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A generalisation of bar-core partitions

Dean Yates

ABSTRACT When p and q are coprime odd integers no less than 3, Olsson proved that the g-bar-
core of a p-bar-core is again a p-bar-core. We establish a generalisation of this theorem: that the
p-bar-weight of the g-bar-core of a bar partition A is at most the p-bar-weight of A. We go on
to study the set of bar partitions for which equality holds and show that it is a union of orbits
for an action of a Coxeter group of type C'(p_l)/g X C'(q_l)/Q. We also provide an algorithm for
constructing a bar partition in this set with a given p-bar-core and g-bar-core.

1. INTRODUCTION

The study of the set of core partitions, those partitions whose Young diagrams are
without s-hooks for some natural number s, has revealed a great deal about the
representation theory of the symmetric groups, since two irreducible characters of S,
are in the same s-block if and only if the partitions labelling them have the same
s-core. The motivation behind the study of bar partitions is their correspondence to
projective, or spin representations of the symmetric group [5]. The irreducible spin
representations of S,, corresponding to bar partitions A and p lie in the same p-block
if and only if they have the same p-bar-core.

The purpose of this paper is to establish analogues for bar partitions, i.e. partitions
with distinct parts (or simply finite subsets of N), of the results in Fayers’ ‘A gener-
alisation of core partitions’ [4], which includes a generalisation of Olsson’s result that
shows the s-core of a t-core is again a t-core [9]. Although the definitions differ, the
ideas in [4] translate very well to the notion of p-bar-cores, and this paper includes a
generalisation of a further result established by Olsson in [9]: that the g-bar-core of a
p-bar-core is again a p-bar-core.

We will begin with a few definitions, which will seem very familiar to those ac-
quainted with the representation theory of the symmetric group, that have been
adapted to suit our purposes. Using some basic results, we consider an action of
20,,, the Weyl group of type C’(p_l) /2, on the set of bar partitions P, and discover
some interesting symmetry. We then consider the problem of constructing the small-
est bar partition with a given p-bar-core and g-bar-core, for coprime odd p,q > 3. We
finish by investigating the orbits of the Yin and Yang partitions [1] under the group
action of 20, x 27,,.
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2. DEFINITIONS

A bar partition A\ € P is a decreasing sequence of distinct positive integers
(often referred to as a 2-regular or strict partition). For odd integers p > 3, the
p-runner abacus [2] has p infinite vertical runners numbered from left to right
(p+1)/2,(P+3)/2, ..., p—1,0,1,...,(p=1)/2, with the positions on runner i labelled with
the integers with p residue i, increasing down the runner, so that position z + 1
appears directly to the right of position z (for  Z (P—1)/2 mod p). We obtain a visual
representation of A on the p-runner abacus by placing a bead on position z for each
x € X\ and each integer z < 0 such that —z & \; position 0 remains empty.

This differs from the way that Olsson, for example, represents bar partitions and
bar-cores, but this p-runner abacus will be more useful for our purposes.

EXAMPLE 2.1. The bar partition (9,8,7,5,3) has the following bead configuration on
the 5-runner abacus (we indicate the zero position with a white bead).

Let A(A) denote the set containing all integers that label positions occupied by
beads in the bead configuration for A € P on the p-runner abacus:

T E N x>0, or

xGA(A)@){—xm, 2 <0.

Note that this is independent from the choice of p.
For odd integers p > 3, removing a p-bar from A € P means either
(i) removing x € A such that 0 < z — p € A, and replacing « with  — p if z # p; or
(ii) removing two parts z,p — x € A (where 0 < z < p).
(p must be odd because of the incompatible possibility that a bar partition could have
a 2p-bar but not a p-bar, e.g. p = 4 and the partition (6,2).)
In terms of the abacus, removing a p-bar from A corresponds to moving a bead at
position x to position z — p (replacing z € A(XA) with = — p), then moving the bead
at position p — x to position —x (replacing p — x € A(\) with —z).

When it is not possible to remove any p-bars from A, i.e. when z —p € A(\) for all
z € A()\), we say that ) is a p-bar-core, and we denote the set of p-bar-cores by C,,.
Since removing a p-bar always corresponds to moving beads up on their runners to
unoccupied positions, we have reached the bead configuration of a p-bar-core when all
beads are moved up their runners as far as possible. The order in which these moves
are made is irrelevant; we always end up at the same bead configuration. Hence we
may define the p-bar-core of a bar partition A\, which we denote by Xp. The number
of p-bars which can be successively removed from A is the p-bar-weight of A\, and
we denote this quantity by wt,(A); denoting by |u| the sum of the parts of the bar
partition u,

Wip(A) == |)“_I)‘Xp‘.

The number of bead moves needed to reach the bead configuration for A, from the
bead configuration for A is equal to twice the p-bar-weight of A\, because removing a
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p-bar corresponds to two moves of the beads. The p-bar-weight of A is therefore equal
to half the number of pairs (z,a) € A(X) x N such that x — ap & A(N).

EXAMPLE 2.2. The 5-bar-core of the bar partition from Example 2.1 is
(9,8,7,5,3); = (4,3),

and has the following bead configuration on the 5-runner abacus:

We are now equipped with tools analogous to those James used in his seminal book
on the representation theory of the symmetric group via the combinatorics of (not
necessarily strict) partitions [6]. For the benefit of readers unfamiliar with James’
work, we outline the theory of rim-hooks and cores here.

We may visually represent a partition o = (aq,a9,..., ), i.e. a decreasing se-
quence of (not necessarily distinct) positive integers oy > as > -+ = ., by its
Young diagram [a], which has a; nodes in the i** row, for each i € {1,...,7},
with each row starting in the first column. The hook-length h; ; of the (i, j)-node,
in the i'" row and j*® column of [a], is found by adding the number of (k, j)-nodes
with & > ¢ to the number of (i,!)-nodes with [ > j. We refer to the (7, j)-nodes with
(t+1,5+1) & [a] as the rim of [a]. The h; ; pairwise adjacent nodes along the rim
of [a] from the lowest node in the j* column, i.e. the (k,j)-node with k¥ maximal, to
the (i, a;)-node are collectively called a rim h; j-hook. Whenever a diagram [«] has
an (4, j)-node with hook-length s := h; ;, we may remove a rim s-hook from [a] to
obtain the Young diagram of a different partition. If instead [«] has no nodes with
hook-length s, then we say that the partition « is an s-core.

EXAMPLE 2.3. Below is the Young diagram [(4,4,2,1)], which has just one 5-hook.
The (1, 2)-node is highlighted with a e, the (1,2)-hook is highlighted in red, and the
removable nodes of the corresponding rim 5-hook are highlighted with x’s.

Adopting the convention that «; = 0 for each i greater than some fixed r € N, the
strictly decreasing sequence of integers a; —14+k > ag—2+k > ..., for some k € Z,
is called a beta-set for the partition o = (a1, @, ...), and is denoted by Bf.

James’ s-abacus has s runners extending infinitely in both directions, with the
leftmost runner labelled by multiples of s, and the position directly to the right of ¢
labelled by i+ 1. A bead configuration is associated with a partition « via the beta-set
B := Bf by placing a bead at the position labelled by «; — i for each 7 € N.

Removing a rim s-hook from [a] then corresponds to removing an element x € B
such that x—s ¢ B, and replacing x with x—s. Thus we obtain the bead configuration
for an s-core by moving the beads in the configuration for a on the s-abacus up their
runners as far as possible. Since the order in which we move the beads is irrelevant,
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there is only one s-core which can be obtained from a partition « by removing rim
s-hooks, and we denote the s-core of a by @s. The number of moves needed to reach
the bead configuration of &, from the configuration of «, or equivalently, the number
of rim s-hooks which can be removed from the diagram [«], is the s-weight of «; we
denote this quantity by wts(a).

The s-quotient of « is the s-tuple of partitions corresponding to the bead con-
figuration of each runner of the s-abacus as s separate l-abaci. Each partition « is
uniquely determined by its s-core &, and its s-quotient.

EXAMPLE 2.4. Below are the configurations of the partition « = (4,4,2,1) (on the
left), and @5 = (3,1,1,1) (on the right), on James’ 5-abacus. As noted in Example
2.3, the 5-weight of « is 1. A beta-set for a is B = {3,2,—-1,-3,-5,—6,...}, we
have Bg5 ={2,-1,-2,-3,-5,—6,...}, and the 5-quotient of «a is (&,,, (1), o)
(where @ denotes the empty partition).

Removing rim s-hooks has a strong connection with the modular representation
theory of the symmetric group, as the two ordinary irreducible representations corre-
sponding to the partitions o and g belong to the same s-block of s-modular irreducible
constituents if and only if &; = . This important result was first conjectured by
Nakayama, and should be referred to as the Brauer-Robinson Theorem after those
who first proved it in 1947.

Now that we have seen how the combinatorics of bar partitions is related to James’
work, we introduce a useful way to encode bar partitions, just as the s-core and s-
quotient encode partitions [6].

Define the p-set [3] of a bar partition A to be the set {A; mod pAli =0,1,...,p—1},
where Aj; mod pA is the smallest integer 2 = ¢ modulo p such that = ¢ A(Xp). Since
r € A\y) & —x &€ A()p), for any bar partition A and k # 0 (mod p) we have
Ak mod pA + A_k mod pA = D, s0 all of the elements in the p-set of any bar partition
sum to p(p—1)/2.

Next we will introduce the p-quotient of A € P [8], which is the p-tuple

Qp(A) = (AOmedp) | Z\pmlmodp)y

(We will drop the ‘mod p’ in our notation for both the p-set and p-quotient when it
is clear which p we are referring to.)

The parts of the bar partition A(* M4 ?) are the elements of the set {#/p|lz € \,z €
pZ}.

For j # 0 (mod p), the i*® part of the (not necessarily strict) partition A\ ™dP) ig
equal to the number of empty spaces above the i*" lowest bead on runner j in the
bead configuration for A on the p-runner abacus.

It follows from the definition of the p-runner abacus that for each j £ 0 (mod
p), the partition A(=7™°dP) jis equal to (AU ™dP)) the conjugate of the partition
A modp) “the parts of which are the lengths of the columns in the Young diagram for
A\ (7 mod p)

Each p-set corresponds to a unique p-bar-core, and Olsson proved that every bar
partition is uniquely determined by its p-bar-core and p-quotient [8, Proposition 2.2].
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EXAMPLE 2.5. The bar partition (9,8,7,5,3) has 5-set {0, —4,—3,8,9} as its 5-bar-
core is (4, 3) (see Example 2.2). While the 5-quotient Qs((4,3)) contains only empty
partitions (as all p-quotients of p-bar-cores do), the 5-quotient of A := (9,8,7,5,3)
is ((1),(1),(3),(1,1,1),(1)). As remarked above, we have A modp) = (\(=j modp)y
for j # 0 (mod p), and this is illustrated below with the Young diagrams of the
conjugate partitions A ™45 = (1,1,1) and A2 ™°d5) — (3) = (1,1,1)’, and the
self-conjugate partition A(1 ™04 5) — (1) = (1)) = \(#m°d5) \which also happens to be
the bar partition A(0med5),

: 0o

3. PROPERTIES OF THE p-QUOTIENT

Later we will utilise the following properties of Q,(\).

LEMMA 3.1. Suppose A\ € P and c,p are odd positive integers, with p > 3.

(1) Whep(N) = wl(AOmedP)y 4 %25;% wt (AU ™0 P)): in particular, \ is a cp-
bar-core if and only if X©™°4P) s g c-bar-core and every other component of
the p-quotient of \ is a c-core.

(2) (AOmodp)) = (N,,) ™4 P) " and for j # 0 (mod p), the c-core of \U ™4 P) jg

C

equal to (\p)U modP),

Proof. Removing a cp-bar from A means replacing an element 2 € A with z—cp (when
x —cp & A(N)), then replacing ¢p — x € A(N\) with —z.

If z = 0 (mod p), then this is equivalent to replacing #/p € A\®) with (z—cp)/p =
z/p — ¢, and replacing (cr—2)/p € AN®)) with ~=/p = (ep—2)/p — ¢, i.e. removing a c-bar
from A(®), _

If + = j (mod p), then this is equivalent to replacing (=—i)/p € Bﬁ‘m with

(p—13)

(w=ep)=i)/p = (@=i)/p — ¢, and then replacing ((p—2)=(=9))/p € B} with
(—z=(=0)fp = (ep—x)=(p=0)/p — ¢, thus removing a rim c-hook from both AU
and \(P=7), O

REMARK. Note that since A\(=7 md») — (X mod )y’ for j =£ () (mod p), we can rewrite
the first part of the previous lemma as

i
L

Wtcp(/\) = mp()\(o mod ;D)) + Wtc()\(j mod p))

gl

Il
—

J
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4. A LEVEL g GROUP ACTION ON BAR PARTITIONS

Now we will consider an action of 20, the affine Coxeter group of type C’<p_1>/2, with
generators 0o, - . ., 0(»—1)/, and relations

5 =1 for 0 < i < 254,
0i0; = 6;0; for0<i<j—1<%,
0i0i+10; = ;1103011 for 1< < 259,
00016001 = 91600109 if p> 3,

Otp-3)/200-1)/20(0-3)/20(0—1)/2 = Op—1)/20(p-3)/20(-1)/20(p-3)  if P > 3.

For coprime odd integers p,q > 3, we define a level g action of 20, on Z [3]:

x—2q if x =q(mod p),
dor = { x+2q if x =—¢ (mod p),
T otherwise;

x—q ifx=(>i+1)g —ig(mod p),
dix=<qx+q ifz=1iq,—(i+1)q (mod p), for 1 <i < 252
T otherwise,

For the rest of this paper, we will assume that p and ¢ are coprime odd integers no
less than 3.

LEMMA 4.1. The above defines a group action of 20,, on Z, and this can be extended
to an action on P.

Proof. We must have p > 3 for the fourth and fifth relations of the generators of 20,
to hold for the group action. The first relation 67 = 1 is clear for all . Moreover, the
generators J;,d; commute when 0 < ¢ < j — 1 < (»=3)/2 because they act on distinct
congruence classes of integers modulo p. For the third relation, when 1 < ¢ < (p=5)/2
and x € Z we have

0i(x — 2q)|x = —iq
0i(x + 2q)|x = iq x—2qlx = (i+2)q,—iq
0i0ip10;x = Mm —q) jz=(+1)q(i+2)q =4 +2q|r =ig, —(i +2)g
x+q) le=—(i+1)g,—(i+2)g x otherwise
(5 x otherwise
div1(x — 2q) |z = (i +2)q
div1(w +2q)|x = —(i +2)q
=9 div1(z —q) |z =—ig,—(i+1)g = 0j+10;0; 1.
H—l(m + q) x =g, (Z + 1)q
0it1% otherwise
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For the fourth and fifth relations, assuming p > 3,

0001 (x — 3g)|z = 2q x —4q|x = 2q
0001 (x 4+ 3¢) |z = —2¢ x +4qlr = —2¢
(6061)%z = < dpd1(x —q) |2 = —q =< x—2qlx=q

dp01(x+4q) [z =q x4+ 2qlr = —q

o011 otherwise x otherwise

0100(x — 3¢)|x = ¢

8180(z + 3q)|z = —q

=4 010o(z —q) |z =2¢ = (0160)%x,

8160(x +q) |z =2

6100 otherwise

5(;,73)/25(;)71)/2(% — 2(]) T = (p+21)q T — 3q Tr = @

5(;)73)/2(5(;;71)/2(1' + 2(]) T = % T+ 3q|lx = (p;3)q
((5(;),3)/25(,,71)/2)217 = (5(,)73)/2(5(1;71)/2(1' — q) Tr= 7(1)—;?(1 = r—q |xT = (p-zi)q

do-3/200-1p(T +q) | = Q T+q |z = (p_2 g

Oo—3)/20(0—1/2T otherwise T otherwise

dp—1)/200-3)/5 (T — 2q)|T = %

Sp-1)/20-3)2 (T + 2q) |z = Q ,

= 5(,,_1)/2(5(1,_3)/2(:L‘ — q) T = % = (5(1071)/25(1)73)/2) x.
Stp-120p-3y2 (T + q) |z = EEL
Op—1)/20p—3)/2T otherwise

If X is a subset of Z\{0} that is bounded above, and its complement in Z is
bounded below, then it is easy to see that the same is true for aX = {az|z € X},
for any a € 20,. Moreover, when z € X & —z ¢ X, for all z € Z\{0}, then the set
aX also satisfies this rule. Hence, this action can be extended to an action on bar
partitions A by defining 6;\ to be the bar partition with A(§;\) = 6; A(N). O

EXAMPLE 4.2. In Example 2.1 we illustrated the bead configuration
A((9,8,7,5,3)) =1{9,8,7,5,3, -1, -2, —4,—6,—10,—11, —-12,... }.

We obtain the bead configuration of the bar partition (13,6, 5,2) = (dp02)(9,8,7,5,3)
by first subtracting ¢ := 3 from each element in .A((9,8,7,5,3)) that is congruent to
4 (mod 5), and adding 3 to each element congruent to 1 (mod 5), then subtracting 6
from each element congruent to 3 (mod 5), and adding 6 to each element congruent
to 2 (mod 5). We thus obtain the set

{13,6,5,2,—1,-3,—4,—7,—8,-9, 10, —11,—12, —14, —15,... } = A((13,6,5,2))

illustrated on the abacus below:
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Notice that both bar partitions have the same g-bar-core; this will always be the case,
as the level ¢ action defined on the generators of 2, always corresponds to adding or
removing g-bars. On the 3-runner abacus, the action of §pds € W5 has the following
effect on the bead configuration of (9,8,7,5,3).

>
(=]
\L?’

We now give some invariants of the level ¢ action of 2, which we will later use to
give an explicit criterion for when two bar partitions lie in the same orbit under the
level g action, which we refer to as a level ¢ orbit.

LEMMA 4.3. Suppose A € P and a € 20,,, and define aX using the level g action.
(1) (ah), = Ag:

(2) (a)\ is the same as Q,(\) with the components reordered;
(3) wihy(ad) = wiy(A);
(4) (ad), = a(Xp).

Proof. The relations occurring in all four parts are transitive, so we need only prove
them in the case where a is simply a generator §; of 20,.

(1) An element = € A()) is fixed by the level ¢ action of dy if and only if

4

r # ¢,—q(mod p); x = ¢ (mod p), z —2q € A(\); or z = —¢ (mod p), x+2q € A(N).

If 2 € A(N), 2 = ¢ (mod p) and = — 2q € A()), then dy sends x to x — 2¢, and sends
2q —x € AN) to —z. If x € A(N), 2 = —q (mod p) and z + 2q € A()), then &y
sends x to = + 2¢, and sends —x — 2¢ € A(\) to —z. Thus the action of dy on A(N)
corresponds to removing 2¢-bars from or adding 2¢-bars to .

For i € {1,...,(=1)/2}, the level q action of §; fixes € A(}) if and only if

x # (i + 1)q, —iq,iq, —(i + 1)q (mod p); = = (i + 1)q, —ig (mod p), x — g € A(N);
or z =iq,—(i + 1)q (mod p), z + q € A(N).

If z € A\), 2 = (i + 1)q or —ig (mod m) and = — q & A()\), then &; sends = to
z — ¢, and sends ¢ — x € A(\) to —z. If x € A(X), © =ig or —(i + 1)q (mod p) and
x4+ q & A(X), then §; sends x to x + ¢, and sends —x — ¢ € A(X) to —z. Thus the
action of d; on A(\) corresponds to removing g-bars from or adding g-bars to .

Moreover, since there are only finitely many « € A(X) such that at least one of
x—2q, x+2q, x —q or x + ¢ is not in A()\), we obtain A(d;\) = §;.A(A) from A(N)
via a finite number of changes. Hence (6;\), = Ag-

(2) When x # +¢ (mod p), we have x € A(6A) & = € A(N), so (6oA)) = AU for all
J # +q (mod p). If instead © = ¢ (mod p), then = € A(d\) & =+ 2q € A(N), or if
r = —q (mod p), then z € A(5p)\) < = — 2q € A()\); hence (5o\)(@ = A9 = (A@)
and (o) =A@ = (A9,
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Ifie{l,...,-1/2} and x # (i+1)q, —iq, ig, —(i+1)q (mod p), then z € A(§;\) <
€ A(N), so (6;2)0) = X0 for all j # (i + 1)q, —ig,iq, —(i + 1)g (mod p). If instead
x = (i + 1)q or —ig (mod p), then x € A(5A) & =+ ¢ € A(N), and if z = iq or
—(i 4+ 1)q (mod p), then z € A(5;\) © = —q € A(X); hence if j = (i + 1)q or —ig
(mod p), then (5;2)0) = AU=9) and (§;\)(79) = \U+9),

(3) This follows from (2) and Lemma 3.1(1) (taking ¢ = 1): the bead configuration for
0; A on the p-runner abacus is the same as that of A but with the runners reordered,
so the p-bar-weights of the two bar partitions are equal.

(4) We need to show that Aj mod p(6;X) = 0;(Ak mod pA), for each ¢ € {0, ..., (P=1)/2}
and j = 0;k (mod p). We suppose the contrary.

When i = 0, we may assume that j = +¢ = —k (mod p), as otherwise j = k and

A (0oN) = Ajh = ApA = do(ARN).
But
j=xq= —k = A]<(50)\) = AR\t 2q = (50<A;€)\),
so we must have ¢ > 0, and we may also assume that j = +iq or +(i + 1)g, and
j =k +£q (mod p). But then

Aj(0iA) = D, (A = 0i(A5),
so in fact, the p-set of §;\ is equal to the image of the p-set of A under the action of

6;. Hence (6;A),, = 0;(Ap), for all i € {0,..., (»=1)/2}. O

Next we will give a criterion for when two bar partitions lie in the same level ¢
orbit; to this end, we will first establish a condition for two p-bar-cores to lie in the
same level ¢ orbit.

PROPOSITION 4.4. Suppose \, u € 6,,, and that the multisets
[A;A (mod q)|i =0,...,p—1(mod p)], [Aip (mod q)|i =0,...,p—1(mod p)]
are equal. Then Xq =iy, and X and p lie in the same level q orbit (of p-bar-cores).

Proof. The fact that A and p have the same g-bar-core is established by Fayers’ [3,
Proposition 4.1], and it follows from the definition of the level ¢ action of 20, on the
set of p-bar-cores that this action preserves the ¢-bar-core of a bar partition as by
definition §; does not change the multiset of residues modulo ¢ of the elements of
the p-set. Therefore each orbit of the level g action on C, can contain at most one
g-bar-core.

In the same paper [3], Fayers proves the following result:

Suppose O is a level g orbit. Let v be an element of O for which the sum
S P70 (Ai mod p¥ — #/2)? is minimised. Then v is a g-bar-core.

This v is uniquely defined as each level ¢ orbit contains no more than one g-bar-core.
Thus letting v be the g-bar-core of both A and p, it must be contained in both the level
q orbit containing A and the level ¢ orbit containing pu; so these orbits coincide. [

For the more general result, we define the ¢-weighted p-quotient of A € P with
p-set {AgA, ..., A, 1A} and p-quotient Q,(\) = (A, ..., AXP=1) to0 be the multiset

Q4(N) = [(AiA (mod q), \D)|i=0,1,...,p—1].

EXAMPLE 4.5. We have already seen that the bar partition (9,8,7,5,3) has 5-set
{0, —4,-3,8,9} and 5-quotient ((1), (1), (3), (1%), (1)), so Q2((9,8,7,5,3)) is the mul-
tiset

[(0 (mod 3), (1)), (2 (mod 3), (1)), (0 (mod 3),(3)), (2 (mod 3), (1%)), (0 (mod 3), (1))].
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PROPOSITION 4.6. Suppose A\, € P. Then X and p lie in the same level q orbit of
20, if and only if they have the same q-weighted p-quotient.

Proof. Firstly suppose that A and p lie in the same level ¢q orbit; we may assume that
p = ;X for some i € {0,...,»=1/2}. Then we get QI(A\) = Qf(u) from the proof of
Lemma 4.3: when pu = dp\, we have
(A_jA+ 2¢,\(=9))  for j = ¢q (mod p),
(Ajp, uD) = $(A_jX =2, A9)  for j = —q (mod p),
(AN A9) otherwise,
and when p = §;\ for some i € {1,...,(»=1)/2}, we have
(Aj_gA+q, A=) for j = (i +1)q or —iq (mod p),
(Ajp, 1) = S (Ajpgh — ¢, AUFD) for j =ig or — (i +1)q (mod p),
(AN, A0)) otherwise.
For the other direction, suppose that A\ and p share the g-weighted p-quotient
QI(\) = QI(u). By the definition of the p-set, and since all components of the p-

quotient of a p-bar-core are equal to the empty bar partition, the p-bar-cores of A and
p must have the same g-weighted p-quotient Q%(\,) = Qi(fi,). Thus, by Proposition

4.4 we may find a,b € 2, such that a(\,) = b(fi,) = o, where ¢ is the g-bar-core

of both A, and 7i,. Then by Lemma 4.3(4) we have (aA), = (bu), = o, so using
Lemma 4.3(1) we see that o is the p-bar-core and the g-bar-core of both a\ and by; in
particular, a\ and bu have the same p-set. Moreover, by our assumption and the proof
of the only ‘only if’ part of the proposition above both aA and by have g-weighted
p-quotient Q7(N).

From the proof of [3, Proposition 4.1] and the fact that o € C,NC, it follows that
for each k € {0,...,q — 1}, the elements Ao in the p-set (of o, aX and bu) that are
congruent to k£ modulo ¢ form an arithmetic progression with common difference q.
By the first paragraph of this proof we can therefore apply the level ¢ action to a
and arbitrarily reorder the elements (a)\)) € Q,(a)) such that j = k (mod ¢), for
each k, without affecting the g-weighted p-quotient.

Thus we can apply elements of 20, to transform aX to bu, as Qf(a)) = Qi (bu)
if and only if the multisets [(a\))|Ajo = k (mod ¢)] and [(bu)P)|A0 = k (mod q)]
are equal for each k € {0,...,q— 1}, and it follows that A and p lie in the same level
q orbit. O

5. GENERALISED BAR-CORES

Now that we have covered all of the necessary definitions and basic results relating to
the action of 20, we arrive at the first of our main results. The following proposition
is a generalisation of a theorem by Olsson [9, Theorem 4] which states that the g-bar-
core of a p-bar-core is again a p-bar-core, or in the notation used above,

WE,(A) = 0 = Wi, (N,) = 0.

PROPOSITION 5.1. For all bar partitions A,

Wi, (V) < W ().
Proof. We use induction on wty (), with the trivial case being that \ is a g-bar-core.
Assuming that this is not the case, we may find a removable g-bar: y € A such that
y—q ¢ A(N\). We will describe how to remove g-bars from A to obtain a new partition
with the same g-bar-core as \, with g-bar-weight strictly less than wt,(\), and with
p-bar-weight no more than wt,(\).
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Let y be any part of A such that y — ¢ ¢ A()\). For any z € A()) congruent to y
modulo p such that x — ¢ &€ A()), replace x with « — ¢, then replace ¢ — z € A(\)
with —z. We keep repeating this process until there are no more such z (the process
will terminate because A has finitely many removable g-bars), then we name our new
bar partition v. Since each action corresponds to removing a g-bar from A, and since
we have removed at least one g-bar (replacing y with y — ¢, and ¢ — y with —y, in
A(X)), we have

U, = A and wiy(v) < wig(N).

We remarked earlier that the p-bar-weight of a bar partition A is equal to half the
number of pairs (z,a) € A(X) x N such that  — ap € A(X\). We will call such a pair
(z,a) a p-bar-weight pair for A. It follows from our construction of v that for any
xZy,y—q,q—1y,—y (mod p) and a € N, (x,a) is a p-bar-weight pair for v if and
only if it is a p-bar-weight pair for \. We will consider the remaining possibilities for
the residue of y modulo p and show that in each case v has no more p-bar-weight
pairs than A, hence wt,(v) < wt,(\).

First suppose that y = ¢ (mod p), so that we obtain A(r) by repeatedly replacing
each x € A(M) such that x = ¢ (mod p) and ¢ — z € A(\) with z — ¢, then replacing
q — x with —z, until there are no more such z. Since in this case y —¢=0=¢q —y
(mod p), we may compare the p-bar-weights of A and v by counting how many of the
three pairs (z,a), (z — q,a), (x — 2¢,a) are p-bar-weight pairs for each of the two bar
partitions when 2 = ¢ (mod p) and a € N. We will do this by considering each of the
four possibilities for the size of X = A(A) N {z,z — ¢,x — 2q}.

| X|=3:If z,2 — q,x — 2¢ € A(N), then z,z — q,x — 2¢ € A(v), so the number of
p-bar-weight pairs for A, and for v, amongst the three pairs (x,a), (z — ¢, a), and
(x — 2q,a) is equal to 3 — |AA) N {z —ap,z — ap — q¢,x — ap — 2q}|.

| X| = 2: We have A(v) N {z,z — ¢,z —2q} = {x — ¢, v — 2¢}, so clearly (z,a) is not a
p-bar-weight pair for v. If only one of the three pairs is a p-bar-weight pair for v, it
must be (x — ¢, a) as necessarily

Aw)n{z —ap,x —ap — ¢,x — ap — 2q} = {x — ap — 2q}.
If (x — q,a) and (z — 2¢,a) are both p-bar-weight pairs for v, then we must have
AN N{z —ap,z —ap — g,z — ap — 2q} = @,
so A also has two p-bar-weight pairs out of the three.
|X| = 1: We have A(v) N{z,z — ¢,z — 2¢q} = {x — 2q}, so neither of (z,a), (x —q,a)

can be p-bar-weight pairs for v. If A(X\)N{x —ap,x —ap — ¢,x — ap — 2q} = &, then
exactly one of (z,a), (x — q,a), (x — 2q, a) is a p-bar-weight pair for A. If

[AN) N {z —ap,x —ap — ¢,z —ap — 2q}| > 1,
then none of (z,a), (x — q,a), (x — 2q,a) can be p-bar-weight pairs for v as
x —ap—2q € A(v).
|X| = 0: Since A(v) N{z,z — g,z — 2q} = &, none of (x,a), (x —q,a), (r —2q,a) are
p-bar-weight pairs for v.

Next suppose that y = 0 (mod p), so that we obtain A(v) by repeatedly replacing
each z € A(\) such that p|z and ¢ — x € A()\) with  — ¢, then replacing ¢ — x with
—x, until there are no much such z. Since y = —y (mod p), we can apply the same
argument as above, when y = ¢ (mod p), and conclude that v has no more p-bar-
weight pairs than A amongst (z + ¢, a), (z,a), (z — ¢,a), and thus wt,(v) < wt,(\).
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Finally, suppose that y # ¢,0 (mod p), so that y # —y and y — ¢ # ¢ — y. In this
case, we need only consider replacing all pairs z,q — z € A(X) such that x =y (mod
p) with & — ¢, —x, so we are in a simpler situation; wt,(r) < wt,()) since for any
z =y (mod p) and a € N, v has no more p-bar-weight pairs than A amongst (z,a)
and (z — q,a).

Hence v has no more p-bar-weight pairs than A, and therefore has p-bar-weight no
more than the p-bar-weight of X\. The result follows by induction. (]

From this purely combinatorial result we obtain an interesting algebraic corollary.

COROLLARY 5.2. For any p € P, if w is the weight of the p-block containing [u], a spin
representation of the symmetric group &, (r € N), and [\] is a spin representation of
S, 1iq corresponding to X\ € P obtained by adding q-bars to p, for any i € N, then [A]
belongs to a p-block of weight > w.

In particular, if [p] belongs to a p-block of weight w > 0, then [A] belongs to a block
of positive weight.

Next we will consider the set C), , containing all bar partitions A which satisfy

wtp(A) = wty (Xq)~

PROPOSITION 5.3. For all A € P, the equality wt,(\;) = wt,(A\) holds if and only if
there do not exist integers a, b, c such that:

a = b (mod p);

a = ¢ (mod q);
a,b+c—a€ A(N);
b,c & A(N).

Proof. Say that (a,b,c) is a bad triple for A if a,b,c satisfy the conditions above.
When (a, b, ¢) is bad, either a > ¢ or b+ ¢ —a > b; either way, since a = ¢ (mod ¢) we
find that A has a removable ¢g-bar and is thus not a g-bar-core. Hence the proposition
is true when X € C,.

Now we assume A is not a g-bar-core, and choose y € A such that y —q & A(\). We
define a new bar partition v as in the proof of Proposition 5.1: by repeatedly replacing
pairs z,q — z € A(\) with z — ¢ and —=z, respectively, when = =y (mod p).

By induction it suffices to show that either:

(1) wt,(v) = wty(A), and there is a bad triple for v iff. there is a bad triple for
A; or

(2) wt,(v) < wtp(A), and there is a bad triple for .

Suppose first that there are no pairs z, ¢ — x satisfying

(1) z,q—x &€ A(X) and = y (mod p).
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We first assume that y = ¢ (mod p), and let = ¢ (mod p). Then there are eight
different possibilities for the intersection of A(X) and {z,z — ¢,z — 2¢}:

z,x—q,x — 29 €A(N);
z,x —q €A

x €AN) F

AN

(A) Z = —2¢;

(

(
z,z — 2q €A(N

(

(

(

Zr—qx—2g
?r,r—q,—2g;
ﬁx*%
x—q,x—2q AN 3

x—q AN 349036
x—2¢ €AN) Zx,x —q.

However, the last four possibilities are all excluded by our assumption that there are
no pairs z,q — x satisfying (1), so we find that v = dpA. Therefore wt,(v) = wt,(\)
by Lemma 4.3(3), and (a, b, c) is bad for A exactly when (dga, dpb, dpc) is bad for v,
since a = b (mod p) = Jo(b+ ¢ — a) = dpb + doc — doa.

If y = 0 (mod p) we are in an identical situation to the above: v = dpA.

When y # ¢,0 (mod p), we have a similar situation: since there are no pairs x,q—x
satisfying (1), we have v = §;\, where (i + 1)¢ = y (mod p). Hence wt,(v) = wt,(N),
and (a,b, c) is bad for A < (d;a,d;b, §;c) is bad for v.

Finally, we assume that there is a pair z, ¢ — x satisfying (1), so that (y,z,y — q) is
a bad triple for \. We argue that wt, () < wt,()), as in the proof of Proposition 5.1:
If y = ¢ (mod p) and we let z := max{x,y}, | := l#=yl/p, then exactly one of (z,1),
(z—q,1) is a p-bar-weight pair for A ((z,{) if z <y, or (z—¢q,l) if x > y). If (z —2¢,1)
is a p-bar-weight pair for A, then (z — ¢,1) is a p-bar-weight pair for v but neither of
(2,1), (z — 2q,1) are; and if (z — 2¢,1) is not a p-bar-weight pair for A, then none of
(z,1), (z—q,1), (z — 2q,1) are p-bar-weight pairs for v.

If instead we have y = 0 (mod p), and again let z := max{z,y} and [ = le=vl/p,
then exactly one of (z,1), (z — ¢,1) is a p-bar-weight pair for A. Now if (z 4+ ¢,1) is a
p-bar-weight pair for A, then (z,1) is a p-bar-weight pair for v but neither of (z+g¢,1),
(z — q,1) are; and if (2 4 ¢,1) is not a p-bar-weight pair for A, then none of (z + ¢, 1),
(2,1), (z — q,1) are p-bar-weight pairs for v.

If y # ¢,0 (mod p) then we define z and [ as above so that exactly one of (z,1), (z —
q,1) is a p-bar-weight pair for A and neither is a p-bar-weight pair for v.

Thus it follows from the proof of Proposition 5.1 that there are less p-bar-weight
pairs for v then there are p-bar-weight pairs for A. (]

- I I I

COROLLARY 5.4.C)pq = Cyp.
Proof. The condition in Proposition 5.3 is symmetric in p and gq. g

While the last result may seem surprising given the definition of 6p,q, this symme-
try is the motivation behind the study of this set. Furthermore, the next result shows
that C) , is closed under the level ¢ action of 20,,.

PROPOSITION 5.5. For any A € P and a € W, if A € Cp 4, then aX € Cp, 4.
Proof. Using Lemma 4.3(1, 3) and the fact that A € C), ;, we have
ﬁp((a/\)q) = V‘thl(xq) = wtp(A) = wty(ad). O

Interchanging p and ¢ and appealing to Corollary 5.4, we see that C, , is also
a union of orbits for the level p action of 20,. The actions of 20, and 20, clearly
commute because the action of 20, on an integer does not change its residue modulo
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q, and the action of 27, does not change its residue modulo p. Hence C, , is a union
of orbits for the action of 20, x 20,. We will look at these orbits in more detail, first
by considering just the level ¢ action of 27,.

PROPOSITION 5.6. Suppose A\ € P, and let O be the orbit containing A under the level
q action of 20,,. Then the following are equivalent:

(1) A€ Chy;

(2) O contains a g-bar-core;

(3) O contains Ay.

Proof. Since C, C C, 4, Proposition 5.5 shows that if O contains a g-bar-core, then
X € Cp 4. Hence the second statement implies the first. Trivially the third statement
implies the second, so it remains to show that the first implies the third. So suppose
that A € C) 4, and we can assume that A is not a g-bar-core or the third statement
is trivial. Thus we may find a pair y,q — y € A(\). By the proof of Proposition 5.3,
there are no pairs x,q — z € A(X) with either x or ¢ — z = y (mod p), and if we take
i €{0,...,(=1/2} such that ig =y (mod p), then the bar partition v = §;\ satisfies
7, = Ay and wty(v) < wty(\). Since wt,(v) = Wt,(6;A) = wt,(A), v is also in C, 4,
and by induction the orbit containing v contains 7,. O

COROLLARY 5.7. Let O be an orbit of 2, x 20, consisting of bar partitions in C, .
Then O contains exactly one bar partition that is both a p-bar-core and a q-bar-core.

Proof. Let A be a bar partition in 0. Then by Proposition 5.6, Xq € O, and by the

same result with p and ¢ interchanged, the bar partition v = (Xq)p lies in O. Obviously
v is a p-bar-core, and by Proposition 5.1, it is also a g-bar-core.

Now suppose that there is another bar partition in O that is both a p-bar-core
and a g-bar-core. We can write this as bav, with a € 20, and b € 20,. Since
wty(6;A) = wty(A) for any j € {0,...,(a=1)/2} (by interchanging p and ¢ in the
proof of Proposition 5.5), it follows that

wtg(av) = wtg(bav) = 0,

hence it follows from (4;), = Aq (for any i € {0,...,(»=1)/2}) that
av =alg = Vg = V.
Similarly bv = v, and thus bav = v. O

REMARK. From Proposition 5.6 and Corollary 5.7, we see that two bar partitions
A\ 1 € Cp 4 lie in the same orbit of 27, x 27, if and only if the p-bar-cores of (},) and
(7,) are equal. However, it does not seem to be easy to tell when two arbitrary bar
partitions lie in the same orbit.

LEMMA 5.8. Suppose A\ € C,, 4. Then X is a pg-bar-core, and ()\q)p = (Xp)q.

Proof. If we can remove a pg-bar from A to obtain a new bar partition v, then we
can also remove ¢ successive p-bars, or p successive g-bars, to obtain v from A. Thus
Uy = A and wty,(v) < wty(A) — ¢, so we have

wtp(Ag) = Wty (7g) < Wy (v) < wtp(M);

hence Wty (A) > 0=\ ¢& C, .

It follows from Proposition 5.1 that (Aq), and (A,), are both p-bar-cores and ¢-
bar-cores, and by Proposition 5.6 they both lie in the same orbit as A under the action
of 20, x 2,. Hence the result follows from Corollary 5.7. O
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6. THE SUM OF A p-BAR-CORE AND A ¢-BAR-CORE

In the present section we will give a constructive method for determining the bar
partition in C), ;, with a given p-bar-core p and g-bar-core o such that f, = 7,. The
resulting bar partition can be interpreted as the ‘sum’ of u and o.
PROPOSITION 6.1. Suppose p € Cp, and o € Cy, and that 1ty = 0p. Then there is a
unique bar partition A\ € Cyp 4 with X\, = p and Ay = o. Moreover,

Al = lul + lo] = |75,
and X\ is the unique smallest bar partition with p-bar-core p and g-bar-core o.
Proof. Let T =T1,, and consider the action of 20, x 2, on P. By Proposition 5.6 we
can find a € 0, and b € 2, such that a7 = p and br = o, and we let A = ao, so that

A € C,, (as it lies in the same orbit as the g-bar-core ). Then we have \, = 5, = 0,
and by the proof of Proposition 5.5, we have

Ap = (abr),, = (bar), = (bu),, = 7, = .
Moreover, we have
Al = [Ap] + - wEp(N)
= |ul +p - wtp(ao)
= |ul+p-wip(o)
= |l +lo| = [7p]-
Now suppose v is a bar partition distinct from A with 7, = p and 7, = o, and
let a,b be as above. Then we have (a~'v), = V4 = o, but a~tv # a '\ = o, so
la='v| > |o|. Hence, again using the proof of Proposition 5.5, we have

Whp(v) = Whp(a1y) = It el

which means that v ¢ C,, ,. Furthermore, we see that wt,(v) > wt,(\), so |[v| > |A|.
Hence A is the unique smallest bar partition with p-bar-core u and g-bar-core o. [

= wip(0)

REMARK. For p,0 € P with i, = 0p, we denote by p H o the unique bar partition A
in Cp 4 with A, = g and A\, = 0. We have shown that A is the smallest bar partition
with p-bar-core p and g-bar-core o in terms of the sum of its parts. However, it is not
the case that any other bar partition v with v, = u and 7, = o ‘contains’ A, i.e. that
A={A,Xe,...}and v = {A\; + a1, A2+ aqg, ...} for some a1, aq, - € Zxo; If we take
p=(4,1) and o = (3), then iy = 73, A = (4,3,1) € C35, A3 = i, and A5 = o, but
v = (13,10) also has 3-bar-core p and 5-bar-core o, and v does not contain .

COROLLARY 6.2. Suppose A\ € P is such that |[\| = N. Then X € C,, if and only if
there is no v € P\{\} with |v| = N, U, =\, and 7, = \,.

Proof. Suppose A € Cp, and let u = A,, 0 = A,. Then by Proposition 6.1, X is the
unique smallest bar partition in 6,,,4 with p-bar-core p and g-bar-core o, and therefore
the only one whose parts sum to N.

Conversely, suppose A € C,,. Then we can find integers a,b,c such that a = b
(mod p), a = ¢ (mod q), a,b+c—a € A(N) and b, c & A(\) (by Proposition 5.3).

We first assume that a,b,c,b+c—a, —a, —b, —c and a — b — ¢ are distinct integers.
Define a new bar partition v by its bead configuration on the p-runner abacus,

Av) ={-a,b,c,a —b—c}UAN)\{a,—b,—c,b+c—a}.

Then v can be obtained from A by removing a |b — a|-bar and adding a |b — al-bar, so
|v| = |A| and since p|(a — b), we have 7, = \,. Alternatively, we can obtain v from A
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by removing a |¢ — al-bar and adding a |¢ — a|-bar, so it follows from the divisibility
of a — ¢ by q that ¥, = \,. Hence A is not the only partition with p-bar-core y and
g-bar-core o whose parts sum to N.

If instead the integers a,b,c and b + ¢ — a are not distinct, i.e. if a = b+c—a
or b = ¢, then they must all be congruent modulo pg, and A therefore cannot be a
pg-bar-core. By adding and removing the same number of pg-bars, we can obtain a
new partition v from A with 7,, = A, |¥| = |A|, and v # A. Then it is easy to see
that 7, = 4 and 7, = 0, as removing a pg-bar is the same as removing p g-bars or ¢
p-bars.

Now we may assume that a, b, c,b+ ¢ — a are distinct but

{a,b,c,b+c—a}N{—a,—b,—c,a—b—c} #@.

However, —a = a = a =0 ¢ A()\), a contradiction;
a—b—c=a=b=—-ce€ AN),orb=c=0and b+c¢c—a = —a € A(X), both
contradictions;
anda—b—c=b+c—a=b+c—a=0¢&A(N), a contradiction;
so we need to consider six separate cases (or three, up to symmetry):

(i) a=—b;
then —b = a = b (mod p) = p|2b = p|b and pla, and b +c—a = ¢ — 2a. If
¢ —a € A(N), then we may define A(v) = {—a,c,a — c} U AN)\{a, —c,¢c — a} so
that we can obtain v from A by removing and adding |a|-bars, or by removing and
adding |¢ — al|-bars, and thus v has the same size, p-bar-core, and g-bar-core as A,
since pla and g|(a — ¢), but is distinct from A. If instead a — ¢ € A()), defining
A(v) = {—a,c—a,2a — ¢} UAN)\{a,a — ¢,c — 2a}, we also have |v| = |\|, and we
can obtain v from A by adding and removing |a|-bars, or by adding and removing
|c — al-bars.

(ii) a = —¢ =0 mod ¢;

let A(v) = {—=a,b,a — b} UAN)\{a, —b,b—a}, ifb—ae AN);
AT (Cab—a,2a — by UAN\{a,a — b,b— 2a}, ifa—be AR
(iif) b = —b;
if we let A(v) = {—a,c,a — ¢} U AN)\{a,—¢,c — a}, then we can obtain v from A
by removing and adding |a|-bars, or by removing and adding |c — a|-bars, and thus v
meets our criteria since 0 = b = a mod p.
(iv) c = —¢;
let A(v) ={—a,b,a — b} UAN)\{a,—b,b—a}.
(V)b=a—-b-—cg
we have g|(a—c) = 2b, s0 g|b = %3¢, and p|(a—b) = “£<. If a— 43¢ = “2< € A(N), then
letting A(v) = {25¢, ¢, — %<} U AN \{ 5%, —c, %5}, we have a bar partition v that
can be obtained from A by adding and removing “5<-bars, or by adding and removing
ot bars. If —2£< € A(N), and we let A(v) = {—a, 43¢, 22U AN \{a, 5%, -4},
then v can be obtained from A by adding and removing “5¢-bars, or by adding and

a—c

removing %—bars.
(vi) ¢ = 25b;

et Ay = LUEED R DA b 252, i 242 € A
{_av aTibv GTM} UA()\)\{(I/, bi?aa _%% ’ if — aT+b € A(A)

Hence, we have proved that a bar partition A\ of N has p-bar-weight equal to the
p-bar-weight of its g-bar-core precisely when there is no other bar partition of N with
p-bar-core A\, and g-bar-core A,. O
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We will now give a method for constructing p H o for a given p-bar-core p and g-
bar-core o with 7z, = 7. In theory one can do this as in the proof of Proposition 6.1:
find a € 2, such that afi, = p, and then compute ao. But in practice, the method
we give here will prove much more efficient. We will need the following lemma.

LEMMA 6.3. Suppose that A € C, and j,k % 0 (mod p). Then
Aj mod pA = Ag mod pA (mod g) = AU med ) — \(kmod p)

Proof. Without loss of generality, suppose AgA > AjA. We have that
{z € AWz =j (mod p)} = {p(A i) + A;Ali € N},

where /\l(»j) =0 for i > I, if | is the number of (positive) parts of AU), since

AjA—j

ri=[{z € Alz =j (mod p)}| — {z € A]x = —j (mod p)}| = =

If AU £ A(*) | then Bé‘(k) Z Bé‘(j), by the following result [4, Lemma 2.1]:
Suppose T and p are partitions and r € Z. If B] C B?, then T = p.

The proof of this is simple: Choose N sufficiently large that 7v = py = 0. Then B]
and B both contain all integers less than or equal to » — IN. Moreover, B contains
exactly N —1 elements greater than » — N, namely 71 —147,...,7v—1 — (N —=1) +r,
and similarly B? contains exactly N —1 elements greater than » — IN. Since B} C B2,
we get B = B, and hence 7 = p.

Thus there is an ¢ with )\Ek) —i ¢ Bé‘(j), or equivalently, )\Z(-k) —i+ré B;\(j), and it
follows that m()\gk) — 1)+ A;\ € A(X). Since m()\z(-k) — 1)+ ApX € A(N), A cannot be
a (AgX — AjX)-bar-core and is therefore not a g-bar-core; a contradiction. O

Note that since AgA = 0 for all bar partitions ), it is not necessary that A(9) and
AU) are equal when AjA =0 (mod gq).

PROPOSITION 6.4. Suppose u € C, and o € C,; are such that fty = 0p. Then there is
a unique X\ € P with p-bar-core i and with the same q-weighted p-quotient as o.

Proof. Let v = @,. Then by Proposition 5.6 x4 and v lie in the same level g orbit of
20, so there is a permutation ¢ on {0,...,p — 1} such that Aju = Ayyv (mod n)
for each j € {0,...,p — 1}. Thus by Lemma 6.3 v must have the same g-weighted
p-quotient as p. Since v = T, we may construct A by taking the bar partition with
p-bar-core p and A\U) = ¢(¢0)) for each j € {0,...,p — 1}.

By Lemma 6.3 we have ¢(9) = ¢(*) whenever Ajo = Ao (mod q), i.e. whenever
Ag-1)p = Dg-1gyp (mod g), so the A we construct is unique (as it is uniquely
determined by its p-bar-core and p-quotient). U

PROPOSITION 6.5. Suppose u € 6,, and o € 6,1 are such that f, = @, and let X be the
bar partition with p-bar-core p and with the same q-weighted p-quotient as o. Then
A=uHo.

Proof. By Proposition 4.6, A and o lie in the same level ¢ orbit of 20,,. Hence it follows
from Proposition 5.6 that A € C,, , and A, = 0. O
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EXAMPLE 6.6.

Ql
w0

po=(27,22,17,12,7,4,2) = iy o =(11,8,5,2) =

%
|

®
Q3 (1) = [(0,2), (2,2), (2,9), (0,9), (0, 2)]
Qg(O') = [(07 (1))7 (07 (2))7 (27 (12))a (07 (2))5 (27 (12))]

Using our algorithm, we will obtain the bead configuration for y Ho:

We first replace the O-runner with the O-runner from the configuration for o. Next, we
have A1 mod 50 = 0 (mod 3) so for each runner j € {1,...,4} such that A; noasp =0
(mod 3), in this case runners 3 and 4, since (! ™°45) = (2), we move the lowest bead
on the runner upwards 2 spaces. Finally, As 10450 = 2 = A1 mod 54 = A2 mod 54

(mod 3) and o m°d5) — (12, s0 we move the second lowest beads up by two spaces
on runners 1 and 2.

B3 = (1) =05

Thus we obtain the bar partition p B o = (32,27,17,14,12,7,5, 2).

7. THE YT-ORBIT

In [1], Bessenrodt & Olsson showed that there is a maximal bar partition

T nin{p,q},max{p,q} Which is both a p-bar-core and a g-bar-core, where T, , is the
Yin/Yang partition, with parts

(% - k)q - (l + 1)p7 for k,l S Z}().
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It is maximal in the sense that whenever A = {\;,\s,...} is both a p-bar-core
and a g-bar-core, we may write T iin{p,q},max{p,q} = {\ + a1, 2 + ag,...} with
ai,az, -+ € Zzo. When p < ¢, Tp, 4 is called the Yin partition, and T, , the Yang
partition.

Since Y, 4 € C,NCy, its p-set is {0, ¢, ..., ae-1/2}U{p—q,p—2q, ..., p—ap-1)/2},
and its ¢g-set is {0} U {a(p+1)/2 — kp|k = 1,...,q — 1}. Thus, the p-set of T, , consists
of (r+1)/2 elements divisible by ¢ and (pP—1)/2 elements congruent to p modulo g, while
the g-set of T, , consists of 0 and ¢ — 1 integers congruent to a(»+1)/2 modulo p.

EXAMPLE 7.1. The bar partition
Y511 =(17,12,7,6,2,1)

has 5-set {0,11,22,-17,—6}, and 11-set {0,23,13,3,—7,—17,28,18,8, —2, —12},
while
Y115 = (14,9,4,3)

has 5-set {0, —14,—3,8,19}, and 11-set {0, 1, —9,25,15,5,6, —4, —14, 20, 10}.

To conclude this paper, we will consider 6;{(1, the Y-orbit of the set C) 4, which
we define to be the orbit of T, , under the action of 20,, x 20,. Our final result will

establish a bijection

ézq — ol D2} T T

LEMMA 7.2. Suppose that o € C,. If 5, = T, 4, then o0 modp) s 4 g-bar-core and
there is a q-core § such that

J(jmodp){é, forjqu,ke{l,...,”?;lh

o', for j = kg, ke{%,...,p—l}.

If instead G, = Ty, then c(0 ™4 P) s g g-bar-core and there is a self-conjugate q-core
v such that o0 ™°dP) =~ =~/ for all j # 0 (mod p).

Proof. When 7, = Y, 4, the non-zero elements of the shared p-set of Y, , and o
belong to two congruence classes modulo p, so by Lemmas 3.1(1) and 6.3, Q,(o)
consists of a g-bar-core ¢(° ™°4P) and at most two distinct g-cores. Moreover, since
(o medp)y — (=imodp) for each j # 0 (mod p), the p-quotient of o consists of
o(Omed ) (the parts of o which are multiples of p, divided by p) and either p — 1
other empty bar partitions (when o = T, ), or (P—1)/2 copies each of two conjugate
partitions.

When 7, = T, ,, all of the non-zero elements in the p-set of o are congruent
modulo p, so again by Lemmas 3.1(1) and 6.3, the g-quotient Q,(c) simply consists
of a g-bar-core o(®™°dP) and p — 1 copies of a self-conjugate g-core. O

The above lemma means that the construction of uHo becomes even more straight-
forward when p and o are contained in the Y-orbit.

PROPOSITION 7.3. Suppose i € Cp, and o € Cy are such that fi, = 7, = Tp, 4. Then
wH o is the bar partition A with Xp = p, N0 modp) — 5(0modp) =40

)\(j mod p) _ glimedp) if Aj mod pH = Aj mod pr,q (mOd Q)a
(oG med P)Y otherwise.

Moreover, B o is also the bar partition with q-bar-core o and the same q-quotient
as (.
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Proof. There are (p+1)/2 elements in the p-set of both Y, , = 7, and o that are
divisible by ¢, and the other (p—1)/2 elements are congruent to p modulo ¢. Hence, it

follows from Proposition 6.4 that pHo = A. The elements Ay mod 40, - - -, Ap—1 mod ¢O
of the g-set of o are all congruent modulo p, so the p-quotients of the two bar partitions
o and pH o are exactly the same. g

EXAMPLE 7.4. When p = (21,16,11,7,6,2,1) € Cs and o = (19,12,5,4) € Cx,
so that @; = @5 = (9,4,2) = Y57, we find that the 5-set of p and p B o is
{0,26,12, —7, —21}, the 5-set of Y57 and o is {0, 9,7, —2,14}. Furthermore

Qi(Ts,7) =1(0,2),(5,2),(0,2), (5,2), (0,2)],

Q(n) = 1(0,2),(5,2),(5,2),(0,9), (0, 2)],
5(0) = [(0,(1)), (5, (1)), (0, (2)), (5, (1)), (0, (2))],
Qf(uH o) =[(0, (1)), (5,(1%)), (5,(1%)), (0, (2)), (0, (2))].

Using our algorithm we obtain

pBo =(26,21,12,11,7,6,5,1).

But with v = (21,16,11,6,2,1) = U5, so that 7 = Y57, and 0 = (19,12,5,4)
again, we find that the 5-set of v and v B o is {0,26,7,—2,—21}, and

So we instead get

vBo =(26,21,12,11,6,5,1).
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=

S

=
H

Q

AN

vHo

Next we will consider the 5-weighted 7-quotient, so whichever 5-bar-core p and
7-bar-core o with Ji; = o5 = 15 7 we choose, we will find that the 7-set of o contains
Ago = 0 and 6 elements in the same conjugacy class modulo 5. This is because
iz = Y57 so that the corresponding elements in the 7-sets of the two bar partitions
can only differ by multiples of 5, and as discussed above, Y5 7 has a 7-set of this form.

Let p = (16,11,7,6,2,1) = Gy and o = (19,12,5,4) = &7, so that @, = 75 =
(9,4,2) = Y5 7. The 7-set of T, ,, and p is {0, 1,16, —4,11, -9, 6}, the 7-set of o and
pwHBois {0,1,-19,—4,11,26,6}, and

Q3(Ts,7) = [(0,2), (1,9),(1,92),(1,9),(1,2),(1,9), (1,9)] = Q3(0),
Q3 (1) = [(0, (1)), (1,(1)), (1, (1)), (1, (1)), (1,(1)), (1, (1)), (1,(1)] = Q3 (nB o).
So we obtain
pBo = (26,12,11,7,6,5,1).

With ¢ = (19,12, 5,4) again and v = (23,18,13,9,8,4,3) = Us, so that U7 = V57,
we find the 7-set of T, ,, and v is {0, 1,16, —4,11, 9,6}, the 7-set of v B o is again
{0,1,-19, —4, 11, 26, 6}, and

(o)
Q2(v)

[(0,2),(1,9),(1,2),(1,2),(1,2),(1,9),(1,2)],
[(0,(2,1)), (1, (1,(2,1)), (1,(2,1)), (1,(2,1)), (1, (2,1)), (1, (2, 1)), (1, (2, 1))},
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which equals Q3(v B o). We obtain

vEo = (33,19,18,13,8,5,4,3).

v vHo

0660 0. 0000 -

The next result gives the converse to Lemma 7.2, establishes that g-bar-cores o are
uniquely determined by o(®™°d?) when o, = Y, 4, and gives the number of g-bar-
cores j with p-bar-core T, , when p0med p) jg fived. First it is necessary to recall the
definition of the beta-set BY := {a; — i + 7|i € Zs(} of a partition «, and define the
double of a bar partition.

DEFINITION 7.5. The double of a bar partition A = (A1,..., ) is the partition D(\)
whose Young diagram is obtained by amalgamating the shifted Young diagram of A,
which has \; nodes in the i row, with the left-most in the i** column, and its reflection
along the top left to bottom right diagonal. Equivalently, [D()\)] is the union of [(A1 +
LA+2,. .., +7)] and [(A, A2+ 1,..., A +r—1)] [7, p. 14].

There is a correspondence between p-bars of A € P and p-hooks of the partition
D()\), which means that when A is a p-bar-core, D(\) must be a p-core.
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EXAMPLE 7.6. D((7,4,3,2)) = (8,6,6,6,4,1,1):

] | [ ] [ ]

PROPOSITION 7.7. (1) Suppose u € P and fiy = Ypq. Then p € C), if and only
if a == p0meda) s ¢ p-bar-core, there is a self-conjugate p-core v with vy =
pld med @) for qll j # 0 (mod q), and

B;/l_p)/z C Ala) = {§|$ € A(p)NqZ}y C B;ZH—I)/z'

Moreover, for each a € P, there are 2%~ "/ p-bar-cores p with Tty =Tpq and
/'L(O mod q) _ a.

(2) Suppose o € P and G, = Y, 4. Then

- B 4 B if 3 =0 (mod p),
0€Cy &3P eCy, aVmP = 8 D(B) if j = iq (mod p) for some 1 <i < 254,
D(B)  otherwise.

Proof. (1) First suppose that Q, () consists of a p-bar-core a = (0 M4 ) and ¢ — 1
copies of a self-conjugate p-core v such that

B;Yl—p)/2 g A(a) g BZD-FU/Q'

Since the g-set of Y, , and p is {0} U {alp+D)/2 — np|n = 1,2,...,q — 1}, for each
ne€{l,...,q— 1} we have

{z € A(p)|x = np (mod q)} = {(v — i — B51)q + npli € N},

so clearly x — p € A(u) whenever n € {2,...,¢— 1}, z € A(p), x = np (mod q).
Furthermore, from the assumed inclusions involving A(«) and beta-sets for ~,

zeAWNGZ=Tjx—p=(y—j+2%)q—p
= (i —J— 2 g+ (g— Dp € A(p);
z e Alp),x=p(modq) = i,z —p=(yi—i— 5 )g+p—p
= (3 — i+ 32)q € An);
hence 7, = p.
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Now suppose p € Cp. Then, again by Lemma 7.2, Q,(u1) consists of a p-bar-core
a = p0med 9 and a self-conjugate p-core 7, so

{z € A(u)|z = np (mod q)} = {(yi — i — ®=Y/2)q + np|i € N}
for each n € {1,...,¢ — 1}. Thus

VkGNaakq—PGA(M):>3jaak:7j—j+pgi
VieN, (v —i—250)g € A(p) = 3h,yi — i+ 32 = an;

hence
Bzflfp)/z g A(Oé) g Bzﬂrl)/z'

Let z be the largest element of A(«) (i.e. z:= —1 if @« = &, or z := ay is the largest
part of «, otherwise). If 4 € C,, then for each m € N and n € {0,1,...,q — 1}
we have (2 +m)q +np ¢ A(u) (and —(z + m)q — np € A(u)). Since fr, = Tp 4,
App mod gt = 4P+)/2 — (¢ —n)p for n € {1,...,¢ — 1}, so the number of integers
x € A(u) such that x = np (mod ¢) and —zq — (¢ —n)p < < (24 1)g + np is
%(Q(PJFD/Q —(q—=mn)p — (—2q — (g — n)p)) = z + (p+1)/2. The partition v must be
self-conjugate, so for each m € Z and n € {1,...,q — 1}, we have

(z+1)q+np—(z+%1)q+m:np—%q+m€/l( )(:)np—mq m & A(p).

Moreover, we must have yg—p € A(u) (and p—yq € A(n)) for all y € A(a) U{0}, so
for each n € {1,...,q — 1}, there are z + 1 elements in {x € A(u)|z = np (mod ¢)}
which are fixed by «, and z+ (P+1)/2— (z+1) = (p—1)/2 integers which are free to either
belong in this set or not. Hence the number of possible partitions 7y, and therefore the
number of p-bar-cores y with g-bar-core Y, , and p(® ™49 = o, is 277/2,

(2) Next, suppose 3 = (0 ™4 P) is a g-bar-core, and for j # 0 (mod p),

plimodp) _ D(B) if j =iq (mod p) for some 1 < i < %,
D(B)"  otherwise.

Since the p-set of T, and o is {ng|n = 0,1, ..., P-1/2}U{p—ng|n = 1,2, ..., (P-1)/2},
for each n € {1,...,(»=1)/2}, (adopting the convention that for a partition X\, we put
A; =0 for all i > \]) we have

{z € A(c)|x = ng (mod p)} = {(D(B); )p+ ngli € N};
{z € A(o)|x = —nq (mod p)} = {(D(B +1)p — nglj € N}

It follows that x — ¢ € A(c) whenever z € A(g), n € {2,...,p — 1}\{(»+1)/2} and
x =ng (mod p). We also have x —q € A(o) for each z = 0, ¢ (mod p) by the definition

of D(p): for each part B of B = (B1,...,5r), D(B)), —k+1= By = D(B)r — k. Since
B is a g-bar-core, D(f) is a g-core, so when 1 < k < r we have

DB), —k+1—q=p—q=D(B) —k—qecB’®

)i —
)j =

Tt therefore follows from the symmetry of A(c) that

= (D(B); —j+1p—Eq
=(D(B);—j+1 —Q)p+ E5ig
(D(B)i — i)p + E3rq € A(0);

T = H g (mod p) = Jj,z — ¢

= di,x —q=

hence 74, = 0.
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Conversely, suppose o € C,;. Then since o shares the p-set of T ,, by Lemma 7.2
the p-quotient Q, (o) must consist of a g-bar-core § = g(Omod ) and two g-cores &
and §’, where

.. . 71
i mod p) _ {(5 j=igmodp, ic{l,... 5=},

o jzfiqmodp,ie{l,...,pz;l}.

For each n € {1,...,(»=1)/2} we therefore have

{z € A(0)|x = ng (mod p)} = {(6; — i)p + nq|i € N}
{z € A(0)|z = —ng (mod p)} = {(d; — j + 1)p — ng|j € N}.

Since 74 = 0,

VkeN,fp—q€ Alo) = 3j, B =05 —j + 1;
Vi €N, (5 —i)p € A(0) = 3h, 6; — i = Bu;

thus B C A(B) C BY. Since yp — q € A(o) for each y € A(B) U {0}, and since
A_gmod po = p — ¢, it follows that

{z € A(o)|z = —¢(mod p)} = {yp — qly € A(B)} U{—q} = {(0; —j +1)p—qlj € N};

hence g(~4m°dP) = D(B)’. O

EXAMPLE 7.8. There are 2 possibilities for u € C3 when 7i; = Y35 = (2) and
M(O mod 5) _ (5’2)

p=(25,22,19,16,13,10,7,4,1) and p = (37,34, 31,28,25,22,19,16,13,10,7,4, 1),

shown in the second and third configurations below, respectively.

J

EXAMPLE 7.9.1f 0 € Cs, 73 = Y35 = (2), and ¢(®™m°43) = (7,4,2) =: B, then
o®med3) = D(B) = (8,6,5,3,2,1,1), so o(=5m°d3) = D(B) = (7,5,4,3,3,2,1,1).

T35 = (2) o =(26,21,17,16,12,11,7,6,2,1)
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Our final result establishes that as a 20, x 20, set, 6; 4 18 isomorphic to
(2{L =V} 5 C) x €, where 20, and 20, act at level 1 on C), and C,,.

COROLLARY 7.10. (1) There is a bijection
okl INCEED) A oA
Cpy— 2R Oy x O

A (fie {1,..., =0/} A0 ™Dy 4 p e AN}, AO med ) (0 modp)y,

(2) Suppose A € P and a € 2. Then (a)) ™D = q(A\Omod ) yhere a acts
at level ¢ on P and at level 1 on 613.

Proof. (1) Denote the map by ®. If A belongs to the orbit of T, ; under the action of
200, x W,, then by Lemma 5.8, A is a pg-bar-core. Thus, by Lemma 3.1(1), (0 mod g)
is a p-bar-core, and A\(° ™4 P) js a g-bar-core, so ® is well-defined. To show that ® is
a bijection, we construct an inverse.

When X C {1,...,-1/2}, « € Cp, and B € C,, we let u be the bar partition
with 7, = Tpq, p0m049 = o, and pl ™49 = 5 when j # 0 (mod gq), for some
self-conjugate p-core partition v such that

B(Vl_p)/2 C Ala) C B(WPH)/Z and ayq+p € A(p),i € {1,...,(p-D/)2} & i e X.
We let o be the bar partition with 7, = T, , and

B if j =0 (mod p),
glgmodp) — D(B) if j =iq (mod p) for some 1 < i < %,
D(B)" otherwise.

Then u € Cp and o € C,; by Proposition 7.7, so we can define ¥ (X, a, ) to be the bar
partition p B o, which is contained in the orbit of T, ; under the action of 20, x 27,
by Proposition 4.6.

Suppose A € 6;,1, and let () = (X, «, 8). We need to show that U((X, o, §)) = A.
By Corollary 5.7, A, has p-bar-core Y, ;. Since A and A, lie in the same level g orbit
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of 2, they have the same p-quotient up to reordering. Thus (Xq)(0 modp) — 3 =
A0 modp) “and Xq is the unique g-bar-core o with p-bar-core Y, , and p-quotient
consisting of 8, D(3), and D(B)" (by Proposition 7.7). Similarly, A, is one of 2=/
bar partitions with g-bar-core Y, , and g-quotient Q,(\) consisting of a € C), and
a self-conjugate p-core v such that B(Wl,pw C A(a) C B&,H)/z. If we denote by p the
unique such bar partition with a;q +p € A(p),i € {1,...,®-1/2} & i € X, then
U(X,a,0))=pBHo =\

Finally, let (X, a, 8) € 211+ @7Y/2} 5 € x O, so that ¥(X,, ) = u B o, where
p is the bar partition with i, = 1} 4, p0meda) — o and pU ™49 = ~ when j # 0
(mod ¢), for some self-conjugate p-core partition v such that

Bl € Al@) € By, and aig +p € A(p),i € {1,...,(0-D/2} i € X,
and o is the bar partition with 7, = T, ; and

B if j =0 (mod p),
D(B)
D(B)

p—1

gl medp) if j =iq (mod p) for some 1 < i < 25~

otherwise.

Then since p H o shares a g-quotient with p and has the same p-quotient as o up to
reordering, we find that ®(uH o) = (X, «, 3). Hence ® and ¥ are mutual inverses,
and thus bijections.

(2) Let p = A0moda) 55 that A(N) NgZ = {zq|lz € A(p)}. Since zq = iq (mod p)
& ¢ =i (mod p), for each i € {0,...,(r—1)/2}, by the definition of the 20,-action we
have

A(6;N) N gZ = 5; AN) N gZ = {(d;x)q|z € Alp)} = {zq|z € A(:p)},

thus (0;1)©med @) — §;(A(Omoda)y for each 4, where ; acts at level ¢ on ), and at
level 1 on p. The result follows for all a € 207,,. O

EXAMPLE 7.11. We calculate part of 6;5, the orbit of T35 = (2) under the action of
N3 x Ws, to illustrate the bijection between this orbit and the set 21} x O3 x Cf.
The top part of the diagram Figure 1 (after the bibliography) shows the level 1 action
of 25 = (g, 61,02) on Cs, and the left part of the diagram shows the level 1 action
of mg = <€0, 61> on 632

x—2 z=1(mod5), x—1 z=2,4(mod 5),
dox =< x+2 xz=4(modbH), dhix=<x+1 xz=1,3(mod 5),

T otherwise; T otherwise;

x—1 x=3(mod5),
dor =<qx+1 x=2(mod}5),

T otherwise;

x—2 x=1(mod 3), x—1 x=2(mod 3),
er=<9x+2 x=2(mod 3), egx=<qx+1 x=1(mod 3),

T otherwise; T otherwise.
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The edges in the main part of the diagram represent the level 3 action of the generators
0o, 01,02 of W, and the level 5 action of the generators €, €7 of Ws:

x—6 x=3(mod5), x—3 x=1,2(mod 5),
dox =< x+6 x=2(mod5H), hex=<xz+3 z=23,4(mod 5),
T otherwise; T otherwise;

x—3 x=4(mod 5),
dox =< x+3 z=1(mod5),

T otherwise;

x—10 z =2 (mod 3), x—5 x=1(mod 3),
er=<{x+10 =z =1 (mod 3), ex=q2+5 x=2(mod 3),

T otherwise; T otherwise.

-1 — —
Below are some abacus displays to illustrate the bijection C5 5 — 211} % O3 x Cs:

(X €2t 2, 0): T35 = (2) (7,4,1

G i
[Tl

(X €2 (1),(2): (11,6,5,2,1) (26,17,11,8,6,5)

}
|
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The following abacus displays illustrate the bijection 653 — 2012} O3 x Cfs:

(X €271 g,2): Tos=(1) (4) (7,2,1) (7,4,2)

I
Bk

(X e2(112 (2),2): (61 (7,6,2,1) (16,11,6,1) (16,11,7,6,2,1)

L

The orbit of Y53 = (1) under the action of 23 x Ws is in bijection with the set
2112} » O3 x Cs. In Figure 2 (below Figure 1), we illustrate part of this orbit; the
edges in this diagram represent the level 3 action of 25 = (dy, d1, d2), and for each

A € P in the diagram, \(0™ed5) — g,
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(1)

€0

€1

€0

€1

(17,14,11,8,5,2)— (23,14, 11,8,5, 3,2)—(26, 17, 11, 8,6, §)— (26,23, 11, 6, 5, 3,12)

D. YATES

2 % (1) 8 2) % (2,1
& 82
3) o (3,1)—---
\%
(4)— - --

NN
(29,17,14,9,8, §)—(29, 23, 14,9, 5,3, 2) -
¢ N
(32,17,14,12,11,5,2,1)- -
(7,4,1)——(13,4,3,1)———(16,7,6,1)————[16, 13,6, 3, 1)
(19,9,7,4)— (19,13,9,4,3)- - -
e ‘ \ ‘
22,12,7,4,2,1)— - -
T35 = (2)—0——(8,3) B (11,6,2,1)——2%(11,8,6,3,1)
52 62
(14,9,4,2)——2%1(14,9,8,4,3) - - -
€0 61
(17,12,7,2)- -L
(5,2) (8,5,3) (11,6,5,2,1)+——(11,8,6,5,3,1)
(147 975747 2)’ (147 97 87 5747 3)'7’
€1 ‘
(17,12,7,5,2)— - - -
(10,7,4,1)——(13,10,4, 3, 1) (16,10,7,6,1){——(1, 13, 10,6, 3, 1)
| | 1(19,10,9,7,4)}——(19,13,10,9, 4, 3)- -
| | | |

(22,12,10,7,4,2,1)— -+ -
| ‘ |
|
|

FiGUrE 1. The bijection between 6;5 and 211} x Cy x O
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Ts = (1)—22—(3,1) n(6,1) % (6,3,1)
52 62
(9,4) % (9,4,3)—---
do 02 o1
(12777271) -
do 01 do
(4) (4,3) (7,6,2,1) (13,8,6,3,1)
52 62
(9,7,4,2)—%(13,9,8,4,3) - - -
51 51
(12777472) -
So 51 50
(7,2,1) (13,8,3,1)—91(16,11,6,1)—92—(16,11,6,3, 1)
52 62
(19,14,9,4)—2%0(19,14,9,4,3)- - -
52 52 51
(22,17,12,7,2,1)— - - -
(7,4,2) o (13,8,4,3) 91(16,11,7,6,2,1)—22(16,13,11,8,6,3, 1)

d2

P

(19,14,13,9,8,4,3)%0(19, 14, 13,9, 8,4,3) -
o1

(22,17,12,7,4,2)— - - -

FI1GURE 2. The branch of 6;:3 corresponding to the 3-bar-core &
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