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Counting on the variety of modules over the

quantum plane

Yifeng Huang

ABSTRACT Let ¢ be a fixed nonzero element in a finite field Fq with g elements. In this article,
we count the number of pairs (A, B) of n X n matrices over F, satisfying AB = (BA by giving a
generating function. This generalizes a generating function of Feit and Fine that counts pairs of
commuting matrices. Our result can be also viewed as the point count of the variety of modules
over the quantum plane XY = (Y X, whose geometry was described by Chen and Lu.

1. INTRODUCTION

1.1. MAIN RESULTS. Fix a nonzero element ¢ in F,, the finite field with ¢ elements.
Let ord(¢) denote the smallest positive integer m such that (™ =1 in F,. We define
the set of Fy-points of the {-commuting variety to be

1) Ken(F,) == {(A, B) € Mat,(F,) x Mat,(F,) : AB = CBA}.

The ¢-commuting variety K¢, can be viewed as the variety of n-dimensional mod-
ules over the algebra of the quantum plane, namely, the noncommutative associative
algebra in variables X and Y such that XY = (Y X. The geometry of the (-commuting
variety was studied by Chen and Lu [3], where explicit descriptions of its irreducible
components and of a GIT quotient were given. The combinatorics of the (-commuting
has also been studied when ¢ = 1: Feit and Fine [6] gave an explicit formula for the
point count of the commuting variety (namely, K7 ,) over a finite field, and Bryan
and Morrison [2] proved that the “same” formula computes the motivic class of the
commuting variety (over C) in the Grothendieck ring of varieties.

The focus of this paper is to count the cardinality of K¢ ,(F,) for ¢ in general. As
a special case, the cardinality of K ,(F;), the set of pairs of commuting matrices,
was determined by Feit and Fine [6] in the form of a generating function. We give a
generating function for |K ,(F,)| that generalizes the ¢ = 1 case.

THEOREM 1.1. Let m = ord(¢); in other words, ¢ is a primitive m-th root of unity of
F,. We have the following identity of power series in x:

(oo}

|K<7n(FQ)| n __ r 2t
(2) nZ:;J(qn_l)(qn_Q)...(q”_qn—l)x _il;[lFm( ,q),

where
1—2™m 1
B 0= T ey T a0 e YA —2a ).
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We note that |K¢ ,(Fg)| only depends on the order m of (. When m = 1, we recover
the generating function given by Feit and Fine.

Theorem 1.1 is a direct consequence of the following result, which in itself can be
viewed as a refinement of Theorem 1.1. We define

(4)  Uen(Fy) :={(A, B) € Mat,(F,) x Mat,(F,) : AB = (BA, A nonsingular},
and
(5) Nen(Fy) :={(A, B) € Mat, (F;) x Mat, (F,;) : AB = (BA, A nilpotent}.

When ¢ = —1, the variety N_;, is the semi-nilpotent anti-commuting variety,
whose irreducible components and their dimensions are explicitly described by Chen
and Wang [4].

For reasons of brevity, we put |GL,,(F,)| in place of (¢" —1)(¢" —¢q) ... (¢" — ¢
in the formulas below, noting that |GL, (F,)| = (¢" — 1)(¢" — q) ... (¢" — ¢"1).

n—l)

THEOREM 1.2. Let m = ord(¢). We have the following identities of power series in x:

(a)
|KCn |U n = |N 7n(Fq)| n
Z IGL,(F (Z |Gi ) (;_% \Gin(lﬁ‘qﬂx )

where

Gm(z;q) ==

(1—-2z)1—-amq)

Z gi” = HH(xi;q),

where

[t

H(x;q) ==

(1—2)(1—2¢g (1 —zq72)...

Using Theorem 1.2(a), Theorem 1.1 follows from the observation F,(z;q) =
G (5 @) H (23 q).

Note that Theorem 1.2(c) implies that |N¢ ,(Fy)| does not depend on m or ¢, as
long as ¢ # 0. In particular, |N¢ ,,(F,)| always equals | Ny ,,(F,)|, which was known to
Feit and Fine. Therefore, the nontrivial dependence of |K¢ ,,(Fq)| on ¢ stems purely
from that of |U¢ »(Fq)|.

1.2. HISTORY AND RELATED WORK. An important starting case in the study of vari-
eties of modules is the commuting variety K ,, = {(4, B) : A, B € Mat,,, AB = BA}.
The commuting variety over C was shown to be irreducible by Gerstenhaber [10] and
Motzkin and Taussky [15]. Its point count was given by Feit and Fine [6]. This result
was reproved by Bryan and Morrison [2] from the perspective of motivic Donaldson—
Thomas theory.

The commuting variety can be viewed in the context of Lie algebras. Let (g, [-,])
be a Lie algebra over an algebraically closed field. Define the commuting variety of g
as

(6) Clg) ={(z,y) egxg:[z,y] =0},
then K ,, is the commuting variety of the Lie algebra of n by n matrices. As a general-
ization of the irreducibility result of K ,, Richardson [16] showed that the commuting
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variety of any reductive Lie algebra over C is irreducible. Levy [14] extended this result
to positive characteristic under mild restrictions on the Lie algebra. On the combina-
torics side, Fulman and Guralnick [8] generalized the point-count result of Feit and
Fine to commuting varieties of unitary groups and of odd characteristic sympletic
groups. We also point out some papers that relate counting problems in Lie algebras
to maximal tori of Lie groups; see [9] and [13].

The focus of this paper, the (-commuting variety K¢ ., is another generalization
of the commuting variety K;,. When ¢ = —1, we get the anti-commuting variety,
whose geometry over C was studied by Chen and Wang [4]. They gave explicit de-
scriptions of the irreducible components of K_; , and of several variants. The above
work was extended to general { by Chen and Lu [3]. It is worth noting that K, is
not irreducible unless ( = 1. The main contribution of our paper is the point count
of KCKﬂ'

The point count of K¢, can also be viewed as statistical information on the classifi-
cation of modules over the quantum plane. More specifically, since an n-dimensional )
module over the quantum plane F {X,Y}/(XY — (Y X) can be parametrized by a
pair of matrices (A, B) in K¢ ,, the standard orbit-stabilizer argument gives

K ¢n (Fg) 1
(7 e AL
IGL,.(F, )| dimEJ\;:n [Aut M|

where M ranges over all isomorphism classes of n-dimensional modules over the quan-
tum plane. In other words, the 2™-coefficient of the generating function in (1.1) is the
weighted count of isomorphism classes of n-dimensional modules over the quantum
plane, with weight inversely proportional to the size of the automorphism group (this
weighing is commonly known as the Cohen—Lenstra measure, following the impor-
tant work of Cohen and Lenstra [5] on random abelian groups). While Theorem 1.1
neither requires nor gives a classification of finite-dimensional modules, it does com-
pute their total weight. It is unknown whether Theorem 1.1 can be verified using a
classification, via the interpretation (7). For work towards the classification of finite-
dimensional modules over the quantum plane, we refer the reader to Bavula [1, §3],
where a classification of simple modules are given.

For a fixed integer g > 1, Hausel and Rodriguez-Villegas studied a related counting
problem [11, Eq (3.2.3)]

(®8)  Nalg):= {41, By,..., Ay, By € GL,(F,) : [A1, By]--- [Ag, BylCn = 1},

where (4, B] := ABA7'B~! and (, is a primitive n-th root of unity of F,. If g = 1,
then the defining equation for N, (q) is A1 By = (,B14; (replacing ¢, ! by ¢, in the
process), so we have

9) No(g) = | K8 M ()|

in the notation of Remark 2.2. We emphasize that N, (q) are the diagonal entries of
the table |K<GYI:; GL(F,)| in m,n, which we determine in (46) in terms of a generating
function.

Hausel and Rodriguez-Villegas observed a curious functional equation [11, Eq
(3.5.12)] about a generating function of N, (¢q) that holds for all g, which reads

(10) [z EEY X (w5 q) = —qla™ EEH X P (iq7 )

when g = 1, where EGL>< GL(2:q) is a generating function of KGL; GL Jefined in
Remark 2.2, and the operator [x™] refers to extracting the z™-coefficient. From our

(DThe dimensionality refers to the dimension as an F4-vector space.
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formula (46) for ESWL *GL(;q), we have
(11) (2" EGE X M (2q) = g — 1,
so the g = 1 case of the functional equation reads

(12) q—1=—q(g " —1).

2. PROOF OF THEOREM 1.2(a)

We recall that Theorem 1.2(a) claims that | K ,,(F,)| for all n can be recovered from
|Uc.n(Fq)| and |N¢ ,(Fy)| for all n. We start by proving a decomposition lemma,
following the approach of Feit and Fine [6].

Let V be an n-dimensional vector space over any field, then by Fitting’s lemma
(see for instance [12, p. 113]), for any linear map A € End(V), there is a unique
decomposition V = K4 @ I4 such that A(K4) C Ka, A(Ja) C I4, A|k, is nilpotent,
and A7, is nonsingular.

LEMMA 2.1. Fiz a linear map A € End(V') and a nonzero scalar . Then a linear map
B € End(V) satisfies AB = (BA if and only if

(a) B(Ka) € Ka, B(14) C 14.

(b) AlkaBlra = CBlraAlkar AlraBlia = (Bl Al -

Proof. Having the decomposition V' = K4 @ 14, any linear map X € End(V) can be
written as a matrix
X — |:X1 X2:| X € End(KA)7X2 € HOm(IA,KA),

(13) X3 X4|* X3 € Hom(K 4, 14), X4 € End(14).

Then we have

(14) A= Bf 2}

where N € End(K 4) is nilpotent and U € End(14) is nonsingular. For an arbitrary

B= B By , the equation AB = (BA is equivalent to
B3 By
NB; = (BN,
NBy = (BU
(15) 2 C 2V,
UB3 = <B3Na
UBy = (B4U.

We note that By must be zero. Suppose not, since N is nilpotent, there exists
an integer » > 0 such that N"By # 0 but N1 By = 0. The second equation gives
N"™1'By = (N"ByU. The left-hand side is zero, while the right-hand side is nonzero
because ( is a nonzero scalar and U is nonsingular. This yields a contradiction.

A similar argument shows that Bs = 0, completing the proof of the lemma. 0

Let V' = Fy. To choose A, B € End(V) with AB = (BA, because of Lemma
2.1, it suffices to choose a decomposition V = K & I, and then choose Agx, Bx €
End(K), Ar, By € End(I) such that Ay is nilpotent, Ax Bx = (Bx Ak, Ay is non-
singular, and A;B; = (B;A;. We have
(16) [Ken(Fo)l = Y h(s, )| Nes(FIUe,(Fo),

s+t=n

where h(s, t) is the number of ordered pairs (K, I) of subspaces of V such that dim K =
s, dim [ = t.
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It is noted by Feit and Fine [6, Equation (5)] that
|GL, (Fy)|

an) M) = L E I CL F]
It follows that
(18)
2 GL.(Ey) ‘Z; L C e Ve EOIee Fo) s
e N UeF)| v
19) =2 GLENCLEN
s,t20
_ |NCS |UCt t
= - (St (Shet)

completing the proof of Theorem 1.2(3).

REMARK 2.2. The same argument can prove two other similar factorization identities
below, by noting that B is nonsingular (or nilpotent) if and only if both Bx and Bj
are nonsingular (or nilpotent). To state the identities, for any combination of symbols
F, G taken from {Mat, GL, Nilp}, we define

(21) KRG = {(A, B) € Fu(Fy) x Gu(Fy) : AB = (BA},
where Nilp,, (F,) denotes the set of n by n nilpotent matrices over Fy. Let
2 KR ()
(22) ET*C(2;q) = ’ x"
‘ 2 TGL.E,)|
Then
(23) Eé\/[at x GL (.’L', q) — ECGL x GL (.’L‘, q)Eé—\HleGL (.’,U, q),
(24) Eé\/lat XNilp(x; q) — ECGL X Nilp ($7 q)Eé\TileNilp (x’ q)
Note that Theorem 1.2(a) can be restated as
(25) BY M (g q) = B (3 q) BYONP (2 ).

3. PROOF OF THEOREM 1.2(b)

Recall that the goal of Theorem 1.2(b) is to determine |U¢ ,(Fq)|, namely, to enumer-
ate pairs of matrices (A, B) € Mat,,(F,) x Mat,,(F;) such that AB = (BA and A is
nonsingular. To do so, following the approach of Feit and Fine, let 5 be a similar-
ity class of n x n matrices. By a standard orbit-stabilizer argument, for B in 3, the
number of nonsingular matrices A such that ABA™! = (B is either |GL,(F,)|/|3| or
zero. Moreover, this number is not zero if and only if B is similar to (B. We now give
a sufficient and necessary condition for it in terms of 3.

We recall that each class 3 corresponds to a unique rational canonical form. It is
characterized by an n-dimensional module Mg of the polynomial ring Fy[t]. Such a
module can be uniquely expressed in the form of

Folt] . Fqlt] Fq [t]
(26) E—— d )
" (@a®) 7 () (9:(1))
for monic polynomials g1, ..., g, such that g; divides g;41 for all 1 < i < r — 1. For

a positive integer m, we say a monic polynomial g to be in P,, if g(t) = t?G(t™) for
some nonnegative integer b and monic polynomial G. For example, a polynomial is in
P if it is either even or odd.
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LEMMA 3.1. Let B be an n X n matriz over any field, and let { be an m-th root of
unity. Then B is similar to (B if and only if the polynomials g1, ..., g, associated to
the rational canonical form of B are in Pp,.

Proof. We denote the ground field by F. An endomorphism B over a vector space V'
determines a module over the polynomial ring F[t] by letting ¢ - v = Bv for v € V.
We denote this F[t]-module by (B ~ V). The isomorphism class of this F[t]-module
determines the rational canonical form of B.

Let g1,...,gn be the polynomials associated to the rational canonical form of B.
Then
F|t F[t F[t
(27) (BAV) i @ 1] S D 1]

(9:1(8)) — (92(1)) (9-()°
We now compute ((B ~ V). We have

(28) ((BV)=((t~ Mp)

(e o EIE
(29) =9 (Ct <gi<t>>>
(30) ~p

Ft]
(9:(1))

(b): the polynomial  + g;(¢~'z) is a minimal polynomial for (t acting on

where the last isomorphism follows from (a): the action of (¢ on is cyclic, and

00
Hence, B is similar to ¢(B if and only if

n _Fli ]
Swmn = 8w
as F[t]-modules. Since g;(t) divides g;+1(t) for all 4, we have that g;(¢~'t) divides
gi+1(C™'t) as well. By the uniqueness statement about the polynomials associated to
the rational canonical form, for each i, the monic polynomials g;(¢) and (489 g,(¢~1t)
must be equal. Write g;(t) = t¢ + ¢t~ + - 4+ cqg_1t + cq, then (%g;(CT1t) = t4 +
Certd =t 4o 4 (0 ey_qt 4 (%eq. Since ¢ is an m-th root of unity, we observe that
gi(t) = ¢%g; (¢ ') if and only if ¢; = 0 for all j not divisible by m. This is equivalent
to saying that g;(t) is in Pp,. O

12

(31)

Let S¢n(F,) denote the set of similarity classes 3 of n x n matrices over F, such
that some (equivalently, every) matrix B in f is similar to (B. We have

(32) UenF)l= Y {A€QLu(F,): ABA™" = (B}
BeMat, (Fq)
(33) =YY {A € GL,(F,) : ABA™" = (B}
B Bep
GL,(F
(31) DI S
BGSC,’H(]FLI) ﬁ¢84,n(]Fq)
(35) = |GLn(Fq)||SC,n(]Fq)|-
We now count |S¢ ,(Fq)|. By Lemma 3.1, a similarity class in S¢ ,,(Fy) is charac-
terized by monic polynomials g1, g2, ..., g, in P, such that every polynomial divides

the next. Let h; = gr41-:/gr—; for 1 <14 < t, where go = 1. It is easily checked from
the definition of P,, that ¢1,..., ¢, are all in P,, if and only if hy,...,h, are all in
Pm. Let b; = deg h;. The only restriction on the monic h; is that h; is in P,, and that
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>-i_; ibi = n. We observe the important fact that the number of monic polynomials

in P, of degree b; is ¢l/™l. Hence to give gi,..., g, we first choose (b;);>1 such
that Y ib; = n, and then independently choose h; in P, of degree b;. It follows that
(36) [Sen(F)l= D qtt/m.

b; >0

Z 1bl:n
Therefore,

oo

Uen
7 > et = sl
ST gmign

n>0  b;>0

> ibi=n
(39) = 3 glmlgdi

by,bz,---20

(40) = ﬁ i g™ (at)?

i=1b=0

(38)

By writing b = km + [ with 0 <1 < m, we get

m—1 oo
(41) Zqu/mJ b _ Z qumkm+l
1=0 k=0
m—1 J,‘l
(42) =
= 1 —qx™
(43) Cl4z4-am?
- 1 _ qx'f”/
1—am
44 =
(44) 1 T
1 — g™
Hence, if we define G,,,(z;q) = v , then we have

(1- x)(l —qa™)
45 [Uen(Eq)| Gum
5 Sl -]

finishing the proof of Theorem 1.2(b).

REMARK 3.2. The same argument can compute a similar generating function below,
by noting that B is nonsingular if and only if each polynomial g;(¢) that appears in
the rational canonical form has a nonzero constant term. In the notation of Remark
2.2, we have

1 gim
(46) BEV (aig) =] :

1—aimq’
i=1 q

where m = ord(().
Similarly, if we instead notice that B is nilpotent if and only if each g;(¢) is a power
of ¢, then we get

1 B = ]
i=1

1—at
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We notice that the above two formulas, together with Theorem 1.2(b), verify (23)
explicitly. We also observe that ECGL x GL(x; q) is a power series in ™. In particular,
this implies that if AB = (BA and A, B are both nonsingular, then the size n of the
matrices A, B must be a multiple of the order of (.

4. PROOF OF THEOREM 1.2(c)

We follow the idea of Fine and Herstein [7] to determine |N¢ ,(FF4)|, namely, the
number of matrix pairs (4, B) € Mat,,(F,) x Mat,,(F,) such that AB = (BA and A
is nilpotent. In fact, we will show that the situation is completely the same as the
case ¢ = 1 studied in [7].

Associate to each similarity class of n by n nilpotent matrices a partition 7 of n:

(48) Tin=a;-1+as-2+...,
so that a representative of the similarity class associated to 7 is given by
0., -
0ay La,
04q,
(49) AT( = 0a3 1(13 k)

where 0, and 1, denote the a by a zero matrix and the a by a identity matrix,
respectively.

Let a(m) denote the similarity class associated to 7. Since the number of matrices
B such that AB = (BA only depends on the similarity class of A, we have

(50) INew(F)l = Sla(m)lI{B € Mat, (F,) : A,B = (BA}.

Tkn

For any fixed scalar ¢ # 0, it is elementary to check that A, B = (BA, if and only
if B is of the following form:

(Bl Bi, Bis Biy |-
B%,l 35,2 Bg,z 321,3 35,3 32174 B§,4

(Bj» (Bjs (Bya|
B;,|Bs, B3, |Bss Bis DBis By, B3, Bi,

(B3, (Bss (Big (B34 (B34l

(51) (*Bj (*Bs4 ,

Bi,|Biy Bi,|Bis Bis DBis |Bis Bis Bis, Biy
(Bis (Bis (Bis (Bia4 (Bis (Bi4

(*Bis (®Bis (*Bi4l -
¢°Bia

where each Bﬁ ; is an arbitrary a; by a; matrix, chosen independently. We note that

the count |{B € Mat,,(F,) : AxB = (BA,}| does not depend on ¢. Hence,
(52) [N (Fg)l = |N1wn (Fg)l-
It is known [6, Equation (6)] that

(53) N )l = [GL ) Y s

wHn
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where f(a) == (1—q¢ (1 —-q2)...(1-q¢%).

Hence,
N (B 1 .
o ; |GLn (F)| ‘Z_%; f(a1)f(az)
(55) = Z ;xziai

ai,asz, =0 f(al)f(az) [N
1,

(56) = 7(‘%1)11
g;} f(a)

! =[JHG" ),

where

=1, 1
(58) H@0) =2 5 = T o0 —er N0 _2a 7).

by a classical identity due to Euler. This concludes the proof of Theorem 1.2(c), and
hence proves Theorem 1.2 and Theorem 1.1.

REMARK 4.1. Combining Theorem 1.2(c), formula (47) and the decomposition formula
(24), we get (in the notation of Remark 2.2)

oo

; ; 1
59 ENlleNllp . _ 4 ' )
(59) ¢ (z:0) 11;[1 (1 —2'¢ (1 —2aiq=2)...

At this point, we have computed E?XG(x;q) for all combinations of F,G €

{Mat, GL, Nilp}. We notice that EEXG(:L"; q) does not depend on ¢ whenever F or G
is Nilp. This should not be surprising in light of the argument of Theorem 1.2(c).

5. DISCUSSIONS

We note from the work of Bryan and Morrison [2, §3.1] that Uy, (F,)| and | N1, (F,)]
“determine” each other. The key ingredient is that either of the quantities above is the
point count of the variety of modules over the “commutative” plane SpecF, [z, y] sup-
ported on a certain subset of closed points. A module is determined by its localizations
at closed points in its support, so both |Uy,,(Fy)| and |Ny ,(F,)| are determined by
the point count of the variety of modules supported at a point. Since the commutative
plane “looks the same everywhere” locally in light of the Cohen structure theorem
(the complete localization of F,[x,y] at any closed point is isomorphic to F[[x, y]] for
some field extension F of F,), we can reverse the process, so that either of |Uy ,,(Fy)]
and |N1 ,(Fy)| determines the point count of the variety of modules supported at a
point, and hence determines each other.

However, for ( # 1, Theorem 1.2 shows that |N¢ ,,(FF,)| does not depend on ¢ while
|U¢.n(Fy)| does. Is it still possible to recover |Ue ,,(Fy)| from |Ne ,(Fy)| together with
the geometry of the quantum plane xy = (yx (which will depend on {)?

Acknowledgements. We thank Jason Bell for proposing questions that inspire this
work. We thank Jeffrey Lagarias and Weiqiang Wang for fruitful conversations. We
thank the referees for helpful comments and informing the author about related work
from [11].
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