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K-theoretic crystals for set-valued tableaux

of rectangular shapes

Oliver Pechenik & Travis Scrimshaw

ABSTRACT In earlier work with C. Monical, we introduced the notion of a K-crystal, with
applications to K-theoretic Schubert calculus and the study of Lascoux polynomials. We con-
jectured that such a K-crystal structure existed on the set of semistandard set-valued tableaux
of any fixed rectangular shape. Here, we establish this conjecture by explicitly constructing the
K-crystal operators. As a consequence, we establish the first combinatorial formula for Las-
coux polynomials L,,» when X is a multiple of a fundamental weight as the sum over flagged
set-valued tableaux. Using this result, we then prove corresponding cases of conjectures of Ross—
Yong (2015) and Monical (2016) by constructing bijections with the respective combinatorial
objects.

1. INTRODUCTION

In classical Schubert calculus, we can study the cohomology ring of the Grassmannian
Gr(k,n), the parameter space for k-dimensional subspaces of C", with respect to
the basis given by the Poincaré duals of the Schubert varieties X that decompose
Gr(k,n). In this context, the cohomology classes [X,] can be represented by Schur
polynomials sy, where the partition A sits inside a kx (n—k) rectangle. A more modern
approach is to study Gr(k, n) via connective K-theory, where the Schubert class [X,]
is given as the push-forward of the class for any Bott—Samelson resolution of X.
Here, polynomial representatives are given by symmetric (or stable) S-Grothendieck
polynomials [10, 14].

The Schur polynomial sy can be described combinatorially as a generating function
for semistandard (Young) tableaux of shape A (see e.g. [49, Ch. 7]). In addition, sy
has a representation-theoretic interpretation as the character of the highest weight
representation V' (\) of the Lie algebra sl,, of traceless n x n matrices (see e.g. [11,
Ch. 8]). One way to compute sy is by applying a product of Demazure operators
T, corresponding to the reverse permutation wo to the monomial x* = z* - ).
Generalizing this formula refines Schur polynomials to the key polynomials k) =
TwX®, which may be understood as characters of a Demazure modules V,,()\) [9]
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(hence, Ky is also known as a Demazure character); geometrically, V,,,(\) may be
constructed as global sections of a line bundle on a flag variety [1, 26].

For the symmetric Grothendieck polynomial &y, A. Buch [5] gave a combinato-
rial interpretation as the generating function for semistandard set-valued tableaux
of shape A\. A. Lascoux [28] gave a deformation of the Demazure operators, called
Demazure-Lascoux operators w,,, such that &, = wwox)‘. The analogous defor-
mation of key polynomials, the so-called Lascoux polynomials L,y = w,Xx"*, remain
mysterious as currently there is no known geometric, representation-theoretic, or com-
binatorial interpretation, despite recent attention [23, 38, 40, 45]. Yet, combinatorial
formulas for Lascoux polynomials have been conjectured by C. Monical [38, Conj. 5.3]
and by C. Ross and A. Yong [45, Conj. 1.4] (with the generic 8 version by A. Kir-
illov [23, Fn. 14]).

One way to connect the combinatorial and representation-theoretic interpretations
of key polynomials is through M. Kashiwara’s theory of crystal bases for represen-
tations of quantum groups [19, 20]. Indeed, Kashiwara showed that the Demazure
module V,(\) has a crystal basis and could be described as a subcrystal B, (M),
called a Demazure crystal, of the highest weight crystal B(X) [21, 34]. For U,(sl,,),
the crystal B(A) may be realized as the set of semistandard tableaux of shape A, and
the tableaux for the subcrystal B, () are characterized by a combinatorial condition
on their corresponding key tableaux [31].

In our previous paper with C. Monical [39], we initiated an analogous approach to
Demazure crystals for Lascoux polynomials. We first gave a Uy(sl,,)-crystal structure
to the set of semistandard set-valued tableaux. Then we proposed an enriched crystal
structure with the property that the Lascoux polynomials appear as the characters of
our K-theoretic analogs of Demazure subcrystals. We coined this enriched structure
a K-crystal. We established the existence of K-crystals for single rows and columns,
but we discovered that no such structure exists for general shapes. Nonetheless, we
conjectured [39, Conj. 7.12] that K-crystals exist for all rectangular shapes. Our first
main result is a proof of this conjecture. Our proof gives rise to a combinatorial
formula for the class of Lascoux polynomials indexed by a weight in the Weyl group
orbit of a multiple of a fundamental weight i.e. a rectangular shape partition). We
then use this formula to establish the corresponding cases of the Ross—Yong—Kirillov
and Monical conjectures. To our knowledge, these are the only proven combinatorial
formulas for any class of Lascoux polynomials.(®)

Let us remark on why our proposed K-crystal structure exists for a rectangular
shape A, but not for general shapes. In our work with C. Monical [39], we proposed
a slightly weaker structure for general A\ that depends on a choice of a reduced ex-
pression for wy. The key distinction appears to be that, in the rectangular case, the
minimal-length coset representatives (such as the relevant parabolic wg) that index
Lascoux polynomials are all fully-commutative i.e. all reduced expressions differ only
by commutations) [50]. However, for more general shapes, such as A = (2, 1) described
in [39, Fig. 6,7], one needs to apply the braid relations s;s;118; = Si+18iSi+1 to get
all possible reduced expressions. Subsequently, we believe that, in general, K-crystal
structures depend on choosing a commutation class of the reduced words for the ap-
propriate parabolic wq (see also [39, §7.3]). This fact seems related to an analogous
dependence for Schubert classes in cohomology theories more general than connective
K-theory (see e.g. [4, 12, 33]). Moreover, in the rectangular case, we have a flagging

(D After this paper appeared as a preprint, subsequent work of V. Buciumas, the second author,
and K. Weber [6] gave another combinatorial formula for Lascoux polynomials. In particular, they
proved the formula proposed here in our Conjecture 6.1.
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condition to characterize the tableaux in the K-Demazure crystal, and we expect an
analogous key tableau condition to work for general shapes.

This paper is organized as follows. In Section 2, we recall the necessary background.
In Section 3, we construct a K-crystal structure on set-valued tableaux of rectangular
shapes. In Section 4 (resp. Section 5), we prove the conjectural combinatorial inter-
pretation of Lascoux polynomials for rectangular shapes due to Ross—Yong—Kirillov
(resp. Monical). In Section 6, we describe our conjecture for key tableaux of set-valued
tableaux and their relationship with Lascoux polynomials.

2. BACKGROUND

In this section, we give background for the symmetric group, the crystal structures
on semistandard set-valued tableaux, Lascoux and Grothendieck polynomials, and
the related conjectures. Let x = (21, z2,3,...) be a countable vector of commuting
indeterminates. For a tuple o = (aj,as,...), define x* = z{"z5? ... We use the
English orientation convention for both partitions and tableaux.

2.1. PROPERTIES OF SYMMETRIC GROUPS. Let S;, denote the symmetric group on
{1,...,n} with simple transpositions {s; | 1 < ¢ < n}, where s; interchanges i and
i+1. Let wg € S,, be the reverse permutation n(n—1) ---21. A reduced expression for
a permutation w € S, is an expression for w as a minimal-length product of simple
transpositions. The length of a permutation is the length of any reduced expression
for it; the element wy is the element with greatest length in S,,. We recall that (strong)
Bruhat order on S, is defined by v < w if there exists a reduced expression for v that
is a subword of a reduced expression for w.

Consider a partition A (of length at most n) as a word of length n by appending
0’s as necessary. Note that S,, has a natural action on words of length n, which
corresponds to the natural action on Z" of the Weyl group of sl,, (which we can
identify with the group of permutation matrices). Let Stab, (A\) = {w € S, | wA = A}
denote the stabilizer of A. Recall that Stab,, (\) is a parabolic subgroup of S, and that
every coset in the quotient of a Coxeter group by a parabolic subgroup has a unique
minimal length representative. Thus, let S} denote the set of minimal length coset
representatives of S,, / Stab,, (A), and for any w € S,,, let |w] denote the corresponding
minimal length coset representative of w in S,, / Stab,, (A). For more on Coxeter groups,
we refer the reader to e.g. [3, 8, 17, 18].

2.2. SET-VALUED TABLEAUX AND THEIR CRYSTAL STRUCTURE. Let )\ be a partition,
which we often consider as a Young diagram. A (semistandard) set-valued tableau of
shape X is a filling T of the boxes of A by finite nonempty sets of positive integers so
that for every set A to the left of a set B in the same row, we have max A < min B,
and for C' below A in the same column, we have max A < min C. (This is a set-valued
generalization of the usual semistandard condition on tableaux.) For an integer a, we
write a € T if there exists a box of T' containing a set A with a € A. A semistandard
set-valued tableau is a semistandard Young tableau if all sets have size 1. Let SV™(A)
denote the set of all set-valued tableaux of shape A with entries at most n.

Next we recall the crystal structure on SV™(\) from [39]. We first recall the crystal
operators e;, fi: SV'(A) = SV (A)U {0}, where i € T :=={1,...,n—1}. We draw the
crystals as a directed graph, where we have an i-colored edge T — U if and only if
fi(T) = U. For more details on crystals, we refer the reader to [7, 20].

The crystal operator f; acts on T' € SV" () as follows: Write + above each column
of T containing ¢ but not ¢ + 1, and write — above each column containing ¢ + 1 but
not 7. Now cancel signs in ordered pairs —+. If every + thereby cancels, then f;7 = 0.
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Otherwise let b correspond to the box of the rightmost uncanceled +. Then f;T is
given by one of the following:

e if there exists an adjacent box b™ immediately to the right of b that contains
an 7, then remove the ¢ from b™ and add an i+ 1 to b;
e otherwise replace the ¢ in b with an ¢ + 1.

The action of e; is defined as follows: Construct the sequence +---+—---— as
above. If there is not an uncanceled —, then e;7" = 0. Otherwise let b correspond to
the box of the leftmost uncanceled —. Then e;T is given by one of the following:

o if there exists an adjacent box b immediately to the left of b that contains
an ¢ + 1, then remove the i + 1 from b and add an i to b;
e otherwise replace the ¢ + 1 in b with an 7.

Identifying Z™ with the multiplicative group generated by (z1,...,z,), we define
the weight function wt: SV"(\) — Z™ by wt(T) =[]\, z{*, where ¢; is the number
of A € T such that i € A. Define |wt(T)| = .1, ¢;. Let Uy(sl,,) denote the Drinfel’d—
Jimbo quantum group of the type A,,_; Lie algebra sl,,, the Lie algebra of traceless n x
n matrices over C. Let B(\) be the highest weight U, (sl,)-crystal of all semistandard
Young tableaux of shape A [19, 20, 22].

THEOREM 2.1 ([39, Thm. 3.9]). Let X be a partition. Then

SV'(A) = @ B(u)®MX,
ACu

where the M{ = |{T € SV"(X\) | wt(T') = p and e,T =0 for all i € I}].

See Figure 1 for an example.

1|1 111 1 11,2 1112
2|2 2123 213 23] 3
2 2 2
111 1|1 11]1,2
213 23| 3 313
1 2
/ \ ll '
1|2 111 1|2 1.2 2
2|3 313 23| 3 313
~ A
1] 2
313
1
Y
2|2
313

FIGURE 1. The U,(sl3)-crystal structure on SV3(2,2).

Algebraic Combinatorics, Vol. 5 #3 (2022) 518



Krystals for rectangular shapes

2.3. LASCOUX POLYNOMIALS AND SYMMETRIC (GROTHENDIECK POLYNOMIALS. For
1 < i < n, the Demazure operator m; acts on Z[f8][x1,...,z,] by
i f—®ip1-8if
Trif = )
Ti — Tit1

where s; f(..., 2, Tip1,...) = f(-.. g1, T4, . . .), and the Demazure—Lascouz operator
w; acts by

wif =mi((L4 Bzig1) - f) = mif + B mi(wiga - ).
The Demazure-Lascoux operators (and Demazure operators) are known to satisfy the
braid relations:

W, W = W;w; for i — j| > 1,

WiWi+1W; = Wi+1W;Wi+1

(and similarly for ;) [28]. Thus for any permutation w € Sy, one may unambiguously
define w,, = w;, w;, - - - w;,, where s;, s;, - - - 83, is some reduced expression for w.

Since w,, does not depend on the choice of reduced expression, we can define the
Lascoux polynomials [28] as

Lo(x; ) = wx

for any a € Z%,, where A is the sorting of a into a partition and w € S is the unique
element such that w\ = a. The symmetric Grothendieck polynomial can be defined
as the n variable truncation® of Ly, (x; 8) and is known [5, Thm. 3.1] to be given
combinatorially by

(1) Lugpn(x:8) = > wits(T),

TESV™(N)
where

wtg(T) = D) wt(T), ex(T) = |wt(T)| — |\ = Y (|4] - 1),
AeT

where A ranges over the entries of T. The statistic ex: SV"(\) — Z is known as
excess, and we call wtg(T) the [-weight. There is currently no known geometric
or representation-theoretic interpretation for general Lascoux polynomials. However,
there are two conjectural combinatorial descriptions, which we now recall.

The first conjectural combinatorial rule was introduced in [45]. To state it, we begin
by recalling the notion of a K-Kohnert diagram to be a subset D of Z2>07 which we
realize as boxes, and a subset M C D of boxes that are marked. The conjectural rule to
compute the Lascoux polynomial is as follows. Start with some a = (ay,...,a,) € VA
and draw the initial K-Kohnert diagram as a skyline diagram by putting a box at each
position {(4,y) | ¢ € [n],1 < y < a;} (in Cartesian coordinates), marking no boxes.
Then we successively apply any sequence of the following operations.

Kohnert move: Move any unmarked box at the top of a column into the rightmost
open position to its left and in the same row such that it does not pass through
a marked box.)

K-Kohnert move: Perform a Kohnert move but leave a marked box behind.

(2)The untruncated version is called a stable Grothendieck polynomial as it is the stable limit n —
oo of the original Grothendieck polynomials (with 8 = —1) of A. Lascoux—M.-P. Schiitzenberger [29,
30].

®)In the published version of [45], it is misstated that a Kohnert move could move the unmarked
box through a marked box. See [44, 46].
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Let D, denote the resulting set of K-Kohnert diagrams obtainable from the original
skyline diagram for a. Define the S-weight of a K-Kohnert diagram D by wtg(D) =
B¢ 11, i, where e (resp. ¢;) is the number of marked boxes (resp. boxes in column i)
in D.

CONJECTURE 2.2 ([45, Conj. 1.4], [23, Fn. 14]). We have
La(x;8) = Y wtg(D).

DeD,

EXAMPLE 2.3. Consider A = 22 being a 2 x 2 rectangle and w = 5,59, so that a =
(0,2,2). Then the set of K-Kohnert diagrams for a is

= "I
_a -

ofuaf

Hence, Conjecture 2.2 (correctly) predicts that
Lo (x; 8) = X022 L 5112 4 go122 | (121 4 o122
4x202 211y g 212 (220 L g 221
4 Bx212 4 Bx22 4 32222,

Conjecture 2.2 specializes at § = 0 to A. Kohnert’s combinatorial formula for the
monomial expansion of Demazure characters [25].

The second conjectural combinatorial rule is from [38]. We fill a skyline diagram
with finite nonempty sets of positive integers that satisfy the following conditions.
Call the largest entry in a box the anchor and the other entries free.

(S.1) Entries do not repeat in a row.

(S.2) If B is below A, then min B > max A i.e. the columns are weakly increasing

top-to-bottom in the set-valued sense).

(S.3) For every triple of boxes of the form

left column weakly taller right column strictly taller

the anchors a, b, ¢ of A, B, C, respectively, must satisfy either ¢ < a or b < ¢.()
(S.4) Every free entry is in the leftmost cell of its row such that the entry remains
free and (S.2) is not violated.
(S.5) Anchors in the bottom row equal their column index.
We call such a tableau a (semistandard) set-valued skyline tableau. For a a weak
composition (e.g. a finite string of nonnegative integers), let SLT, denote the set of
set-valued skyline tableaux with shape a. We define the weight, excess, and S-weight
for a set-valued skyline tableau in the same way as for a set-valued tableau.
Let @; = w; — 1. Define the Lascouz atom to be

EwA (X; /8) = ﬁwx)\-

(4)Such triples were originally called inversion triples and required to satisfy ¢ < a < b or
a < b < ¢, but in our case a < b is immediate by (S.2).
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CONJECTURE 2.4 ([38, Conj. 5.2]). We have
fw\ = Z Wt@(S).

SESLT
From [38, Thm. 5.1}, we have
(2) w)\xﬂ ZL'U)\X/B7
v<w

where the sum is taken over all permutations v less than or equal to w in Bruhat order.
Thus, if Conjecture 2.4 holds, then we have another combinatorial interpretation of
the Lascoux polynomial as

w)\Xﬁ Z Z th

v<w SESLT 5

By [40], this interpretation of Lascoux polynomials is equivalent to [38, Conj. 5.3] .

2.4. K-CRYSTALS. We recall a proposed K-theory analog of crystals that was intro-
duced in [39]. For a nilpotent operator 1, we write ¥™?*(z) to mean ¥™(x), where
m = max{h € Zsq | Y"(x) # 0}.

We call a connected U,(sl,,)-crystal B a connected K-crystal if it is enhanced with
K-crystal operators, eX| f&X: B — B U {0} that satisfy the following properties:

(K.1) The set B is generated by a unique element u € B that satisfies e;u = 0 and
efu = 0 for all i € I. That is to say, we can reach every element in B by
applying a sequence of (K-)crystal operators from u. The element u is called
the minimal highest weight element.

(K.2) Let w=s;, ---8;, €S, be areduced expression. The K-Demazure crystal
Bw — {b cB | (ei )mdxemdx . (eK)max deb _ ’LL}

(7 11
does not depend on the choice of reduced expression of w. Moreover, we have
B,, = B.
(K.3) Let A = wt(u) be the weight of the minimal highest weight element from (K.1).
The 3-character of B,,

chs(B Z BIWEOI=IAl ()
bEB,,
is equal to the Lascoux polynomial L, (x;3).
A K-crystal is just a disjoint union of connected K-crystals. It is also strongly desirable
for these operators to also satisfy b = ¥ if and only if b = f£¥ for all b,b' € B and

REMARK 2.5. This definition of a K-crystal is slightly more general than that given
n [39], which was directly based on the combinatorics of set-valued tableaux. In
particular, the extra condition that B,, = B in (K.2) is implicit in the K-crystal
definition given in [39] as chg(Buy,) = Luwx(x; 8) = chg(B) by Equation (1).

n [39], such K-crystals were constructed for the cases that A is a single-row [39,

Thm. 7.5] or single-column [39, Thm. 7.9].

OPEN PROBLEM 2.6 ([39, Open Prob. 7.1]). Construct an appropriate K-theory analog
of crystals for general .

It was shown in [39] that there is no K-crystal (as defined here) solving Open
Problem 2.6. Rather, in general, we believe that (K.2) should be relaxed, so that the
K-crystal operators can depend on a choice of reduced word, giving a structure that
we coined a weak K-crystal. Our main result is to prove [39, Conj. 7.12], thus giving
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an answer to Open Problem 2.6 for rectangular shapes, extending the single row and
column results of [39]. In this rectangular case, the relevant Weyl group elements
S are all fully-commutative, so the expected dependence on reduced word does not
appear.

3. K-CRYSTALS FOR RECTANGULAR SHAPES

In this section, we prove our main result: when \ is a rectangle, then SV"()) has
a K-crystal structure. Thereby, we establish [39, Conj. 7.12], providing a solution to
Open Problem 2.6 for rectangular shapes.

Our construction of the K-crystal operators is motivated by the heuristics given
in [39], which come from the following K-theory analog of the decomposition of a
crystal into i-strings i.e. restricting to the action of e; and f; for a fixed ¢ € I') based
on the definition of the Demazure-Lusztig operators. Indeed, by considering only the
action of a fixed i € I, we predicted in [39] that the K-crystal should decompose into
(maximal) subcrystals of the form

o<« --—--
o~
~
o~
~

where the solid (resp. dashed) arrow represents the f; (resp. f£) action and the top
i-string has length one more than the bottom i-string. Such a subcrystal was coined
an i-K-string in [39]. We say an i-K-string has length

¢ == max{k | fFb# 0}.

Note that ffflfiKb # 0 and f{fKb=0. It is easy to see that for b such that e;b = 0

(which implies for wt(b) = x7*---z% we have a; > a;41), the S-character of the

i-K-string starting at b equals w; wt(b).
For the remainder of this section, we consider A = s to be an r X s rectangle.
The following lemma is straightforward after recalling that
Stab, (A) = Sy X Sp_p,
and
Sy ={we S, |wl) < - <wr)and wr+1) < - <wn)}.

LEMMA 3.1. Let A = s" be an r x s rectangle. For any w € S}, there exists a reduced
expression of w of the form

(Sip, ** Sr—k41Sr—k) -+ (Siy -+ SrSp—1)(Sip = - - Sr4+15r)

for some —1 <k <randl <ip <---<iy <ip<n. (The case k = —1 means there
are no terms in the product, so w=1.)

ExampPLE 3.2. To clarify our notation and symmetric group conventions, consider
w = 2357146, so n = 7 and r = 4. Then the reduced expression for w in the form
given by Lemma 3.1 is

w = (81)(82)(8483)(868554)-
In particular, we have k = 3, ig = 6, i1 = 4, i5 = 2, and i3 = i}, = 1.
DEFINITION 3.3. Let T € SV"(X), and fix some i € I. We say a box b of T is bridged

(for i) if there exists an i strictly to the right of b paired with an i+ 1 strictly to the
left of b. Otherwise b is unbridged.
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fEIfi g T oor ;T =0 ore;T #0, then fXT = 0. Otherwise, let b be the rightmost
boz that contains an i corresponding to an uncanceled +. If i and i + 1 are
both in an unbridged box to the right of b, then fEXT = 0. Otherwise, define
fET by adding an i+ 1 to b.

ef: If there does not exist an unbridged box with both an i and i + 1 or ;T # 0,
then eXT = 0. Otherwise, let b be the rightmost unbridged box that contains
both an i and i + 1. If there exists an i to the right of b corresponding to an
uncanceled +, then ef(T = 0. Otherwise, define eiKT by removing the i + 1
from b.

For examples of these operators, see Figure 2; additional examples may be found
in [39]. It is clear that if fXT # 0 (resp. eXT # 0), then fET € SV™*()\) (resp. eXT €
SV™(X)). We give an example to illustrate the bridging condition.

EXAMPLE 3.4. We apply the K-crystal operator e, which acts on the left box con-
taining {4, 5}, which is unbridged, as the right box containing {4, 5} is bridged:

1 111114 1(1)11(1(1]4
2122121459 21212121459
313(13|15]9]10 i) 313(13|5]9]10(.
41444,5 9|10(11 41414)9]|10(11
51 7(19|10|11(12 51 719(10(11(12

LEMMA 3.5. Let T, T’ € SV™()\). We have eXT' =T if and only if T' = fET.

Proof. We first show e T’ = T implies T/ = fXT. From our assumption, we have
e;T" = 0 and for the rightmost unbridged box b with 7,7+ 1 € b (note b exists by our
assumption), there does not exist an i to the right of b that is either an uncanceled +
or one paired with an 41 to the left of b. Therefore, when we remove the i+ 1 from b
to obtain T', we create an uncanceled + for b. So e;7' = 0 and f;T # 0. Furthermore,
this added uncanceled + is the rightmost such uncanceled + and there are no other
unbridged boxes to the right of b that contain 4,i 4+ 1 in 7. Hence the action of fX
on T adds i + 1 to b, and thus T’ = fXT.

Now we show 7" = KT implies eXT’ = T. From our assumption, we have ¢;7 = 0
and there does not exist an unbridged box of T' containing both ¢ and 7 + 1 to the
right of the rightmost box b corresponding to a uncanceled +. Since the + in b was
uncanceled, removing it to form T” does not affect any other cancelations. Hence, it
follows that e;T" = 0 as well since ;T = 0. The effect of adding an 7 + 1 to b cancels
the + corresponding to b. Since b corresponded to the rightmost uncanceled +, there
is no uncanceled + to the right of b in 7. Moreover, there is not an i to the right of
b that pairs with an 7 4+ 1 to the left of b as otherwise such an 7 4+ 1 would pair with
the i in b. Hence X acts on 7" by removing i + 1 from b, and thus X7’ = T. 0

LEMMA 3.6. Let A\ = s” be an r x s rectangle. The restriction to any fixed i € I
decomposes SV™ () into i-K-strings.

Proof. Let T € SV"(A). Since f&T = 0 and eXT = 0 whenever ¢;T # 0, we cannot
have the local situations around T’

v T L T ¢
v v
° °

1 1
1 {

e G
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FIGURE 2. The K-crystal for SV3 (EB) with the K-crystal opera-

tors depicted by dashed lines. The K-Demazure crystal B;, is the
restriction to the subset of shaded tableaux.

respectively. Next if {57 # 0, then we have fX fKXT = 0 from the fact that we added
an ¢+ 1 to the box b corresponding to the rightmost uncanceled +, which means the
rightmost uncanceled + in ffT is to the left of b, which is necessarily unbridged in
FET as otherwise the + in b would be paired.

We need to show that if e,7 = 0 and f;T # 0, we have either fXT # 0 or eXT # 0.
Since f;T # 0, there exists at least one uncanceled +. Let b be the box corresponding
to the rightmost uncanceled +. If there are no unbridged boxes containing ¢ and i+ 1
to the right of b, then we have f&T # 0. Otherwise let b’ be such an unbridged box,
and since b contains the rightmost uncanceled +, there are no uncanceled + to the
right of b’. Hence, we have eXT # 0.

Now we assume fXT # 0. We have f/T = 0 if and only if ff_lfiKT = 0 from
the fact that to obtain fXT, we removed the rightmost uncanceled + in 7' from
b, which leaves the other uncanceled + and — unchanged. Consequently, we have
0i(fET) = ¢i(T) — 1. Finally, we have fF¥T # fmfET for all 0 < k < ¢ and
0 <m < —1since ex(fET) = ex(T) + 1. O

Consider some w € S, and let i, < --- < iy be from the reduced expression of w
given by Lemma 3.1. For all k < j < r, define i; = r —j — 1. Define F'(A;w) to be the
subset of SV"(\) such that row 7 — j has all entries at most ¢; + 1. Equivalently, the
entries in row j are at most w(j) for all 1 < j < r. We call such a set-valued tableau
a flagged set-valued tableau. Diagrammatically, the flagging in each row is given by
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the labels on the right

* | % * | 1

x|k || x| r—k—1
N I O S P e |

f |k o] x| g+ 1

EXAMPLE 3.7. Suppose w = s3 and A = 2 x 2. Then the flagged tableaux in F'(\;w)
are those set-valued tableaux with shape 2 x 2 satisfying the flagging condition that
entries of the first row are bounded by 1 and entries of the second row are bounded
by 3. These bounds can be seen from the fact that

s2{1,2} = {s2(1),52(2)} = {1,3}.
The tableaux of F(A\;w) are precisely the shaded tableaux illustrated in Figure 2.

As the next lemma indicates, the flagging conditions characterize K-Demazure
crystals. Recall that SV7, (\) denotes the K-Demazure crystal of SV" () corresponding
tow € S,.

LEMMA 3.8. Let A = s" be an r x s rectangle. For w € S,,, we have
SV (A) = 8Vi, (A) = F(X; [w]).
Proof. Let u be the minimal highest weight tableau of shape A. That
SV (A) =SVi, (A

is immediate from the fact that we have fiu = 0 for all ¢ € I ~\ {r}, i.e. whenever
s; € Staby,,(\). Hence, for the remainder of the proof we assume w = |w].
Using Lemma 3.1, write w as a reduced expression

(3) (S, = Sr—kr18r—k) = (Siy = 8r8r—1)(8ip " Sr415r)

forsome —1 <k<rand 1 <ip<---<i3 <ig<n.
We prove the lemma by induction on k. The base case of k = —1 (so w = 1) is
trivial since clearly

SVI(A) = F(A 1) = {u}.
Otherwise, k > 0 and let

W= (S, Skt 18r— (k1)) (Siy  8rSr—1)(Sig -+ Sr18r) € Sy

be the product of all but the leftmost factor in our reduced expression (3) for w.
Inductively, we assume
SV, (\) = F(\w').
By the flagging and semistandard conditions, for any tableau T' € SV ,(\) and
j < r — k, the entries in row j of T are all exactly j. Furthermore, every tableau

U € SV, (A) N\ SV, (\) merely differs from an element in SV7,,(\) by changing one
or more entries in row r — k.
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It remains to check that the tableaux U € SV, (A) ~\ SV, (\) differ from the
elements of SV7,,(\) exactly by the appropriate change in the flagging condition on
row 7 — k. This check is identical to the proof of [39, Lemma 7.4] (which is the r = 1
case of the current lemma), except for being notationally more cumbersome. It is
a straightforward induction on the length i — (r — k) of the leftmost factor of the
reduced expression (3). O

The following theorem confirms [39, Conj. 7.12].
THEOREM 3.9. Let A = s" be an r X s rectangle. Then SV™(\) is a K-crystal.

Proof. (K.1) is immediate from Lemma 3.8. (K.3) follows from Lemma 3.8 and
that the properties of the Demazure-Lascoux operators imply w,x* = @ | x*. To
show (K.2), note that Lemma 3.8 implies SV, (\) only depends on the minimal length
coset representative. By [50, Thm. 6.1], every minimal length coset representative of
SX is fully-commutative (see also [50, Prop. 2.4]); in other words, they differ only by
the commutation relations s;s; = s;s; for |i — j| > 1. It is clear that the (K-)crystal
operators fi, fX commute with f;, fJK for |i — j| > 1, and hence the K-Demazure
crystal is independent of the choice of reduced expression. 0

We also have the following K-theoretic analog of [21, Prop. 3.3.4].

COROLLARY 3.10. Let A = s" be an r x s rectangle. Consider an i-K-string S of
SV™(X), and let b be the highest weight element of S. Then, the set SV, (A) NS is
either empty, S, or {b}.

Proof. This follows immediately from Lemma 3.8, the semistandardness, and that the
flagging on the rows is strictly increasing. O

We also have the following interpretation of certain Lascoux polynomials as in-
stances of (nonsymmetric) Grothendieck polynomials, indexed by some w € S,,. Re-
call from [10, 27, 29, 30] that the (nonsymmetric) (5-)Grothendieck polynomial is
defined by

(14 Baig1) - f — (14 Ba;) - sif

—1 1 0 B
084y "S5 i i1 n—1 [
“ ¢ E ¢ Ty — Ti+1

n?

where s;, - - - s;, is a reduced expression.
COROLLARY 3.11. Let A = s" be an r X s rectangle. Let
w = (g 5251)(Skt1--5352) * (Skpr—1 " Sr415r)
for some k > 1, and let
@ = Sp_1(Sm_25m—1) -+ (Sr41 - Sm_1)(8r -+ Sp_1) - (51 Sk_1) € S
where m = s+ k + 1. Then, we have
Lua(x;8) =6, = . (x;5).

Proof. Theorem 3.9 shows that L, (x; ) is the character of the K-Demazure crystal
and Lemma 3.8 shows that this character is a generating function for a class of flagged

set-valued tableaux. The identification with a Grothendieck polynomial then follows
from the formula of [36, Thm. 3.3] (alternatively [24, Thm. 5.8]). O

It is clear that the permutations wow ! appearing in Corollary 3.11 are vexillary
(i.e. 2143-avoiding). Since the greatest term of Ly, (x; 0) in reverse lexicographic order

is x* and the greatest term of & x;0) in the same order is the Lehmer code of
1

wo:u/*l (
wow 1, we find that w is the Lehmer code of wy@w~!. Hence, the permutations wow ™~
are Grassmannian, and so the Grothendieck polynomials appearing in Corollary 3.11
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are actually symmetric Grothendieck polynomials, but symmetric only in some initial
segment of the variables x.

EXAMPLE 3.12. Let A = 22 be a 2 x 2 rectangle. We have

lesQ)\(X§ 5) = ®w0(5251)52(5453)54 (xlv X2,X3,T4,Ts5; ﬁ)a

L82515352A(X; 6) = Q5W()(538281)(8352)(555453)(8584)85 (xlv X2,X3,T4,T5,T6; 6)

The Lascoux polynomials given by Corollary 3.11 are not the only ones that are
equal to a Grothendieck polynomial. For example, if A =42 = EEED, then

LSQ}\(X; ﬁ) = Q§w0(32545354)($17 T2,X3,T4,T5; ﬁ)

They are however the only Lascoux polynomials equal to a Grothendieck polynomial
for which A is a rectangle.

T. Matsumura and S. Sugimoto have informed the authors that every flagged
Grothendieck polynomial is a Lascoux polynomial by extending the proof of [36,
Thm. 3.3], which appears in their work [37]. (This is the K-theoretic analog of the
fact that every flagged Schur function is a Demazure character [43].) Thus in partic-
ular, for w a vexillary permutation, the Grothendieck polynomial &,, is known to be
a flagged Grothendieck polynomial [24, Thm. 5.8], so &,, is also the Lascoux poly-
nomial L, for a the Lehmer code of w. In the special case 8 = 0, A. Postnikov and
R. Stanley showed that a Demazure character m,x” is a flagged Schur function if and
only if w € ) is 312-avoiding [41]. These facts motivate the following conjecture.

CONJECTURE 3.13. Let X be any partition and w € S;. Then the Lascouz polynomial
Ly (x;8) is a flagged Grothendieck polynomial if and only if w is 312-avoiding.

Consider an arbitrary flagging condition with Lemma 3.8. Then we can interpret
these Lascoux polynomials as a Jacobi—Trudi-type determinant, where each part is
the Segre class of a vector bundle [15, 16]. (Although flagged set-valued tableaux also
appear in [13], that use appears unrelated to ours, as the weights considered in the
two contexts seem to be irreconcilable.)

4. BrJEcTION WITH K-KOHNERT DIAGRAMS

Recall that there is a natural bijection between the set of semistandard Young
tableaux of shape 1" with entries at most n and the collection of subsets of {1,...,n}
of size r. For row i (starting from the bottom row and going up) of a K-Kohnert
diagram D, consider the subset of {1,...,n} given by the horizontal coordinates
of the unmarked boxes. Construct column 4 (from right to left) of a (a priori non-
necessarily semistandard) tableau T' by applying the natural bijection given above to
this subset. Now, for every marked box in position (x,i) of D, there is a rightmost
unmarked box (2/,7) to the left of (x,4). Insert = into the cell of column 4 containing
2’. In other words, we insert z into the topmost (i.e. highest) possible cell of column
i such that the resulting column is semistandard. (Note that a priori the rows may
not be semistandard.) Write ¢(D) for the resulting tableau T

It is straightforward to see that the map ¢ is invertible and [-weight preserving.
We will show below that ¢(D) is in fact always a semistandard set-valued tableau.
Indeed, our main effort in this section is to establish the following. Recall that D,
is the set of K-Kohnert diagrams obtained from wA.
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PROPOSITION 4.1. Let A = s™ be an r x s rectangle. For any w € S\, ¢ restricts to a
B-weight preserving bijection

¢: Dur — SV (V).

EXAMPLE 4.2. Consider A = 22 be a 2 x 2 square and w = s5. Under ¢ described
above, we have

11 11 111 111 111

313 213 2,3| 3 2|2 212,33

where we have shaded in the selected boxes and put a e in the marked boxes. Observe
that these tableaux are exactly SV, ()).

EXAMPLE 4.3. We continue Example 4.2 to w’ = 5155 and obtain all of SV3,(\) =

SV3 ). We show the bijection ¢ on the remaining elements.
313 313 313 213 2,3 3
11,2 11,2 11,2
313 213 2,3 3

In order to prove Proposition 4.1, we first construct the equivalent (K-)Kohnert
moves on (semistandard) set-valued tableaux.

DEFINITION 4.4 ((K-)Kohnert moves on set-valued tableaux). Let T € SV™ (). Con-
sider an entry x € Z such that x € T. Let C be the leftmost column of T' containing an
x. Let b be the box in C containing x. Let ' be minimal such that ' +1,2'+2,...,x €
C, and let b’ be the box in C containing ' + 1.

If 2/ =0 or if x # minb or if {o'’ + 1},...,{x — 1} are not in C (i.e. if any of
o+ 1,2 +2,...,0 — 1 is not the only entry of its box in C), then we do not have a
(K-)Kohnert move corresponding to x. Otherwise define the Kohnert move on T to

(1) remove x from b;

(2) ifa’ < x—1, then move all entries ' +1,...,x—1 in C down one row (which
in particular moves x — 1 into b); and

(3) insert z' into b’.

A K-Kohnert move is the same as a Kohnert move except we leave x € b.

LEMMA 4.5. Let T € SV"(X), and denote by T the result of applying any (K-)Kohnert
move to T. Then T’ € SV™()).

Proof. We consider only the Kohnert move as the K-Kohnert move is similar. We will
use the notation from Definition 4.4.
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The column increasingness condition for 7" is satisfied since we only altered C and
we took 2’ to be minimal i.e. any entries in or below b’ must not contain an z’). For
the row increasingness condition of T”, we note that we are decreasing some entries in
C, so it is sufficient to just consider the entries in the column C* directly to the left of
C. Let b* be the box immediately to the left of b. By choice of C as leftmost, we must
have z ¢ C* and hence by the row semistandardness of 7', we must have max b < z.
This implies that the box above b*" must have all entries strictly less than z — 1 by
column semistandardness of T'. By iterating this argument, the analogous statement
holds for all boxes in C weakly between b and b’. Thus, 77 € SV"(\). O

Now we prove Proposition 4.1 by using our flagging characterization of K-Demazure
crystals from Lemma 3.8 and showing that ¢ intertwines the (K-)Kohnert moves on
K-Kohnert diagrams with the (K-)Kohnert moves on set-valued tableaux.

Proof of Proposition 4.1. By Lemma 3.8, we have SV, (A) = F'(\; w), so it is sufficient
to show ¢(Dyn) = F(\;w).

Let D € Dy and T = ¢(D). It is straightforward to see that a Kohnert move
moving x in column y of T corresponds under ¢ to the Kohnert move on D that
moves an unmarked box (z,y) to (2/,y). Note that taking the leftmost column in T
is equivalent to taking a box in the top of the x-th column of D. We claim these are
all possible Kohnert moves. Indeed, the condition that ' +1,...,2 — 1 are the only
entry in their boxes corresponds to the fact that we did not cross a marked box in D.
That ' > 1 is equivalent to the moved box in D staying within ZZ>O after the move.
That x = minb is equivalent to the box at (z,y) in D being unmarked. Hence, we
obtain all possible Kohnert moves. The claim for K-Kohnert moves is similar.

For any T' € F(\;w), any possible Kohnert or K-Kohnert move applied to T yields
another element in F(\;w) as entries in a particular row decrease. Thus we have
@ (Dyx) € F(X\;w) as the initial skyline diagram corresponds to the tableau Ty, with
all entries in row r — k being {iy}.

To show ¢(Dyx) 2 F(A;w), we will show that every set-valued tableau in F(\;w)
can be obtained from Ty, by applying (K-)Kohnert moves. For a given flagged set-
valued tableau T' € F(\;w), we start by applying (K-)Kohnert moves on the upper
left box of T,,» until we get the entry in the upper left box of 7. Recall that the
corresponding (K-)Kohnert move acts on this entry/column since it acts on the left-
most applicable column. We repeat this process moving across the first i.e. topmost)
row. As such, there will be no interactions between the different Kohnert moves.
We then repeat this for the second row, then the third, and so on until all entries
have been changed to T'. All the tableaux produced along the way lie in SV™(A) by
Lemma 4.5.

We claim this procedure always generates a sequence of (K-)Kohnert moves in
Duyx- Indeed, what we are doing is moving the first column from the skyline diagram
to its appropriate spots for the final K-Kohnert diagram ¢~ !(7T') starting from the
top. It is easy to see that by doing this process, we are never moving a box across
another box.(®) Hence, such (K-)Kohnert moves are always valid. Thus, ¢(Dyy) =
F(\w). O

EXAMPLE 4.6. Let A = 32 be a 2 x 3 rectangle and consider n = 4. We exhibit the
sequence of (K-)Kohnert moves described in the proof of Proposition 4.1 to obtain

(®)One can also see this process as a set-valued variation of the Kohnert tableaux of [2] by doing
the same labeling procedure on unmarked boxes and labeling any marked box b with an z’, where x
is the label of the rightmost unmarked box to the left of b.
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the element |21 > | € SV? . . (\) from the initial tableau 2122
23] 3 [34 18382 444
12l2] . [1]2]2 1iel2] . [1]2]2
(_
23] 3 [34 23] 3|4 2344 3044
— — R —
11212 L | 122 2122
H

414 |4 4144 4144
— — —

where the diagrams under ¢! are given below the set-valued tableaux.

REMARK 4.7. We note that the proof of the intertwining of (K-)Kohnert moves did
not require A to be a rectangle. However, that ¢ is a bijection does require that \ is
a rectangle as otherwise the image of the skyline diagram will not be a partition. For

example,
EE ‘ T
— ruk

THEOREM 4.8. For A = s" an r X s rectangle, we have

La(x;8) = ) wig(D);

DeD,

Hence, the Ross—Yong—Kirillov Conjecture (Conjecture 2.2) holds for L, when a is
any weak composition with a unique nonzero part size.

Proof. This follows from the definition of a K-crystal together with Lemma 3.8, The-
orem 3.9, and Proposition 4.1. O

To the best of our knowledge, no other cases of Conjecture 2.2 have been previously
established.

5. BIJECTION WITH SET-VALUED SKYLINE TABLEAUX
Consider a partition A and permutation w. Define

(4) SVL(\) =SV ()~ U SVi(h),

v<w
where the union is taken over all v strictly less than w in Bruhat order. We have
ﬁwXA _ Z(_l)l(w)ff(v)wvx)\
v<w

by applying Mobius inversion on Bruhat order and Equation (2). Therefore, Conjec-
ture 2.4 is equivalent by inclusion-exclusion to showing that

(5) Lux = chy (WZ(A)) .
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PROPOSITION 5.1. Let A = s™ be an r x s rectangle. For any w € S, there exists a
B-weight preserving bijection

¢: SLTyux — SV (N).

Proof. Let i, < --- < ig be from the reduced expression of w given by Lemma 3.1.
By Lemma 3.8, we can characterize SV,,(\) by T € SV.,()\) if and only if, for all
0 < k <7, row k of T has at least one i + 1 in it and no number strictly greater
that i + 1. By the fact that the rows of T are weakly increasing, an equivalent
characterization is that the largest entry of the rightmost box in row k£ of 7" must be
1, + 1.

Define a map 1: SLT,,» — WZ(A) as follows. Consider some S € SLT,, and
define T := ¢(S) by

(1) sorting the anchor entries in each row in increasing order left to right and join
the columns together;

(2) placing each free entry f in the leftmost box of its row such that f is less
than the anchor entry (i.e. so that the row is strictly increasing but the free
entries remain free);

(3) take the transpose of the result from the previous step; that is construct the
i-th column of T from the (r + 1 — 4)-th row as in Section 4.

To see that ¢ is injective and that its image is contained in SV"(X), we note that ¢
is a restriction of the bijection p of [38, Thm. 2.4] from set-valued skyline tableaux
to reverse semistandard set-valued tableaux, except that we have reversed the rows
and columns of the image tableaux. Indeed, reversing the rows and the columns for
rectangular shapes is clearly a bijection from reverse semistandard set-valued tableaux
to (ordinary) semistandard set-valued tableaux.

To see that the image of ¢ is SV., (A), we note that the anchors of the first row of
S are already in increasing order. Thus, the anchor of the k-th column of S under ¥
is the largest entry in the k-th row of ¥(.S). By construction, the largest entry of the
k-th column of S is i + 1, and hence, v is surjective.

Finally, it is clear that 1 is S-weight preserving, so 1 is the desired bijection. [J

EXAMPLE 5.2. Let A = 22 be a 2 x 2 rectangle and n = 3. Then the set-valued skyline
tableaux SLT, and their corresponding element in Wi; (M) under ¢ are given by

1 3 111 1 2 11
— s — — ,

1 3 313 1 3 213

1 2,3 111 1 2 111
— s — .

1 3 2,3 3 1 2,3 2 12,3

EXAMPLE 5.3. Let A = 43 be a 4 x 3 rectangle, n = 10, and
w = (845382)(855453)(S857865554)-

Consider the following is a set-valued skyline tableau in SLT,,,.

1 314 2
S=|1 3 14,6 2,7
1 45| 6 7.9
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Applying the steps of the bijection 1, we obtain

1711
11234 11234
2 2,345
Sr— | 1[3|6|7|— 1123|467 ]| +— 3466€SVw(/\).
1151619 1 14,5] 6 (7,9
4770

To the best of our knowledge, the following theorem is the first to prove any case
of Conjecture 2.4.

THEOREM 5.4. For A = s" an r X s rectangle, we have

fw,\ = Z th(S).

SEeSLT

Hence, Monical’s Skyline Conjecture (Conjecture 2.4) holds for L, when a is any weak
composition with a unique nonzero part size.

Proof. This follows from the definition of a K-crystal together with Theorem 3.9,
Equation (5), and Proposition 5.1. g

6. K-KEY TABLEAUX

A key tableau K is a semistandard tableau such that the entries in the j-th column
of K are a subset of those in the (j — 1)-st column of K. One method to compute
a Demazure character k., is by summing over all semistandard tableaux of shape A
whose (right) key entries are less than corresponding entry in the unique key tableau
Ky of weight wA [31]. (This fact explains why Demazure characters are also known
as key polynomials.)

Furthermore, every semistandard tableau T has a unique (right) key tableau k(T)
associated with it (we refer the reader to [51] for an algorithm), and a Demazure
atom can be computed as a generating function for all semistandard tableaux T
with k(T) = Ky [31]. (See [42] for much further discussion of these (and related)
formulas.) Let < denote the partial order on semistandard tableaux of shape A such
that T < T” if and only if every entry of T is at most the corresponding entry in T”.

Based on the bijection from Proposition 5.1 and the (K-)Kohnert moves on set-
valued tableaux (Definition 4.4), the following is a natural possible extension of key
tableaux to the K-theory setting. For T' € SV"(\), define K(T') := k(max(T)), where
max(7T") is semistandard tableau obtained by taking the greatest entry in each box of
T. Thus Theorem 3.9 and Lemma 3.8 imply that for A = r*

6)  Lua(sif)= > wig(D), Loy = Y wig(D),
TESV™(N) TESV™(X)
K(T)=Kux K(T)=K wx
or equivalently summed over SV” (\) and SV, ()) respectively. However, these formu-
las do not work for general \ as, for example,

1 1,23 1] 3
K = )
2.3 3

but it can only contribute to the Lascoux polynomial/atom corresponding to wgA,
where A = 21, as it has an excess of 3. Moreover, the weak K-crystal in [39, Fig. 7]
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123

does not decompose the K-crystal into atoms as given by Equation (4) as 3 should

not be in the atom corresponding to wy.

Instead, we conjecture that Equation (6) should be modified by using the Lusztig
involution to obtain a combinatorial interpretation of general Lascoux polynomials
and atoms. Recall that the Lusztig involution on the highest weight crystal B(u) is
defined by sending the highest weight element U to the lowest weight element U* and
extended to the remaining elements in B(u) by

(7) (fniT)" = e(T7),  (eniT)" = fi(T7),  wi(T™) = wo wt(T).

We can extend this naively to SV™(X) by acting on each irreducible component B(pu).
Define the (right) K-key tableau of a set-valued tableau T' € SV"()\) by

K(T) = k(min(T™)"),

where min(7') is the semistandard tableau obtained from T' by taking the least entry
in each box of T.

CONJECTURE 6.1. Let A be a partition. Define the sets
SV (A) :=AT € SV"(A) | K(T) 2 Kua},
SVI(N) = {T e SV"(\) | K(T) = Ky}
Then we have

Lux(x8)= Y. wia(T), La(x; )= Y wig(T),

TESVT(N) TESVL (M)

Although at first glance Conjecture 6.1 looks rather different from our proved
formulas in the rectangular cases, we now will show that Equation (6) establishes
Conjecture 6.1 when X is a rectangle.(G) To do so, we will construct a K-Lusztig
involution

*x: SV*(A) = SV™(X)
that also satisfies Equation (7), but is a twist of the Lusztig involution by an automor-
phism of the U, (sl,,)-crystal SV (\) (i.e. it nontrivially permutes the irreducible com-
ponents). Let A = r® be a rectangle and T' € SV"(A). Define T* to be the set-valued
tableau obtained by rotating the tableau 180° and then replacing each ¢ — n+1 —1.
We note this is a well-known description of the Lusztig involution (also known as the
Schiitzenberger involution or evacuation [32]) on semistandard tableaux of shape A.

PROPOSITION 6.2. Let A be a rectangle. The K-Lusztig involution x satisfies Equa-
tion (7). Moreover, for T € SV"(A) as a tensor product of rows T = Ry ® -+ ® Ry,
we have

T*=R;® --® R}

Proof. The first claim follows from the definition of the crystal operators. We leave the
details to the reader. For the second claim, we first note that 7* = Ry ® - --® R}, and
so it is sufficient to show R} = Rj. This follows from a straightforward induction on
depth (i.e. the number of crystal operators applied from the highest weight element)
and Equation (7). O

Proposition 6.2 also suggests that Conjecture 6.1 holds for a definition of a (right)
K-key tableau by
K'(T) := k(min(T")*),

(6)Conjecture 6.1 has now been proven in [6].
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where T is constructed from T according to any automorphism of SV™()) such that
wt(TT) = wo wt(T'). However, given a (weak) K-crystal structure on SV"()), it would
be preferable to have a 7" construction that matches the labeling of tableaux T" by K-
keys K'(T') with the decomposition of the K-crystal by K-Demazure subcrystals, as is
the case with our K-Lusztig involution 7. Furthermore, it is likely that in general we
want T = R} ®---® R} as in Proposition 6.2, but this would require an appropriate
K-rectification or insertion scheme in order to obtain a result back in SV ().

We also believe there exists an insertion scheme analogous to the one given by
S. Mason in [35, Sec. 3.3] to construct a bijection between SV, (A) and SLT,,. This
will possibly be a variant of the insertion given in [5] similar to how Mason’s map is
a variant of the classical RSK algorithm.

Acknowledgements. OP is grateful for interesting conversations with Bob Proctor.
TS would like to thank Takeshi Tkeda, Tomoo Matsumura, and Shogo Sugimoto for
stimulating discussions. The authors thank Cara Monical for useful discussions. The
authors thank the referees for their valuable comments and suggestions. In particular,
we thank one of the referees for the bridging modification to the K-crystal operators.
This work benefited from computations using SAGEMATH [47, 48].

REFERENCES

[1] Henning H. Andersen, Schubert varieties and Demazure’s character formula, Invent. Math. 79
(1985), no. 3, 611-618.

[2] Sami Assaf and Dominic Searles, Kohnert tableauz and a lifting of quasi-Schur functions, J.
Combin. Theory Ser. A 156 (2018), 85-118.

[3] Anders Bjorner and Francesco Brenti, Combinatorics of Cozeter groups, Graduate Texts in
Mathematics, vol. 231, Springer, New York, 2005.

[4] Paul Bressler and Sam Evens, The Schubert calculus, braid relations, and generalized cohomol-
ogy, Trans. Amer. Math. Soc. 317 (1990), no. 2, 799-811.

[5] Anders S. Buch, A Littlewood—Richardson rule for the K-theory of Grassmannians, Acta Math.
189 (2002), no. 1, 37-78.

[6] Valentin Buciumas, Travis Scrimshaw, and Katherine Weber, Colored five-vertex models and
Lascouz polynomials and atoms, J. Lond. Math. Soc. (2) 102 (2020), no. 3, 1047-1066.

[7] Daniel Bump and Anne Schilling, Crystal bases. Representations and Combinatorics, World
Scientific Publishing Co. Pte. Ltd., Hackensack, NJ, 2017.

[8] Michael W. Davis, The geometry and topology of Coxzeter groups, London Mathematical Society
Monographs Series, vol. 32, Princeton University Press, Princeton, NJ, 2008.

[9] Michel Demazure, Une nouvelle formule des caractéres, Bull. Sci. Math. (2) 98 (1974), no. 3,
163-172.

[10] Sergey Fomin and Anatol N. Kirillov, Grothendieck polynomials and the Yang—Bazter equation,
in Formal power series and algebraic combinatorics/Séries formelles et combinatoire algébrique,
DIMACS, Piscataway, NJ, 1994, pp. 183—-189.

[11] William Fulton, Young tableauz. With applications to representation theory and geometry, Lon-
don Mathematical Society Student Texts, vol. 35, Cambridge University Press, Cambridge,
1997.

[12] Nora Ganter and Arun Ram, Generalized Schubert calculus, J. Ramanujan Math. Soc. 28A
(2013), 149-190.

[13] William Graham and Victor Kreiman, Ezcited Young diagrams, equivariant K-theory, and
Schubert varieties, Trans. Amer. Math. Soc. 367 (2015), no. 9, 6597-6645.

[14] Thomas Hudson, A Thom—Porteous formula for connective K -theory using algebraic cobordism,
J. K-Theory 14 (2014), no. 2, 343-369.

[15] Thomas Hudson, Takeshi Ikeda, Tomoo Matsumura, and Hiroshi Naruse, Degeneracy loci classes
in K-theory—determinantal and Pfaffian formula, Adv. Math. 320 (2017), 115-156.

[16] Thomas Hudson and Tomoo Matsumura, Vezillary degeneracy loci classes in K-theory and
algebraic cobordism, European J. Combin. 70 (2018), 190-201.

[17] James E. Humphreys, Reflection groups and Cozeter groups, Cambridge Studies in Advanced
Mathematics, vol. 29, Cambridge University Press, Cambridge, 1990.

[18] Richard Kane, Reflection groups and invariant theory, CMS Books in Mathematics/Ouvrages
de Mathématiques de la SMC, vol. 5, Springer-Verlag, New York, 2001.

Algebraic Combinatorics, Vol. 5 #3 (2022) 534



(19]
20]
(21]
(22]
(23]
(24]
25]

[26]

27]
28]

29]

(30]
(31]
(32]
(33]

(34]
(35]

(36]

(37]

(38]
(39]

[40]
[41]
[42]
[43]
[44]
(45]
[46]

(47]

Krystals for rectangular shapes

Masaki Kashiwara, Crystalizing the q-analogue of universal enveloping algebras, Comm. Math.
Phys. 133 (1990), no. 2, 249-260.
, On crystal bases of the Q-analogue of universal enveloping algebras, Duke Math. J. 63
(1991), no. 2, 465-516.

, The crystal base and Littelmann’s refined Demazure character formula, Duke Math. J.
71 (1993), no. 3, 839-858.
Masaki Kashiwara and Toshiki Nakashima, Crystal graphs for representations of the q-analogue
of classical Lie algebras, J. Algebra 165 (1994), no. 2, 295-345.
Anatol N. Kirillov, Notes on Schubert, Grothendieck and key polynomials, SIGMA Symmetry
Integrability Geom. Methods Appl. 12 (2016), Paper no. 034 (56 pages).
Allen Knutson, Ezra Miller, and Alexander Yong, Grébner geometry of vertexr decompositions
and of flagged tableauz, J. Reine Angew. Math. 630 (2009), 1-31.
Axel Kohnert, Weintrauben, Polynome, Tableauz, Bayreuth. Math. Schr. (1991), no. 38, 1-97,
Dissertation, Universitdt Bayreuth, Bayreuth, 1990.
Venkatramani Lakshmibai, C. Musili, and Conjeeveram S. Seshadri, Geometry of G/P. IV.
Standard monomial theory for classical types, Proc. Indian Acad. Sci. Sect. A Math. Sci. 88
(1979), no. 4, 279-362.
Alain Lascoux, Anneau de Grothendieck de la wvariété de drapeauz, in The Grothendieck
Festschrift, Vol. III, Progr. Math., vol. 88, Birkhduser Boston, Boston, MA, 1990, pp. 1-34.
, Transition on Grothendieck polynomials, in Physics and combinatorics, 2000 (Nagoya),
World Sci. Publ., River Edge, NJ, 2001, pp. 164-179.
Alain Lascoux and Marcel-Paul Schiitzenberger, Structure de Hopf de l’anneau de cohomologie
et de 'anneau de Grothendieck d’une variété de drapeauz, C. R. Acad. Sci. Paris Sér. I Math.
295 (1982), no. 11, 629-633.
, Symmetry and flag manifolds, in Invariant theory (Montecatini, 1982), Lecture Notes
in Math., vol. 996, Springer, Berlin, 1983, pp. 118-144.
, Keys & standard bases, in Invariant theory and tableaux (Minneapolis, MN, 1988),
IMA Vol. Math. Appl., vol. 19, Springer, New York, 1990, pp. 125-144.
Cristian Lenart, On the combinatorics of crystal graphs. I. Lusztig’s involution, Adv. Math.
211 (2007), no. 1, 204-243.
Cristian Lenart and Kirill Zainoulline, Towards generalized cohmology Schubert calculus via
formal root polynomials, Math. Res. Lett. 24 (2017), no. 3, 839-877.
Peter Littelmann, Crystal graphs and Young tableauz, J. Algebra 175 (1995), no. 1, 65-87.
Sarah Mason, A decomposition of Schur functions and an analogue of the Robinson—Schensted—
Knuth algorithm, Sém. Lothar. Combin. 57 (2006/08), Paper no. B57e (24 pages).
Tomoo Matsumura, Flagged Grothendieck polynomials, J. Algebraic Combin. 49 (2019), no. 3,
209-228.
Tomoo Matsumura and Shogo Sugimoto, Factorial flagged Grothendieck polynomials, in Schu-
bert Calculus and Its Applications in Combinatorics and Representation Theory, ICTSC 2017
(J. Hu, C. Li, and L. C. Mihalcea, eds.), Proceedings in Mathematics and Statistics, vol. 332,
Springer, Singapore, 2020, pp. 1-15.
Cara Monical, Set-valued skyline fillings, https://arxiv.org/abs/1611.08777, 2016.
Cara Monical, Oliver Pechenik, and Travis Scrimshaw, Crystal structures for symmetric
Grothendieck polynomials, Transform. Groups 26 (2021), no. 3, 1025-1075.
Cara Monical, Oliver Pechenik, and Dominic Searles, Polynomials from combinatorial K-theory,
Canad. J. Math. 73 (2021), no. 1, 29-62.
Alexander Postnikov and Richard P. Stanley, Chains in the Bruhat order, J. Algebraic Combin.
29 (2009), no. 2, 133-174.
Robert A. Proctor and Matthew J. Willis, Semistandard tableauz for Demazure characters (key
polynomials) and their atoms, European J. Combin. 43 (2015), 172-184.
Victor Reiner and Mark Shimozono, Key polynomials and a flagged Littlewood—Richardson rule,
J. Combin. Theory Ser. A 70 (1995), no. 1, 107-143.
Colleen Ross, Combinatorial formulae for Grothendieck-Demazure and Grothendieck polynomi-
als, Tech. report, REU, 2011, http://www.math.uiuc.edu/~ayong/student_projects/Ross.pdf.
Colleen Ross and Alexander Yong, Combinatorial rules for three bases of polynomials, Sém.
Lothar. Combin. 74 (2015), Paper no. B74a (11 pages).
, Combinatorial rules for three bases of polynomials, Unpublished erratum to [45], 2017,
https://faculty.math.illinois.edu/~ayong/polynomials.Seminaire.revision.2017.pdf.
The Sage-Combinat community, Sage-Combinat: enhancing Sage as a toolbox for computer
exploration in algebraic combinatorics, 2008, http://combinat.sagemath.org.

Algebraic Combinatorics, Vol. 5 #3 (2022) 535


https://arxiv.org/abs/1611.08777
http://www.math.uiuc.edu/~ayong/student_projects/Ross.pdf
https://faculty.math.illinois.edu/~ayong/polynomials.Seminaire.revision.2017.pdf
http://combinat.sagemath.org

OLIVER PECHENIK & TRAVIS SCRIMSHAW

[48] The Sage Developers, Sage Mathematics Software (Version 8.6), 2019, http://www.sagemath.
org.

[49] Richard P. Stanley, Enumerative combinatorics. Vol. 2. With a foreword by Gian-Carlo Rota
and appendiz 1 by Sergey Fomin, Cambridge Studies in Advanced Mathematics, vol. 62, Cam-
bridge University Press, Cambridge, 1999.

[50] John R. Stembridge, On the fully commutative elements of Cozeter groups, J. Algebraic Combin.
5 (1996), no. 4, 353-385.

[61] Matthew J. Willis, A direct way to find the right key of a semistandard Young tableau, Ann.
Comb. 17 (2013), no. 2, 393-400.

OLIVER PECHENIK, Department of Combinatorics & Optimization, University of Waterloo, Waterloo,
ON N2L 3G1, Canada
E-mail : oliver.pechenik@uwaterloo.ca
Url : http://www.math.uwaterloo.ca/~opecheni/

TRAVIS SCRIMSHAW, School of Mathematics and Physics, The University of Queensland, St. Lucia,
QLD 4072, Australia
Osaka City University Advanced Mathematical Institute, Osaka City University, 3-3-138
Sugimoto, Sumiyoshi-ku Osaka 558-8585, Japan
E-mail : tcscrims@gmail.com
Url : https://tscrim.github.io/

Algebraic Combinatorics, Vol. 5 #3 (2022) 536


http://www.sagemath.org
http://www.sagemath.org
mailto:oliver.pechenik@uwaterloo.ca
http://www.math.uwaterloo.ca/~opecheni/
mailto:tcscrims@gmail.com
https://tscrim.github.io/

	1. Introduction
	2. Background
	2.1. Properties of symmetric groups
	2.2. Set-valued tableaux and their crystal structure
	2.3. Lascoux polynomials and symmetric Grothendieck polynomials
	2.4. K-crystals

	3. K-crystals for rectangular shapes
	4. Bijection with K-Kohnert diagrams
	5. Bijection with set-valued skyline tableaux
	6. K-key tableaux
	References

