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On Ds-polynomials with integer coefficients

YASUHIRO KISHI

Abstract

We give a family of Ds-polynomials with integer coefficients whose splitting
fields over QQ are unramified cyclic quintic extensions of quadratic fields. Our poly-
nomials are constructed by using Fibonacci, Lucas numbers and units of certain
cyclic quartic fields.

1. Introduction

The following is a fundamental problem in the theory of quadratic fields:
For a given positive integer N, find quadratic fields whose class num-
ber is divisible by N. Several authors (for example, T. Nagell [6], N. C.
Ankeny and S. Chowla [1], Y. Yamamoto [12], P. J. Weinberger [11] and H.
Ichimura [3]) gave an infinite family of quadratic fields whose class number
is divisible by arbitrary given integer N. If limited to the case N =5, C.
J. Parry [8], J.-F. Mestre [5], M. Sase [10] and D. Byeon [2] gave a family
of quadratic fields whose class number is divisible by 5. In particular, Sase
[10] gave a family of polynomials whose splitting field is a Ds-extension
of Q and an unramified Cs-extension of containing the quadratic field. In
the present paper, we will give other such polynomials by the use of the
result of our previous result [4]. Then we get a new family of quadratic
fields whose class number is divisible by 5. As a consequence, the following
conjecture arises:

Conjecture 1.1. Let F, denote the n-th number in the Fibonacci se-
quence:

1,1,2,3,5,8,13, ...

Then the class number of the quadratic field Q(v/—Fs0s+25) (s > 0) is
divisible by 5.

Keywords: class number, Fibonacci number, polynomial.
Math. classification: 11R29.
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The organization of this paper is as follows. In Section 1, we state the
main theorem that the above conjecture is true under some conditions. In
Section 2, we give a parametric Ds-polynomial with integer coefficients.
It is a review of [4]. In Section 3, we study the Fibonacci and the Luca
sequences. In Section 4, we give a proof of the main theorem. We give a
numerical example in the last Section 5.

We list here those symbols which will be used throughout this article.

Let Q denote the field of rational numbers and Z denote the ring of
rational integers.

For an integer n, let C),, and D,, denote the cyclic group of order n and
the dihedral group of order 2n, respectively.

For an extension L/K, denote the norm map and the trace map of L/K
by N,k and by Trp g, respectively. For simplicity, we denote Nj and
Try, if the base field K = Q. For a Galois extension L/K, we denote the
Galois group of L/K by Gal(L/K).

For a polynomial f(X) and a field K, we denote the minimal splitting
field of f(X) over K by Splg(f).

2. The main Theorem

To state the main theorem, we prepare some notations.
Let (F,) and (L) be the Fibonacci and the Luca sequences, respec-
tively, defined as follows:

F1 :1, F2 :1, Fn+2:Fn+1—|—Fn (TLZ 1),
Li=1 Ls=3, Lpjo=1Lps1+ Ly (n > 1)

Let ¢ := e*™/% be a primitive fifth root of unity. For a non-negative
integer m, we set ky, := Q(v/—Fam+1)- Moreover we define a cyclic quartic
field M,, as follows: M,, is the proper subextension of k,,(¢)/Q(v/5) other

than k,,,(v/5) and Q(¢). Then we can express M,, = Q(v/—Foms1(¢ —
¢71)). We define an element 6, of M,, by

S =14 €™/ =Fom1 (€ — ¢,

where ¢ := (14 1/5)/2 is a fundamental unit of Q(v/5). As we will see in
Section 4, 0y, is a unit in M,,. Let 7 be a generator of Gal(ky,(¢)/km) (=
Cy) with (7 = (2
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ON D5-POLYNOMIALS

For a non-negative integer m, we define a polynomial g,,(X) of degree
5 with integer coefficients by
gm(X) = X° —10X% — 20X? + 5(20F3,, 1 — 3)X
+40F5, 1 (=)™ Lopsq + 1) — 4.

Under the above notations and assumptions, we have the following.

Theorem 2.1. Let m be a non-negative integer. If 6273747 is not a fifth
power in My,, then Splg(gm) is a Ds-extension of Q containing kp,. If,
moreover, m = 12 (mod 5%), then Splg(gm) is an unramified cyclic quintic
extension of ky,. Hence, by putting m = 25s + 12, the class number of the

quadratic field Q(v/—Fs0s+25) is divisible by 5.

Remarks 2.2. The author think the assumption “572n+37+72 is not a fifth
power in M,,” can be excluded (cf. Remark 6.2).

3. Construction of Ds-polynomials

This section is a review of [4] in the case p = 5 and the base field Q. Let ¢
be a primitive fifth root of unity, and let k = Q(v/D) be a quadratic field
which does not coincide with Q(+/5). Then there exists a unique proper
subextension of the bicyclic biquadratic extension k(¢)/Q(v/5) other than
k(+/5) and Q(¢). We denote it by M. Then M is a cyclic quartic field. Let
us call M the associated field with k. Fix the generator 7 of Gal(k(¢)/k)
with (™ = (2, and define a subset M (k) of k(¢)* as follows:

M(k) == {y € k() | ¥*H7H 2747 ¢ k(¢)).
For an element v € M, we define a polynomial f,(X) by
f5(X) = X® = 10Nu (1) X* = 5Nas (v)NT () X*
+ 5Ny (VANM(Y) = NT(7)}X = Ny (n)NT(v**7),

where NT = NQ(\/g)TrM/Q(\/E)‘
Applying [4, Theorem 2.1, Corollary 2.6] to the case p = 5, we get the
following proposition.

Proposition 3.1. Let the notation be as above. Then for § € M(k)N M,
Splg(fs) is a Ds-extension of Q containing k. Putting E := Splg(fs),
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moreover, we ha’U@
E = k(TrE(C)/E(VW—QﬂW))'

Remarks 3.2. In [4], we can see that every Ds-extension E of Q containing
k is given as E/ = Splg(fs) for some § € M(k) N M.

4. Properties of Fibonacci and Lucas numbers

There are many relations between Fibonacci and Lucas numbers. (See for
example [9] and [7].) In this section, we show the following four properties
which we need in the next section.

(A) The power of ¢ = (1 ++/5)/2 is expressed by

E =——.

2
(B) For positive integer m, we have
L, +F
Fry1 = %, (4.1)
Ly, +5F
Ly = Lt 0m, (42)

(C) Let m be a positive integer. If m is divisible by 52, then so is Fy,.
(D) Let n and m be positive integers. If d = ged(n, m), then we have

ng(Fn,Fm) = Fd.
We easily get the property (A) by mathematical induction on m, using

1 _ L+ Fn/5 145
N 2 2
_ (Lm"i‘5Fm)/2"i_(Lm‘f'Fm)/Q'\/g
2 b

and the property (B).
We will prove the property (B) by mathematical induction on m. The
equations (4.1) and (4.2) hold clearly for m = 1. Assume that (4.1) and
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(4.2) hold for m. Then we have
Lm+1 +Fm+l _ (Lm+5Fm)/2+Fm+l o Lm+5Fm+2Fm+l

2 2 4
(2Fm+1 — Fi) + 5F0 + 2F 541 7
= 4 = I'm+1 + by = m-+2
and
L1 +5Fms1  Ling1 +5(Lin + Fin) /2 2Lpy1 + 5Ly +5F,
2 N 2 N 4
2L 5L 2L —L
_ m—+1 + m ‘Z( m+1 m) _ Lm+1 + Lm _ Lm+2-

Hence (4.1) and (4.2) hold for m + 1.
Before proving the property (C), we show that the relation

Fn+m = Fan+1 +Fp by (43)
holds for positive integers n, m. For any n, we have

Fn+1:1'Fn+1+0'Fn:F1Fn+1+FOFn>
Foiyo=1-Fo1+1-F,=FF,1+ IFE,.

(For convenience we define Fy = 0.) Then (4.3) holds for m = 1, 2. Assume
that (4.3) holds for m =k, k — 1:

Foyp = FpFpy + Fr 1By,
Froti—1) = Fe—1Fns1 + FpoFy.

Then we have

Fovks1) = Fovk + Fope-1)
= (FeFont1 + Fr1F) + (Fr—1Fp1 + Fr—oFy)
= (Fi+ Frp—1)Fopr + (Fi1 + Fy—2)Fy, = Frp1 Frpr + FiFy.

Hence (4.3) holds for m = k + 1.
Next we prove

m =0 (mod n) = F,, =0 (mod F,,), (4.4)
namely,

For =0 (mod F),)
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for each k € Z, k > 1. It holds clearly for k = 1. Assume that F,; =
0 (mod F},). Then by (4.3), we have

Fn(k+1) = Fokin = FnFok1r + Fna1 P =0 (mOd Fn)

Hence (4.4) is proved.
The property (C) follows from (4.4) and Fys = 75025 = 0 (mod 52).
For positive integers n and m, express n = gm +r, 0 < r < m. Then
we claim

ged(Fy, Fr) = ged(Fr, Fry). (4.5)
Using (4.3) and (4.4), we have
ged(Fy, Frn) = ged(Fgmer, Fim)

= ng(quF’r-l—l + qu—lFr7 Fm)

= ged(Fym—1Fr, Fn).
Here we have

ng(qu—lv qu) = ng(qu—la qu—l + qu—2) = ng(qu—b qu—?)
= = ged(Fy, F1) = ged(1,1) = 1.

From this together with F, | Fym, we have ged(Fym—1, Frn) = 1. Then
we get (4.5). Hence by using the Euclidean algorithm, the property (D)
follows.

Remarks 4.1. The inverse of the property (C) also holds true.

5. Proof of the main theorem

The goal of this section is to give a proof of our main theorem.
By the definition, M,, is the associated field with k,,. Hence we can
apply Proposition 3.1. Now let us calculate f5_(X);

f5,(X) = X° — 10N (6,0) X3 — 5Nus (6,n)NT(6,) X 2
+ 5Ny (6m){ N1 (6m) = NT(63,77)}X = Nag (8)NT(67,7).

We note that 7 satisfies the following;:

CT = C27 (\/B)T - _\/57 (\/ _F2m+1)T =V _F2m+1~
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ON D5-POLYNOMIALS

Put € := £7; then we have

Nut(bm) = (L4 €™V =Foms1(¢ = ) +E"V=Fam1 (P = (72))
X (1= e V=Fomi1(¢ = ()L~ " V=Foms1(¢® = ¢72))
(1+

(L4 P (¢ —¢1?) 2mF2m+1(C - (%))
54+ V5 om _om
= (1 -—5 g2 F2m+1)< g F2m+1>
5+v5 5, 5— JB o
=1- — €7 Fomn41 — Fomt1

+5Nqw/5) (€)*™ Fapnia
54+V5 om
=1-Fomi {TYQ(\/?,) (252 ) - 5F2m+1} ;

by using
2
(= ¢ = (2sin ) :_52“5
and
2
(-2 = (2ism ) = R

Here, by (4.1) we have

Tr 5+\/5 2m T 5‘1‘\/5 LQm“‘Fém\/5
ave\ 7o ¢ ) T Hawe\ T D)
5Ly + 5Fn
N 2
= 5Fom41.

Therefore we get Nas(d,,) = 1. By similar calculations, we have
NT(6,) = 4,
NT(7) = 4~ 203,
NT(3517) = 4 = 40F3, 1 (1 + (=1)"Lam+1).
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Substituting them into f5,, (X), we have

f5, (X) = X° —10X3 — 20X% 4+ 5(20F3,,. 1 — 3)X
+40F3, 1 (1) Lomy1 + 1) — 4
= gm(X).

Assume that 572n+37+72 is not a fifth power in M,,. Then we have
4 272 3 2 2 2 2
521—&- TH2TE+T0 NM(ém)5m+37—+T — 5m+37'+7' € km(C)5,

and hence 63472747 ¢ A(k,,). Then by Proposition 3.1, Splg(gm) (=
Splg(fs,,)) is a Ds-extension of Q containing k.

Assume in addition that m = 12 (mod 5%). We will show that the
cyclic quintic extension Splg(gm)/kn is unramified. Let ¢ be a root of
gm(X). Let ¢ be a prime number in general. A prime divisor of ¢ in ky, is
ramified in Splg(gm) if and only if ¢ is totally ramified in Q(#) because
[Splg(gm) : km] and [k, : Q] are relatively prime. Hence we have only to
verify that no primes are totally ramified in Q(#). This can be proved by
using the following Sase’s result. For a prime number p and for an integer
m, we denote the greatest exponent p of p such that p* | m by v,(m).

Proposition 5.1. [10, Proposition 2] Let p (# 2) and q be prime numbers.
Suppose that the polynomial

p—2
(p(X):Xp—l-Zan], ajEZ
=0

1s irreducible over Q and satisfies the condition
vg(aj) <p—j forsomeyj, 0<j<p-—2. (5.1)
Let 6 be a root of p(X).

(1) If q is different from p, then q is totally ramified in Q(0)/Q if and
only if

vg(ao) < ”q(aj?

P P

0<

for every j, 1 <j<p-—2.
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(2) The prime p is totally ramified in Q(0)/Q if and only if one of the
following conditions (S-i), (S-ii) holds:

(S-i) 0< vlao) U”(aj.) for every j, 1 <j<p-—2;

p b= J
(S-ii) (S-ii-1) vp(ap) =
(8-1i-2) vp(aj) > 0 for every j, 1 < j<p-—2,
(5-ii-3) " (w( a)) _ - v (=a0)
p—=7

for every j, 1 <5 <p-—2,
and

(S-ii-4) vp(np(j)(—ao)) <p—7j forsomej, 0<j<p-—1,
where go(j)(X) is the j-th differential of (X).

Now let us apply Proposition 4.1 to our polynomial g,,(X). First, we
easily verify that g,,,(X) satisfies (4.1) for each prime. Next, we see from
Proposition 4.1 (1) that no primes except for 5 are totally ramified in
Q(0)/Q because the greatest common divisor of the coefficient of X3 and
that of X is equal to 5. We will show, therefore, that 5 is not totally
ramified. Denote the constant term of ¢,,,(X) by co;

co :=40Fy, 11 ((=1)"Lom41 + 1) — 4.

Since ¢ is not divisible by 5, the condition (S-i) does not hold. By the
assumption m = 12 (mod 52), we have 2m + 1 = 0 (mod 52). Then by
the property (C), in Section 3, we have Fb,, 11 = 0 (mod 52), and hence
—cg = 4 (mod 5°). Therefore we have

Gm(—co) =4° —10-4% —20-4> —5(20d*> — 3) -4 — 4 =0 (mod 5°),
9V (—co) = 5-4* —30-4% — 404 — 15 = 0 (mod 5),

9P (=co) =204 —60- 4% — 40 = 0 (mod 5%),

9 (o) = 60-4% — 60 = 0 (mod 52).

Then the condition (S-ii-4) does not hold. (We can easily check that
(S-ii-1), (S-ii-2) and (S-ii-3) hold.) Hence 5 is not totally ramified in Q(6).
This completes the proof of the main theorem.

Next, we consider when 627377 is not a fifth power in M,,.
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Suppose that 62377 is a fifth power in My,; 025377 = o o € M,,.
Since

2 3 2 2
6?:—47'—{-27' +7° NM((Sm)(S?n—O—ST—l-T — 572n+3T+T — 015

and M, is normal over Q, we have

TrE(C)/E< Y 5%+4T+272+T3> = Trp)/p(a) € Mp,

where £/ = Splg(gm). By the last half of Proposition 3.1, therefore, we
have

Splg(9m) = km(Tre)/p(@)) C My,.
Hence the degree [Splg(gm) @ km] is less than 5. Then g, (X) must be
reducible over Q. Therefore, we have

Proposition 5.2. The element 6237 is not a fifth power in My, if
and only if g, (X) is irreducible over Q.

Finally in this section, we prove the following.

Proposition 5.3. The set

{Q(\/—F505+25) ’ 5> 0}

s infinite.

Proof. On the contrary, we assume #{Q(v/—=F50s425) | s > 0} < oo. For
an integer m, we denote the square free part of m by sf(m). By the as-
sumption, the set

P = U {prime factors of sf(Fsos425)}
s>0

is finite. Then there exists a positive integer t so that we have

P = U {prime factors of sf(Fas59541))}-
0<s<t

Take a prime ¢ with ¢ > 2t + 1. Then for each prime factor r of sf(Fss,),
we have

sf(Fo5(2641)) =0 (mod r)  for some s, 0 < s < t. (5.2)
On the other hand, because ¢ is prime, for each s, 0 < s < t, we have

ged(25(2s + 1),25q) = 25,
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and hence by the property (D),
ged(Fos(a5+1) Fasq) = Fas = 3001 - 5.
From this together with (5.2), we can express
Fysq = 3001A;
for some A, € Z. Then we have

L2 —5F2 L% —5.300124%
~1=N 25q\ _ 25¢q 25q _ 25q q

This implies that (Ag, Lasq) is an integer solution of the equation
Y2 =5-30012X% — 4. (5.3)

The values of Los, (¢ is prime), of course, are different from each other.
However by Siegel’s theorem, there are only finitely many integer solutions
(X,Y) of Eq. (5.3), This is a contradiction. O

6. Numerical examples

Example 6.1. Let m = 12. By Fio = 144, L1 = 322 and Fys = 3001 - 52,
we have

322 + 144/5
&2=1++2Vﬁ —3001-52(¢ —¢7h)
and g12(X) = f5,,(X) is given by
X5 —10X3 — 20X + 562875062485X + 37771618494049996.

Since g12(X) is irreducible over Q, it follows from Proposition 5.2 that 12
is not a fifth power in M,,. Then by the main theorem, the splitting field
of g12(X) is an unramified cyclic quintic extension of Q(v/—Fbs).

In the following table, we list the prime decompositions of —Fs;, 11 and
the structure of the ideal class groups of k,, = Q(v/—F2m+1) for m < 87
with m = 12 (mod 52).

Remarks 6.2. For this table we use GP/PARI (Version 2.1.5). By using
the same calculator, the author verified that g,,(X) is irreducible over Q
for every m, 0 < m < 2000. (The disit of the constant term of gapoo(X) is
2510.)
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m | _F Structure of the ideal class
et group of kp, = Q(v/—Fom+1)

12 | —3001 - 52 Cio

37 | —2-61-3001 - 230686501 - 52 02461460 X 02 X 02

62 | —5-3001 - 158414167964045700001 - 52 C79285156360 X Og X 02

87 | —13-701 - 3001 - 141961 C1737032019043290

x17231203730201189308301 - 52 xCg x Cy x Cq x Cy
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Added in proof

After this paper had been written, the author proved our conjecture (Con-
jecture 1.1) himself. For the details, see in “A new family of imaginary qua-
dratic fields whose class number is divisible by five”, J. Number Theory
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