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HOMOGENEOUS SELF DUAL CONES,
VERSUS JORDAN ALGEBRAS.
THE THEORY REVISITED

by J. BELLISSARD* and B. IOCHUM
Introduction.

The study of ordered linear spaces has a very long history. We
know that ordered structures are closely related to measure theory.
In fact many Banach lattices are known to be L” spaces for a suitable
Borel measure [12, 35, 36, 40, 49].

On the other hand we know how to extend the integration theory
to non commutative algebras by studying the states on C*-algebras
(for instance [20, 46]). Therefore, it is not surprising to find connec-
tions between algebras and ordered linear spaces.

Two years ago A. Connes [19] made this relation very precise
in the case of von Neumann algebras, using the results of the Tomita-
Takesaki theory [53]. Let 01T be a von Neumann algebra on the
Hilbert space H, &, be a cyclic and separating vector for T, AEo
the modular operator of the triplet (91T, H, &,). A Connes [18],
H. Araki [8] and U. Haagerup [25] introduced the cone

q:‘g = {A;“ et go}"~" (See also [58, 59])
0 )

and in [19] Connes proved that 9"?0 is characterized by three pro-
perties : self duality, facial homogeneity, and orientability.

A cone H' isselfdualin H if H' = {§ €H/{¢,n) > 0Vn EH*).
H* is orientable when the quotient of the Lie algebra of the cone

* On leave from: “Université de Provence” and “Centre de Physique Théo-
rique, CNRS, Marseille”.
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by its center, is a complex Lie algebra. H* is facially homogeneous
if for any face F the operator Pp — PFl belongs to the Lie algebra
of H*, P being the orthogonal projection on the closed linear space
spanned by F.

This last property was very novel, and an interesting question
~was to characterize facially homogeneous self dual cones in a finite
dimensional space. It was proved [1, 11, 24] that this class of cone
is exactly the class of transitively homogeneous cones. A finite di-
mensional self dual cone is tranmsitively homogeneous if its group
acts transitively in its topological interior ([37, 38, 44, 45,55, 56]).

Therefore the 15-years old papers of E.B. Vinberg (see [55, 56])
gave a classification of such objects by constructing a one-to-one
correspondance between this class of cones and the class of formally
real Jordan algebras.

Recall that a commutative (but not associative) real algebra
O is Jordan if the product satisfies a(a?db) = a*(ab),a, b €N,

n
A Jordan algebra is formally real if Z af = 0 implies a; = 0 for
alli (see [16, 28]). =1

The classical representation theorem proved by P. Jordan, J. von
Neumann and E. Wigner [33] says that there are five classes of irre-
ducible such algebras: M,(R), M,(C), M,(H),V,, and Mg Here,
M, (K) is the set of self adjoints nxn matrices with elements in the
field K; R, C, and H are respectively the real, complex and qua-
ternionic fields. V, is the algebra of spin factors, generated by
al + b(f) withh fER" and b(f)b(g) +b(@) b(f)=2(f, g1
[54]. Mg is the exceptional algebra 4of 3x3 self adjoint matrices
with coefficients in the Cayley algebra (see [16, 23, 28]).

The transitively homogeneous self dual cone associated to a
given class is then the set of positive elements of the Jordan algebra,
with the Hilbert structure given by the natural trace. '

The question arises of generalizing these results in the infinite
dimensional case. In this direction the work of A. Connes is a precise
guide. The paper of EM. Alfsen, F.W. Shultz and E. Stgrmer [7]
defines and investigates a ‘“good” class of Jordan Banach algebras,
whose norm satisfies, for arbitrary a, b:

i) llabll < llall N5,
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i) lla®ll = llali®
i) Nl < lla® + b2l

which these authors propose to call JB algebras in analogy with B*-
algebras. The analogue of a C*-(W*-) algebra was called by D.
Topping [54] a JC (JW)-algebra and is a norm (weakly) closed Jordan
algebra of self adjoints operator on a complex Hilbert space. As a
consequence [2], Mg is excluded from the class of JC algebras.
This special class is in fact very well known [21, 29, 30, 31, 50, 51,
52].

In the work we present here we have restricted ourselves to the
simplest case of a JB algebra Mt with a finite faithful normal trace.
A trace is defined to be a state ¢ on I such that p((ab)c) =
= p(a(bc)),a,b € M. We characterize the cone associated with
positive elements of 91T by three properties: self duality, facial homo-
geneity, and the existence of a trace vector (see definition 3.1). In
fact we expect that the presence of a trace is useless. But for technical
reasons, due to the absence of Tomita’s theory for JB algebras, we
prefered at first stage to assume the existence of a trace vector.

We must indicate that the connection between formally real
Jordan algebra with a trace and cones in a infinite dimensional Hilbert
space, was already given by G. Janssen in 1971 [29]. Therefore the
ideas developed here are already known. However, since it seems to
us that facial homogeneity is a very crucial property in the category
of cones, we prefer to give a self consistent exposition of the results.

In the first section we recall some elementary facts about self
dual cones: faces, group and Lie algebra of the cone, the ideal center
introduced by W. Wils [57], the direct integral decomposition theory
[14, 42].

In section 2, we give useful information about facially homo-
geneous self dual cones. In particular we give a detailed analysis of the
set of faces. The most important difficulty comes from the fact that
the closure of a face is not known to be a face, although this is known
to hold for any example constructed. However we show that it is
enough to restrict our attention to ‘“‘completed” faces F such that
F = FY.

Section 3 is devoted to the study of trace vectors. The main

result is that a trace vector is an element of F ® F' for any completed
face F.
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Section 4 gives a spectral theorem for hermitian elements belong-.
ing to the Lie algebra of the cone. This is the main tool used in the
sequel. Unfortunatly the existence of a trace is crucial for the proof,
for technical reasons. However we believe this theorem to be true
in any facially homogeneous self dual cone (it holds for orientable
cones).

The techniques used in this theorem have been known for a
long time. The spectral theorem can be found in essence in the classical
book of F. Riesz and B. Sz.Nagy [43]. It can also be found in H.
Freudenthal [22, 39]. The idea of the crucial theorem 4.1 is due
to W. Bos [15] and the essential steps in the proof can be found in
G. Janssen [29]. The consequences for the Lie algebra of the cone
(theorem 4.6) and for the transitive homogeneity (corollary 4.8)
are due to the authors, and generalize the techniques previously deve-
loped in [11].

Section 5 is devoted to the construction of the JB algebra of
a homogeneous self dual cone with a finite trace. We adopt the for-
malism of [7]. The main original idea of this chapter is to use the
property of the trace vector which is cyclic and separating for the
hermitian part of the Lie algebra of the cone.

Section 6 proves the converse theorem. Given a monotone
closed JB algebra 91U with a faithful finite trace, we construct a
self dual cone canonically associated with NT. The main difficulty
comes from the characterization of the faces, (necessary in order
to get facial homogeneity).

In the last section we give additional information. We prove
that any unitary operator leaving the cone invariant is given by a
Jordan isomorphism of the associated Jordan algebra. We give also
without proof a representation of 1T as a direct integral of JB-
factors, in analogy with the von Neumann case. In fact the most
useful property comes from the fact that O can be represented
as a subspace (not a subalgebra) of the hermitian operators on a Hilbert
space.
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1. Self dual cones.

Let H be a Hilbert space. With F a subset of H, let F* be
the dual set of F defined by

F*=((€H/¢,n)>0 Vn€EF} (1.1)

F* is a weakly closed convex cone in H. A subset H* is a self dual
cone if it coincides with its dual. There is a useful characterization
of self dual cones:

LEMMA 1.0. — Let H' be a closed convex cone in the real Hilbert
space H. The following are equivalent:

i) H* is self dual in H.

iil) For all ¢ in H there exists a unique decomposition called
the Jordan decomposition of & such that

E=F -, FeEN, E1E)=0 (1.2)

Proof —i) =1ii): let £ be in H and §* be the projec-
tion of § on H'. Then by a classical argument ([26], [41]),
=t —_teHY*=H" and (¢, &)=0 If § — ¢  and
nt — n~ are two decompositions of § then
NE —n* 1> =< —n* & —n)=— (&, 97— (0", ) <0.
Hence ¢ =n" and ¢ =1n".

il) =1i) : Suppose that §{=§" —¢( € HY)* and ¢ ¢ HY.
Then O0< (¢ ,8) =", —¢t)=—F 12 Hence &=§'€EH,
a contradiction. Suppose that § € H" and ¢ ¢ (H")*. If n is the pro-
jection of ¢ on (H*)* by the same argument as above 7 — £ € (HY)**
and (@ —§&,7)=0. By Hahn Banach’s theorem (H")** = H*,
then, & =n—(n—§) is a decomposition of & and by hypothesis
n — & = 0 hence a contradiction. u]

From now on let H" be a self dual cone in the complex Hilbert
space H. The following proposition is well known (see for instance

(8], [19D).

ProPOSITION 1.1. — Let H’ be the space H* — H*.
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i) H' isa real Hilbert space and H* is self dual in H’.

ii) H=H'®iH' andthemap J: §, +it, — &, —if, £, €EH
is an antiunitary involution in H.

iii) Forany face F of H*, the set

Fl=((€H ;({,n)=0 VnEF) (1.3)

is a weakly closed face of H*, called the orthogonal face of F.

Let < be the ordering defined by H* in H'. We recall that F is
a face in the convex cone H* if and only if F isaconeand 0<n<#§,
¢EF implies n € F. Such a set satisfies F = (F — H*) "H*. For F
a face, let Pr be the orthogonal projection on the closed subspace
spanned by F. Clearly since H' is closed, Pr commutes with J.
Therefore P can be restricted to H’.

LeMMA 1.2. — Let F bea face. Then
a) F* = (F-H')NH".

b) The following are equivalent :

i) n€F
ii) neH* and Pin =0
iii) n € H* and Pon=1q

Proof — a) By definition (F—H*)* = — F! and if o denotes
the polar then

F_H = (F-H)® = (F—H")** = (-F)* = (§€H; (¢, F) < 0}
Therefore (F-H*)NH" = FY,

b)i =ii): If ¢€H' ,P.tEF_F. Therefore there is a
sequence (§,), in F-F, converging to Pp¢. Since n € F!

(Peg, ) =1im<,,n) =0
n
Because ¢ is arbitrary, Ppn = 0.
i) =i): If(¢€F 0, 8=N,PH=FPn, =0
i) = iii) : immediate.

iii) =1i): If §¢EF then §E€FY. Using the equivalence of



HOMOGENEOUS SELF DUAL CONES, VERSUS JORDAN ALGEBRAS 33

i) and ii) we have PF 1& = 0. Therefore

(E,n)=(£,(PFm)=0 and n€F o

CoROLLARY 1.3. — For any face F in H',

F' =P H' NH" (1.4)

DEFINITION 1.4.

i) If A is a subset of H*, the smallest face éontaim‘ng A
is denoted by (A).
ii) & € H" is a quasi interior point if (¢} = 0.
iii) & € H* is a weak unit order if @) = H*.

Remarks. — The definition i) is meaningful because any inter-
section of faces is a face.

— It is clear that any weak order unit is a quasi interior
point. It is not known if the converse is true at least in self dual cones.
However we have that:

— The existence of a quasi interior point in H' is equi-
valent to H* is of denumerable type (see [19] def. 5.6).

— In a finite dimensional Hilbert space, a quasi interior
point is a weak order unit, (and also an order unit, or an interior
point).

PropOSITION 1.5. — If H s separable, the set of weak order
units is dense in H*.

Proof. — Since H fs a séparable metric space, H* is also a
separable and metric subset. Let thus (§,),cn be a dense countable
subset of the unit ball in H*. Then

E=Y 2 "¢, €H
n
and 0<§, <2"¢,VneN
Therefore {£,},C(¢) and (&) isdense.

Now let ¢ be a weak order unit in H*, and for n € N* put

1
[—E,ns] =3n€H*/lE<n<nE (1.5)
n n
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Any element 7 in this order interval is also a weak order unit, since
{(n) = (§). Therefore the set

Y=U [lé,né]
: nln

contains only weak order units, and is dense in H', because (§)

1

isdense in H* and forany n €(¢), n, =n+—¢ €Y and.n,—— 0.
n

a

Remark. — There exist non separable self dual cones in which
there is an order unit. Indeed, choose H' = R®h where 4 is a non
separable real Hilbert space, and H' = {(§,,§) € H'/ &, > Il
Then, (1,0) € H' is an order unit of H*.

However, any maximal family of mutually orthogonal vectors of
H* has only two elements. Therefore H* is of ‘“denumerable type”

([19D).

LemMA 1.6 ([13]).— Let & be a quasi interior point in H*. Then
theset ¢, = {(Pr —PL1)&; F afaceof H'} istotalin H'.

Proof — Let n be a vector in H' orthogonal to ¢, and let
n=n"—mn" be its decomposition. If F =<{(n*), then by the
lemma 1.2

Py —P.)n=n"+n" EH"

and 0=(n,(PF~PFl)g)=(n++n‘,§)
Since (¢*=0,7"=n"=0 and n =0. o

If there exist non trivial closed subcones K,L of H* such
that H" = K® L, then it is easy to see that K and L are faces
satisfying K!'= L. We say that H" is decomposable (resp. inde-
composable) if there exists (does not exist) a face F # {0}, H*,
such that H* = F@® F'. If such a face exists we call it a splitface
of HY ([4)).

The set of bounded operators @H) leaving H* invariant is
denoted by £(HY).

For A€ RH*), A*€ 2(H*) and if F is a face, A~Y(F) is
also a face.
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LeMMA 1.7. — Let P be an orthogonal projection in £(H').
Then P commutes with J and PH' is a self dual cone in PH.
Moreover

PH* = PHNH* (1.6)

Proof. — Immediate. o

We define GL(H*) to be the group of bounded invertible ope-
rators A on H, such that A and A~! are elements of @2(H")
and U(H*) to be the subgroup of GL(H*) whose elements are uni-
tary operators.

PROPOSITION 1.8. — Let U€ UMH") be such that U ) C(E),
¢§E€H". Then U=1

Proof. — (see [19] lemme §5.4). u]

Let M(H'Y) = {6 € £(H)/e® € GL(H"),Vt € R}. The elements
of @ (H*) are called derivations of H*. The following characteri-
zation of @W(H') can be found in [19]; although the proof is made

for facially homogeneous cone, it works in any self dual cone. (see
[17] and also [47]).

ProrposiITION 1.9.
i) @HY) is a weakly closed Lie algebra in £(H).
ii) 6 € ®H") if and only if
(,m)=0 &,n €EH", implies (8£,7)=0 (1.7)
The following definition is needed (see [5, 57]).

DEFINITION 1.10. — The ideal-center Z . of H,H") is the
set of bounded operators T such that

3o, >0, —a t<Té<of VEEH (1.8)

We have then the following results ([13], [57]) where [,] denote
the commutator.

THEOREM 1.11. — For an orthogonal projection P in £(H),
the following are equivalent :
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i) PEZ,.
ii) PH* CH' and (1-P)H'CH'.
iii) [P,J]=0 and [P,P,]1=0 Vi e H*.
iv) P € @HY).
v) P € Center of ®(H").
vi) F = PH* is a split face.
vii) P isextremal in Z;'{+ ={T€ ZH,,/ O0<T¢t<§, E€EHY)
CoroLLARY 1.12 ([13, 42]).
i) TEZ,, implies T =T*
i) Te ZH+ if and only if any spectral projection of T is in

H* "
i) Z ., = {Py, §E€EH'YN {JY where ' denotes the commu-
tant. In particular Z ., C @(H").
iv) ZH+ is the real part of an abelian von Neumann algebra.
v) H' isindecomposable if and only if ZH.+ = R1.

vi) H' is a lattice (for the ordering defined by H*) if and only
if ZH+ is maximal abelian.

Aésociated with the abelian von Neumann algebra generated by Z,+
there are direct integral decompositions of H, and also, of H* (see
[42] for the definition).

THEOREM 1.13 ({42]). — Let H be .a separable Hilbert space, H*
be a self dual cone in H. Then there exists a standard Borel space %,
a Borel positive measure v on %, v-integrable fields H(¢) of Hilbert
spaces, H*($) of seld dual indecomposable cones, J(§) of antiunitary
involutions and an isomorphism o of Hilbert spaces such that:

D o) = HE) dud)
i) al) = [TH'E) d ()

i (1.9
i) aJor! = f; J§) dv(®)

iv) aZH+cx"‘ is the multiplicative algebra

L. (3, v)
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COROLLARY 1.14 ([40]). — If H* defines a separable lattice order-
ing then H' is isomorphic to Li(g , V) for a suitable standard Borel
space %, and Borel measure v.

In the sequel we will need only transformations of H* which
commute with ZH+. Therefore we call symmetry any element of
UH*) commuting with ZH+, and the set of symmetries is denoted
by S(H"). In the same way, we denote by GL,(H") the subgroup
of elements of GL(H*) commuting with Z .

2. Homogeneous self dual cones.

For simplicity, H will be a separable Hilbert space in what
follows. In [19], A. Connes introduced the following definition.

DEFINITION 2.1. — Let H be a Hilbert space and H* be a self
dual cone in H: H* is called facially homogeneous if for any face
F, the operator

Ny =P, — PFl 2.1)

is a derivation of H*.

Note that a self dual cone HY, such that H' is a lattice, is
facially homogeneous by corollary 1.12. So all Li(g , v) are facially
homogeneous. In the finite dimensional case, a self dual cone is fa-
cially homogeneous if and only if it is homogeneous in the ordinary
sense [11] (see [55, 56] and our introduction for the definition of
homogeneity). For this reason we will in the sequel write homogeneous
for facially homogeneous.

LiMMA 2.2. — Let H* be a homogeneous self dual cone, and
F be a face. Then :

i) PH* CH
ii) F'=P H
iii) Pp =P, and Fi' =P _H

Proof — i) [1] e™F-Y € 2(H*) forall t €R and

P =s5—1lim NV LHY) (LH*Y is weakly closed).

t—> o
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il) follows from the corollary 1.3.

iii) [13] P = Prll - P, = NF“ - Ng EMMH') and P is a
projector. Therefore PH* CH' and if ¢€H",§=P¢, P =0
and PF £=0 thus §=0 (Lemma 1.2). Since H* is generating,
P=0. o

Remarks. — As far as we are concerned with facial projections
the previous result allows us to restrict ourselves to the faces F such
that F = F't. We called them completed faces and we denoted by
gi(H") the set of such faces. Therefore one has F € $(H*) if and
only if

PFH" =F 2.2)

Clearly a completed face is closed.

It is not known whether every closed face is complete in a homo-
geneous self dual cone but in the finite case it is known that :

A face F satisfies F = F' if and only if the natural order induced
on H/F_F = {x + F—F/x€H} is archimedean. There are conter-
examples in three dimensions (See [32]).

The previous result shows that if & is a quasi interior point in
H*, then (§¢) isa total setin H.

ProPOSITION 2.3. — Let H* be a homogeneous self dual cone.
Then either dimH =1 or %(H') is not reduced to {0} and H.

Proof — Let & bein H' and & =¢ — ¢ be its Jordan de-
composition. If F(H') is trivial then either (¢*Y! is {0} or it is
H*. Therefore, either (" =0 or § =0, and consequently the
order in H' is total.

Let now & and £, be two linearly independent vectors in
H’. Then, without loss of generality we can choose El =£20
and (&Il = II&,ll, since the order is total. Therefore

0=lIgI2 —IE,I2 =&, —&,, & +E)

and £ —§ €( +§£). On the other hand 0<§ —§,<§ + ¢,
This implies § = &, which contradict our hypothesis. Therefore
dim . H = 1. a
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LemMA 2.4 ([27]). — Let H* be a homogeneous self dual cone.
If FESMH") then F is a self dual homogeneous cone in P_H.

Proof. — F = PFH’r C H* proves that F is self dual (Lemma
1.7). In order to prove the homogeneity we need the following lemma :

LeMMA 2.5. — Let H* be as above. Let F and G be faces
of H*, such that [PF s PG] = 0. Then [PF , PGL] = 0.

Proof. — If £€P, PG L H* then P, & = 0 by hypothesis. Since
H* is homogeneous the lemma 2.2 shows that ¢ is alsoin H*. There-
fore (lemma 1.2) & = P, &. H* being generating:

PFPG‘I.‘:PG'LPF,PGJ' and PF PG'L=PG1PF' o

Proof of the Lemma 2.4 (end). — Let G be a face in F. Then
G is also a face in H*, and Ng € W(H*); moreover P, commutes
with P.. Therefore by lemma 2.5, N; commutes with P., and

N,(F-F)CF—F, ¢"6GFCF VtER
(Note that F —F is closed because F is self dualin P_H).

In particular NgPp = Ng/p € @(F). Now let G'/F be the
orthogonal face of G in the cone F. We have that
G/F=G'NF
because { € G'/F implies §E€F and (¢,G)= 0. Since G and F

are completed faces, then G* and F are self dual cones in the closed
subspaces they span. Thus (use Proposition 1.0):

G!NF-G'NF= G -GHN(F-F)

and consequently, Pc.l/F = PclnF = Pcl AP, = Pcl P.

which proves that F is homogeneous because

Ngf = NgPp =P, — P

Gl/E-
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COROLLARY 2.6. — Let H* be as above. If H is separable, for
any face F € G(H*) there exists ¢ € H" such that (¢) = F.

Proof. — Apply the Proposition 1.5 to F. o

LeMMA 2.7. — Let H* be a homogeneous self dual cone and
{F,}, be any family of completed faces in H*. Then F =0F  is
also a completed face.

Proof. — Clearly F is a closed face, and F C F'{. On the other
hand, H* being homogeneous, P = P_11. Therefore
Pe Pri=Po Va

and § € F'* implies Py £ =&, hence t€ F,' =F,,Va. Thus:
FI'CNF, =F. o
a

DEFINITION 2.8. — Let H"* be a homogeneous cone and {F,}
be any family of completed faces in H'. Then {x\ F, is defined
to be NNF,, and V'F, to be the smallest completed face containing
all the F,.

LiMMA 2.9. — Let H* be as above. For any family of completed
faces {F,}, in H* then
V(F)) = (AF )" (2.3)
a [+3

In particular FvF' = H*.

Proof. — Clearly
(UF,)=(n€H'/ItEConv(UF,), 0<n <}
¢4

Therefore v F. = " FUM.

Now ¢ € (U F_ is equivalent to: §¥ € H' and (§,()=0 Ve,

VE, EF, and to: ¢€F: =F_ Va.

Therefore U Fé{)l = A F,. o
a

The following is a generalisation of [9]. Theorem 4.1. for homo-
geneous self dual cones.
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COROLLARY 2.10. — The set F(H'), ordered by inclusion, and
with the operations A ,v,Ll is an orthocomplemented lattice. This
lattice is distributive if and only if H' is a lattice.

Proof. — Clearly %(H*) is an orthocomplemented lattice. Suppose
that H' is a lattice, then the algebra generated by (PF)FE s#Hh) is
abelian by corollary 1.12. Let F,GE & (H') then F = FAGe FAG!
because all faces are split faces. Thus F+ G=FAGe® FAG' @ F'AG
and Ppog = PpPg + PPy + PP = Pp+ Py — PP So
1-Pp.g =(1-Pg) (1-Pg) =Pp1,5. and FvG = (F*AGH*=F+G.
The application F—> P; is an isomorphism between %i(H*) and
the projectors of Z+ which are distributive lattices.

Suppose H' is not a lattice, then there exists a face F in
F(H') such that FoF'#H'. lLet ¢€H" and §¢FeF:
(1-N})E=¢ —¢ the Jordan decomposition of (11— ND) &
(cf. 2.1) and G=(¢"). If nE€FAG then Prn=n and
{n, &) =0. Hence (n, &)=, 1-NHE) =0 and
nEEN! NI = {0}). In the same way FaAG' = {0}. Thus
(FAG)V(FAGY) = {0} and FaA(GvG')=FaH'=F so %H")
is not distributive. o

PROPOSITION 2.11. — Let H* be a homogeneous self dual
cone. H* is no lattice if and only if there exists two non trivial com-
plemented faces F and G such that [P;,P.]# 0.

Proof. — Using theorem 1.11 and corollary 1.12, if H is not
a lattice, we can find § € H* such that P, & Z, .. Since H" is
homogeneous, P11 = P, & Z,+ and therefore F = (EHle sHY),
H* # Fo F!. Let n be a vector in H* such that n ¢ Fe® F'. That
means: Nin = (P, + P1)n#n.
Let n* — n~ be the Jordan decomposition of (1 —N2)7n, and G be
the face (n*)'‘. Then G is completed and P; does not commute
with F; for, in the other case we would have (lemma 2.5)

0=NgNL (1-N3)n=N2N_(n* —n7) =Ni(n* + 1)

and lemma 2.2 implies n* =0~ = 0.
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If H' is a lattice, then corollary 1.12 says that any facial pro-
jection is in ZH+ and any two of them do commute. o

PRrOPOSITION 2.12. — Let 3 be a standard Borel space, v be
a Borel positive measure on % and §{—> H*(¢) be an integrable

family of self dual cones. Then H' = _/; H*(¢) dv(}) is homogeneous
if and only if H*(¢) is so for almost every ¢ in 3.

Proof. — See[14]. o

PrOPOSITION 2.13. — Let H* be a homogeneous self dual cone.
Then 8 €®MH') if and only if P, 6P, =0, VFEFH") or
equivalently if and only if N 8 Np = N2 6 N, VF € $(H").

Proof. — See Proposition 1.9 and the properties of faces in a
homogeneous self dual cone. ul

3. Finite homogeneous self dual cones.

DEFINITION 3.1. — In a self dual cone H*, a trace vector is a quasi
interior point &, such that U§, =&, VUESH'). 4 homo-
geneous self dual cone H' is of finite type if it contains a trace vector.

Remark. — There exist cones without trace vectors even in the
class of facially homogeneous cones, for instance if H* =‘-‘7f3,50
where M is a type IIl-factor.

In this section H* is of finite type. The following can be par-
tially found in [13].

PropPOSITION 3.2. — For & being a quasi interior point, the
following are equivalent:

i) &, isatracevector.

i) 8%, = 8%, V6 € MH").
i) [8,,8,]1% =0, V5, = 8% €DH").
iv) [Ng,Nglg, =0, VF,G € S(H").

v N =§,, VF € S(H").
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Proof. —
i) =ii): because & —d*E@MH') and €'¢-%) € SH)
ii) =>iii) = iv) are immediate.
iv) = v) Let F and G be completed faces. Then (see Prop.
2.13) 0= N_[Np,Ngl§, = NEN;(1 - NR) &,.
Let § = ¢ — ¢ be the Jordan decomposition of (1 — Ni_) ¢, and
G = (£ € g(HY). Then iv) implies
0=N,N.(1-NL§ =NIN (8" —§7) = NL(E" +§).
Therefore £ = £~ = 0 and v) is proved.

v) =1i): Let K* bethecone: K*= N  FeoF!
Fe s(Hh)
: +. + — + s = A 2
By hypothesis £, € K*; moreover, K #H  with 7 Fe sh) N:.

Therefore #H* C H* and K% is self dual in K = 7H (lemma 1.7).

The two following lemmas are needed.

LEMMMA 3.3. — Let G be a face in K*, G=(G)*! be the com-
pleted face generated by G in H'. Then P5€Z .

Proof — It is easy to see that VF € §(H') N2G CG; thus
((|Pu NE Pgn) = 0,§,7n €H'.  Which implies Py PpPsn =0,
n€H"; then PpPsn=PsPrPsn,nE€H" thus [Pg,Ps] =0.

Now returning to the corollary 1.12, the lemma is proved. o

LemMa 3.4. — For any face G in H' such that P, €Z,. we
have
P, K' = G NK*.
Proof. — From P H'=G'* and [P;,Ni]=0 for all
F €&(H") we find P, K" C Gt N K*. Conversely

P, (G* NK") =G NK" CP; K* since P;= Pgii. O

Proof of Proposition 3.2 (end). — From the previous results,
we conclude that the completed faces of K* are exactly the restriction
to (intersection with) K* of central faces of H*. Therefore, any
closed face in K* is a split-face and K* is a lattice by Corollary 1.12.
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If now U is a symmetry of H', U commutes with 7 because
UNf, U!l= NfJF. Therefore U leaves K*' invariant, and also any
face of K*. By the Proposition 1.8, U/K+ = 1, which proves that

Uty = . o

COROLLARY 3.5. — The set of trace vectors K* is a self dual
cone which induces a lattice. (This result was already given in [6]).

COROLLARY 3.6. — H* is indecomposable if and only if K*
is one-dimensional.

PrOPOSITION 3.7. — Any finite dimensional homogeneous self
dual cone is of finite type.

See for instance [1, 55].

4. Spectral theorem.

The spectral theorem is one of the main tool in many algebraic
constructions. It can be seen either from the algebraic point of view
by mean of the functional calculus, or from the ordered space point
of view by the method of Riesz and Nagy (see [43]). It is not therefore
surprising to see connections between these two aspects.

The following theorem 4.1, in this form, is due to Bods who
communicated his proof to us. But it can be found in very close form
in [29]. However because of the importance of this construction
in the sequel we have found useful to give an extensive proof.

Let M = ®,(H") be the set of self adjoint derivations of H*
and
M*=(5E€M;0<8<1). @.1)

M is a weakly closed real linear space, and therefore m’; is a weakly
compact convex set in JIT.

¢, being a trace vector, let [0, &,] be the order interval it
defines. If 0<§<¢,, then [§ll<I&Ill and [O0,&,] is also a
weakly compact convex set in H’.

Turorem 4.1 ([15]). — The map ¢: & — &%, is an order
isomorphism from UIZ‘; onto [0,%,].
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The proof requires four steps.

1) o is injective :

LEMMA 4.2. — Let & be a quasi interior point of H*. & is cyclic
and separating for M in H'.

Proof — The cyclicity comes from the Lemma 1.6 and the
homogeneity of H'. Now let § be in T such that 8¢ = 0. Then
et =§¢ VtER. Since § is a derivation, 0<n<§ implies
0<e®n<¢§,t€R. By the spectral theorem, this is possible only
if 87 =0. §, being quasi interior (§) is total in H’; therefore
8/(y=0 and 8 = 0. o

2) p(M}) C [0, &,]:
Let & be a positive derivation. If 8§, = (" — & we put
F = (¢")'L. Then
0>, — &) =(§,,Pordt) = (5, Prad (P + Pri) &
= (¢, P8 Pri§) =0
(Recall that &, is a trace-vector and & is a derivation). Therefore,

¢, being quasi interior §~ = 0. In the same way (1-86)¢, € H"
and the desired result holds.

3) Extremal pointsof [0,£]:

LeMMA 4.3 ([29]). — & is an extremal point of [0,%,] if and
only if there isan F € G(H") such that ¢ = Pg§,.

Proof. — Since &, is a trace-vector, Py §, € [0, ¢,] (Prop. 3.2).
If Ppgo=af, +(1—a)§, with &,,§, €[0,%,] and 0<a<1
we find Ppi§, =Ppi§, =0. Therefore § =Pp§ <Pp, and
¢, = Pp§, < Pp§, which is possible only if Pp§, =§, =&,. Thus
Pr§, is extremal. o

Now we need the following :
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LEMMA 4.4. — n € [—&,,&] if and only if n*,n~ €[0,&,],
where n* —n~ is the Jordan decomposition of 7.

Proof. — Indeed if F = (n*)'* then 0 <P .n =n" < Pp§, <&,
and 0 < —P.in=1n" <Pp§, <& o

Proof of Lemma 4.3 (end). — Therefore let § be an extremal
point in [0, &,]; we have

E=1 6, — (¢, —20) and §, - 2% E[-§. 4]

So E= 2 (6 — (6 — 207 + 2 (6 — 20

and because § is extremal E=(k, 28" =—P. (§,—28)

where F = ((§, — 2§)*)*. Thus: £ = P§. o
4) ¢ isonto :

¢ is clearly a linear weakly continuous map. Therefore cp(:m’l')
is a weakly compact convex subset of [0, {,]. On the other hand
the extremal points of [0, &,] are in cp(:)]z“l“) because:

1+ N
E) g, = 0(6p)
1
where 8p = + Np
2
The Krein-Milman theorem shows that:
[0, £,] = Conv Ext [0, £/] C p(an]) C [0, &,] o

COROLLARY 4.5. — § is extremal in O] if and only if there
exists a completed face F such that 6 = 6.

Such points are called facial derivations.

This result was already known by A. Connes for the orientable
cones ([19]). The main tool of this section is then the following.

THEOREM 4.6. — Let & be a self-adjoint derivation. Then there
exists a unique family {8,}cr of self-adjoint derivations such that:
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i) VA€ R, 3F, suchthat §, = §§,.

ii) A— F, isincreasing

iii) if a = Inf spectrum (§) and b = Sup spectrum (§) then
8, =0 for A<a, 8,=1 for A\=>b.

iv) if wiX,d, |8, weakly.

v) 8 =fb+o7\d8)\.

-0

Remark. — We expect the corollary 4.5 and the theorem 4.6
to be true in any homogeneous self dual cone. Unfortunatly we are
not actually able to prove it if there is no trace-vector in H*.

Proof. — By means of the theorem 4.1 it is sufficient to prove
such a theorem in [0, &,].

Let A be a real number, and F, be the completed face gene-
rated by (A&, — &)". If A=>1 then A\ —-§H=>A-1)§=0
and if A<O0, (A, — &) < 0. Therefore we can restrict ourself to
the case 0 < A < 1, for which (A§, — §)* € [0, &,].

LeMMA 4.7. — The map X\ —> F, is increasing.

Proof (see [29]). - If u=> N\ then, since &, is a trace vector:
e, — &= (B, +Pp1) (- NE + A - 8§
=Pg, (k=N & + N\, - 8] + Pg1 (=N — (A& —8)7]
=n, tn, —n,

with n, €F, and n,,n,; € F5. Therefore since F; is self dual,
the Jordan decomposition of 1, —n, is n* —n~ where n*,n~ € Fi.
So pEy — =M +n)-n", n,+n" =0, >0 and
(n~,n, + ") = 0. Thus:

(W, — 9" =mn, +n*=2n = -»N Pp &+ (A, - =\, - )
which proves the lemma. . u]

Now the remainder can be proven by the Riesz and Nagy’s method
(see [43]). We find:

£ = ‘/o‘l)\dPF;\EO'
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But the relation Pp § = 8, §, completes the proof of the theorem
4.6. o

The following corollary completes the equivalence between
homogeneity and facial homogeneity in the infinite dimensional case.
(See [11]).

; - 1
COROLLARY 4.8. — Let & be in Y = nl.>Jo [n £,.1 50] then
there is a unique positive operator A in GL,(H") such that § = A§,
(GLo(H") acts topologically transitively on H*).
Proof — If ¢ €Y we canfind n € N such that
1
- £, SE<ng,

Therefore ¢ can be written as follows:
n
= A dP
£= [ Ndpog,

Now, PF)\fo =(1- PF){) ¢, and the ordinary spectral theorem allows
us to write:

n n
= 1/2 12 _
£ jl;nx dPy, j;,..)‘ d(1 - P &,

— " 1/2LogA f" 1/2 Log N
= e dp e EN d(1-P_L
[ o J, e) £

f‘n LogAdé§
= /2 Fa
e g,

Since the exponent is a self adjoint derivation, the existence of A
follows. a]

The uniqueness and the topological homogeneity come from
the two next propositions:

_ ProposITION 4.9 ([29]). — The stationary subgroup of &, into
GL,(H*) is S(H").

Proof. — Let A € GL,(H") leaving £, invariant. Then A
leaves [0, &,] invariant, and therefore maps extremal points onto
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extremal points; for all F € &i(H*) there exists F, € §(H"),
such that APp§, = Pp &, (lemma 4.3). Thus for any face in F(H")

(APgky, AP &) = (APpEy, A(1—Pp) &)
= <PFA£0 ’ (1 - PFA) go) = 0:
from which we deduce, since &, is quasi interior, PFA*APFl =0.

Therefore if £> 0 then A*AP (€ F! and A*A commutes with
any facial projection. It consequently belongs to ZH+,

From this, it follows that the polar decomposition of A is
A=UIAl=|AlU

where |A|€Z,, CI and UE S(H*). Since &, is a trace vector
and &, = A§, = |Al &,, using thelemma 4.2, |A| = 1. u

"PROPOSITION 4.10. — Any trace vector is a weak order unit.

Proof. — In the separable cone H*, the set of weak order units
is dense. Let § be a weak order unit and for any real A, let us put

F)\ = <(>\Eo - £)+)“'

As in the lemma 4.7, A — F, is increasing, therefore A — PFA is
also increasing, and A — P }1\ is decreasing. We put :

P.=VP, Py =AP.L

By definition, 0 < (§, —A\"'§)” = — PF*(EO — A1y
thus 0 <Ppk, <At PF*E
and P& = )}1{2 PF*E = 0.

Since &, is a trace vector,
PcoEO = }!ltnl PF}\go = }ltnl (PFA + PF;\‘) EO = Eo.

Therefore, the family of derivations SF,\ =211+ PFA —Pp1)
is increasing and converges strongly as A —> o to A

8.=2"'(1+P.— Pp).
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Since 9L is weakly closed, it is strongly closed and &, € J1t. More-
over
0.8, = &,.
Therefore 8§, = 1 (lemma 4.2) and P, = 1.
Since O0< PFA (A&, — ), one has 0< PFAE < )\PFA Eo S A,

Therefore: VA € R; Py, & € (&) and ¢ =P.t= lim Py, £ € (&)

which proves that (§,) = H" because § is an arbitrary weak order
. o
unit. »

5. Jordan algebra associated with H".

Now we come to the first main result of this paper, the cons-
truction of the Jordan algebra associated with a homogeneous self
dual cone and a trace vector.

Before to do this we need some definitions. As good references,
see [7, 16, 28].

DEFINITION 5.1. — A JB algebra O is a Jordan algebra over
the reals with identity element which is a Banach space with respect
to a norm satisfying the requirements

i) llabll < llall 5l
i) lla*ll = llal? a, be M
i) lla?l < lla® + &2l

A JB algebra O is monotone complete if any increasing bounded
net has an upper bound in .

Remarks. — Note in passing that axiom i) is redundant ([6]).
An equivalent requirement ([48]) is obtained by replacing i), ii)
and iii) by ii) and |la® — b?|| < Max (||a®|l, ||b*l]). Because I is
a JB algebra, JIT is an order unit space with positive cone
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Mt ={@a€M/IAPEI a =b?}

This justifies the introduction of increasing net.

A normal states p is a positive linear form on AT such that
p(1) =1, and such that for any decreasing net {a,},cg @, 40
implies p(ay) 4 0.

A set S of states is full if it is convex and ¢ = 0 in I if
and only if p(a) =20 Vp €S. For S a full set of states ([3], Prop.
I1.1.7); one has

lall = sup lo(a)l.
If b €T, we define: U, and L(b) by
U, (a) = {bab} = 2b(ab) — b%a
L,(a) = ba.

Then U,(Ot*) C ot Vb €M and p, = p o U, is a positive linear

normal map if p is a normal state. We say that a set S of states is

invariant if p —> p, maps S into the cone }\U AS for all b€,
>0

In [7], there is the construction of what is called the ‘“‘envelop-
ing algebra” O of J. It is the smallest monotone complete JB
algebra containing 9T and contained in JT**, In fact M can
be identified with the bidual 9** equipped with the Arens pro-
duct and the usal norm (cf. F.W. Schultz : On normed chdan algebras
wich are Banach dual spaces and [6]). In particular 9T has a full
invariant set of normal states defining “weak’ and ‘‘strong” topo-
logy. Then, monotone, weak and strong convergence coincide on
monotone nets in J.

DEFINITION 5.2. — Let M be a monotone complete JB algebra.
A finite trace on I, is a normal state ¢ such that Va,b €N

¢((ab)c) = p(a(bc)).
@ is faithful if p(a*) = 0 implies a = 0.

Remark. — If O is the Jordan algebra of the hermitian part
of a von Neumann algebra the two definitions of trace agree.
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LemMMA 5.3. — Let I be a monotone complete JB algebra
with a finite faithful trace ¢. Then the set

S={poU,/a€M, p@@) =1}

is a full invariant set of normal states.

Proof. — Vx €M, ¢(U,(x)) = ¢(2a(ax) — a*x) = p(a*x).
Therefore M* being convex, S is convex.

If x =x* — x~ is the polar decomposition (spectral theorem in

M) of x in M with e*, e~ the idempotents such that e* x* = x*,

ex =x",e'x =ex*=0 and if w(x)=0VwES then

0<¢(U, (x))=—9((x")<0. Since ¢ is faithful x~ =0 and
x =xT€M*; S isinvariant because

¢(U, U,x) = ¢((2b(bx) — b*x)a®) = p(2(a*) (bx) — (a*b?)x)
= p((2b(ba?) — a*b*)x) = p(U,(a*)x)

which is in AU AS since U,(a%) EM*. o
>0

THEOREM 5.4. — Let H be a Hilbert space, H* be a homo-
geneous self dual cone in H, with a trace vector &,. Then the set
M of self adjoint derivations of H* has a canonical structure of
Jordan algebra defined by:

(8,°8,)k =5,8,8 8,,8,€MM

Moreover with its natural Banach norm, N is a monotone complete
JB algebra. The state
Wy, 5 — (50,820)

is a finite normal faithful trace, and the positive cone I* for the
Jordan structure coincides with the positive self adjoint derivations.

Proof. — 1) From the spectral decomposition we deduce for
5 €,
bh+0 b+0 b+0
5=/ "nds, and 8% = [ \db, [ NdPg &

a-0 a-Q a-0
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b+0 b+0 b+0
2 — - 2
52k, = f_ \'dP, fa_o NPy £, f N S

a-o0
—f by,

Therefore 0 < E 1 &,
If 5,,8, €M, then
8, 8,8,=08,8,8,=2""((6, +8,)*¢, — 5}50 — 5;50)
which implies:
— 27N (1812 + 118,112 &, < 8, 8,8 <27' 118, + 8,I%¢,

There exists consequently a unique element §,°8, in JT such
that
(6,008,)¢ =6,0,%, (theorem 4.1).

2) The product (§,,8,) —> 8,8, is bilinear by construc-
tion; moreover 6,08, =8, 6, and

6,0((6,0°6,)08,)% =8,°(8,°86,)8, §o=(8,°8,)0(8,°38,)¢&,

b +0

because, by 1) 8,08, = f )\2d8 commutes with §, for
+0

the ordinary product. “

Therefore the product o defines a Jordan structure.
3) The spectral formula
b+0 2
sod=[ " Ndsy
shows that ||808| = Max (|12, |al®>) = |I6l> and 8§08 = 0 for the
order of operators. Conversely if 6 = 0 the spectral theorem shows
18
that 8= [ Add, then §=08'08" with 8'= [ \V2db_
0~ (V)

Therefore positivity does not depend on the two algebraic structures
on JIC. Finally:

— 8,08, <8,08, —8,08,<808,
which proves that
"61 ° 61 - 82 ° 62" < Max (“51 ° 51” ’ "520 82")-

AT is thusa JB algebra for its norm operator topology.
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4) Since INMT is weakly closed in the bounded operators, I is
a monotone closed JB algebra. Now the state W is a trace because

we (8,0 8,)0 8;) = kg, (B; ©8,)° 8380 = (o, 8,8, 8,%)
= (£, 8,0 (8,0 85) £ = w;_(8,°(8,°85)

where we have used repeatedly the definition of o and the fact that
8; =8} wy isfaithful by lemma 4.2. o

Remark. — If 0 € M then wEO(Uo(G)) =(,,0080%,) =
=(0§,,80&y). So the set S = {w,/w(8) = lEI-2 <&,8%) where
£ € (¢, is a full invariant set of normal states on 1T by the theorem
4.1 and lemma 5.3.

Therefore, the weak topologies of U as JB algebra as well as
operator algebra on H coincide.

Some other results can be useful. For instance:

PROPOSITION 5.5. — Let & be in M. Then & is an idempotent
in the JB algebra MU if and only if it is a facial derivation.

Proof. — If 6 is facial derivation then clearly:
818, = 8Pk, =Ppk, = 85§, thus 808 =8
Now it is not hard to see that any idempotent § in T is an extremal
point in O]. Indeed if 6§08 =8 then (1-8)o(1-8)=1-35
andif 6§ = ad, +(1-a) 8, with §,,8, €] and 0<a<1, then
Ui_s(®) =0=aUy_56,)+ (1 -a)U,_5(5,)
Therefore Uy_;(8;) =0, that is 6, =Uz(8;,) < Us(1) =8606=135
(see [7] Corollary 2.10). Therefore &§,= 8 and the corollary 4.5
proves the proposition. O

PROPOSITION 5.6. — The center Z(0W) of the JB algebra I,
is equal to the ideal center of Z and coincides with the center

of (H).

H+y

Proof. — Recall that 8 commutes with &' if [L(8), L(8")] = 0.
The center of MU is then the set of element of M commuting with
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any element of JIT. In [7] it is proved that § € Z(J) if and only
if U,(8) =8 Vo€ such that o2 =1.

But ¢ €T and ¢*> =1 is equivalent to 0 = 26y — 1= Ny where
-6 is an idempotent (use the Prop. 5.5).

On the other hand:
Uy, (8) § = @Ngo (Npo8) — (NpoNp)o 8) §, = (2NZ — 1) 8¢,
= UpdUgk,. with  Up =2N3 -1

where we have used the properties of the traces. Therefore
UNF(G) = Up6Ug and, using the tehorem 1.11:

8 € Z(I) is equivalent to: - Ugd = §U, VF € Si(H")
. [6,P;] =0 VF € s(H")
-SEZ,.
. & € Center of @QH"). o

6. The homogeneous self dual cone of a JB algebra.

Let us now come to the converse. In this section T is supposed
to be a JB algebra monotonically closed with a finite faithful
trace ¢.

The support of a normal state w on I is defined as in the
von Neumann case. Let I = {a €M/ w(la]) =0} I, is a
JB ideal by the Schwarz inequality, and it is monotone closed because
w is normal. Therefore, there is in T, a greatest idempotent
denoted by 1-—e,. Clearly, by the spectral decomposition in T,
M, = Up_, M. Now w is a faithful normal state on 91T, be-
cause if a € U () and w(lal). =0, then 0 <|a| < llall (1-e,),
which implies @ = 0, since |a| = w(lal)

e, iscalled the support of w.

THEOREM 6.1. — There exists a Hilbert space H, a self dual
homogeneous cone H' in H with a trace vector &, such that I
coincides with the IB algebra of self adjoint derivations of H'.
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Proof. — 1) Construction of H*:
Since ¢ is a faithful trace, there is a separable prehilbertian
structure on T defined by:
(a,b) = p(ab).

Let H' be the real completion of 9T, H a complexication of H’,
and H* be the closure of J* in H’.

LemMa 6.2. — H* is self dual in H.

Proof. — (See [29]).

IfaeM* and b € M* then

p(ab) = p((@'?)*b) = p(a"/? (ba'?)) = ¢(U,12(b)) = 0.
Therefore by completion H* is included in its dual.

If a€M and l|a| = @)%, a* =2"'(lalta), then
by spectral theorem |a|,a*, @ are in " and {a*, a~)= 0. Since
plab) = p((@* —a”) 0" - b7)) < p((@* +a7) (b* +b7)) = p(lal |b])
0<o((lal = 1Y < wnlln =W .
Therefore a —> |a|, a* are continuous maps with respect to the
Hilbert topology. By extension, if £ € H' is in the dual of H', then
0<(£,8)=—1¢1°<0and & =0. a

2) The structure of the faces of H*:

THEOREM 6.3. — The map e — (e) is an order isomorphism
of the set of idempotents in M onto G(H'). For every idempotent
e inMm, P,,=U, and P, =U,_,.

LiMMA 6.4. — The operators L(a): b —> ab and U,: b —> {aba}
defined on U can be continued as bounded self adjoint operators
on H. Moreover a — L(a) is an isometric linear map from N into
£M); and a — U, is a continuous map.

Proof. — L(a) is densely defined on H' and is symmetric because

Va,b,c €M (b, L(a)c) = p(b(ac)) = p((ab)c) = (L(a) b, c)
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L(a) is bounded on H because the set S = {9« U,,bEN}
is full, O = H’ and:

le(U, (@)l Kb | L(a)b)|
lall = sup ————— = sup ————— = |[[L(@)ll .4y
sem 19 sem  IIBIP Mean
Therefore, a — L(a) is linear and isometric from M to LH).
Finally U, = 2L(a?®) — L(a)* which completes the proof. a

COROLLARY 6.5. — If e is an idempotent in I, lJe(H+) is
the closure of the face {e) generated by e in H'.

Proof — If O is special (i.e. aob = 2-'(ab + ba) for some
product in J1T), then: UZ(a) = {b{bab}b} = {b*ab?} = U,2(a).
Since this is a polynomial identity in less than 3 variables which is
linear in one of them, by the Mac Donald’s theorem [28, p. 41] this
identity holds in any Jordan algebra. If e*> = e then U, =1,.
Finally: Or* is the face generated by 1, and U_(0IC") = (e). Since
U, is a projector U,(H*) = (e). o

LEMMA 6.6. — Let & be in H and e be an idempotent of
NC. The following proposition are equivalent:

D UE=¢

i) U,_,£=0

i) (¢,(1—e)) =0
iv) Le)¢=¢&

Proof — i) = ii) = iii) are immediate.
iii) = ii): Forany a € 0T,
(£,Us_ @) <llall<¢,Uy_ (1)) =llall <€,1—e)=10

Since IM* — M* = H', we have U,_,(¥) = 0.



58 J. BELLISSARD AND B. IOCHUM

ii) =1): Since U, €M* for all b in I, choosing
b=(1-e)+ e with AER
U, =NU¢+N1-U, -U,_ )¢+ U,_ ¢

=NU+N1-U,-Uy_)§=0 VA € R.
This is possible only if & = U, ¢&.

i) = iv): Because of the formula L(e) = 2-'(1+ U, — U,_,)
L(e) ¢ = ¢ implies

NEW? = <&, Le) &) = 27 (IIEN* + U 17 — IIU,_ &1%)

and U,¢ = ¢ (U, isan orthogonal projection).
Conversely U, ¢ = ¢ implies U;_,£ =0 and L(e)¢ = &. o

b

Proof of Theorem 6.3. — If e is an idempotent in I, the
previous lemmas imply that (e)=(1—e) is a completed face.
Conversely:

(i) Let §€H" and e, thesupport of the state

we:a — |IEI72 (¢, L@ §)
Then (%,L(e) &)= IEI? = 27 (1€ + IIUeE‘éII2 - IIU1_BEEII2),
which proves that §=U.(§) and §€(1- et = (e—£>; thus
(§) C(ep.
(ii) Let N\ be a positive number, we have:
M=-5)=A1-8"-—QA1-§)" in H.
Therefore by i) we can define the idempotent e, = ea1—_g* Then
forall A>0, Aey =AU, (N =2V, M -5 =Q1-E"Z>A1-¥§)
and £2 N1 -e¢,), A>0. Therefore 1— ¢, €(¢) VYA> 0. On
the other hand, as in the lemma 4.7, X\ < u implies e, < e, . There-
fore, if A4 0 then e, | e, since monotone convergence coincides
in M and in H*, on monotone nets. Then:
1-¢, € (§).
(iii) Now, using the lemma 6.4
0<U,¢=1limU, §=1im U, (¢-A1) =1lim — (A1 - §)*"<0.
Y ALo A Alo A ALoO
Thus U, & = 0. Therefore Ui_ep6 =& e <1-¢, and
e € (1_—70> by corollary 6.5. So for any &€ H', there exists a
unique idempotent e, in J1C such that {e,) C(1—¢,) C (§) C (ep).

Using the following lemma, the theorem is proved. o
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LEMMA 6.7. — For any face _f__in H*, there exists an idempotent
ex such that F = (ep), Py = Uepr 8 = Lleg) is a derivation of
H' and H' is facially homogeneous.

Proof. — Since F = gF (n) the family n — (n) is an in-
n
creasing net. Moreover, 0 <7, <7, € F implies (lemma 6.6)
U1_en2(171) = 0 and Uenz(nl) = 771-
Therefore, by the definition of €n5 €n, < €n, and n — e, isan
increasing net of idempotents. Let
ep = ngF e, =s—’121€rr11: en
(clearly er belong to OIU since 1t is monotone closed). Now if
te U, (H') = (eg) then (lemma 64) & = lié1l1T Uen (¢) and therefore
n

t€e U (m)=F.

neFr

Conversely, ¢ € F implies € < € and UeFE =& So
F C U, H' CF, which proves that F = (eg) and Py = U,_.

It remains to prove that &8 is a derivation. Using the propo-
sition 2.13 this is a consequence of the identity U, L(e)U,_,. =0
for all idempotent e’ in M (Use Mac Donald’s theorem). D

Remarks. — The lemma 6.7 shows that in H*, the closure of
a face is a face and &(H*) = {F/F face of H*}.
—Up= 2Ni. — 1 is a unitary such that
UpH = (2~ DCH* if Pp=1,
3) Self adjoint derivations:

From now, H* is self dual and homogeneous.

LeEMMA 6.8. — For any a in M, L(a) is a self adjoint deri-
vation of H*.

Proof. — Comes from the identity U, L(a) U,_, =0, valid
for all idempotent e in I, Proposition 2.13 and Lemma 6.4. o

LEMMA 6.9. — Any vector in H* belonging to [0,1] is in fact
in M| and 1 is a trace vector in H'.
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Proof. — [0,1] is a ‘“‘weakly” compact convex set as well for
the topology of H* as for the topology of 9L*. Using lemma 4.3,
and the fact that extremal points of m; are idempotents, we see
that if we assume 1 to be a trace vector, then [0, 1] and UTC‘; have
same extremal points. Monotone convergence being the same in 1T
and H* the result follows.

It remains only to prove that 1 is a trace vector:

Since (1) = O*, 1 is a weak order unit ~and therefore it is a quasi
interior point in H*. VF, € $i(H"), F = (e) and using theorem 6.3
N1=@ +P)1=(U,+Uy_J)1=e+1-e=1
The proposition 3.2 asserts the result. a

LEMMA 6.10. — Let & be a self adjoint derivation of H*. Then
there exists a unique a € M such that § = L(a).

Proof. — We can restrict ourselves to the case for which 0<8§ <1
Then, a = 61 € [0,1],;+ = [0,1]+ (use theorem 4.1); and therefore
L(@) 1 = 1. Because 1 isseparating (Lemma 4.2), § = L(a). o

LEMMA 6.11. — The map a — L(a) is an order and JB-isomor-
phism between M and ®,(H").

Proof. — Clearly a —> L(a) is linear and isometric (lemma 6.4).
Now if a=0, (b,L@)b) = p(b(ab)) = ¢U,@)) =0 for any b
in JIL. Therefore L(a) = 0.

Finally by the definition of the Jordan product in ®,(H*) (theorem
5.4) : L(a)o L(b)1 =L@ L(®)1= L(a)b = ab = L(ab) 1. o

This completes the proof of theorem 6.1.

7. Some other results.

The following statements can be useful, in order to complete
our knowledge of homogeneous cones.

LEMMA 7.1. — Let MU be a monotone closed IB algebra and
ZQOW) its center. If @, and @, are two finite normal faithful traces
on I, then there exists an h € M* NZ(IM) such that for all
a €M, y,(a) = p,(ha).
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Proof. — Similar to the von Neumann algebra case ([20, 46]):
Suppose that ¢,,¢, are not normalized traces (¢; = ¢;(1)7 'y,
are normalized) and that ¢, < ¢, (otherwise, compare ¢, and
¢, + ¢,). These traces induce two prehilbertian structures on T

(a, b); = ¢;@b), llal} < llall?

If H,=2"" then H, CH, and H, C H!. There exists
A€ £2(H,) such that 0SA<1 and {a,b), =(Aa, b), a,bEH,.
Since Va,b€M*, (a,b) < (a,b),, the same holds for a,b
in H;. Self duality of H; implies 0 < Af < ¢, for all £ € H;
Thus A € ZH;. If » = A(1), then by Prop. 5.6 and lemma 6.9,
h € Lt N Z(JY); thus forall a € N,

(@ =<1,a), =<h,a), = y,(ha) o

The following proposition is to be conferred with theorems 3.2 and
3.3 of [19]. (See also [34]).

PRrROPOSITION 7.2. — Let O be a JB monotone closed algebra
with a finite faithful trace, and H' the homogeneous self dual cone
of M. Then UESMH") if and only if U can be restricted on N
as a Jordan isomorphism leaving Z(J1C) invariant.

Proof. — Because [0,1],;+ = [0,1], (lemma 6.9), and because
U€E€SH*), [0,1],, is invariant by U. U being invertible, e is
an idempotent if and only the same holds for U(e), since idempo-
tents are extremal points of [0,1]. Moreover e e, = 0 is equiva-
lent to e, + e, isanidempotent; thus U(e,) U(e,) = 0.

Using the spectral theorem in 1t we find:

U@@?) = U@@)? Va€EM
and U/ is a Jordan isomorphism, which leaves the center of IMT
invariant because U commutes with U, if e € Z(0) (using the
fact that U € S(H*), Proposition 5.6, and lemma 2.11 of [7]).

Conversely, let a be a Jordan isomorphism of U leaving
Z(910) invariant. Then @o « is a trace if ¢ is. Using the lemma 7.1,
we can find &k € Z(ON)* such that o¢(a(a)) = p(ha) Va €M.
But if a € Z(9), a(a) = a. Therefore ¢(a) = p(ha) for all a € T
Z(M) is now the real part of an abelian von Neumann algebra,
and ¢/Z(JN) is a probability measure on the spectrum of Z(IN0).
That means that ¢(a) = ¢(ha) Va€ZOK) and h = 1. Therefore
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¢ is invariant under a. Clearly, a can be continued on H’. Inva-
riance of ¢ under « says that « is a unitary operator on H’. Since
a(@®) = a(@)?, a(H')CH' and «(1) = 1. Therefore « € S(H*).
o
PrOPOSITION 7.3. — Let U be a monotone closed JB algebra
with a finite faithful trace . Then, there exists a standard Borel
space %, a positive Borel measure v on %, a fields §—> I (})
of Jordan algebras which is v-integrable such that:

i) O is Jordan isomorphic to [ ) dv(§)

ii) Z(9) is Jordan isomorphic to L::sl ( %, V)
iii) for v-almost every ¢, M) is a JB factor.

Sketch of the proof. — Using the representation theorem given
in Section 6, W is the hermitian part of @(H'). Because H, H*
are decomposable with respect to Z,+ (= Center of @(H") = Z(ON)),
the same is true for IT.
Now, if & is a derivation so is 8() for almost every ¢ ([14, 42])
and ML) is well defined. Since for ae. ¢, H'(¢) is indecompo-
sable, therefore ZQ($)) = R1H(§’) almost everywhere and O (¢)
is a JB factor. u]
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