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THE DENJOY-CLARKSON PROPERTY WITH
RESPECT TO HAUSDORFF MEASURES FOR THE
GRADIENT MAPPING OF FUNCTIONS OF SEVERAL
VARIABLES

by Miroslav ZELENY (*)

ABSTRACT. — We construct a differentiable function f: R™ — R (n > 2) such
that the set (Vf)~1(B(0,1)) is a nonempty set of Hausdorff dimension 1. This
answers a question posed by Z. Buczolich.

RESUME. — On construit une fonction différentiable f : R — R (n > 2) telle
que P’ensemble (Vf)~1(B(0,1)) est non vide et sa dimension de Hausdorff est 1.
C’est une réponse a une question posée par Z. Buczolich.

1. Introduction

It is well known that if f : R — R is differentiable, then the mapping f’ :
R — R has the Darboux property and it is a Baire class one function. Such
a mapping has also the following interesting property proved by A.Denjoy
([6]) and independently by J. A. Clarkson ([5]): (f/)~(G) is either empty
or of positive Lebesgue measure whenever G C R is open, i.e., f’ has the
Denjoy-Clarkson property (see also, e.g., [1]).

In 1990, C. E. Weil posed the problem ([13]) whether the gradient map-
ping of any Fréchet differentiable function f : R* — R (n > 2) has
the Denjoy-Clarkson property, i.e., whether (Vf)~1(G) is either empty
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or of positive n-dimensional Lebesgue measure whenever G C R™ is open.
Z.Buczolich solved the Weil gradient problem in 2002 constructing a dif-
ferentiable function f: R? — R such that (Vf)~1(B(0,1)) is a nonempty
set of Lebesgue 2-dimensional measure zero ([4]). Using ideas from Buc-
zolich’s original construction and a two-person game discovered by J. Maly,
an alternative proof of Buczolich’s result was presented in [11].

Here we continue the work done in [11] being mainly interested in the
problem how small the set (V£)~1(B(0,1)) can be from the point of view
of Hausdorff dimension if it is nonempty. The following theorem gives a
lower bound.

THEOREM 1.1 (Buczolich [2]). — Let f : R® — R be a Fréchet differ-
entiable function and G C R"™ be open. Then (Vf)~1(G) is either empty
or of positive 1-dimensional Hausdorff measure.

We show that one cannot replace 1-dimensional Hausdorff measure by d-
dimensional Hausdorff measure with d > 1 in general. Namely, the following
result holds true.

THEOREM 1.2. — For every n € N, n > 2, there exists a Fréchet differ-
entiable function f : R® — R such that Vf(0) = 0 and (Vf)~1(B(0,1)) is
a set of Hausdorff dimension 1.

Actually we prove a little bit more general theorem. To state it we need
the following notation. Let ¢ : [0, 00) — [0,00) be a nondecreasing function
and 0 < 8 < co. For A C R™ we denote

©4(A) =inf { Y ((diam G;); AC |Gy,
j=1 j=1

G, is nonempty, open, and diamG; < 3, j=1,2,...}

and ®¢(A) = limg_,o4 @g (A). It is well known that ®¢ is a Borel measure
on R™.

THEOREM 1.3. — Let ¢ : [0,00) — [0,00) be a nondecreasing func-
tion with lim; o4 ((t)/t = 0. For every n € N, n > 2, there exists a
Fréchet differentiable function f : R"™ — R such that Vf(0) = 0 and
¢((Vf)~1(B(0,1))) = 0.

Theorem 1.2 can be inferred as follows. Let ¢ : [0, 00) — [0, 00) be a non-
decreasing function such that lim; o4 ((¢)/t = 0 and lim;_o4 t*/{(¢t) =0
for every a > 1. Applying Theorem 1.3 we get a differentiable function
f:R"™ — R such that V£(0) =0 and ®¢((Vf)~*(B(0,1))) = 0. It is easy
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to see that the set (Vf)~1(B(0,1)) does not have Hausdorff dimension
greater than 1 by the definition of ¢ and not less than 1 by Theorem 1.1.

Theorem 1.2 answers Buczolich’s question posed in [4]. Let us note that
some other results related to the Denjoy-Clarkson property of the gradient
mapping are presented in [9] and [3]. An interesting result on the Darboux
property of the gradient mapping can be found in [10].

The paper is organized as follows. Besides several simple observations
Section 2 contains Lemma 2.4 which ensures existence of an auxiliary func-
tion having some special properties. Functions of this type will be used as
the main building blocks in our construction. Since the proof of this lemma
is quite technical and the method of the proof is not used elsewere in the
paper, we postpone the proof to the last section. Section 2 is closed by
Lemma 2.5 giving sufficient conditions under which a sequence of differ-
entiable functions converges to a differentiable function. In Section 3 we
define a two-person game and prove that there is a winning tactic for the
second player. The idea of the proof is based on the work of R. Deville and
E. Matheron ([7]). This tactic and its properties are essential in the proof
of Theorem 1.3, which is presented in Section 4.

2. Auxiliary lemmas

Notation 2.1. — The unit sphere in R" centered at 0 is denoted by
Sn—1. The symbol S, stands for the set {[x1,...,2,] € Sp_1; =, > 0}.
The open and closed balls with center : and radius r are denoted by B(z, r)
and B(x,7) respectively.

SETTING. — From now on, let n be a natural number greater than 1
and ¢ : [0,00) — [0,00) be a fixed nondecreasing function satisfying

Jim ¢(0)/t =0,
We will write simply ® and ®g instead of ®¢ and (I)Ea respectively.

The proofs of the next two lemmas are straightforward and will be omit-
ted.

LEMMA 2.2. — FEach line in R™ has ® measure zero.

LEMMA 2.3. — Let Q C R"™ be a nonempty open set.

(i) If f and g are lower semicontinuous functions on €, then min{f, g}
is lower semicontinuous on 1.

TOME 58 (2008), FASCICULE 2
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(ii) Let F : 2 x Q — R be a continuous function and ¢ € R. Then the
function

x +— sup{r > 0; B(x,r) C Q andVy € B(z,r): F(z,y) < c}
is a lower semicontinuous function from Q to R U {4o0}.

The following lemma is crucial in our construction. Its proof is quite
technical and was postponed to the last section.

LEMMA 2.4. — Let Q@ C R™ be an open set, v: Q — S| be a contin-
uous mapping, 0 : @ — (0,400) be a lower semicontinuous function. Let
v, €, and § be positive constants with v < 1.

Then there exists a differentiable function h : R™ — R such that

(a) h is a C'-function on ,

(b) Poc({z € Q; [|[VA(2)|| < ©7}) < &, where © € (0,1) is a constant
depending only on n,

(c¢) h(z) =0 and Vh(z) =0 for x € R™"\ Q,

and for every x € {2 we have

(d) [(Vh(z),v(2))| <,
(e) 0<h(z) <nlz),
() IVR(2)[] <~

LEMMA 2.5. — Let (fx)52, be a sequence of differentiable functions on
R™ and let (0x)%2, be a sequence of positive functions on R™ such that

(a) (dx) is a decreasing sequence converging pointwisely to 0,

(b) 1fr(y) = fu-1(y)] < 27* max{6x(x), |z — yl|} whenever z,y € R",

(©) |fi-1(y) = fr—1(2) = Vfi—1(z) - (y — )| < 27*|ly — 2|| whenever
z,y € R", ||y - CL’H < 5k($)7

(d) (V(frx — fr—1)) converges uniformly to 0,

(e) (Vfx) is pointwise convergent.

Then (f) converges to a differentiable function f and

Vf(z)=lmV fi(x), reR™

Proof. — Using conditions (a) and (b) we immediately get that (fz)
converges to a function f on R™. For k € N, xz,y € R", the same conditions

ANNALES DE L’INSTITUT FOURIER



THE DENJOY-CLARKSON PROPERTY 409

imply the following estimates:

1) = Fe@] < D 1fia(y) = £5()]

Jj=k

<3270t max{8;. (2), ||z — yll}
j=k

8

8

(2.1)

< 27" max{0x41(2), ||z — [}

Set ¢ = supgn ||V (fri+1 — fr)ll, £ € N, and k(z) = lim V fx(x) for = €
R™ Fix € R" and € > 0. Then we find k € N such that 27% < ¢ and for
allj k we have ¢; < e and ||V f;(x)—k(z)|| < €. Take 2’ € B(z, 0p11(2)),
«’ # x. Then we find j > k such that §,41(z) < ||z’ —z|| < d;(x). We have

1f(@") = f(z) = K(z) - (@' —2)| < [f(2") = f;(@")] + [ f(2) — f; ()]
+1(f5(@") = fi1@) = (f5(@) = fi-1(2))]
+1fi-12") = fi—1(z) = Vfj-a(2) - (2" — 2)|
+IVfi—1(x) = w(@)]] - []a" = =]|.
Using the inequality (2.1) we see that the sum of the first two terms is less
than 2777t|2" — z||. The fourth term is less than 277||2’ — z|| by (c) and

the fifth term is clearly less than e||z’ — z||. Using the Mean value theorem
we estimate

(fi(@") = fi—1(a") = (fi(x) = fi—1(2))]

<sup{|[V(f; = fi-1)()ll; z € R} - [|2" — x|

< Yjalle’ —zl| <ellz’ — =],
Thus we can conclude |f(z') — f(x) — k(z) - (2’ — x)| < 5el|z’ — z||, which
proves that f is differentiable at = with V f(z) = x(x). O

3. The point-hyperplane game PH and how to win it

Let B = B(0, R) be an open ball in R™. The point-hyperplane game PH
is a sequence of rounds. The first and the second player play points aj’s
in B and hyperplanes p;’s, respectively, obeying the following rules. In the
first round, the first player plays a point a; € B and then the second
player plays a hyperplane p; with a; € p;. In the k-th round, the first
player plays a point a; € B N pi—1 and then the second player plays a
hyperplane p; containing aj. The second player wins if the sequence (ay)
converges, otherwise the first player wins.

TOME 58 (2008), FASCICULE 2
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Because of technical reasons, we suppose the second player plays a unit
vector vy in its k-th move and the corresponding hyperplane py is orthog-
onal to v and contains ay,.

This game was introduced in the plane by J. Maly and this special case of
the above game was used in [11] to give an alternative proof of Buczolich’s
result on the Weil gradient problem. Variations of Maly’s game were further
investigated by R. Deville and E. Matheron ([7]). Besides other results (even
in the context of Banach spaces), they proved the second player has a
winning tactic, i.e., there is a mapping ¢ from B(0, R) to S,—1 such that
the second player wins the game if he chooses in its k-th move t(ay), where
ay, is the k-th move of the first player. In the next proposition we prove that
there is even a winning tactic which is continuous. Although our approach
is formally different from that of [7] and [11], the proof is based on ideas
which are contained in these papers. Let us note that for our construction
the difference between tactic and strategy is not essential but tactic makes
the construction simpler.

PROPOSITION 3.1. — There exists a continuous mapping t from the ball
B(0,R) C R™ to S, such that

(i) the second player wins PH playing vy, = t(ax) in its k-th move,
where ay, is the k-th move of the first player,

(ii) for every € > 0 there exists m € N such that there is no se-
quence (a;)jL, with (a1 —a;) Lt(a;), a; € B(0,R), and ||a; 1 —
aj|| > e

To prove Proposition 3.1 we need the following notation and the next
lemma.

Notation 3.2. —

(i) Let f be a k times differentiable function from R™ to R. Its k-th
derivative at a is denoted by D* f(a) and its norm by ||D* f(a)]|.
For k=0 we set D'f = f and ||D°f(a)|| means |f(a)|.

(ii) The set of all k-times continuously differentiable functions on an
open set G is denoted by C¥(G). The symbol C}(G) stands for the
set of continuously differentiable functions on GG which are bounded
on G as well as their derivatives. The space C}(G) is equipped with
the norm

1f1l = sup{| f(2)|; = € G} +sup{||D" f(2)l|; = € G}.

(iii) The support of a function f is denoted by spt f.

ANNALES DE L’INSTITUT FOURIER
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LEMMA 3.3. — Let a > 0. Then there exist C2-functions ©1,...,0m
from R~ to [0, 1] such that
(a) diamspt; < a, i € {1,...,m},
(b) 3211 wily) =1 fory € B(0,2) CR",
(c) [|DPpi(y)|| < « for every y € R, p € {0,1,2}, i € {1,...,m},
(@ 1107 (L<,95) W)l < @ for every y € B0,2), p € {1,2}, q €

{1,...,m}.
Proof. — Find open balls C1, ..., Cy covering B(0,2) C R"~! such that
diamC; < a, ¢ =1,...,k. It is well known that one can find C*°-functions

Y1, ..,y from R to [0,1] such that spty; C C; and 35, ¢ = 1 on

B(0,2). Find s € N such that
sup{[|D"¢i(y)l[; @ € {L,..., K},

(31) pe {07172}7 y € Rnfl} < as,
and
(3.2) sup{[|D7 (3° ) Wi i € {1, k),

pe{l,2}, ye R" '} < as.
Then we set m = sk and
1
(plkJri:gt/)i, ZE{O,...,S—].}, iG{l,...,k}.

Conditions (a) and (b) are obviously satisfied and (c) follows from (3.1). To
verify (d) take ¢ € {1,...,m}. Therearel € {0,...,s—1}andi € {1,...,k}
with Ik +4 = ¢. Then for y € B(0,2)

q Ik q l i 1
dei=> e+ Y %‘:ngZ;de
j=1 1 j=1

j= j=lk+1
and the desired inequality follows immediately from (3.2). O
Proof of Proposition 3.1. — Woithout any loss of generality we may
assume that R = 1. Let cp’f, .. .,ap’fnk be functions from Lemma 3.3 for

o= %8*’“’1. Set

k 0o
Xe=[[{1,...omi+1}, X =][{L....mi+ 1}
=1 1=1
ok ="k keN, je{l,...mp+1}
i<j

E o1 k-1
Ts = 04, P, " Par 1> s=(81,...,8k) € Xp.

TOME 58 (2008), FASCICULE 2



412 Miroslav ZELENY

If s € Upey Xk, then |s| stands for the length of s. If v € X, then v
denotes the k-th coordinate of v and v|k = (v1,...,v%). We equip X with
the metric p defined for u,v € X, p # v, by p(v,u) = 2751 where
k is the smallest natural number with vy # pg. Let <jox be the (strict)
lexicographical ordering of X, i.e., v <jex p if and only if there is £ € N
with v|(k — 1) = p|(k — 1) and v < .
The open unit ball in R™ centered at 0 is denoted by B,,.
To define the desired tactic t we construct functions F,, v € X, defined
on B(0,2) C R"! satisfying the following properties:
(i) F, € C*(B(0,2)) NC;(B(0,2));
(ii) D2F,(y)(h,h) < —||h]|* for every y € B(0,2), he R"", v € X;
(iii) the mapping v — F, from X to C}(B(0,2)) is continuous;
(iv) 0 < F, — F, < 4p(v, 1) whenever v <iex U;
(v) dlam Spt(F — F,) < 4p(v, 1) whenever F, # F;
(vi) for every y € B,—1 and z € [—1,1] there exists v € X such that
Fuly) = =

Tt is easy to establish the following estimates for s € X}, and y € B(0, 2):

]-7 k= 1,
I7o()] <{ e
oL W) < 58 <87k k>1;

1
107 (y)| < K - Lg-t-1-1 <—=27%2% Ge{l,...,n—1}
n

3

‘82 Ts( >| k2 . 38—(k—1)—1 < 12—k—2

. djefl,...,n—1).
- - i,j €{ n—1}

Then we obtain the following estimates for s € (Jr-; Xi and y € B(0,2):

(3.3) e ()] < 87,
(3.4) 1D 7, ()] < 271
(3.5) D7 (y)]] < 27
For v € X we define
Fy(y)=—IyllP =143 nw), yeBO?2)

k=1

We verify properties (i)—(vi).

(i) By (3.3)-(3.5) we get F, € C2(B(0,2)) N C} (B(0,2)).

ANNALES DE L’INSTITUT FOURIER
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(ii) By (3.5) we have also

D?F,(y)(h,h) < =2[|hl|* + 3> [|ID*7, ()| - [|h]]?
k=1

< =2lpl? + Y27 [Al?
k=1

=—||h|®>,  ye€B(0,2), heR" veX.

(iii) For v, u € X with v|ko = plko, ko € N U {0}, we have
IDPFy(y) = DPFu)ll < ) 3- 11D m eyl

k=ko+1

+Z AIDPT Il <12-27% y e B(0,2), p=0,1.
k=ko+1

This shows that v — F, is a continuous mapping from X to C}(B(0,2)).

Now observe that for v € X, k € NU {0}, N € N, k < N, we have

N
k k+1 k+1 k+2
S T = el ek (UVM + bt (oht? 4
j=k+1
N—-1 N—-1 _N
_HOVN 2( UN— 1+<PVN IOVN) )
1 2 k k+1 k+1 k+2 N—-2 N 1
< PPy Py (JVk+1 + @Vk-#l( Vi 42 +- +<'0VN 2%un_ 1+1) )
1 k‘+1
< @ul(pug (puk Vi+1+1
and therefore
o0
1 2 k+1 _
Py Prs (pl/k Vkt1 — Tv|(k+1) < Z Tvlj
(3.7) j=k+1

1 k+1
< Qoul 901/2 @yk Vey1+1°

To prove (iv) and (v) suppose that p,v € X, k € NU{0}, pgt1 > Vit1,
and ulk = v|k.

TOME 58 (2008), FASCICULE 2
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(iv) By (3.7) we have

Fu=Fo=3{ 3 muy— > 7y

j=k+1 j=k+1

1.2 .k _k+bl 1 2k _k+1
=3 (‘pm Pus S Uuk+1 P Pro Pure aVk+1+1)

o1 2 ko k1l _ktl
- 390#1 P P, (J#k+1 UV}«+1+1) 2 0.

Further, we have

F,—F,<3 Y 7 <3 ) 87 = L N
j=k+1 j=k+1
< 27M2 — 4p(p, v).

(v) Here we assume F), # F,, thus spt(F,, — F,) # 0. If k = 0, then
diamspt(F), — F,) < diam B(0,2) = 4 = 4p(u,v).
If k > 0, then by (3.7) we have spt(F,, — F,,) C spt goﬁk_. Consequently,

diamspt(F, — F,) < diamspt Lpﬁk < %8_’“ < dp(u,v).

(vi) For y € B,—1 we have F(111,...)(y) < =1 and Fion, 11,ma41,..)(Y) =
1. Using this and (iv) we get that Py := {F},(y); p € X} N[—1,1] is dense
n [—1,1]. Since the space X is compact and p — F), is continuous, we have
P, = [—1,1]. This finishes the construction of the F,’s and we can define
the tactic ¢.

For = [x1,...,2,] € R™ we denote 7 (z) = [21,...,2p—1] and 72 (z) =
Zn. Let @ € B,. Then there exists u € X with F,(m(x)) = ma(z) by
(vi). We define ¢(z) as the vector from S, , orthogonal to the tangent
hyperplane to the graph of F), at . The definition does not depend on the
choice of p. Indeed, if F, (71 (x)) = ma(x) for some v € X, then F, > F), or
F, < F, by (iv) and the tangent hyperplanes to the graphs of F,, and F),
at = coincide.

To prove continuity of ¢ take a sequence (*) with z* € B, converging
to # € B,. For cach k € N we find p* € X with F, (71 (z¥)) = ma(a")
by (vi). Suppose that ¢ € S,,_; is an accumulation point of the sequence
(t(x*)). Then there is a subsequence (u’) of (z*) such that t(u’) — (.
For (u/) there is a corresponding subsequence (a’) of (u*). Going to a
subsequence, if necessary, we may assume that (a’) converges to some
o € X. Then we have that (D'F,; (’/T1<uj)))j converges to D'F, (1 (x)).

ANNALES DE L’INSTITUT FOURIER



THE DENJOY-CLARKSON PROPERTY 415

This yields ¢ = t(z). Since S,,_ is compact we get that the sequence (¢(z*))
converges to t(x) as required.

Now we prove that ¢ defines a winning tactic in the game PH for the
second player. Let a1, t(a1), as, t(as), ... be a run of the game PH. If
(a;) is eventually constant then the second player wins. So we may assume
without any loss of generality that a; # a;4;1 for all j € N. Since ¢ is a
mapping into S, we have even m(a;) # m(a;1) for all j € N,

For every j € N find 17 € X with F,;(m1(a;)) = m2(a;). Since the F,;’s
are strictly concave by (ii) and m(a;j41) # m1(a;), we have

Fe(m(a;pr)) = ma(a;1)
= F,i(mi(a;)) + D'F,i(m1(ay))(m1(a;1) — m(ay))
> Fi(mi(ajir)).

Consequently, V9 <lex l/j+1, F,; < F j+1,and m (aj+1) S Spt(F,,j+1 7Fl,j).
Set v* = sup{’; j € N}. For all j € N we have m(a;t1) € spt(F« —F,s).

By (v) we have lim;_, o diam spt(F,« — F,;) = 0. Since (spt(Fp« — F,j));
is a nonincreasing sequence of sets we see that (m1(a;)) converges to some
z € B,_;. Further, (F,;) converges uniformly to F,« on B(0,2), hence
F,i(m(a;)) — F,-(2). Since F,i(mi(a;)) = m2(a;), the sequence (m2(a;))
converges, hence (a;) is convergent as well.

To prove the second property of ¢ fix ¢ > 0 and a sequence (a;)”

JIi=1
inside B,, with (a;+1 — a;) Lt(a;) and ||laj41 — a;|| > €. Find @/ with
F,i(m(a;)) = m(a;). Compactness of X and continuity of yu — F), give
that there exists ¢ > 0 such that ||[D'F,(y)|| < ¢ for all v € X and y €
B,,_1. Thus we have

Im1(aj1) —mi(ay)|| = (1+¢*) 7%

We observe

Fin(mi(ajp1)) = m2(aji1)

= F,i(m(a;)) + D'F,i(m1(a;))(mi(a;11) — mi(ay)).

Using (ii) and Taylor expansion we infer

Fui(m(aj41)) < Fi(mi(ay)) + D' E(mi(ay))(mi(aj) — m(ay))
— Slim(asen) = m(ay) P
< Fui(mi(ay)) + D' Fi(mi(ay))(mi(aj41) — mi(ay))
1

_ 5(1 4 02)7152'
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This gives

1

5 —(1+cH)71e?
Find ¢ € N with 277 < 1(1 + ¢?)7'e?. According to (iv) and (3.8) we
have p(p?, u*) > 279 for all j,i € {1,...,p}, j # i. This implies p <
(m14+1)-(mg+1)---(my+ 1) and we are done. O

(3.8) Fun(mi(aj1)) — F(mi(ajpa)) 2

4. Proof of Theorem 1.3
4.1. Auxiliary objects

Let © € (0,1) be the constant from Lemma 2.4 and t : B(0,2) — S,
be the mapping from Proposition 3.1 for R = 2. Thus for every g € N there
exists mq € N such that there is no sequence (aj) %, such that

* (@41 —aj) Lt(a;),

e a; € B(0,2) C R",

* [laji1 —a;l[ 2 ©/(q+1).
We set

RSP
= qg+1 +

for 1+mi+---+mg_1 <t <my+---+mg_1+mg. Observe that lim~y; = 0
and ~; < 1 for every ¢ € N.

We will construct a sequence (fx)32,, of differentiable functions on R”
and a sequence (0x)3, of positive functions on R™ such that (b) and
(c) of Lemma 2.5 are satisfied. We set fo(x) = 0 and dp(z) = 1 on R,
Go =R"™\ {0}, and

Gr ={z € Gi—_1; ||Vfe(x)|]| <1} for k> 0.

Further we will define continuous mappings ¢; : G — B(0,2) C R"
starting with pg(z) = 0 on Gy. For k > 1, we require

(1) [IV(fr = fo—1)(@)|] < Y%, z € R,

(02) IV (fr = fr—1)(x) = (or(z) — or—1(x))|| < O27F, z € Gy,
(p3) Gk is open and V f is continuous on Gj,

(p4) 0y is lower semicontinuous on Gi_1 and & < 6k_1 on R"”,
(p5) fx = fr—1 and Vf, =V fr_1 on R™\ Gj_1,

(p6) Poc({x € Gro1; [[V(fir — fro—1)(2)]] < Ow}) < 27F,

(7)) (pr(z) — pr-1(2)) Lt(pr-1(x)), = € Gi.
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4.2. Construction of the auxiliary objects

Now suppose that we have constructed functions fy,..., fx—1, d0,.--,
dr—1, and mappings g, ..., r_1 together with the corresponding Gy, ...,
Gr_1. We set

7(x) = sup{r > 0; B(z,r) C G—1 and

Yy € B(z,r): [|Vfe1(y) = Viio1(2)|| < 27F}  for z € Gy,

and

7(x) =sup{r > 0; Yy € B(z,7): |fi-1(y) — fr—1(z)
— V@) (y—a) <27y —=l|} for z € R"\ Gy

Since fr_1 is a C'-function on Gji_; and differentiable on R", it is easy
to see that 7 is positive on R™. According to Lemma 2.3 the function 7 is
lower semicontinuous on Gy_1. We set 0 = min{%&c_l,T}. Clearly, 0y is
positive on R, lower semicontinuous on G_1, and 0 < %5k_1. Thus (p4)
holds. Moreover, condition (c) of Lemma 2.5 is satisfied for x € R™\ G_1,
y € R" by the definition of 7 and, for € Gix_1, y € R™, (c¢) follows by the
Mean Value Theorem.

CLAIM. — The function v : Gy_1 — R defined by
Y() = inf max{5y(=), ||z~ [}
is lower semicontinuous and positive on Gj_1.

Proof of Claim. — Take x € Gi_; and a € R such that ¥ (z) > «. Find
0 <e<¢(x)—a. For y € B(zx,e) N Gx—1 we have

= 1 _— > i - -
Y(y) = inf max{o(2), |ly —=[[} > inf max{d(2).[le —z|| -}
z (@) —e>a,

which proves lower semicontinuity of ¥ on Gj_;.

For each z € Gj_; there exists € > 0 such that dx(z) > e for every
z € B(z,¢) since 0y is lower semicontinuous and positive on Gg_;. Then
we have 1 (z) > e. Hence v is positive on Gg_1. O

We apply Lemma 2.4 to
Q:=Gp_q, vi=topy_1, n:=2"F,
v =k, €:=27% and § := ©27F,
We get a differentiable function A : R™ — R such that
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e I is a C'-function on Gj_1,
o o({z € Gr_1; [|[Vh(z)|| < Oy}) <277,
e h(x) =0 and Vh(z) =0 for x € R"\ Gj_1,

and for every x € Gj_1 we have

o [(Vh(2), t(pr-1(2)))| < ©27%,
* 0< h(z) <27M(a),
o [[VA(@)| < k-

We set fr = fr_1+ h. Thus also the set G}, is defined and the conditions
(p1), (p3), (p5), and (p6) are satisfied.
We verify (b) of Lemma 2.5. For z € R", y € Gj_1 we have

[fi(y) = fam1(y)] = hly) <27"0(y) < 27" max{di (@), [ly — «[|}.

If y €e R"\ Gg_1, then |fi(y) — fk—1(y)| = 0 and the desired inequality is
satisfied.

We define ¢i(x), © € Gy, as the orthogonal projection of pr_1(z) +
Vh(z) onto px_1(x) + t(¢r_1(z))* and we get (p7). Since Vh and @51
are continuous on Gj_1, hence also on Gy, the mapping ¢y is continuous
on G, as well. We have

(VIe(@) = Vii-1(2)) = (pr(2) — pr-1(2))]|
= [[VA(z) = (x(2) — r—1(2))]]
= (Vh(z), t(pr-1(x))| < @27

and (p2) is verified. Using (p2) for « € G, we infer

ler@ < NIV (@) + [V i (z) = or(@)]]

k
<V /i@ + Z (VFi(x) = Vfi-1(x) = (0 (@) = @j-1(2))]]
k

<1+) 027 <2,

Jj=1

Therefore ¢y () € B(0,2) for every « € Gy. This finishes the construction
of the auxiliary objects.
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4.3. The desired function and its properties

Using (p2), for k > p and = € Gy, we estimate
IV fi(@) = Vfp(@)|] < |low(z) — p(a)]]

k
+ > (Vi) = V(@) = (@) = pj-1(2)]]

Jj=p+1

k
< llon(e) — gp(@ll + 3 027
Jj=p+1
< lek(@) = @p(@)| +277.
We check that (fy) satisfies also conditions (a), (d), and (e) of Lemma 2.5.
Conditions (a) and (d) immediately follow from (p4) and (pl) respectively.
To prove (e) fix z € R™. If © ¢ G, for some k € N, then the sequence
(V fi(z)) is eventually constant by (p5) hence convergent. If z € (-, Gy,
then the sequence (¢g(x)) is a well defined sequence of elements of B(0, 2).
Since t determines a winning tactic for the second player in PH, we have
that (¢x(z)) is convergent by (p7). This and (4.1) give that (V fx(z)) is
also convergent.
Set f = lim fi. According to Lemma 2.5 the function f is well defined
and differentiable. Moreover, we have V f(z) = lim V f,(z).
The set (Vf)~1(B(0,1)) is nonempty, since 0 ¢ G and we have V f(0) =
Vfo(0) = 0.
Finally, we compute the ® measure of (Vf)~1(B(0,1)). Denote

S=(V)~H(B(0,1))\ {0}.
Since we have Vf(xz) = Vfi(x) whenever k € N and = ¢ G, we obtain
S CNyeo G- Set

My ={x € Gp—1; |[Vfr(z) = Vir_1(2)|] < O}

Suppose that z € S belongs only to finitely many Mj;’s. Then eventu-
ally ||ox(2) — pr_1(2)|| > Oy, — ©27F by (p2) and according to Proposi-
tion 3.1(ii), (p7), and the choice of the 7;’s we have that all ¢y (z) cannot
be contained in B(0,2), a contradiction. So § C (;Z, U=, M;. We have
Do (M;) < 277 by (p6). For k > 1 we obtain

(4.1)

Do (S) < Boe (Uik Mj) < icboo(Mj) <ok,
j=k

This implies ®,(S) = 0. Since the families of zero sets for & and P
coincide we have ®(S) = 0. We get ®((Vf)~*(B(0,1))) = 0 by Lemma 2.2.
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5. Proof of Lemma 2.4

Notation 5.1. —

(i) Let M C R™. The symbols lin M, aff M, and conv M stand for the
linear span of M, the affine span of M, and the convex hull of M
respectively.

(ii) If A is a nonempty subset of R™ then B(A,r) denotes the set of all
points y € R™ with dist(y, A) < r.

(iii) Let S C R™ be an n-dimensional simplex, i.e., the convex hull of a
set of n + 1 affinely independent points. Then the set of all (n —1)-
dimensional faces of S is denoted by F(S).

(iv) The symbol (-, ) (or just “-”) stands for the scalar product on R™.
If u e R" and M C R", then we denote

Alu, M) := sup{|(u, (b — a)/I[b - al)}l: a,b€ M,a# b},

LEMMA 5.2. — Let S C R™ be an n-dimensional simplex. Then there
exists a finite family §) of hyperplanes with the following property: If a €
(0,1] and € > 0, then there exists a nonnegative C'-function ¢ : R® — R
such that

(a) spte) C S,
(b) supg®y < diam S,

and, for any 6 > 0 and any u € S,,_1 with A(u,F) < ¢ for every
F € F(S), ¢ further satisfies

(c) Ve € R™: dist(V(z), conv{tau}) < 20,
(d) vz € S\ B(U#$,e) : dist(Vy(z), {xau}) < 24.
Proof. — For Fy, F5 € F(S), F1 # F5 , we set
D(Fy, F>) = {xz € R"; dist(z, aff(F1)) = dist(z, aff (F2))}.
Clearly, D(Fy, F») can be covered by two affine subspaces. We denote them
by DY(Fy, Fy) and D?(Fy, Fy). We define the desired family § by
9 = {aff(F); F € F(S)}U{D"(F\,Fy); F\,F, € F(S),Fy # F,i € {1,2}}.

Fix a € (0,1] and € > 0. We will construct the desired function .
We set d(x) = dist(z, R"\ S), x € R™. Let 7 be a nonnegative C!-function
supported by B(0,e/2) with [g, 7 = 1. We set w(z) = amax{d(z)—&/2,0}
for x € R", and ¥ = w * 7. Using well known properties of convolution, we
easily verify that 1 is a nonnegative C!-function satisfying (a) and (b).

Now suppose that 6 > 0 and u € S,,_ satisfies A(u, F') < ¢ for every
F € F(S). It is easy to observe that, for all z € S\ |9, Vd(x) exists,
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[|Vd(x)|| = 1, and Vd(x) is orthogonal to aff(F) for some F € F(S).
These facts, A(u,F) < § for F € F(S), and a quick computation give
Vd(z) € B({£u},2d) for z € S\ U $H. Since Vw(z) € B({au, —au,0},20)
a.e., we get (c).

If © € S\ B(U$,¢e), then Vw(y) = aVd(z) for y € B(z,e/2) and,
consequently, Vi)(x) = aVd(z). This proves (d). O

Notation 5.3. — To each n-dimensional simplex S we associate a family
of hyperplanes $(.S) which satisfies the conclusion of Lemma 5.2.

Remark 5.4. — Observe that we may and do require
9(S +w) = {H+w; He5(S)}
whenever S is an n-dimensional simplex and w € R™.

LEMMA 5.5. — Let ¢ > 0. Let  C R" be an open set, and M; C Q,
j=1,...,k, be closed sets in Q such that @(ﬂ?zl M;) = 0. Then there
are open sets Gi,...,Gy such that @Oo(ﬂle Gj) <eand M; C G, j =
1,... .k

Proof. — Find an open set G such that ﬂ?zl M; C GCQand &,(G) <
¢. The sets M, \ G are closed in € and their intersection is empty. Thus we
can find open sets H; C 2 such that M;\ G C H; and n§:1 Hj =0 (cf. [8,
1.5.18]). We set G; = G U H; and we are done. O

LEMMA 5.6. — Let B C R™ be a closed ball, w € S,,_1, 6 >0, w > 0,
and let G be an open set containing B. Let U be a countable family of
affine subspaces of R™. Then there exists a finite family S of n-dimensional
simplicies with disjoint interiors such that

e VSeSVFeF(S): A(u, F) <4,

e BCUSCQG,

e VS eS: diamS < w,

e no element of U is contained in a hyperplane of | J{$(S); S € S}.

Proof. — Let B = B(z,r). Find ¢ € (0,w) with B(x,r + 3¢) C G and a
finite family P of n-dimensional simplicies with disjoint interiors such that
UP = [0, 1]™. Moreover we may require that diam S < ¢ for every S € P.
Denote £ = {aff(F') — aff(F); F € F(5),S € P}. The set L is a finite
family of (n — 1)-dimensional subspaces. Thus we can find @ € S,—1 \ UL
with ||@ — u|| < /2. Set

c=sup{[(@,a/llal})]; a € [ J£\ {0}}.
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According to the choice of @ we have ¢ < 1. Let a € (0,1) to be chosen
later. Denote 7 the orthogonal projection on lin{w}. We define an invertible
linear mapping T : R™ — R" by T'(z) = z—n(z)+an(z). For a € |J £\ {0}
we have

(@] = {a,@)] < clall,
IT(@)]| = vTTalP — (= @) r@IP > llallvI— (1 ).
(@, T(a)/||T (@) = @I ac

CT@I T 11— a?)e

Choosing « sufficiently small we get
(5.1) sup{|(@, T(a)/||T(a)|))]; @ €| JL\{0}} < d/4.

We set

S*={T(S+z2); 2€Z",S€P,T(S+z)NB(z,r+¢) # 0},

where Z denotes the set of all integers. If S* € §*, F € F(5*),and a,b € F,
a #b, then T (a) —T71(b) e UL\ {0} and using (5.1) we obtain

(@, (a—b)/|la—bl)| = [(a,T(T" (a—b)/[|T(T"(a b)) < 5/4.

Then we have

[(u, (a — b)/|la — b)) < [(u —u,(a —b)/||la—bl|)|
+ (@, (a —b)/|la —b||)| < §/2+ /4 =36/4.
Thus we see that S* satisfies:
VS* e S*VF € F(S*): A(u, F) <.
Since ||T'|| = 1 and diam S < € < w for every S € P, we have
e B(z,r+¢) CJS* C B(x,r + 2¢),
e VS* € §*: diam S* < w.

If Y is an affine subspace of R™ and H C R™ is a hyperplane, then
there exist at most meagerly many v € R™ with Y C H + v. Using this
fact and Remark 5.4, we find w € B(0,¢) such that no hyperplane of
U{H(S* +w); S* € S*} contains an element of Y. Now it is easy to check
that S := {S* + w; S* € §*} satisfies all required properties. O

To prove the next lemma we use Besicovitch covering theorem (see, e.g.,
[12]) : Let A C R™ and W be a system of closed balls in R™. Assume that
diameters of balls from VW are uniformly bounded and that for each point x
of A there exists a ball from W centered at x. Then there exist a constant

cp depending only on n and systems L1, ..., L.y, such that L; C W, each
L; is a disjoint system, and A C |JU;2, L;.
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LEMMA 5.7. — Let Q C R™ be an open set, 6 > 0, u: Q — S,,_1 be a
continuous mapping, 1 : 2 — (0,+00) be a lower semicontinuous function,
and U be a countable family of affine subspaces of R™. Then there exists
a family T of n-dimensional simplicies such that

(i) U7 = Qand T islocally finite in Q, i.e., for every x € §) there exists
r > 0 such that B(xz,r) intersects at most finitely many elements
of T,

(i) 7 = U;Z, 7; and the simplicies of T; have disjoint interiors, j =
1, ...,CB,

(iii) VS e TVF e F(S) Yy € S: A(uly), F) <9,

(iv) VS € T : diam S < infg 7,

(v) no element of U is contained in a hyperplane of | J{$(S); S € T}.

Proof. — Using Lemma 2.3 we may and do assume that, for every x € €,

we have
e B(z,2n(x)) C Q,
o sup{[[u(z) —u(y)|[;y € B(z,2n(z))} < /2.

Set W = {B(z,n(x)); = € Q}. Using Besicovitch theorem we obtain
systems Lq,..., L., such that UU;il L; =8, L; CW, and each L; is a
disjoint system.

Let x € Qand j € {1,...,cp}. Since 7 is a positive lower semicontinuous
function on Q there exist r > 0 and ¢ > 0 such that n(y) > ¢ for y €
B(x,2r). If a ball B(z,n(z)) € W intersects B(z,r), then n(z) > min{r, c}.
Indeed, if z ¢ B(z,2r) then n(z) > r, and if z € B(z,2r) then n(z) > c.
Using this observation and disjointness of the family £; we see that there
are only finitely many balls from £; intersecting B(x,r). Then it is easy to
find s € (0,7) such that at most one ball of £; intersects B(z, s). Thus we
have that £; is discrete in €, i.e., for every = € {2 there exists s > 0 such
that B(z, s) intersects at most one element of £;.

For each j € {1,...,cp} and B = B(x,n(z)) € L; we find an open set
G;(B) such that B(z,n(x)) C G;(B) C B(z,2n(z)) and {G;(B); B € L;}
is a discrete family in 2. Using Lemma 5.6 we find for every B = B(z, n(x))
€ L; a finite family 7;(B) of n-dimensional simplicies with disjoint interiors
such that
VS € T;(B) VF € F(5): A(u(z),F) < /2,

B cUT7;(B) C G4(B),

VS € 7;(B) : diamS < 50, () 1

no element of U is contained in a hyperplane of [J{$(S); S €
T,(B)}.
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We set 7; = U{7;(B); B € L;} and T = J;Z, 7;. Thus (i) and (i) are
satisfied.

Take S € 7;, F € F(5), and y € S. Let B = B(z,n(z)) € L; be a
(uniquely determined) ball with S € 7;(B). Take a,b € F, a # b. Set u =
(b—a)/||b—al|. We have y € B(x, 2n(x)) and therefore ||u(y)—u(x)|| < §/2.
Consequently, we have

[(u(y), w)| = [{u(y) — u(z), w)| + [{u(z),u)| < gIIUII +6/2=46

and (iii) follows. Conditions (iv) and (v) are obviously satisfied. O

Proof of Lemma 2.4. — Tt is well known and easy to see that there
exist continuous tangent vector fields t*,... ¢"~! on S} | such that the
set {z,t'(2),...,t""1(2)} forms an orthonormal basis of R™ whenever z €
St . We set ui(x) = t'(v(z)), v € Q, i =1,...,n— 1. Then u!,... u""*
are continuous mappings from € to S,,_1 so that {v(z),u*(z),...,u""1(z)}
forms an orthonormal basis of R™ for every x € Q.

We set © := (nep2°5t5)~1. Choose a positive number § such that
2ncpd < min{©~, §}. Using Lemma 2.3 we may assume without any loss
of generality that 7 satisfies the following conditions:

(5.2) Vo € Q: n(x) < dist?(z, R"\ ),

(5.3) VzeQVye B(x,nx) Vie{l,...,n—1}: |[u'(z) —u'(y)|| <.

Applying Lemma 5.7 to each v we find families 7° of n-dimensional
simplicies, ¢ = 1,...,n — 1, such that

(i) UZ%=Q and T is locally finite in €,

(i) 7° = U;2, 7} and the simplicies of 7} have disjoint interiors, j =
1, ...,CB,

(iii) VS € T VF € F(S) Yy € S: A(u'(y), F) < §/2,

(iv) VS € T: diam S < m infg n,

(v) ifl <k <nand Hy € J{H(S); S€T'},...,H._1 € J{H(9); S €
TF=1}, then H; N --- N Hy_; is contained in no hyperplane of
U{n(S); S €Tk

Set
M = J{SNH; SeT', HeH(S)} and M= ()M
i=1
The family 7 is locally finite in ©Q by (i). Thus M® is closed in €.
Further, the set M is covered by a countable family of lines. Indeed, each
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set of the form Hy N---N H,_1, where H; € J{H(S5); S € T'}, ...,
H,_ 1 € U{9(S); S € T}, is a line, a point or empty set by (v). Thus
®(M) = 0 by Lemma 2.2. Applying Lemma 5.5 we find open sets G°,
i=1,...,n— 1, such that M" C G' C Q and (N} GY) < e.

Now fix 4, j, and S € T}. Pick a point z% 4 € S. By (iii) we have
A(u' (2% 5), F) < 6/2 for every F € F(S). Using the properties of $(S)
guaranteed by Lemma 5.2 for o := ©42/t4 (< 1),

e = dist (S N Usﬁ(S),R" \ Gi) )
d = 5/2, and u = ui(xé,s), we find a nonnegative C'-function ¢§,s such
that
(A) spt 111;:75 c s,
(B) supg ¢} g < diam S,
(C) Yz e R™: dist(Vy)} (), conv{+O727 ' (27 ¢)}) < 5,
(D) Vo € S\ G": dist(Vy! g(x), {:I:@’ijHui(a:;’S)}) < 4.
We set
cB n—1
i= Y Wi, W'=Y 95, and h=) 4.
seT; i=1 =1
Using the condition (5.3) and (iv) we easily verify
(C) Vo e Q: dist(Vy g(2), conv{£O0727 i (z)}) < 2.
Letie{l,....,n—1}and j € {1,...,cp}. If
z e\ U{interior S; SeT},
then using (A) we get

’(/J;((E) =0 < dist*(z, R"\ Q).
It

x € U{interior S; SeT/},
then by (ii) there is a uniquely determined S € 77 with = € interior S. By
(iv) and (B) we have

(5.4) 0 < ¥l(x) =) g(x) <supy)) g < diam S <
s
Now using (5.2) we get

i) < n(z) < n(x) < dist*(z, R"\ Q).

(n—1)cp
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Thus we have 0 < 9 (z) < dist?(z,R™ \ Q) on Q. Now since Pt =0 on
R™\  and ’]}Z is locally finite in 2, we see that W is differentiable on R”™
and 1/)} is a C!-function on €. This implies that wi and h are differentiable
on R™ and are C! on Q. Clearly, h = 0 and Vh = 0 on R" \ Q. Thus we
verified (a) and (c).

We denote the orthogonal projection of V¢¢(x) to lin{u’(z)} by w'(z).
According to (C’) we have

||V () ZdlSt V¢ ), lin{u’(z)})
\2035, x € Q, t=1,...,n—1.

(b) Suppose that z € Q\ G, iy € {1,.. LN 1}. Then there exists the
biggest jo € {1,...,cp} such that z € (J7;°. Using (C) and (D) we infer

Jo—1

VY (@)|| = [[Vee (@) - > [IVele ()|
j=1
5.6 _ o Jool _ .
(56) > (072701 —6) = Y (04271 +6)
j=1

> 320~ — cpd > 8On.

Using the inequalities (5.5) and (5.6) we infer

(V' (@) = [[VY' (z) — w'(2)]]

[|w' (@)]| > |
> ||V (a)|| — 2cp0 > 80y — Oy = TO.

(5.7)
Finally, using orthogonality of w'(z)’s, (5.5), and (5.7), we get

n—1 n—1

ZV¢ Zwi(x) —ZI\VW(%’)—wi(w)II

> ||w10(x)|| — (n—1)2cpd > 70y — Oy > O.

|Vh(z

Thus we have {z € Q; ||Vh(z)|| < ©~v} C ﬂ?;ll G*. Consequently,

Poo({z € Q; [[VR(2)|| < O7}) <e
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(d) We estimate

[(Vh@), v = |3 (@), o(@) + (V@) v, o)

- z_: 0+ i(VW(z) —w'(z),v(z))

n—1

< Z |VYi(x) — w'(z)]] < 2ed(n—1) <6
i=1
by (5.5) and the choice of 4.
(e) By (5.4) we have

n—1 cp

0 < hw) < 30D )] < (= Dep

i=1 j=1

1

mn(l’) = n(x), x € Q.

(f) Using (C’) and the inequality 2ncpd < O, we obtain

n—1 cp n—1 cp
IVA@)I < DD Vi@l < DY (027 +20)
i=1 j=1 i=1 j=1

= (n—1)cp(©72°8H +25) < 4, x €.
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