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GEOMETRIC FOURIER ANALYSIS

by Antonio CORDOBA

In this paper we present several results related to maximal and
square functions whose proofs have a similar flavour: after some
algebraic manipulation and the use of the uncertainty principle they
are reduced to certain properties of the geometry of ‘“rectangles”
in R".

A. In R? let us consider the angles
2nj
N
and let us denote by H; the Hilbert transform in the direction wj;

and by S; the projection, at the Fourier transform side, over the
angles

w,==*,j=0,1,...,N—1, NEZ*

A, = {&, 2mj/N < arg(®) < 2(j + DN}
ie. §70 = xa(® f®.

THEOREM 1. — There exist constants independent of N, 0 <a,
¢ < oo, 50 that

N /

D [ 2 lef,-iz]"'2”4 < C(log Ny “(Z 52)"
j=1

. N 1/2

i) | (X 150) "4 < C[log NI* || fll,
i=1
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B. Let v : [0,1] — S""! be a smooth curve crossing a finite
number of times each hyperplane of R"”. Given a real number N >> 1
let us consider the family @3y of cylinders of R” having eccen-
tricity = height/radius = N and direction in the curve y. With a
locally integrable function f we may consider its maximal function
Mf given by the formula

1
M) = S8, WR

where u denotes Lebesgue’s measure in R" .

L 1)1 du(r)

THEOREM 2. — There exists a constant C

., » independent of N,
such that |IMfll, < C,[log NP2 £, .

A. The square function.

sf) = (2 15701)",

PN ~
570 = x5® F®),
Ai ={§:2nwj/N < arg(¥) <2w(j + 1)/N}.



GEOMETRIC FOURIER ANALYSIS 217

Part (i) of theorem 2 was proved in ref. [4] and, therefore, we
shall concentrate in part (ii). Although we have not made a careful
analysis of the nature of the best constant a, it has to be strictly
positive, as an adequate Kakeya’s set argument can show. On the
other hand, interpolating with the L2-result, one may obtain
IISfll, < Cllog NF® || fll,, 2<p <4, which it is the best range
of p's where such an inequality can hold. We shall proceed proving
a previous lemma.

In R" let us consider a cubic lattice 2= {Q,},c,n ie. the
Qs are congruent cubes with disjoint integcis and such that
R" = UQ, . Define, for each v, the operators P, f = Xq, - f and
the square function Gf(x) = (E IP, f(x)[*)V2.

LEMMA. — For each s > 1 there exists a finite constant C; so
that for every f, w € C,(R") we have:

Jon 167w ax <€, [ 1SR Aw(x) dx,

where A w = [(w*)*(x)]** and *-denotes the Hardy-Littlewood
maximal function.

Proof. — Without lack of generality we may assume that £ is
the unit lattice i.e. Q, is centered at the point v € Z" and has
volume equal to one. Let Y be a smooth function with compact
support and equal to 1 in Q,. For each y€Q, let us consider

the Fourier multiplier m,(z) = D ermivey Y(z —v), zER". Then
the kernel B, = rﬁy is a measure Vof finite total variation uniformly
in y€Q,. More concretely: by, = 2 J/(y +v) 6y +» Where, as
usual, 8, denotes Dirac’s function translated to the point x. There-
fore, |u, * FO)? < C X (1 + p)*" 1§y + )P |f(x—y - )]
and, since J/ is rapidly de:reasing, we have:

f Ly, * £(x)1? w(x) dx

R < Cy g(l + [p[)pn-N fRn LF)Rw(x + y + v) dx

(we may assume that w = 0).
Thus,
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L[ luy s fo0Petx) dx

Qo YRn

SCy T+ N [ fx)p
v R”

f w(x +y +v)dy|.dx
Qo
<cC fn If(x) 12 w*(x)dx, taking N>4dn + 1.
On the other hand, if 'fu\f(f) = Y(£ —») f(¢), we have:
B, * f(x) =Y ™Y T, f(x)

1 4
and therefore,

L[ s foreddy =Y [ 1T, fx)Pwlx) dx.
Qo R"? v R”?

To finish we observe that P, f = P, T, f and we may apply the weight-

ed inequality of reference [5].

Let us consider for each k€ Z a decomposition of the strip
2k < x, S 2¥*1 into congruent disjoint parallelepipeds {Q,’,‘ } whose
sides are paralled to the coordinate axis. Define:

sfe) =( 2 1P r) "
k,v

Y .
where P’,f (& = x ok (®) f(§). Combining the Littlewood-Paley
theorem with the previ%us result we obtain:
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COROLLARY 1. — For each p, 2 <p < oo, there exists a finite
constant C, so that | Sfllp <Cp Ilfllp , for every feC,(R").

Proof of theorem 1. — We may assume, without lack of generality,

N 2
that0<j<—8- so that 0 < £1<£.

4
We define
2mj 27(j + 1
=}E=El+i£2, 1<§ <2, —N-’—<arg(g)<-—(—’——)
N
N
=0,1,..., —>
! 8

—~ a
Pif = Xa,- f
j
and we want to compute:

> S zlP,-f(x)Pkf(x)Izdx= L[ IBfCORSGP dx
i,k YR R

1j—~kI<N1/2

+ IP;f(x) P f(x)Pdx =1+ IL
1ji- k|>N1/2 f 4 ,
We decompose further each sector A; into N2 subsectors

A} ey A}“m , where

={f=§ +i5 EAlaNT2<E — 1< (a+ 1)N2},
It happens that if |j — k| = N2 the overlapping of the sets A + a8,
a,B=1,...,NY2  jsfinite (uniformly on N).

Therefore,

< X [ IR0 RGO dx <

1ji- k|>N1/2 @B

(z e ).

TN -
where the operators P;" have the obvious definition Pf‘ = X o - f.
We claim that

e )|, < cos Ny s,

for some universal constant C.
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To see this we take w = 0 in L?(R") and we consider:

N2 12 a+1)N/2

Y[ @rewde= X X [ B Pedx

j,a R I=1 a=1 i=lN1/2_ R

0| = \V

15172
EN/ N1/2

<C Y Y [ 10 1M w(x) dx
I=1  a=1 YR?

where Q‘;‘ f is given, at the Fourier transform side, as multiplication
by the characteristic function of a rectangle, with sides parallel to the
coordinates axis, and dimensions N2 x 2N71? M w = (Mw®)!/s,
1 <s <o, and M denotes the maximal function associated to the
base of rectangles with directions in the set 2#j/N, j=0,1,...,N/8
(seeref. [5]).

In establishing the last estimate we have made a repeat use of
the lemma. Using Holder’s inequality together with the known esti-
mates for M, we get: II < C[log N] ||f||: .

We estimate I in the following manner:

1
—ilogN

1= X = S IR P fC) P dx + B I3
v=0 27 PNV2<)j-k|<2-V+INY2 YR2 i

N
Since we always have Y. || P f I} <CIiIfl} and we want an estimate
j=1

with a factor of (log N)*, we may estimate each block of the preceed-
ing sum independently:

For each v we decompose the secteur A] into subsectors
A ={E=§ +iE €A a2NT < — 1 <(a+ 2N
and we repeat the same arguments used in the estimation of II.
To finish we observe that, by homogeneity, we have proved the
(Z lP’.’nflz)l/2 “4 < C(log N)'2 |ifll, , uniformly on
n, where, for eajch nel
A= E=§ +iE €412 <§ <27

following:
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logN
We decompose A; =

4; , which gives us the
decomposition

U
1 1 n=](mod [logN])

(iz lPiflz)m logN (2 IP'f( )l2)1/2

here P]'. is given by the multiplier U A, .
n=i(mod [logN]) /"
The point is that if »n, = n,(mod [log N]) and, says, n, > n,,
then 2™ > N2™. That is: the smaller side 2 "/N of the rectangles

corresponding to Am1 , j=1,2,..., N is bigger than the diameter

of theset U
n=n; mod ([logN])
n<n;

j.n*

Furthermore, we decompose each 4; , into N “squares” {A;"n}
of side =~ 2"N~! and following our convention we shall define the
corresponding multiplier operators P;’fn .

To simplify notation we shall keep ! fixed in the following and
we shall assume that the index »n ranges in the set of integers con-
gruent with / mod([log N]). We have:

”(Z Bi12)" “( % im0 )"

1/2
Ll 12) ) 42 D) f 1B, f(x) By, f(x) [P
n1>n2
< C(log NY? |1} S VS P, | -

n1>n2
we have,

2 e 2

IZ inlf Pk,nzf dx = Z f ’Z P)?nlf*Pk,nzft df
K
n1>n2 nll>n2 *
/\
<c X Zfl BR, 5Py, [T dE
n1>n2

=C 2 ZflP,‘f,,lf(x)lz | P, fOO)1? dx
j,k @

n1>n2
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2

2
4 4

ce (3N o)
2

<cum |( wre)”)
' i

That is, we have obtained the inequality:

)

< C(log N)? I flIF
+ C I fII2

From which the desired result follows very easily.

2
4 2

(% pire )|

B. The maximal function.

Our hypothesis over 5y means that for each w € S""! and
bER the function: ¢t — 9(¢#). w—>b has a finite number of
changes of signum, uniformly in « and b. It should be noted that,
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in general, C, grows to infinity with this number. However, an
estimate of the form ||Mfll, < C(log Ny | fll,, should be true
with C independent of <. This is an interesting open problem.

For every positive integer m let us consider the points of +
given by w}, = y(j/2™),j=1,2,...,2™. Let ¥ > 0 be a smooth
function on the real line, supported on |#| <2 and equal to 1 on
jt]<1.

We define AL f(x) = [ fx — ta,) W(0) dr

and AnfC) = sup |AL f(x)].
Claim. — A, fll, <Cml| fll,, for every f€ L?(R"), where
C isindependent of m.

We shall prove the claim by induction. The case m =1 is a
consequence of the Hardy-Littlewood maximal theorem. Let us
assume that the result is true for k <m — 1. It is very easy to check
that A, f(x) <A, _,f(x) + B, f(x) where

2"]
B, f(x) = (X 1AL, £(x) - Al r0) )
j=1

Therefore our claim is a consequence of the estimate:
1B, fll, < CIfll,, uniformly on m. To see this we use Plancherel’s

theorem: -
m

S, Baf (O dx = S

[A f(x) — AL f(x) |2 dx
j=1 “R"

~ zm -~ . -~
= [, 1f@F & 1iG. wh) — ¥ ol 1R
j=1

and we observe that, because of our hypotheses on v, we have:
2m . .
YOI wl) — W(E. Wl I2 < C, < oo uniformly on m.
j=1

To continue let us observe that, in order to prove theorem 2,
we can, without lack of generality, restrict to the case r = 2", n€Z
and, because of the fixed eccentricity, we may also consider cylinders

with direction in the set v (é) , J=1,...,N. Finally we may
take N of the form N =2", mE€Z*.
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Let us define:
1
i) T’ Lf(x) = sup o lf(y)l du(y), where the supremum
is taken over all cylmders with dimensions (2¥)"~! x N2¥ and
direction 7 (N )

7
sup T, /(%)

if) T, f(x)

T/f(x)
Mf(x)

sup T/, f(x)
v 2

sup T/f(x) = sup T ,f(x).
j v

Given a >0 we obtain, for each j, a sequence of disjoint
cylinders {R,\}A 1.2, with direction +v(j/N) and such that:
Ei = {x: TIf(x) >a}CU ﬁ’)\ where R denotes the result of

expanding R by the factor two. We have,

t!

= {x: Mf(x)>a}=§) E/

The heights of the N collections of cylinders, {R{} ,
j=1,...,N, are bounded from above. By induction we may
obtain, for each k, a familiy of cylinders B, with dimensions
(2¥%)"=1 x 2¥*N, v, > v, > ... insuch a way that:

1) No cylinder of B, is contained in the double of another
cylinder of B, i<k.

2)If R€e U {R } and if
dlm(R)=(2")”“x2".N Ve DV,

then either REB, or R is contained in the double of a cylinder
in U B Obviously: E,C U R

i<k REUB;

Let us denote by A, the union of the families B;,; where

—klogN>v,>vo (k+1)logN and let Ei:RgA R,
i

%
E,= U R. Weknow that E, CUE
ReA;

We can now observe that the family {E;} is almost disjoint;
more concretely, if |[i—j|=>2 then E,N E, = @. This is true
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because if R;€A,, R € A i —j =12, then the radius of R, is
greater than the helght of R ans, therefore, if R, N R, # @ then
R, C R which it is impossible.

Let f,=f/E;,, i=0,1,... and let S; be the maximal func-
1
leNldu(y),
i 18001

where the sup is taken over the set of cylinders of dimensions
(2¥)"~! x 2N, where vy + 2 —ilogN=>v>vp; +2 —(i+ 1) logN.

tion given in the following way: S,g(x) = sup
XER

The previously obtained estimate || A, fll, <Cm|| fll, implies
that S, is bounded on L?(R) with bound less than C,(log N)*2.

If xEE there exists a cylinder R€ A; so that x€R and,
therefore:

1
S, fi(x) = | ld
- f Hi(»)1du(y)

>(3) = L1 ao > ()«

That is, E, C {x: S,f,(x) = 4 "a}, which implies

#{E.} < 2, u{E} < C, (logN)* o2 ; £ 12
i
< C,(logN)*a? || fII3 .

A standard use of the Marcinkiewicz interpolation theorem would
yield the strong type inequality of Theorem 1. q.ed.
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