr < ||(#@, jo, 1)(0)]
B

Bs+1+/0(

. L.
j = ] —_ \/ﬁb — \/ﬁ T,leﬁ and ] == ] + — vb
0i=Jo 3 Y

35
BZ,I

L1y lb(0)]

bl

+Hf|

Bs+1 + |‘§HB;1) dr

with

Back to the original variables, that linear analysis induces us to introduce the
following norms

by Y. ,,1+||(30731)|| pi- and
By Bia .

1. @, Go. 70 5, == ||b||
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15st, o 1), = sup (6. .o ) (0) |, 0 / (n(b,jojnn ol )dr
c t>0 c Ry B4

-1 1
1bl1™ +—\|n - —||Jo|| n)dT
/]R+< B2, lel B2,

- mur T LM 1, hLM
(ol Ay o TN
R4 B2,1 B

21 2,1
with jo := jo — b — £div@ and j; == j; + 75 Vb.

We denote by X 2 and 375” the corresponding functional spaces (where time con-
tinuity is imposed rather than just boundedness). Of course, we still have

-/ -/

H(b7ﬁ7j07j1)”§g = V||(bl7ﬁ/7]07ji)”)?51 and [|(b, ﬁ,j07j1)||}~,5,, = V||(b/7ﬁ,7307j1)”3~/517

through the change of variables (4.1), if we replace £ by L in the left-hand side.
6.2. The paralinearized equations. In the equilibrium diffusion limit case the
estimates for the paralinearized system

8ib+ Ty - Vb+divi = F,
Oyl + Ty - Vi — Ati + Vb — EIEED T = G,

(6.5)
5tjo+dw]1 + £(jo—b) =0,
O + VJO i £(1+£ ) —G
recast as follows
PROPOSITION 6.1. — For any smooth solution (b, , jo,fl) we have the following

a priori estimate for (5.10)

t
H(baﬁy,j()mjl)”?u(t) < C(”(b7 ﬁ?-]O?]l)(O)Hgl +/ HVﬁHL‘”H(b’ ﬁ?.jOv.jl)”)?g dr

4,1
.7371 dr

/||VFG ’?}21 1d7+/ |(F =Ty -Vb,G — Ty - Vil)|

2,

+/ 1Ty - Vb — F||m1Wd)
0 By,

Proof. — Except in the middle frequencies range, the proof goes along the lines
of the corresponding result in the non-equilibrium case. Still assuming that v = 1
and replacing £ with £ = v £ then, working directly on the localized paralinearized
system (6.5), and combining Inequalities (6.2) to (6.4) with estimates for the para-
convection terms gives
1. Low frequencies: 2k < 0.
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. o to o LM [t . o
18400, don OOz + 2 [ 18n(b o, ol dr+ =25 [ ARl dr
0 0
L[t . .
2 [ 1ol dr S 1840, T O
0

t t
o [ 18kE T Il e+ [ IAMG Ty Vi)l
0 0

2. Medium frequencies: C; < 2F < cLM.

One has to keep in mind that in order to derive (6.3) from (4.57) and (4.63), one
has to consider the system that is fulfilled by (b, @, Co, j1) with (o := jo — v/nb. In
particular, a part of the the paraconvection term of b enters in the equation for (j
as we have

Lo, 1 . = -
0:Co + —Co + —=divj; — Vndivi = \/n(Ty - Vb — F).
€ evn
Therefore, following the computations leading to (4.57) and (4.63), and using
Lemma 4.1 in [7] to bound the convection terms coming from the equations for
b and u, we end up with

t t
| AR(V, @, jos J1) (D) = + 22 / | Ay 2 dr + 2" / (b, Ajo)llze dr
0 0
t t
LL(1 4 L) / 1A lze dr < 11 AG(Vb, @, jo, 1) (0) 2 + / |AW(YE,G)||1» dr
0 0

t t
+ / |AK(Ts - Vb= F)padr + 3 / IV 1 | A (5, @) 2 dr.
0 0

K~k
3. High frequencies: 2F > cLM. We get

t
1Ak (YD, 1, 50, 71) ()| 12 + / (2% | Axid| 2 + 2% Agbl|r2) dr
0
t
L EMe / 1AwGio. F)lzz dr < 1AL(YD, @, jo. 71)(0)]] 2
0

t t
+ [ NATE G dr+ Y [ 193]~ | A (T D)2 dr.

0 k'~ 0
Putting together all those inequalities completes the proof. O

6.3. A global existence result. Our global existence result with uniform esti-
mates reads

THEOREM 6.2. — There exists a positive constant 1 depending only on /v, n
and on the pressure law such that if ¢ € (0,1) and the data (b§, U5, j§ o, Ji,0) satisty

105 360-T50) |, < (6.6)

then System (1.6) admits a unique global solution (b%, @, j§, j7) in Y. In addition,
we have

106%, 7%, s, s)i5, < Cll(05, @5, 6,00 7.0)l 5. - (6.7)
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Proof. — The proof relies on Proposition 6.1. Note in particular that the ‘new’
last term in the estimate of (6.1) does not entail a loss of derivative as we simply
have

Led, S 19
2,1

m, ,EM
1T Vb - F| IB < v Vo] o]

. n
2 B L2(B2)) LQ(B

The rest of the proof works exactly the same as in the non-equilibrium case. O

6.4. Weak convergence. Here we justify weak convergence to (2.10) when as-
sumption (6.1) is fulfilled.

THEOREM 6.3. — Let the family of data (b, 5, j§ o, J5.0)o<e<1 satisfy (6.6).
Then the global solution (b°, ﬁs,jg,ﬁ) in 375” given by Theorem 6.2 satisfies

-, - . .n_q . n
Ji — 0 in Ll(R-l-;BQZ,l JrB22,1),

and if (b5, 4§) — (bo,Up) then (b, 4", j§) converges weakly to (b, u,b) where (b, @)
stands for the unique solution of

{ Ot + it - Vb + ky (b)div i = 0, 68)
Oyl + @ - Vi — ko (b) AT + (k3(b) + n~'ka(b)) Vb = 0.
supplemented with initial data (bg, o).
Proof. — Let & = j¢ + ﬁM - From (6.7), we have
Tnﬁni;’n;ﬁf;l) HVEI e il g ) < O
Hence, given (6.1), we deduce that
=00 in L'Ry;Bi '+Bi)). (6.9)

Using the equation of ;f , this gives

Vije + L(1+L,)j; — 0 in the sense of distributions. (6.10)

As in the non-equilibrium case, (6.7) implies that the families (b°) and (@) are
bounded in L(Ry; By, N B7)) N LNR By + Bjy) and L™(Ry; By, ) N
LY(R,; BE{HL respectively. Hence (9;b°) is bounded in L?(R_; Bfl_l) and we can
thus deduce that there exists b in L>(Ry; 32%1_1 N 32%1) NLY(Ry; ngf_l +B§1) and
a sequence (ex)ken going to 0 so that, for all ¢ € S and all a € (0, 1]
$bF — b i L®(Ry; Bi, ). (6.11)
For (@), we still have the weak convergence result given by (5.37), which suffices
to pass to the limit in the mass equation.
Next, we observe that (6.7) implies that (j5) is bounded in L*(R; 3221 +B z +1).

Hence, there exists a sequence (e)ren going to 0 so that ji* — jo in the sense of
distributions. Moreover, we have

Je —b° = —L 7' div E — eL71O,g¢.
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Remembering (6.9) and (6.1), we see that the first term of the r.h.s. is O(e) in
a suitable space. The second one also tends to 0 in the sense of distributions as
eL™1 — 0. Hence

jo = b. (6.12)
In order to pass to the limit in the velocity equation, we proceed as in the non-
equilibrium case. First we use (5.37) and next, the fact that

d; (ﬁs + % k4(b€)j§> = T VT + ko (b°) AT — k3 (b°) Vb

€ - 1
2R )2 T — — ka(b7) V.
Taking advantage of (6.7) and of product laws in Besov spaces, we readily obtain
that the four first terms of the r.h.s. are bounded in LQ(R+;B§;2) (or only in

L2(R+;B§;2) if n = 2). To handle the last term, we observe that according to
(6.7), V3§ is bounded in L>(R; 32%1_2) hence the term k4(b°)Vj§ is bounded in
LRy BE %) (or L=(Ry; BE D) ifn=2).

As in the non-equilibrium case, it is now easy to conclude that there exists some
¥ in L”(R+;B§fl) so that for all ¢ in S and « € (0,1), we have

k N
o(a + 77 ) — o7 i LRy BE )
n ;
Of course, combining with (6.9), this implies that ¥ = @, and (b, @) thus satisfies
the second line of (6.8).

Finally, that the whole family (be,ﬁs,jg,ff) converges to (b, ,b,0) stems from
the uniqueness of solutions to (6.8) (note that it is just the standard barotropic
Navier-Stokes equations with a modified but still stable pressure law). O

7. THE POISSON DIFFUSION REGIME

This section is devoted to the study of the asymptotics regime where
e L<eY? and LPL,~ 1. (7.1)

According to the formal computations of Section 2, we expect the solutions of (1.6)
to tend to those of the Navier-Stokes-Poisson system (2.9).

The general scheme of the proof that we here propose is the same as in the study
of the other asymptotics: we first perform a fine analysis of the linearized equations
so as to check the long-time stability and exhibit the quantities that are likely to be
bounded uniformly when € — 0, then tackle the proof of the global existence. We
rapidly justify that the limit system is globally well-posed in a functional framework
that is consistent with the analysis we used for (1.6), and eventually take advantage
of compactness arguments so as to prove the expected convergence result. As in the
other regimes, the fact that the limit system has a unique solution will guarantee
that the whole family of solutions to (1.6) converges to the solution to (2.9).

7.1. Linear analysis in the Poisson regime. We here gather the estimates for
(4.7) that have been obtained in Section 4 in the Poisson regime (7.1). Recall that

L:=vLl.
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Small frequencies. Using (4.28), (4.33), (4.34) and the fact that |(/5,c?,?0,31)| ~
(6,9,30,71)| and that the last term in the original definition of jo in (4.22) has a
negligible contribution with respect to j;, we get

t
\(bdzjo,pjo,ﬁ)( )|+ p? / (b, o, |dT+/ ol dr + /o|pC0|

" ™~ s Ens
+75 /Ih\dT<Cl(b,d,Z~Jo,pJo,J1)(0)| forall 0<p<Cy, (7.2)
0

LG+ =Lt .
Vim0 Tom

E)\ and/j\l = /.].\1—

with jo := Eo—ﬁb—\/ﬁ%;odv Co = jo— 1+\F

nL2M

Middle frequencies. Combining (4.53) and the definition of ¢, versus that of j;, we
get

t t Xt
S . N L[t~
(B850 7)O1+p [ Blar+p? [ e+ 2% [ Golar
0 0 0
LM [t~ o - _
T it dr < |(pb, d, jo, 1)(0)|  for C1 < p<cLM. (7.3)
0
Large frequencies. Finally, using (4.69), we have
t t 1 ¢
~ o ~ -~ LM ~ A
[(pb, d, jo, j1 t)|+p2/ \dldr+p/ IbIdT+T/ |(Jo, J1)| dT
0 0 0

< Cl(pb,d, jo, j1)(0)| for p=cLM. (74)

Therefore, localizing (4.4) (with nonzero source terms f and §) according to
Littlewood-Paley operator Ak, using (4.5), following the computations leading to
the above three inequalities and using Fourier-Plancherel theorem, we end up with
the following inequality for all s € R

1@, 71)(2)]

# [ Vlggpear [ 1605
g ars [

<@ 7)) 55, + 1b(0 )Ilfg-;i + [[b(0 )”B’s-%—l +Z~HJO( )|

|h1

’, ) l, :
s, FIBOIGE IO 52+ o5, -+ lio(®l + Lo
fhedrt = / 6ol i+ / ol
piB [ il dre M M [ i3

hLM

21 21

R OIT
OIS+ [ O, + 11 + sy ar, (75)
with jg ::jo—\/ﬁb—\/ﬁ%divu,
Co i= jo—\/ﬁ<1d— 1 A>_1b and § = Ji 4+ ———Vjo— —— Vb,
ni? LM LLM

As in the previous sections, owing to the convection term in the equation for b,
the above inequality does not allow to prove the global existence for (1.6), and one
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has to consider the paralinearized system (5.10). Adapting the proof of Proposition
5.1, we get the following

PROPOSITION 7.1. — If the coefficients L, Ls and e fulfill (7.1) then for any
smooth solution (b, 4, jo,j1) to (5.10), one has the following inequality

t
16,0, 7 Olly ) < c(||<b7 .o (O + / 19| 116, . o, 1)l .,

/H VF,G) ’?i 1d7+/ |(F —Ts-Vb,G — Ty - Vii )”f;s 1d7>,

2,1

with
S5 . = o= -1 hoyt
16, 4, jo, j1) | v == H(%Jl)H -1+ Hbll 2 ||b||
21 21
—1 —1 —1
+*||Jo|\ 7_1+VHJo|| el + [lgoll™% sy
21 2,1 21
and

16, @, o, 1) Oy ey = sup (0, o, j1) (T 5, + / HCoII 3
21

o<T<t

t
N 2 Z,u7 v LM
+v/(uu|| +1+||<b91>||3n+1 + L7 dr /||J 1%
0

/ 5 + / o - M / ||<jojl>||’%v§ﬁfdr.
€ 0 B2,1

Above, we set jg := jo— b— %divﬂ',

1 -1 . 1 1
= jo — I - 7A j = 1 ) —
Co == Jo ( d M ) b and ji:=j1+ M Vjo LM Vb

7.2. Uniform global well-posedness in the Poisson regime. In this para-
graph, we sketch the proof of the following global existence result.

THEOREM 7.2. — There exists a positive constant n depending only on p/v, n
and on the pressure law such that if ¢ € (0,1) and if the coefficients L and L fulfill
(7.1) then any data (bg,ﬁg,jg,o,jio) satisfying

1165, @ 76,0, 91,0) | 0 < 10 (7.6)

generates a unique global solution (b°, ﬁa,jg,ﬁ) in Y/E” to System (1.6).
Furthermore, we have

1%, @, 55, 5Ny < CNOG, 5601 55.0) - (7.7)

Proof. — Assuming with no loss of generality that v = 1, the proof relies on
Proposition 7.1 with, dropping the indices ¢ for better readability, ¥ = @

Fi= T, i—ky(b)divi and G = T, ii+ ko (b) Ail — ks (b) Vb+ %m(b)
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Let us just explain how to handle the last term, as it cannot be bounded exactly
as in the proof of Theorems 5.2 or 6.2 due to the difference between the spaces Y
and Y. We use the fact that

LMy = LMy + LT1Vb — Vo,
and thus
LME4(b)]1 = LME4 (D) (T M 4+ 775M) 4+ L7 kg (0)VOEEM — by (0) V555N,
It is clear that

“h,LM “h, LM
O B S N i

1) g ('CM)_IH(bv ﬁ? jO,j’l)Hf/Ela

L%Bff
that the second term in the r.h.s. may be bounded in the same way, and that the
third one can be bounded as the pressure term ks(b)Vb. For the last term, one just

has to observe that the definition of | - ||y, guarantees that
CEM <0, @, G0, 1) Iy 7.8
IVl 25, S 10,7 7l (7.8)
and that
ka(b o < ||b oo
s, g S Bl
The rest of the proof is standard, and thus left to the reader. O

7.3. Study of the limit system. We introduce the following norms

H(ba 17, .70) xv

h,w™

—||b|| Hbll +|IUI| 3 1+||Jo|| 5 JeTey

21 21 21 21

and

1(b, @, jo) |y == sup [|(b, 4, jo) ()| %
>0

/ (10305 -+ 3 )dt+/ (I " + 2l )
Ry Ry

21

THEOREM 7.3. — Let the data (bg, ﬁo,jo,o) satisfy for a small enough constant
c>0
h,l/_1 —
||bO|| 52, C + vlbo B2, + \\U0||B§1—1 < ey, (7.9)

and the compatibility condition

. v
Jo,0 — ——Ajo,0 = bo.
nm

Then System (2.9) admits a unique global solution (b, w, jo) in the space YV, satis-
fying in addition for a large enough constant C independent of v

H(b7ﬁa.70)H)V}V (Hbo

s+ vlbo || Tl 7—1) (7.10)

21 21

Proof. — We just sketch the proof as it is very similar to the standard one for
the barotropic Navier-Stokes equations. As usual, it suffices to treat the case v = 1.
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The first step is to analyse the linearized system
atb + le 7._[ = f,
Qyit — A+ Vb + LVjy =g, (7.11)
(Id - 7A)j0 =0b.

o~ o~

To this end, we set d = (—A)~Y/2div @ and observe that in the Fourier space, (b, d)
fulfills the following ODE if f =g =10

8,53*“ pC/l\: O,
d,d + pzcif papg =0

with p = |¢{] and a, := 1+ - Of course, jpo may be computed from b by the

P +nm
relation
~ nm ~
0o=———20.
J P2 +nm

Introducing the following Lyapunov and diffusion functionals
£2 = 2a, 0% + 20 + |pb|* — 2Re (pbd) and H2 = p?(a, (B + |d]?),
we see that
14a . 2 _
2 7 Ep + M,

Because we have a=" < ¢y for some ¢y independent of p, one can thus conclude
exactly as in the standard barotropic case that for all ¢ > 0 and p > 0

+1

o~ ~ ~ -~ o~ ~

6. D]+ min(1,p) [ 1l dr+* [ 1dlar 5 16,8, D))
0 0

Back to (7.11), one may combine Fourier-Plancherel theorem and Duhamel formula
to get the following estimate for all s € R

16, Vb, @) (8) | 35 , + lldo ()]

t
7 . 4,1
Bi.lﬂBSﬁg +/0 (”uHB’S"'2 + ||(b7j0)||Bs+2) dr

+ [ 02 + il dr < 0 (oo, ool sy, + [ 1959l ).

However, because of the convection term in the equation for b, this does not allow to
prove estimates for the nonlinear system (2.9). Therefore, mimicking the standard
approach for the compressible Navier-Stokes equation we ‘paralinearize’ the system
and get the following result

PROPOSITION 7.4. — The solutions to the following paralinearized system
Ob+ Ty - Viu+divd = f,
&yl + Ty - Vil — Ad + Vb + 2Vjo = g,
(Id — 7A)j0 =b.
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fulfill the following a priori estimate

16, Vb, @) (8) | 35 , + llo ()]

t
) -
sy o+ [ (lagze + 10 Ghye) ar
t
/ (”b||Bs+1 + ||]0||Bs+3) T < C<|(bo7Vb0’ﬁ0)| B, _|_/O (£, V. 9)| - d

t
+ [ I 1058 Dl ar).
0 ,

Now, in order to estimate the solutions of the nonlinear system (2.9), it suffices
to apply the above proposition with ¥ = o

f = —Té-Vb—k‘l (b)le’ﬂ: and g': —T{—L'V’lj—l— k‘Q(b)Avﬁ—kg(b)Vb—n_lk)4(b)V]o

T

All the terms but the last one of g are already present in the barotropic Navier-
Stokes equations, and may be bounded quadratically in terms of ||(b, @, jo)|| 1 - Now,
we have

.o,
2
32.1

] n < n
||k4(b)Vjo\|Bg;1 < ||b||B251

hence

s )P0l 30y S 100, (0N, g+ ol )

L}(B 21 %)

and one can thus conclude that whenever the solution (b, w, jo) exists we have

(6. 30)lyn ey < Clboll 31 55+ ol 3+ 10,7, 30) 3 )

which allows to get (7.10) if (7.9) is fulﬁlled with a small enough ec. O
7.4. Weak convergence. Here we justify weak convergence to (2.9) when assump-
tion (7.1) is fulfilled and, in addition
V2L2L, — m € (0, +00). (7.12)
THEOREM 7.5. — Let the family of data (b, 5, j§ o, J5.0)o<e<1 satisfy (7.6).
Then the global solution (b°, @, j§, j5) in Y given by Theorem 7.2 satisfies
Fi=0) in L'Ry;BE '+ BE)), (7.13)
and, up to extraction, (b°, @, j§) converges weakly to some solution (b, @, jo) in Y”
of System (2.9) when € goes to 0.
If in addition
(b67 ﬁgng,o) — (b()7 ’ljo,jo’()) with — UQA].O,O + nm(j()’o — bo) =0, (714)

then the whole family (b°, 4, j§) converges to the unique solution (b,,jo) corre-
sponding to the initial data (b, to, jo,0), given by Theorem 7.3.

Proof. — Let us first prove (7.13). From (7.7), we already know that (j5)%£M
and (53)"EM are O(eL) in LY (Ry; 32 1 1). Now, we have

-

i€

.; 1 EC

Vbe.

R 1
T ILM
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It is easy to see that the last term is O(L£3) in L'(Ry; 32%1 + 32%1_1), and that,
according to (7.8) and £2L, ~ 1, the last but one term is O(£) in LI(R+;B§’1),
which completes the proof of (7.13).

Next, let us turn our attention to the convergence of j§. First, (7.7) and the
definition of || - ”Y; ensure that (j§)"*M is bounded in, say, L*(R; 32%1_1) Next,
using the bound for the middle frequencies of jy and for the low frequencies of (p,

we discover that (j5)“*™ is bounded in Lz(R+;B§1). Hence, up to an omitted
extraction ny em
jo —jo weak x in L*(Ry;BZ; + Bg,). (7.15)

Now, taking the divergence of the equation of ff , then using the equation of j§
gives

Aj§ = —L(1+ L) (nL(b° — j§) — endyjs) — eydiv j5. (7.16)
Given (7.13), one can assert that the last term tends to 0 in the sense of distribu-
tions. We also know that, up to an omitted extraction, j5 — jo in the sense of distri-
butions, hence given that £(14L;)e — 0, the term with 9,55 also tends to 0. Finally,

exactly as in the cases treated before, (b%) is bounded in L>=° (R ; 32%,1_1032%)1) hence

weakly converges to some b € L=°(R; B;l_l N 32%1) As (7.12) has been assumed,
passing to the limit in (7.16) gives

V2 NGy = —nm(b — Jo)-
Passing to the limit in the equation of b goes along the lines of the non-equilibrium

case we notice that (9;b?) is bounded in L?(Ry; 32%’1_1) and we thus have, up to an
omitted extraction

¢b° — ¢b i L®(Ry; B %) forall ac(0,1). (7.17)

As (7.7) also implies that (@°) is bounded in L™ (Ry; Bf;l) N LY Ry Bflﬂ), we
have @* — o weakly * in that space, which is enough to justify the first equation
of (2.9).

In order to pass to the limit in the velocity equation, we use again the fact that

B} (ﬁs + % k4(b€)]‘f) = T VT + ko (b°) AT — k3 (b°) Vb

FERL09)DD T~ ka(67) Vi,
As in the other asymptotic regimes, the first four terms of the r.h.s. are bounded in
L2(Ry; B;;Q) (or in L?(Ry; Bf;j) if n = 2). To handle the last term, we observe
that according to (7.7) and (7.15), (Vj§) is bounded in L2(R+;B2g71_2 + 32%1_1)
Because (b°) is bounded in L°°(R+;BQ%;1_1 N 32%,1)7 this implies that k4 (b°)Vj§ is
bounded in L2(Ry; B, ) (or L*(Ry; BE7) it n = 2), and thus 9, (@ + £ ky(b%) 5)
is bounded in the same space.

As in the already studied cases, we conclude that there exists some vector-field
4 in L°°(R+;BZI_1) so that for all ¢ in S and « € (0, 1), we have

o(i +=Ji) — ot in LR BT,
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Finally, in the case where (7.14) is fulfilled, the limit system (2.9) supplemented
with initial data (b, U, jo,0) possesses a unique solution (b, i, jo) given by Theorem
7.3, and the whole family (b%, @°, j§) thus converges to (b, @, jo). O

APPENDIX A. ESTIMATES FOR A TOY LINEAR DIFFERENTIAL EQUATION

The appendix is devoted to the proof of decay estimates for the solutions to
systems of ODEs of the form

(E) U + AoU + p (A1 + B1) U + p* AU =0,

where p is a nonnegative parameter, and Ay, A;, B; and Ay are given N x N
matrices. We have in mind System (4.7) in which case, after suitable change of
unknowns (see (A.4)), Ap is a degenerate nonnegative diagonal matrix, As has
nonnegative eigenvalues and A; is skewsymmetric up to some positive diagonal
symmetrizer.

A.1. A general approach. The basic idea is to set V := (I + pP)U where P is a
suitable matrix, so as to eliminate the bad first order term pB;U. Now, whenever
(I + pP) is invertible, the equation for V' reads

OV + AoV + p(A1 + B1 + [P, Ag))V + p*([Ao, PP + [P, A1) + [P, B1] + A)V
+p*[(A1 + By)P — AgP? — A3, P|(I + pP)~'V = 0.
Therefore, if one can find some matrix P so that
[Ao, P] = B, (A1)
then we have
OV + AgV 4 pAV + p* (Ag + PBy + [P, A1)V = p? [A3, P] (I 4+ pP)~'V, (A.2)
with As := (PAg — A1) P + As.

The gain is clear as the matrix B; now appears at order 2 instead of order 1.
Hence the system for V' is more likely to be tractable for small enough p as we shall
see below.

A.2. Application to the linearized system for barotropic radiative flows.
The system we are interested in reads

a 0 p 0 0 a 0
d| d —-p P> 0 =5 d 0
— | =< 4 ~ = , A3
dt Jo -n 0 15} ap Jo 0 (A-3)
J1 0 0 -ap n J1 0

where all the coefficients of the matrix are positive.

To bound the solutions of (A.3) for small enough p (under some stability con-
dition that we will discover below), we propose two different approaches, the first
one being appropriate to handle the case where 8 and v are of the same order of
magnitude, and the second one, to the case where /v < 1 or v/ < 1 (of course
only v > 3 is relevant as far as (4.7) is concerned).
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A.2.1. First approach. Making the change of unknown

1 0 0 O aA
0 1 0 = d
= ’Y -~
0 00 1 7

and setting & := o + %’ we see that U satisfies a system of type (E) with

00 0 0 0 1 0 0
00 0 O —1-21 0 0 0

. = By

Ao : 0050"41' 0 0 0 @& |’
00 0 ~ 0 0 —a 0
o 0 0 = 000 O
0 0 2 0 010 —=

— vy — ¥y

Bl. 0%00 andAg. OOOO
20 0 0 00 0 0

Note that the above matrices may be written in block form as follows

0 B 0 O Al 0 pit pl2
BIZ(B% 01)> A0=<0 A)’ A1=< 01 A%)’P:<P21 Pzz)'

Computing the commutator

0 —P12A
[AOaP} - ( AP21 [A,PQQ] > ) (A5)
we see (A.1) is satisfied if
P'.=0, P¥*:.=0, P2.=-BlA™! P*.=A"'BiL
In other words
0 0 0 ;—2
0 0 & 0
— By
P 0 _% 0 0 , (A.6)
_an
5 0 0 0
which, remembering (A.4), corresponds to the following change of unknowns
b 1 0 0 =P a
N _asn as < T
v=| 2 = T L B s ] (A7)
Jo —5  Tpp L e Jo
i —en, 0 01 i

Note that the determinant of the matrix (I 4+ pP) is

o5 asn
e 2) (14951,
( 33" 33"

and is thus of order 1 whenever p satisfies the smallness condition

P < f—]ﬁ min(5%,7?). (A8)
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In order to go further in the estimates of V, we compute

~%1 0 0 0

_ [ —BIA-1B? 0 B 0 e 0 0
PB = ( 0 A-B2BY ) T 0 0 %2 0 and

0 0 0 4

P4y 0 ~BIA'AZ + ALBIA )

A~IB2Al — A2A1B2 0

Finally, A5 := (PAy — A1)P + Az reads

__asn 0 _as 0
B2 oen By . oen .
dg=| w0 tTEm O EUEED-F (A.9)
ﬁv(a—&- H) 0 0 0
—m g 0

Therefore, resuming to (A.2), we conclude that
d
VAV +pAiV p*(PBy + A2)V = p*[A1, PV + O(p?).

Of course, the remainder term O(p?) strongly depends on the coefficients of the
system. We shall see below that the structure of [A;, P] will enable us to treat
p?[A1, P] and the nondiagonal term of A, as small error terms as well.

Let us focus on the system satisfied by (E, 9) for a while. We have
d (b 0 1 b o —53 0 b
dt<5)“<—1—ﬁo><s>”< 0 1-52 )\

ag (1 1 >
_ 2 T(E + 3) 0 ) Jo
=p 14 ak [ +O( ) (A].O)
( 0 e Tvc — =+ 5 j1

For small enough p, optimal estimates may be proved by taking advantage of the

results of Appendix B. Indeed, denoting by ﬁp the r.h.s. of (A.10), we see from
(B.6) that if we set

asn/l 1 ~=
Uz = <1+5>|b2+|a2 <1+m(7—6)>Re(bb),

then, under the following necessary and sufficient stability condition

asn (1 1)
=1-(=+2) >0, A1l
B <B gl (A1)
we have (see (B.4) and (B.5))
U, ~|(6,9)] and %u,z p2u3 SU|E, (A.12)
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VIt (A.13)

STy “”(f—%)'

whenever

So finally, we get for some appropriate constant C' = C(«, 8,7,5,7)

(6,3 \+up/|b )| dr < (bb |+p/\lo,n|d7+p/|b TTIdT>

which, if p < 7, may be simplified into

t

|@®w+m2U@aw<c<@Ww+fOMMMm) (A.14)

The modified radiative modes jo and j; fulfill

d (o 0 a 9o B+ §p? >
dt<i>+p(—a0><fl>+( 0+

+ %,
By?
_aan 1] 4 osn N
p2< By 58( + %) 47, g p®). (A.15)
75t

Therefore we easily get

1 d 2 ’F 2 aqgn 2 2 asn) 2\ 12
2dt<|)o| UL ) + (6+ 72" o> + = (7 + 5y’ lj1]

< C(p[(8,9)] + p*1(6,3,50,71)]).
Then, integrating and assuming that p < 1 yields

u@bwumwméKﬁMm<c@mn Hp/w mﬁ<mm

Combining with (A.14), we can conclude that there exists some positive constants
po and C depending only on («, 8,7,¢,n) so that for all

0 < p < min(1, 7) po, (A.17)

we have

m>m+wmmw+m/Wb|m+mmﬁv/mwmm

< C(1(6,3)(0)] + 71Go. 1) (0)]).  (A18)

A.2.2. Second approach. In the case where § and v are not of the same order of
magnitude, Inequality (A.18) is not satisfactory, first because we would like to have
a control on ﬁfot lio| dr and ’yfg [i1| dr rather than just on min(8,7) fot Go,1)| dr
and, second, because the range for which (A.18) holds true tends to shrink to 0 if
B<Kyory<Kp.

In this paragraph, we propose another approach to handle (A.3) in the case
B # 7, still based on rewriting the system in the form (A.2), but with a different
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definition of A; and B; (Ap and As being unchanged): we now set

0 100 0 0 -
1-%2 0 0 0 0 0 -2 90

— By = v
Al. 0 00 0 and B1 0 _% 0 a
0 00 0 -0 —a 0

Then writing the matrices coming into play in block form and putting & := a+ ;—Z,
we see according to (A.5), that a possible choice for P is

O O
N—

1
pP':=0, P¥:=-BjA™", P*:=A"'Bf, and P* :—< 0
B-—v\ @

With this new definition of P, we have

S T I
0 _asn 0 adg
PB; = adn o 027 asn ad ﬁo'y
B(v—B) N T -8 e
O o-m 0 57 T 5
e
o 0 & spye
S +L
and [P, A] = o 7 B
7 (1+%7) (i . 0 0
0 — 5 0 0
Therefore setting
b 1 0 0 2P a
3 _asn as < 7
v=| 2 | = gyl 17 5P s 3 . 4 . (A.19)
o A N L B T
M To-AP 0 AP 1 n

it is clear that working with (@, 6230,31) or (E, 5,?031) is equivalent whenever

for some constant depending continuously on the coefficients of the system.
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Putting together the previous computations, we see that V fulfills

—5P’ 0 0 0
I (N o,
dt 0 0 6—’—(% + 7oz_Ozﬂ)pz 0
v 0 ()
0 10 0
ag
ol 0T 0o |
0 0 0 O
X 0 FGH) 0
=0 | _aan —(’)7(1+W7) 8 8 %—%—f(u%)
B(B—) 82 By o ’ 0
Y(B=)

+p3[A37P](I+pP)71Va
with Ag = (PAO — Al)P+ A2 Satisfying |A3| < 0(1 + |’Y - ﬂ|72).

Next, arguing exactly as to handle (A.10), we discover that under the stability
condition (A.11) and for p satisfying (A.13) (and of course also p < |8 — 7|3), we
have

.5 |+up/\b ) dr < (|<€76><o>

s 1 S
+p2/ |<Jo,n>dT+p3(1+3>/ (b,D,Jo,Jl)IdT)- (A.20)
0 |’Y—3| 0

Now, in contrast with the first method, we can bound ?0 and 71 independently from
one another: from the equation satisfied by jo, we readily get

w ag Cp?
o+ (54 5257 [ folar < o)1+ 2 [ folar

+C,03<1 6I3>/ 1(6,2,30,71)| d7,  (A.21)

while ?1 satisfies

01+ (v+ (524 20)) [ Rldr < o+ 25 [l

+C,03<1 5|3>/ (6,9,30,)1)| dr.  (A.22)

Putting inequalities (A.20), (A.21) and (A.22) together, it is easy to conclude that

16,3)(®)] + oy — Bl1Go ) (1) +up/|b )| dr

+oly — g (5/0 lio| dr +7/0 | d7> < C(1(6,9)(0)] + 7y — B]1Go,11)(0)]),
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if, for some small enough constant ¢ depending continuously on «, 3, v and ¢, we
have

p<cmin<1, 7, |y =B ﬂv—ﬁlg)- (A.23)

APPENDIX B. OPTIMAL DECAY ESTIMATES FOR A TOY SYSTEM

For the reader convenience, we here recall some results that have been obtained in
our recent work [8] for the following linear system of ordinary differential equations

{ 0 X +apY —bp?X = A, (B.1)

8Y —cpX +dp*Y = B.

Above, p stands for a given nonnegative small parameter and a, b, ¢ and d are four
real numbers satisfying the stability condition

a>0, ¢>0 and d—b>0. (B.2)

Routine computations show that the following Lyapunov functional ﬁi = c| X%+
alY|? — p(d + b)Re (XY) satisfies the relation

1d d—>b b2 — d? -
5%1:2 + (2>p2 (c|X|>+alY]?) + (Q)p?’Re (XY)

=Re (cAX + aBY — p(b+d)(BX+AY)). (B.3)

Jae

m7 we have

Now, observe that whenever p <

‘ (b2 - d2>p3Re (XY)' < (d;b)[ﬂ X+ aly ),

2
and
%(C|X|2+a|Y|2) <L) < g(C|X\2+a\Y|2), (B.4)
which leads if A= B =0 to
%Ei + (d;b)ﬁi <0, (B.5)
and thus
L,(t) < e Tt L (0). (B.6)

Combining with (B.4) and Duhamel’s formula, we deduce that for general source
terms A and B we have

VIXOE + Y (OF < ﬂe‘m’)zt(wxw EOE

t
+/ e(T)T\/cA|2+a|B|2dT>~ (B.7)
0
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