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UNIVERSAL TAYLOR SERIES, CONFORMAL
MAPPINGS AND BOUNDARY BEHAVIOUR

by Stephen J. GARDINER (*)

ABSTRACT. A holomorphic function f on a simply connected domain € is
said to possess a universal Taylor series about a point in € if the partial sums of
that series approximate arbitrary polynomials on arbitrary compacta K outside
Q (provided only that K has connected complement). This paper shows that this
property is not conformally invariant, and, in the case where €2 is the unit disc,
that such functions have extreme angular boundary behaviour.

RESUME. —  On dit qu’une fonction f, qui est holomorphe sur un domaine
simplement connexe 2, posséde une série universelle de Taylor autour d’un point
de Q si tout polynéme sur tout compact K en-dehors de 2 peut étre approximé
par des sommes partielles de cette série (pourvu que le complémentaire de K soit
connexe). Cet article montre que cette propriété n’est pas invariante par transfor-
mation conforme et, dans le cas ou  est le disque unité, que ces fonctions ont un
comportement extréme dans le sens des limites angulaires.

1. Introduction

Let f be a holomorphic function on a simply connected proper subdo-
main Q of the complex plane C, let £ € Q and Sn(f,£)(z) denote the
partial sum Zg:o an(z — &)™ of the Taylor series of f about £. We call this
series universal and write f € U(Q,£) if, for every compact set K C C\2
that has connected complement and every continuous function g : K — C
that is holomorphic on K°, there is a subsequence (S, (f,¢)) that con-
verges uniformly to g on K. It is known that possession of such universal
expansions is a generic property of holomorphic functions on simply con-
nected domains (that is, U(£,&) is a dense G5 subset of the space of all
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328 Stephen J. GARDINER

holomorphic functions on 2 endowed with the topology of local uniform
convergence [17], [18]) and that the collection (€2, €) is independent of the
choice of the centre of expansion £ (see [14], [16]).

However, significant questions remain open. A fundamental issue con-
cerns conformal invariance:

PROBLEM 1. — If F : Q¢ — § is a conformal mapping, where €y and
Q are simply connected domains, and if f € U(Q,£), does it follow that
f ol e U(Qo, Fﬁl(f))?

Another question concerns boundary behaviour, about which there is a
growing literature [18], [9], [13], [14], [7], [16], [1], [5], [11]. For example, in
the case of the unit disc D, it is known that if f € U(DD,0), then f does not
belong to the Nevanlinna class (see [15]) and there is a residual subset Z
of the unit circle T such that the set {f(r¢) : 0 < r < 1} is unbounded for
every ¢ € Z (see [4]). However, little progress has yet been made on the
natural question:

PROBLEM 2. — What can be said about the angular boundary be-
haviour of functions in U(ID,0)?

I am grateful to Vassili Nestoridis for alerting me to the fact that Prob-
lem 1 had remained unresolved, and to George Costakis for drawing my
attention to Problem 2. The answers are given below. Let S denote the
strip {z€ C: -1 <Rez < 1}.

THEOREM 1. — There is a function f € U(S,0) with the following prop-
erties:
(i) for any conformal mapping F : D — S we have f o F ¢ U(D, F~1(0));
(ii) there exist conformal mappings F' : S — S such that foF ¢ U(S, F~1(0)).

We define angular approach regions at a point ¢ € T by
‘O ={z:lz-¢ <all—|z)) <at} (a>1,0<t<1).

A boundary point ( is called a Fatou point of a holomorphic function f on
D if lim, ¢ .eri (o) f(2) exists finitely for all a. At the opposite extreme,
¢ is called a Plessner point of f if f(I', (¢)) is dense in C for all « and ¢.
Plessner’s theorem says that, for any holomorphic function f on I, almost
every point of T is either a Fatou point or a Plessner point of f (see The-
orem 6.13 in [19]). Our next result shows that universal Taylor series have
extreme angular boundary behaviour.

THEOREM 2. — If f € U(D, 0), then almost every point of T is a Plessner
point of f.
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An easy consequence of Theorem 2 is the following Baire category ana-
logue, which strengthens the result of Bayart mentioned earlier.

COROLLARY 3. — If f € U(D,0), then there is a residual subset Z of T
such that {f(r¢) : 0 < r < 1} is dense in C for every ¢ € Z.

It turns out that the above solutions to Problems 1 and 2 both emerge
from the same non-trivial potential theoretic insight, which we will now
describe. The Poisson kernel for D is given by

_1-ef

P(z,() = 2

| (€D, eT).
A set E C D is said to be minimally thin at a point ( € T if there is a
(Green) potential w on D such that u > P(-,{) on E. For example, if D C D
is a disc that is internally tangent to T at a point ¢, then D\ D is minimally
thin at ¢. This follows from the facts that D is of the form {P(-,() > ¢} for
some ¢ > 0, and that min{P(-, (), c} is a potential on D since its greatest
harmonic minorant is readily seen to be 0. More generally (see Theorem 2
in [6] and Theorem 9.5.5(iii) in [2]), if ¢ : [0,1] — [0,1] is increasing, then
the set {z €D :Rez >1—4(|Imz|)} is minimally thin at 1 if and only if
fol t=24)(t)dt < co. An introduction to the notion of minimal thinness may
be found in Chapter 9 of the book [2].

The key underlying result in this paper is as follows. We abbreviate
Sn(f,0) to Sn.

THEOREM 4. — Let f be a holomorphic function on D and h be a posi-
tive harmonic function on D such that the set {|f| > e"} is minimally thin
at (o € T. If (Sy,,) is uniformly bounded on an open arc of T that contains
Co, then (e~"Sy,) is uniformly bounded on a set of the form D\ E, where
E' is minimally thin at (y. In the particular case where h is constant, we
can thus conclude that (Sy, ) is uniformly bounded on D\ E.

COROLLARY 5. — If f € U(DD,0) and h is a positive harmonic function
on D, then there is at most one point of T at which the set {|f| > e"} is
minimally thin.

Bayart [4] has shown that, if f € U(D,0) and a > 0, then there is at
most one point ¢ of T such that |f| < @ on a disc internally tangent to T at
¢. Corollary 5 is a significantly stronger result, and this extra strength is
crucial for our purposes. The “one point” in Corollary 5 can actually arise.
This follows by choosing the set A in the following result so that D\ A is
minimally thin at 1.
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330 Stephen J. GARDINER

PROPOSITION 6. — Let A C D, where ANT = {1}, and let w : D —
(1,00) be a continuous function such that w(z) — oo as z — 1. Then there
exists f € U(D,0) such that |f| < w on A. In particular, this is true for
w = e", where h is a positive harmonic function on ) that tends to co at 1.

Let D be a disc contained in D that is internally tangent to T at the
point 1. As noted in the proof of Proposition 5.6 in [14], no member of
U(D,0), when restricted to D, can have a limit at 1. However, by the
above proposition, there exists f in U(D,0) satisfying |f(2)| < |z — 1|_1/2
on D, whence (z — 1)f(z) — 0 as z — 1 in D. Thus the function z —
(z—1)f(z) does not belong U(ID, 0). This answers a question of Costakis [8],
who had asked whether the property of having a universal Taylor series is
preserved under multiplication by non-constant polynomials. Similarly, no
antiderivative of this function f can belong to U (DD, 0). This gives a negative
answer to another question of Costakis (private communication), about
whether antiderivatives of universal Taylor series are necessarily universal.
(The corresponding question for derivatives remains open.) Costakis has
also observed that Theorem 2 above and Theorem 1.2 of [3] together show
that each member of U(D,0) must tend to oo along some path to the
boundary.

We will prove Theorem 4 in the next section and subsequently proceed
to the remaining proofs.

2. Proof of Theorem 4

Let D(z,r) denote the open disc of centre z and radius r, let C(K') denote
the space of real-valued continuous functions on a compact set K, and let
C=cCu {oo} denote the extended complex plane. If U C C is open, we
denote by Gy (+,¢) the Green function for U with pole at { € U, and assign
this function the value 0 outside U.

Now let f be a holomorphic function on D and & be a positive harmonic
function on D such that the set {|f| > ¢} is minimally thin at {; € T. We
define

U={z€D(3/41/4): |f(2)| <e"}.
Then U is open and UNT = {(,}. Also, D\U is minimally thin at {y, since

D\U = [D\D(3Go/4,1/4)] U{|f| > €"}

ANNALES DE L’INSTITUT FOURIER
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and the union of two sets that are minimally thin at (p is also minimally
thin at (. Let p, denote harmonic measure for U and z € U. For each
z € U we define a modified measure p} on OU by writing

_ log(1/ )

log(1/2])
These are probability measures since the function ¢ +— log(1/|¢]) is har-
monic on C\{0}.

We will make use of some key facts about minimal thinness from [2]. The
first of these, Theorem 9.6.2, describes how the minimal thinness of D\U
at (p affects the behaviour of positive superharmonic functions v on U near
Co- Specifically, it tells us that, for each such v, there is a set F(v) C D,
minimally thin at ¢p, and a number [(v) € (0, o], such that

oz ()
log(1/[)) ~ Gon(z.0)

If ¢ € C(OU), then U(bd,u’; < maxgy |¢| for all z € U. By considering
separately the cases where v is given by

s /¢i(g) log(1/[¢])dp-(C),

we now see that there is a set £y C ID, minimally thin at ¢y, and a number
lg € R, such that

duz(¢) dp-(¢) (¢ €aU).

—l(v) (2= o,z € D\E(v)).

/ gyt = m / H(C)og(1/ [¢])dp= (C)
—>l¢ (z—><0,z ED\E¢)

Now let (¢,,) be a dense sequence in C(9U). Lemma 9.3.1 in [2] allows us
to construct a set E* C D, minimally thin at {y, and a sequence of positive
numbers (p,,), decreasing to 0, such that

Ey, N D(Co,pn) C E*  (n€N).

Thus, for each n € N, the function z — (f ¢nd,u;) converges to a finite
limit as z — (o in D\E*. It follows that the limit measure
vy = lim y 1

0 2—Co,2ED\ E* Mz (1)
exists in the sense of w*-convergence of measures. (The argument we have
used in this paragraph can be regarded as a minimal fine topology analogue
of that used in Doob [10] to construct fine harmonic measure at an irregular
boundary point of a domain.)

TOME 64 (2014), FASCICULE 1
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Clearly vg is a probability measure on OU. We will now show that
vo({¢p}) = 0. Since D\U is minimally thin at (p, we can combine The-
orems 9.2.7, 9.3.3(ii) and equation (9.2.4) in [2] to see that there is a Green
potential vy on D and a set Fy C D, minimally thin at (y, such that

w0l G s
g1/ [z 7% Bz e
and .
VolZ
m%l (Z%CO,ZGU\E())

Let € > 0. Then there exists r > 0 such that
vo(z) > e tog (1/2]) (2 € (D\U) N D(Co, 7))

and
vo(z) < 2log (1/ |2]) (z € (U\Ey) N D(Co,T)).
Hence
1
pED(G ) N O0) = s | oy B/ (0
1
S Tos(1/]2)) /DKO,,«W od:
vo(2)

S Clog(1/12])
<2 (z€ (U\Ey)ND(,1)),

by the superharmonicity of vg, and so vo(D((o,r) NOU) < 2¢. Since € > 0
was arbitrary, v9({(p}) = 0 as claimed.

Let I be an open arc of T containing ¢y on which (Sy,) is uniformly
bounded, and let 9; : U\{{o} — R be the function given by

- -1 (Jo] <1-13) 5
i) =9 an (2,00)/log(1/]2]) (1> |z]21~3) )

C\T
It is easy to check that G@\\T(z, 00)/log(1/|z]) has a finite (positive) limit
as z — o in . Thus 9;, extended by this limiting value, is upper semi-

continuous and bounded above on 9U. Further, ¢; | —1/2 on 0U\{({o} as
j — o0. Hence we can find jy € N such that

/1/)de1/0 < 0. (3)
For each k € N we define the subharmonic function
1
up = — log |Sn, — f] onD. (4)
N,
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Since Sy, — f has a zero of order (at least) Ny at 0, the function ug(z) —
log|z| is also subharmonic on D. Further, limsup,_,. ux < 0. Thus it
follows from the maximum principle that

limsup ug(z) <log|z| on D.
k—o0

Hence (see Corollary 5.7.2 in [2]) we can choose ko € N such that
1 1
el c1- Lk s k). (5)
2 Jo

Also, by Bernstein’s lemma (see Theorem 5.5.7 in [20]),

ug(z) <

IOg |SNk‘ < NkG@\j('a OO) =+ IOg (Supf|SNk|) :
We know that there exists ¢ > 1 such that |Sy,| < a on I for all k. On
U ND we thus have
1
ug < FlOg (2 maX{|SNk| ) |f‘})
k

1
< N, (log2 + max {NkG@\Y(" o0) + log a, h})
log2a + h
_—. 6
= ©
Using the subharmonicity of ug— (log 2a+h) /Ny, and its upper boundedness
on U, and then (2), (5) and (6), we see that

log 2a + h(z) log2a + h
_ s T o~ _ et
uk(z) Nk X AmaU U Nk d,uz

< / 50 () Tog(1/ ¢ = (C)
oU

<G

— log(1/ |2]) /a il (GeUkZ k). (7

By (1), the upper semicontinuity of 1;,, and (3), there exists m € (0,1)
such that

/aU Yj,dps <0 (z€UND(C,m)\E"). (8)
Combining (7) and (8) with (4), we see that
e "Sn, — fl <2a on UND((,r)\E* when k > ko,
and the conclusion of Theorem 4 follows on defining
E = (D\U)U (D\D(Go,71)) U E,

which is minimally thin at (p.

TOME 64 (2014), FASCICULE 1



334 Stephen J. GARDINER
3. The remaining proofs

Proof of Corollary 5. — Let f € U(D,0) and suppose that, for some
positive harmonic function h on D, the set {|f| > €} is minimally thin at
two distinct points (1, (s € T. Further, let I be an open arc of T containing
¢; and (p such that I # T. In view of the Poisson integral representation of
positive harmonic functions on D we can easily modify h to obtain another
such function h; that vanishes continuously on a closed subarc I of I lying
between ¢; and (2 and such that the set {|f| > e} remains minimally thin
at (1, (2. By universality we can find a subsequence (Sy, ) that is uniformly
convergent to 0 on the set {r( : ( € I,1 < r < 2}. Theorem 4 then tells
us that there is a set £ C D, which is minimally thin at both {; and
(2, such that (e="1Sy,) is uniformly bounded on D\E. By Theorem 8 of
[12] we can choose line segments Ly, Ly C D\E with endpoints at (1, (s,
respectively. Since (Sy, ) is locally uniformly convergent on D, it follows
from the maximum principle that (log|Sy, | — k1) is uniformly bounded on
a domain  whose boundary is contained in the union of Lq, Lo, I and a
suitable closed line segment in D joining Ly to Lo. Hence (Sy, ) is uniformly
bounded on the set w = {r¢ : ¢ € I,0 < r < 2}. This leads to the
conclusion that Sy, — 0 on w and thus f = 0, which is a contradiction. O

Proof of Theorem 2. — Let f € U(ID,0) and suppose that the set of
Plessner points of f does not have full arclength measure. We fix a@ > 1
and 0 < t < 1, and define

Jo={CeT:|f|<a on TL()} (a>0).

By Plessner’s theorem the set J, will then have positive arclength measure
provided we choose a large enough. Let F' = Ucey, I (¢). The set D\F is
then minimally thin at almost every point of J,, by Lemma 9.7.5 of [2] and
the conformal invariance of minimal thinness. This leads to a contradiction,
in view of the Corollary 5 and the fact that |f| < a on F. O

Proof of Corollary 3. — Let f € U(DD,0), and let Z denote the set of all
¢ € T such that {f(r¢) : 0 < r < 1} is dense in C. If ¢ € T\ Z, then we can
choose p € Q + iQ and a positive rational number ¢ such that

{f(rQ): 0<r <1} CC\D(p,q). (9)
We write E, , for the collection of all points ¢ € T satisfying (9). Thus E, 4

is closed and T\Z = Uy, E}, 4. If Z were not residual, then there would exist
D, q as above such that E, ; has non-empty interior J relative to T. It follows

ANNALES DE L’INSTITUT FOURIER



UNIVERSAL TAYLOR SERIES 335

that f does not take values in D(p, ¢) on the sector {r{ : 0 <r < 1,{ € J}.
This contradicts the conclusion of Theorem 2, so Z must be residual. [

Proof of Proposition 6. — Without loss of generality we may assume
that A is closed relative to D and that AU D(0,n/(n + 1)) has connected
complement for each n € N. By Lemma 2.1 of [17] there is a countable
collection KC, of compact sets K C C\D with connected complement, having
the following property: if L C C\D is compact and C\L is connected, then
L C K for some K € K. It is easy to see that AU D(0,n/(n + 1)) UK
has connected complement for every K € K. Now let P be the collection
of all complex polynomials with coefficients in Q +¢Q, let ((K,,p,)) be an
enumeration of K x P, and let d,, = max.ck, |2|. We inductively define a
sequence of polynomials (g, ) as follows.

Since w(z) — oo as z — 1 we can choose n; € N large enough so that
|21y (1)] < w(2)/22 on AU D(0,1/2). We then define

“(2) = z7™Mpi(z) if |z =21
pits) = pi(1)  if |z <1

use Mergelyan’s theorem to choose a polynomial ¢ such that
lgi —pil < (2%d7")"" on AUD(0,1/2)U K,

and define ¢;(z) = 2™ ¢f(2). Since w > 1 and d; > 1, we have

g1 (2)] < [2" |1 (2) = p1(2)] + [2" pr(1)]
<272 427 %w(2)
<27 w(z) (2 € AUD(0,1/2))

and
p1(2) = a1 (2)| = [2"]lg7 (2) = pi(2)| <272 (2 € K1),
Next, given qi,...,qx—1, where k > 2, we choose n; > degqi_1 large
enough such that

2"k (pk — kg:l qj> (1)‘ <27 hw(z) on AUD(0,k/(k+ 1)),

define
“(2) = 27" (p = ) i_l g;)(z) if |z[ =1
(=227 "q)(1) if |z <1

use Mergelyan’s theorem to choose a polynomial g;; such that

@i — pil < (2" d) ™ on AUD(0,k/(k+1)) U Ky,

TOME 64 (2014), FASCICULE 1
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and define g (z) = 2"*¢;(%). Thus
gk (2)] < 12" lar(z) — Pk (2)] + [z pr(2)]
k—1
Z" <pk - qj) (1)
1
—k—1 +27167110(2:)
“ka(2) (€ AUD(0,k/(k+1)))

<27k 4

<2
<2
and

k

pe(2) =D 4i(2)

1

= 2" gk (2) —pp()| <27%71 (2 € Ky).

It is now easy to see that the series > ¢, converges locally uniformly on D
to a holomorphic function f such that |f| < w on A, and that

k

Pk*qu

1
Thus f € U(D,0), as claimed. O

[Pk = Snpsr—1| = <27% 1 on K, (keN).

A related result for the strip S, given below, will be used in the proof of
Theorem 1.

PROPOSITION 7. — Let A be a bounded subset of S such that ANOS =
{£1}, and let w : S — (1, 00) be a continuous function such that w(z) — oo
as z — =£1. Then there exists f € U(S,0) such that |f| < w on A. In
particular, this is true for w = e, where h is any positive harmonic function
on S that tends to oo at £1.

Proof. — Let Fy : {Rez < 1} — D be a conformal map such that
F.(0) = 0 and with boundary limit F (1) = 1, and let F_(z) = F(—2).
Thus F_ is a conformal map from {Rez > —1} to D and F_(—1) =1. We
exhaust S by the rectangles

R, ={|Rez| <n/(n+1), Imz] <n} (n €N).

We may assume that A is closed relative to S and that AUR,, has connected
complement for each n. Let w,, = maxp_ w. Also, let K,, and p,, be as in
the proof of Proposition 6, except that the sets K,, now lie outside S rather
than D.

We inductively define a sequence of polynomials (g,,) as follows. Given
k € Nand qi,...,q;_1, let my_1 denote the degree of Zlf*l g¢;. (We define

ANNALES DE L’INSTITUT FOURIER
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mo = 0.) By Cauchy’s estimates we can choose d§; € (0,1) small enough
such that, if g is holomorphic on D and |g| < d; on D(0,1/2), then

ISn(g,0)] <27% on KjU..UK, (N=0,1,..,mp_1). (10)

Since |F1| < 1 and w(z) — oo as z — *1, we can choose n; € N large
enough so that

)

and also that by, c;, € D(0,27%715,), where

k-1
b = {F_(1)}"" (pk - Z%) ), ew = {F(-1)}"™ (pk - Z%‘) (1).

The function pj, defined by
pr(2) = 0 a5(2) + by (Rez > 1)
(Y™ (=24 ) ()
HE-E)™ (- 21 ) (1)
pr(z) = 07! ()+c,c (Rez < —1)

is continuous at +1 and holomorphic outside {|Re z| =1}, so by Mergelyan’s
theorem we can choose a polynomial g such that

|Fy(z 2*’“2@% (z€ AURy) (11)
k

(Rez| < 1)

lge — pj| < 275716y, on AURy UK.

In view of (11),

lar] < lax — pi| + |pp| < 277710, + 277716, U(Jk) on AU Ry,

S0
lgr] <27%w on A, lar] <2756, on Ry.

Also,
k k—1

pe— > q| <lak — Pkl + |pk — <kaQj>
1 1
<27k 15, + max{|bg|,|ck|} < 27%  on Kj. (12)

We can clearly also arrange that the sequence (d) is decreasing.
It follows that the series > g converges locally uniformly on S to a
holomorphic function f satisfying |f| < w on A. Further, |Y ;" ¢;| < d, on

TOME 64 (2014), FASCICULE 1



338 Stephen J. GARDINER
Ry, which contains D(0,1/2), so

k—1 00
‘pk - Smk—l(f’ 0)’ < Pk — ZQj + Smk_1(z Qjao) < 21_k on Kk7
1 k

by (12) and (10). Thus f € U(S,0), as required. O

Proof of Theorem 1. — The notion of minimal thinness at a boundary
point of S is defined in the same way as for D, except that we now use the
Poisson kernel for S. Let h be a positive harmonic function on S such that
h(z) = oo as z — +1, let w = e, and let A be a bounded, relatively closed
subset of S such that AN &S = {£1} and S\A is minimally thin at +1.
Next, let f € U(S,0) be as in Proposition 7.

Part (i) of Theorem 1 now follows from Corollary 5, and the conformal
invariance of harmonicity and minimal thinness.

To prove part (ii) we choose a conformal mapping F : S — S which
sends two (distinct) points of {Rez = 1} to the boundary points 1. The
argument used to prove Corollary 5 is readily adapted to show that, if
f1 € U(S,0) and h is a positive harmonic function on S, then the set
{|f1] = €"} cannot be minimally thin at more than one point of {Re z = 1}.
Part (ii) now follows again from the conformal invariance of harmonicity
and minimal thinness. g
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