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SIMULTANEOUS REDUCTION TO NORMAL FORMS
OF COMMUTING SINGULAR VECTOR FIELDS WITH
LINEAR PARTS HAVING JORDAN BLOCKS

by Masafumi YOSHINO & Todor GRAMCHEYV (*)

ABSTRACT. — We study the simultaneous linearizability of d—actions (and the
corresponding d-dimensional Lie algebras) defined by commuting singular vector
fields in C" fixing the origin with nontrivial Jordan blocks in the linear parts.
We prove the analytic convergence of the formal linearizing transformations under
a certain invariant geometric condition for the spectrum of d vector fields gener-
ating a Lie algebra. If the condition fails and if we consider the situation where
small denominators occur, then we show the existence of divergent solutions of an
overdetermined system of linearized homological equations. In the C*>° category,
the situation is completely different. We show Sternberg’s theorem for a commut-
ing system of C* vector fields with a Jordan block although they do not satisfy
the condition.

RESUME. — Nous étudions la linéarisation simultanée de d-actions (et les al-
gebres correspondants de Lie d—dimensionelles) definie par des champs de vecteurs
singuliers dans C™ fixant 'origine avec des parties linéaires ayant des blocs de Jor-
dan. Nous montrons la convergence analytique des transformations linéarisantes
formelles sous une condition d’invariance géométrique pour le spectre de d-champs
de vecteurs qui engendrent une algebre de Lie. Si la condition n’est pas satisfaite et
siil y a des petits diviseurs, nous montrons ’existence de solutions divergentes pour
un systéme sous déterminé d’équations linéarisées homologiques. Dans le cadre de
fonctions C*° la situation est completement différente. Nous montrons le théoréme
de Sternberg pour une famille commutative de champs de vecteurs qui ne satisfait
pas la condition.
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264 Masafumi YOSHINO & Todor GRAMCHEV

1. Simultaneous normalization

Let Kbe K=Cor K=R,and B =00, B =w or B =k for some
k > 0. Let G3 denote a d-dimensional Lie algebra of germs at 0 € K" of
CP vector fields vanishing at 0. Let p be a germ of singular infinitesimal
K9-actions of class CB (d > 2)

(1.1) p: KT — Gp.

We denote by ActB(K? : K") the set of germs of singular infinitesimal
K9-actions of class CP at 0 € K. By choosing a basis eg,...,eq € K?,
the infinitesimal action can be identified with a d—tuple of germs at 0 of
commuting vector fields X7 = p(e;), j = 1,...,d (cf. [13], [17]). We can
define, in view of the commutativity relation, the action

(1.2)  p:KIx K" — K",
ps;z) = XL oo Xl (2) = X o X7 (2), s =(s1,--,54),

for all permutations o = (01,...,04) of {1,...,d}, where X7 denotes the
flow of X7. We denote by py;,, the linear action formed by the linear parts
of the vector fields defining p.

We shall investigate necessary and sufficient conditions for the lineariza-
tion of p, namely, whether there exists a C? diffeomorphism g preserving
0 such that g conjugates p and prn

(13)  plsigz) = g(@in(s.2))  (s,2) €K?x K™

We recall that in [13] and [24], the linear parts were supposed to be diag-
onalizable, while in [29] the existence of n — d anlalytic first integrals was
required. (See also [1], [15]). Following Katoks’ argument in [17], we take a
positive integer m < n such that K" is decomposed into a direct sum of m
linear subspaces invariant under all A* = VX,(0) (( =1,...,d):

(1.4) K* = T8t ... 41, dimI* =s;, j=1,...,m,
S1+ -+ Sy =n.

The matrices A, ..., A? can be simultaneously brought in an upper trian-
gular form, and we write again A¢ for the matrices,

A{ O51 >252 e 051 XSm
Onywss AL .. Onxsn

(1.5) A = e 2o L 0=1,....d
OS»m XS1 OSmXSQ e Afn
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SIMULTANEOUS REDUCTION TO NORMAL FORMS 265

If K = C, the matrix Ag is given by

/\g Aﬁ-ﬂ . A§,15j
0 A oAl

(1L6) Al=| T T T o d=1,.m,
0 0 ... X

J

with /\ﬁ-,Aiw € C. On the other hand, if K = R, then we have, for every
1 < j < m two possibilities: firstly, all AS (€ =1,...,d) are given by (1.6)
with )\f € R. Secondly, s; = 2s; is even and A§ is a s; X s; square block

matrix given by

Ro(Mpl) AR . A
VAR b
(]. 7) AL = 0 RQ()\j“U,j) A[jJ
. J ) : . . 7
0 0 Ry, 1)
f: 17' 7d7
where
A
(1.8) Ro(h, 1) = ( Ao )  nerm

and AZ; are appropriate real matrices.

Following the decomposition (1.6) (respectively, (1.7)) we define A by

(1.9) MNe =t(\F N e K™, k=1,....d.

m
Then we assume
(1.10) M. M are linearly independent in K™.

One can easily see that (1.10) is invariantly defined.
By (1.5) we define

(1.11) o=t A ek, j=1,...,m,
and
(1.12) A o= {1, A}

We define the cone I'[A,,] by

m

m
(113) TR =D tN €KYt >0,j=1,....m, > t; #0
j=1

Jj=1
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266 Masafumi YOSHINO & Todor GRAMCHEV

DEFINITION 1.1. — We say that the K?-action p is a Poincaré morphism
if there exists a basis A,, C K™ such that T'[A,,] is a proper cone in K™,
namely it does not contain a straight real line. If the condition is not
satisfied, then, we say that the K% action is in a Siegel domain.

Note that the definition is invariant under the choice of the basis A,,.

Remark 1.2. — As to the alternative definition of a Poincaré morphism
we refer to [Definition 6.2.1, [24] ].

Next, we introduce the notion of simultaneous resonance. For a =

(ah' .- 7a77L) € Kma 6 = (ﬂla s aﬂm) € Km7 we set <Ol7ﬂ> = Z:,nzl O[l/ﬂlj'
For a positive integer k we define Z77' (k) = {a € Z'; |a| > k}. Put

d
L14)  wle) = SV N j=1..m,
v=1
(1.15) w(a) = min{w(a),...,wn(a)}.
DEFINITION 1.3. — We say that A, is simultaneously nonresonant (or,

in short p is simultaneously nonresonant), if
(1.16) wla) # 0, Vo € Z7(2).
If (1.16) does not hold, then we say that A, is simultaneously resonant.

Clearly, the simultaneously nonresonant condition (1.16) is invariant un-
der the change of the basis A,,. We state the first main result of our paper

THEOREM 1.4. — Let p be a Poincaré morphism. Then p is conjugated
to a polynomial action by an holomorphic change of variables.

Remark 1.5. — In case p has a semi simple linear part, then Theorem
1.4 is already known. (cf. [Theorem 2.1.4, [24]]).

Example 1.6. — We compare our theorem with the results of Stolovitch
[24] and Zung [29]. Let p be a R%*-action in R, n > 4 with m = 3. We
choose a basis Ay of R? such that

(1.17) Ay = {"(1,1,0),%(0,1, ) }, v, €R.

(cf. [12] for similar and more general reductions of commuting vector fields
on the torus).

We will characterize the set of (v, 1) € R? so that the action is a Poincaré
morphism, and determine the simultaneous resonances. By (1.13), I'[A9] is
generated by the set of vectors {(1,0),(1,1), (v, u)}. Hence the action is
a Poincaré morphism if and only if these vectors generate a proper cone,
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SIMULTANEOUS REDUCTION TO NORMAL FORMS 267

namely (v, 1) is not in the set {(v, ) € R%; v < u < 0}. We note that the
interesting case is u < v < 0, where every generator in (1.17) is in a Siegel
domain. Theorem 1.4 can be applied to such a case. In §3 we will show
that if the action is not a Poincaré morphism, i.e., v < pu < 0, then there
exist (v, u) with the density of continuum such that the linearized overde-
termined system of two homological equations has a divergent solution.

Next we will determine (v, 1) so that a simultaneous resonance exists. If
n = (m,n2,m3) € Z3(2) is a simultaneous resonance, we have the following
set of equations:

(1) m+mn+vgs=1 n+un =0,
(2)  mAmtvpz=1, m+umz =1,
(3) m+n2+vns =v, N2+ un3 = .

Elementary computations imply that, in order that one of these equations
has a solution 7 the (v, u) satisfies the following;:

a) Case v < p < 0. The resonance exists iff (v,u) € Q- x Q_, where
Q_ is the set of nonpositive rational numbers. The resonance is given by
(14+(u—v)k,—pk, k) and ((p—v)k,1—ku, k) where k > 1/(1—v), k € Z,
and ((v —p)(1 — k), (1 — k), k), where k > (2 —v)(1 —v), k € Z4.

b) Case v > g and pu < 0. The resonance is given by (0, —u/(v — ), 1/(v —
w)), where —p/(v —p) € Zy, 1/(v —p) € Zy and 2v — p < 1.

¢) Case u > 0, v < p. The resonance is given by (0,0,1/v), when v = p,
v<1/2, v € Zy; (0,0,0), when v =p > 2, v € Zy; (n—v)/u,0,1/1),
if otherwise, where (u —v)/n € Zy, 1/p € Zy and v+ p < 1.

d) Case v > p, 4 > 0. The resonance is given by (v — p,u,0), where
V—p€Zy,p€Zy and v = 2.

Let v be a negative rational number, v = —k /ka, k1,ks € Z4, ko # 0.
Let p be a rational number and satisfy p < v. Assume that the nonlinear
part of X2 is zero. If the nonlinear part of X! consists of the resonant terms
of X2, then we have [ X!, X?] = 0. We can easily see that the linearizability
of X! holds provided p # v — 1/ky = —(k1 + 1) /ka.

2. A Poincaré morphism

We start by showing equivalent forms of a Poincaré morphism.

PROPOSITION 2.1. — The action is a Poincaré morphism if and only if
each of the following conditions holds

TOME 58 (2008), FASCICULE 1



268 Masafumi YOSHINO & Todor GRAMCHEV

i) there exist a positive constant C and an integer ko such that

d m
(2.1) S Majl=Cilal,  Va ez (k).
k=1 j=1
ii) there exists a nonzero vector ¢ = (cy,...,cq) € C4 if K = C (re-

spectively, ¢ = (c1,...,cq) € R? if K = R) such that
(2.2) A + -+ cg\ is in a Poincaré domain,

namely, the convex hull of the set {E?Zl Nk =1,...,m} inC
does not contain 0 € C (respectively,

(2.3)  the real parts of Cl/\; + -+ cd/\;l, j=1,...,m, are positive.)

Proof. — First we show (2.1). Suppose that (2.1) does not hold. Then
there exists a sequence ot € Z7', ¢ € N such that |a| — co (£ — 00) and

d m
(2.4) ST Ma

k=1 j=1

o]

— ¢ .
7 eN

Sl

| <

By taking a subsequence, if necessary, we may assume that af/|af| — t =
(t?,...,t9%) € SpNRT when ¢ — oo, where S}, := {z € K™; ||z]|n =
Z;”Zl |z;| = 1} stands for the ¢! unit sphere. By letting £ — oo in (2.4) we
get

d m
> 1D Nt =o.

k=1 j=1

It follows that Ztng =0. Let J C {1,...,m} be such that Ztng # 0.
J=1 JjeJ
Such a set J exists by (1.10). It follows that

0£) 9 == > X

jeJ jefl,....mN\J

Hence I'[A,,] contains a straight line generated by .. ; t?Xj = 0. This
contradicts the assumption that I'[A,,] is a proper cone.

Conversely, suppose that (2.1) is satisfied. We shall show that T'[A,,] is
proper. Indeed, if otherwise, we can find t® = (¢9,...,t2) € SLORT\ 0
such that

(2.5) > Ak =, k=1,...,d.
j=1
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SIMULTANEOUS REDUCTION TO NORMAL FORMS 269

Because the set {o/|af; o0 € Z7(2)} is dense in S}, (YR, there exists a se-
quence o € Z'7, ¢ € N such that |af| — oo (£ — 00) and limy_.o o /|af| =
Y . Therefore, in view of (2.5), we get

1 d m
: koo | —
Jm | fag 212 el | =0,
k=1 j=1

which contradicts (2.1).

Next, we shall show ii). Suppose that I'[A,,] be a proper cone in K¢.
Then we can find ¢ = (cy, ..., cq) € C¢ such that T'[A,,] is contained in the
real half-space P, := {z € K¢, RG(ZZ:1 ckzr) > 0}. Therefore

d m
(2.6) 0< Re(z Cr Z ti}) =

m d
k=1 j= =

the Z Ck)\k
1

k=1

—

j=

for all t € R7" \ 0, which yields Re(zgzl ckAE) >0 for j =1,...,m. We
note that, if K = R, then the use of the real part in the definition of the
half-space is superfluous. Finally, we readily see, from (2.2) that, if K= C
(respectively, (2.3) if K = R), then the cone T'[A,,] is contained in P,.. Hence
T'[A;] is proper. a

Although the following proposition is known, we give an alternative proof
for the sake of completeness. (cf. [Lemma 3.1, [25]].)

PROPOSITION 2.2. — Let the action p be a Poincaré morphism. Then
we can find a vector field in the corresponding Lie algebra which has the
same resonace as the simultaneous resonance of p and is in the Poincaré
domain.

Proof. — By ii) of Proposition 2.1 we can find a Poincaré vector field in

the Lie algebra as a linear combination of a base corresponding to (2.2). Let
¢, be the numbers in (2.2), and define A% := (\9,...,20) = S>¢_ ¢, \v.
Let S be a similtaneous resonance of p. Consider

d

(N0,a) =20 =3 e, ((W.a) = 7).

v=1

Because Zgzl [, o) — M| # 0 for every a € Z1'(2) \ S, it follows that
the set (A%, a) — A =0inc=(c,...,ca) € C*is a hyperplane if a ¢ S.
It follows that the set

{e=(c1,...,¢q) E(Cd;(j\o,@—)\?:0,3j,1<j<m,3aEZT(2)\S}

TOME 58 (2008), FASCICULE 1



270 Masafumi YOSHINO & Todor GRAMCHEV

is a countable union of nowhere dense closed set. Therefore we can find
¢ = (c1,...,cq) for which 25:1 ¢, AV satisfies the Poincaré condition and
has the resonance S. O

We propose a geometric expression of a Poincaré morphism.

DEFINITION 2.3. — Let r > 0 and g be a Riemannian metric on R™.
We denote by (., -, and || - ||4 the inner product and the norm with respect
to g, respectively. We say that X, := 37| X{(x)0,;, (v = 1,...,d) are
simultaneously transversal to the sphere ||z|, = r if, the vectors X" :=
(XY,...,X!) (v=1,...,d) satisfy

d
(2.7) ZKX”,x)g\;ﬁO, Vo, |z|g=r.
v=1

THEOREM 2.4. — Let r > 0. Suppose that B, := Y7 (A"x);0,,
(v = 1,...,d) be a commuting system of semi simple linear real vector
fields in R™. Let p be the action generated by {B,}. We choose a real non-
singular matrix P such that A¥ = PAYP~' is a block diagonal matrix
given by A” = diag {R2(&Y,n7),..., Ra(&), 00, ), A w15+ - A} for some
integer ny < n. Let g be a Riemannian metric defined by *PP. Then the
following conditions are equivalent.

(a) B, (v =1,...,d) are simultaneously transversal to the sphere ||z|, = r.
(b) p is a Poincaré morphism.
(¢c) There exist real numbers ¢, (v = 1,...,d) such that Zgzl c, By is

transversal to the sphere ||z||y = 7.

Proof. — We note that (z,y), = (Pz, Py) and ||z|4 = || Pz||. By insert-
ing the relation X” = AYz = P~'AY Pz into (2.7) we can easily see that
the simultaneous transversality condition is equivalent to

d

(2.8) DoAY A0, Vy=(yr,eeyn)s lyl =7

v=1
By definition, (2.8) can be written in

n

d m
(29 DI W tu)+ Y. wNI#£0, Yy, lyll=r

v=1 j=1 j=ni+1
We define ¢t = (t1,...,t,), t € R, Y t; = L by t; = (y3,_, +v3,)/2 if
j <mnpandt; = yJ2 if j > 2n. Noting that E}’(ygj,l + y%j) = 2t;§] =
t;(&F +iny +&7 —inY) we see that (2.9) is written in Zi:l | 351t N #0
for every ¢t € R and ) t; = 1. This is equivalent to (b) by definition.

Hence we have proved the equivalence of (a) and (b).
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SIMULTANEOUS REDUCTION TO NORMAL FORMS 271

By Proposition 2.1 the condition (b) is equivalent to the existence of real
numbers ¢, (v =1,...,d) such that Zgzl ¢, B, is a Poincaré vector field.
By what we have proved in the above (d = 1) this is equivalent to say that
25:1 ¢, B, is transversal to the sphere ||z||, = 7. O

Proof of Theorem 1.4. By Proposition 2.2 there exists a Poincaré vector
field x¢ in p which is in a Poincaré domain and has the same resonance as p.
If p is not resonant, then we have Theorem 1.4. In case there is a resonance
of p, then it follows from Lemma 3.2 of [25] that, if x¢ is normalized, then
so is p. g

3. Divergent solutions of overdetermined systems of
linearized homological equations

We now study the action pj;;, which admits a Jordan block. We as-
sume that the action is formally (simultaneously) linearizable and is not a
Poincaré morphism and that the family of linear parts is Diophantine.

Let C5{x} be the set of n vector functions of convergent power series of
x without constant and linear terms. We consider

(3.1)  Lav="Lyv,....,Lqv)=f, f:="(f" ..., fY € (Cy{z}),

under the compatibility conditions

(3.2) Liff = Lifi, g k=1,....,d,

where L; is the Lie derivative of the linear vector field A;x0,
Lijv=[Ajz,v] = (Ajz,0,)v—Ajv, j=1,...,d

First we consider a 2-action studied in Example 1.6. We assume that
there exists a vector field in the two-dimensional Lie algebra which is not
semi simple. In view of Example 1.6 we can choose a base X1, Xo with linear
parts A; € GL(4;C) satisfying Spec (41) = {1,1,v,v} and Spec (A2) =
{0,1, u, u}, respectively, where v < u <0, (v, 1) ¢ Q?, and

1 0 0 O 0 0 0 O
01 0 O 01 0 O

. A: A:

(3.3) ! 00 v e |’ 2 0 0 u e |’
000 v 000 pu

where ¢ # 0 and g € C. We can make |¢| > 0 arbitrarily small by an
appropriate linear change of variables.

TOME 58 (2008), FASCICULE 1



272 Masafumi YOSHINO & Todor GRAMCHEV

Let w(«) be defined by (1.15). We say that the simultaneous Diophantine
order of {Spec (41), Spec (A2)} is 7o, if, for every 7 > 7y there exists C =
C; > 0 such that

(3.4) w(a) = Cla|™7, VaeZi(2),

while, for every T < 7 there exist ¢’ > 0 and a subsequence o € Z4(2)
(¢=1,2,...) such that

(3.5) w(a®) < ', ¢ eN.

First we note that the conditions (3.4) and (3.5) for w(«) are equivalent
to the corresponding ones for ||qv|| + ||qu| when ¢ € N, ¢ — oo, where
It]| = min,ez |p —t|. Hence the number 7y in (3.4) and (3.5) is equal to the
speed of the simultaneous approximation of v and p, namely ||qv||+ || qu|| ~
Cq~™ for some constant C' > 0 independent of ¢. Clearly, if (3.4) holds,
then we have an upper bound of 7y. By the result of M. Herman, [16], we
have an upper bound 2 + ¢ for every € > 0 for almost all ¥ and p. On
the other hand, Moser showed that there exist Liouville numbers v and p
such that ||qv|| + ||qu|| = c¢~™ for any given 7 > 2. (See [Theorem 2, [20]]).
This implies that for every 7 > 2, there exist Liouville numbers v and pu
such that 79 < 7. We have another upper bound of 7 if either v or p is
an algebraic number. Indeed, by Roth’s theorem, for any given 7 > 1 there
exists ¢ > 0 such that ||gv|| + |lqp|| = c¢~". Hence we have 79 < 1. Finally,
by [Corollary 1B, p.27, [22]], if either v or u is an irrational number, then
we have a lower bound 75 > 1/2.

We say that v and p are simultaneously Liouville, if (3.5) holds for every
7> 0.

Let 0 > 1. We say that a formal power series f(z) = > foz® is in a
Gevrey space GS(C*) if f, = 0 for |a|] < 1 and, there exist C' > 0 and
R > 0 such that |f,| < CRI*l|a|l""1, (Va € Z2).

We consider the following equation

(36) LAU = t(leaLQU) = fv f = t(fla f2) € (C%{.’E})27 T e (C4a

«

where ?(f1, f?) satisfies the compatibility condition L; f? = Lo f!. Then we
have:

THEOREM 3.1. — Assume that g € R\ {0}. Let 1 < 79 < oo be given.
Then there exists Ey C {(v, ) € R?;v < p < 0} with the density of contin-
uum satisfying {(v, u) € Q* v < p < 0} C Ey such that for every (v, 1) €
Ey, there exists an f = t(f1, f?) € (C3{x})? such that L,f? = Lof! and
Eq. (3.6) has a formal power series solution v & |, <, 5., G5(C*).
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SIMULTANEOUS REDUCTION TO NORMAL FORMS 273

Furthermore, if the conditions (v,u) ¢ Q?, (3.4) and 79 < +oo hold,
then (3.6) has a unique solution v € ) G3(C*) for every t(f!, f?) €
(C3{x})? satisfying L1 f? = Lo f*.

In order to prove Theorem 3.1, we need a function space G which is a

o>2+T19

subspace of a set of holomorphic functions in a neighborhood of the origin.
First we give the definition in the case €9 = 1, i.e., the nilpotent parts of
Ay and A, coincide. We define G by

g:: f:t(f17f2af37f4); f] Efj(‘r) = Z foz,jxay j: 1727374 )

aeCy
where C; C Z% (2) satisfies the following two conditions.
(1) There exist ¢ > 0 and 7 > 7y such that for every a = (a1, ag, ag, ay)
€ Cj, we have N = az + a4 #0, |a| > 2, and
la; =1+ (v —p)N| < NN va e ) (j=1,2),
lay + (v — p)(N = 1) < N"NCHEDN - va € € (5 = 3,4).
(2) The Diophantine condition for Spec(A;) holds: namely for every 7/ <
7o < 7", there exist ¢; > 0 and ¢y > 0 such that
N <oy +ay—1+vN|<eoeN~™ if aeCjj=1,2,
aN <log+as+vN—v| < N7 if a€Cj=34,
where N = a3 + a4 # 0.
Remark 3.2. — If g9 # 1, we replace (1) with the following (1)’.

(1)’ There exist ¢g > 0 and 7 > ¢ such that for every a = (a1, a2, a3, a4) €
Cj, we have N = a3 + oy # 0, and

leo(ar — 14 ag + vN) — (g + uN)| < N"NCHIN - if o € O,

In the case a € C5, we replace a; and as in the left-hand side of the above
inequality with a; +1 and as — 1, respectively. Similarly, in the case a € C
or a € Cy, we replace a; and N in the left-hand side of the above inequality
with a; + 1 and N — 1, respectively.

Remark 3.3. — The space G is a normed space with the norm || f| :=
>oolfal, where [fo| = 37, [fa ;| (f € G). If the conditions (1) and (2)
in the definition of G hold, then the Diophantine condition for Spec(As)
holds. Hence we have a simultaneous Diophantine condition for Spec(A;)
and Spec(As). In the following, we will show that on the support C; of
G, the divergence of the solutions of L 4 occurs, with a sharp Gevrey loss
equal to 1 +7 (G* — G?*7).
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274 Masafumi YOSHINO & Todor GRAMCHEV

Remark 3.4. — The space G is not empty for an appropriate choice of
v and p such that v < p < 0, i.e., the action is not a Poincaré morphism.
We first consider the case ¢g = 1 for the sake of simplicity. If we construct
v and p so as to satisfy the conditions (1) and (2) for C; = Cy, then (1)
and (2) for C5(= C4) hold if we replace a3 and N in C; with a3 + 1 and
N — 1, respectively. Hence we will consider C}.

We can easily construct an irrational number v < 0 which satisfies (2).
In fact, @1 + as and N are given by a continued fraction expansion of
v. Note that a7 can be taken arbitrarily. Next, by the standard measure
theoretic argument, we can show that there exist an irrational number
pw with v — p < 0 and the sequence {as} such that (1) holds. By the
construction, we can also choose p < 0 such that v < p < 0. It follows that
the action is not a Poincaré morphism. Moreover, we can easily see that
the set of v and p satisfying (1) and (2) has the density of continuum.

Next we consider the case €9 # 1. For the sake of simplicity, we give the
sketch of the proof for Cy in the case 0 < g9 < 1. The other cases can
be treated similarly. First we construct v so as to satisfy (2). Then the
sequence of the integers k = a; + s — 1 and N are also given. In order to
show that there exists p satisfying (1)’, we consider the inequality

ap — 1+ (1—epHas
N
We consider closed intervals of length 2N ~N(T+10=1cNe "1 with the centers

-1
at %N_EOM, (a1 + g = k+1). Let N and one of these intervals Iy
are given. Then we can choose N’ > N and Iy such that Iy contains Iy-.

—(eg'p—v)| < N~NEHD=1N 1,

Hence we can construct a sequence of monotone decreasing intervals. By
taking a subsequence, if necessary, we see that there exists p which satisfies
(1)". By construction the set of y has the density of continuum. We remark
that we can take 7 := g5 'pp—v > 0if 0 < g9 < 1. Indeed, since 1 —e;* < 0
and k/N — —v > 0 as k, N — oo, it follows that one can take the interval
I so that Iy is contained in the positive real axis and it is arbitrarily close
to the origin. Hence we have u = (¥ + v) > ggv > v, which implies that
the action is not a Poincaré morphism. Similarly, we can show that there
exists p such that the condition does not hold in other cases.

The proof of Theorem 3.1 follows from the following propositions.

PROPOSITION 3.5. — Assume that g € R\ {0}. Let 1 < 79 < o0.
Then there exists Ey C {(v,u) € R?\ Q% v < p < 0} with the density of
continuum such that the following property holds. For every (v,u) € E|
there exist real numbers c1, ¢o and ky > 0 such that for every g € G,
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9 = 2 \a|ke Yo, there exist f7 € G (j =1,2) such that Ly f? = Lof!,
g = c1ft+caf?. Moreover, B := c¢1 A1 +ca Ao is nonresonant, and w defined
by (1.15) for Spec(B) satisfies (3.5).

PROPOSITION 3.6. — Assume that g € R\ {0} and 1 < 79 < oco. Let
(v, ) € E|, where E|, is given by Proposition 3.5. Let ¢1, c2 and B be as in
Proposition 3.5. Then there exists g € G such that the homology equation
Lpv = g has a unique formal power series solution v which is not contained
in U1<0<2+TOGS((C4).

Remark 3.7. — Our divergence results imply in the case of a single
holomorphic vector field, that generically vector fields obtained by nonlin-
ear holomorphic perturbations are nonlinearizable (see R. Pérez Marco [19]
for more details). We point out that our results generalize those for single
vector fields in the presence of nontrivial Jordan blocks (see [15]). As to
the case of smooth C* hyperbolic R?-actions we refer [13].

First we will prove Theorem 3.1, assuming Propositions 3.5 and 3.6.

Proof of Theorem 3.1. — We will prove the former half. Let Ej be the
set given by Proposition 3.5. We define Ey := E{U{(v, 1) € Q% v < u < 0}.
By the result of Example 1.6 (a), we know that if (v, ) € Q2, v < u <0,
then (3.6) has an infinite resonance, a = (a1, a2, a3, o4), oy = 1+ (u—r)k,
g = —pk, az+ay =k, where k > (1—v)~!, k € Z,. Hence v = Yo Vaz®
is a formal solution of (3.6) with f = 0 for v, € C*, where the summation
with respect to « is taken over the resonances « in the above. Because |v,|
is arbitrary, we take v, such that |v,| = |a]'**™ (Ja| — co), which implies
v ¢ U1<g<2+ro G3(CY).

Next we study the case (v,u) € E|. By Proposition 3.6 there exists
g € G such that the unique solution v of Lgv = g with B = ¢; A1 + c2 Ao
is not contained in ;¢ ;94 G3(C*). By Proposition 3.5 we can choose
f7 € G (j =1,2) such that Ly f?> = Lof! and g = c1f! + c2f%. Because
the solution v of Lqv = f is a unique solution of Lgv = g, we see that
v ¢ U1<0<2+7—0 G3(CY).

We will prove the latter half. We consider the system of equations L;jv =
f7(j = 1,2), where Lif? = Lyof!. Let B denote either A; or A,. For the
sake of simplicity, we assume that B is put in a Jordan normal form with
the diagonal part B° := diag{\, A2, A3, A3} and the off-diagonal element
1. We note that, for the equation L1v = f! we have Ay = Ao =1, A3 = 1,
g1 = ¢, while for Lyv = f2 we have \{ = 0, s = 1, A3 = p, &1 = €oe. The
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homology operator Lp corresponding to B is given by

(3.7 Lpv = (B%%,d,)v+ e R[v] — B, v € Cy{x},
(38) (B, 0,)v = > (Ma1+ dag + As(as + aa))vaz®,
la]>2

where v(z) = 3,52 Vaz® and
(39) R[U] = Z (013 + 1)v(a1,a2,a3+1,a4—1)xa
|| >2
For g(z) = *(g1,92,93,94) € C3{x} we expand gi(x) in the Taylor series
gr(z) = Za Ja;kx®. For nonnegative integers N, a; and ap we define Vi,
and Gy by
Vi i = "{0(arao -t oo Gr = {G(ar.an N0k }m0s

where k = 1,2, 3,4. In view of (3.9), the equation Lpv = g is equivalent to

(3.10) (Ara1 4+ deas + AN = A)Vi + e MyVi = Gy,
(311) ()\10[1 + )\2042 + /\3N )\2)‘/2 + 51MNV2 = GQ»
(3.12) (Mg + Aaas + A3(N — 1))V +esMyVs = G3+e1Vy,
(3.13) (Mag + Aaag + As(N = 1)Vi+eaMyVy = Gy,
where My is given by
0 0 0 0o 0 0
N 0 0 0o 0 0
0 N-1 0 .0 0 ©0
(3.14) My = 0 0 N-2 ... 0 0 O ., N>1,
0 0 0 2 0 0
0 0 0 0 1 0

and Mgy = 0.

Let fi(x) =t(fI(x),..., fl(z)) and let f,g(x) =>. fi;kxo‘ (j=1,2k =
1,...,4) be the Taylor expansion of f,z(x) We substitute the Taylor ex-
pansions of v and f7 into the equations Ljv = f7. For every (ay, as) € Zﬁ_
and N € Z such that a; + as + N > 2 we compare the coefficients of z¢
(as + a4 = N) with homogeneous degree a; + a3 + N. If we set

(3'15) Fj = t(FIJ’FQJ"'WFZZ)? FI‘Z = t{f(Jahaz?N—r,T);k}iV:O’

and V = t(VhVVQv .- -7‘/21)a Vi = t{v(al,ag,N—r,r);k}ivzou H = t(0707‘/21a0)7
then we can write the system of equations L;v = f7 (j = 1,2) in the
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following form
(3.16) AV = F' +eH, BV = F? 4 ¢ecH,
where A and B are the block diagonal matrices given by

(3.17) A = diag{Al,Az,Ag,A4}
(Oq + as +vN — 1)Id+8MN
—  dia (a1+a2+1/N—1)Id—|—5MN
N & (a1 + s +vN —v)Id+eMy |’
(a1 + ag +vN —v)Id+ My
(318) B = diag{81,32,63,84}
(042 +/LN)Id+E()EMN
(012 + /LN — 1)Id + €0€MN
(042 + /J,N — /_L)Id + cgeMn
(042 + /J,N — /_L)Id + cgeMn

= diag

We will solve (3.16). Because either v or p is an irrational number, we
suppose that v € Q. We will show that for each k = 1,...,4 either Ay
or By is nonsingular. Indeed, suppose that |a| = a3 + ag + N > 2. If
N # 0,1, then by the irrationality of v, the matrices Ay (k=1,...,4) are
nonsingular. If N = 0 or N = 1, then by the condition a; + as + N > 2,
Ar (k=1,...,4) are nonsingular. We can similarly argue if u & Q.

We will determine V. By inductive arguments and L, f2 = Ly f! we get

‘

(=e)"
3.19 on.an N—0.0):4 =
( ) U(ay,az2, N—£,6);4 ;(/\1Q1+)\2012+)\3(N_1))T+1
(N—=£+7)!

(N — f)' 9(ar,an, N—l+r,0—1);4

for ¢ =0,1,...,N, provided Aoy + Mgz + A3(IN — 1) # 0. Note that, if
A, is nonsingular, then (3.19) is valid for A\ = Ay = 1, A3 = v, g1 = ¢,
G(ar,an, N—tri—r)id = f(lal,a27N_é+r7€_T);4, while if B, is nonsingular, then
(3.19) is valid for Ay = 0, Ao = 1, A3 = p1, €1 = €08, J(ay, a0, N—t4rb—r)ia =
f(2a1,a27N7[+r,Zfr);4' Similar explicit formulas are derived for va, a,,N—¢,6:k,
k =1,2. As to the term v(q, a,,N—¢,);3, there appears the term g1V in
the right-hand side of (3.12).
By (3.4) we have

(3.20) o + ag + N —v|+ |ag + uN — p] = Clog +ag + N| 77

for some C' > 0. It follows that either |a1+as+vN—v| = Claj+az+N|~7/2
or |ag + uN — u| = Clag + as + N|77/2 holds. Suppose that the former
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estimate holds. We have the same estimate in case the latter inequality
holds. Without loss of generality we may assume that C' < 2. Let 7 be such
that 7 > 9. Then we have

(3:21) Jon+ag +u(N =1 > (C/2) s +ay + N7
> (0/2)N+1‘a1 + o +N|—T(N+1)'

Noting that (N — ¢+ r)!/(N —£)! < N!, we see from (3.19) that if
9(ar,a9,N—t+rl—r);4 has a G° estimate, namely, 9(ar,a9,N—t+rl—r);4
O((a1 + az 4+ N)!*~1) modulo exponential factors, then v(a, ay N—r,0):4 =
O((a1 4+ ag + N)I**7). Especially, if s = 1, then we have v(a, ay N—r,0)4 =
O((a1 + ag + N)!I"t1). Similarly, we can easily see that V(ar,an,N—0,0);j
(j = 1,2,4) have the estimate v(a, ay,N—r,0);; = O((@1 + ag + N)I™T1).
Next we determine v(q,,a,,N—¢,¢);3 by a similar relation like (3.19). We
note that there appears v(q, ay, N—t4r,e—r);4 in the term g, a0, N—t4r0—r);3
of (3.19). By (3.19) we can easily see that v(a, ay,N—t4re—r)a =
O(NU¥=+D7(¢ — 7)1) modulo terms of exponential growth CV for some
C > 0. Substituting the estimate into (3.19), we see that the right-hand
side of (3.19) is estimated by N¢—r+Dm+0+D7 (N g4 )(—7)! /(N —£)! =
NUE2DT N1 /(N — £)! modulo terms of exponential growth. Because £ < N
and 7 > 1, we see that v(a, 0, N—r,0);3 = O(NN™N!) modulo terms of expo-
nential growth. Since 7 > 7¢ is arbitrary, it follows that v(q, a,,N—r,0);3 =
O((a1 + ag + N)19) for every o > 1+ 79. O

Proof of Proposition 3.5. — Let E{ be the set of (v, ) € R2\Q?, v < pu <
0 such that G # 0. The set Ej has the density of continuum. (cf. Remark
3.4.) We shall show that if (c1,c2) ¢ R? is not contained in the some set E
with Lebesgue measure zero, then B := ¢; A1+ ¢ As is nonresonant. Indeed,
the eigenvalues of B are given by c¢1,c¢1 + c2, c1v + cop with multiplicity.
For every a = (au, ..., a4) € Z% (2), the resonance relations are given by

(3.22) craq + (c1 + e)ag + (c1v + cop)(as + aq) = ¢y,

and the ones with ¢; in the right-hand side replaced by ¢; +c¢5 and civ+cap,
respectively. Because the argument is similar, we consider the first relation.
It follows from (3.22) that

ci(ar +ag +v(az +as) — 1) + ca(ag + pas +ay)) = 0.

Because (v, 1) € Q2 and |a| > 2, we can easily see that either a; + ao +
v(as+ayg)—1#0or as+ p(as + ay) # 0 holds. Hence the set of (c1,¢2) €
R? satisfying (3.22) is a straight line. Therefore the set E of all (c1,cz)
satisfying a resonance relation for some « has Lebesgue measure zero.
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In order to show that Spec(B) satisfies (3.5), let @;(c) and @(a) (a €
Z3) be defined by (1.14) and (1.15) for B, respectively. Then we have
o(a) < @j(a) < max{|e1], |eo|}wj(a) for j =1,...,4 and all o € Z% . Next,
we will estimate wy () for a € Cy, where Cy is given in the definition of G.
We note wy(a) = |a; + ag + V(N — 1)| + |ag + p(N — 1)| and |o|/N — v
(N, |a| — o0). By the conditions (1) and (2) in the definition of G we have
that for every 7/ < 7y there exists ¢o > 0 such that wy(a) < cole|™™, when
|a| = o0, a € Cy. This proves (3.5).

Let (c1,¢2) € E and g € G be given. We consider

(3.23) Lif? =Ly f", af'tef =g
By expanding f7(x) = (], f, f1, f]) into the Taylor series we define FJ
by (3.15). We similarly define

G = t(Gla G2a G37 G4)7 Gk = t{g(al,az,N—T,T);k}TI"\[:()?

where g(z)="(g1, 92, 93, 94), ge(®) =3, Gaskx®. We set H' := (0,0, F},0)
and H? := (0,0, F2,0). We substitute the expansions of f/ and g into
(3.23). For every (aq, ) € Z3 and N € Zy such that a1 + s+ N > 2 we
compare the coefficients of 2 of homogeneous degree oy + as + N. Then
(3.23) is equivalent to

(3.24) AF? — BF!' —¢H? + eggH! =0, i F' 4+ e F? =G,

where A and B are given by (3.17) and (3.18).
First we will construct a formal power series solution FV (j = 1,2) of
(3.24). It follows from (3.24) and the definition of H7 that

ApF2 = BuFt =0, o Ff+cF2 =Gy k=1,2,4.

We recall that (cf. the proof of Theorem 3.1) either Ay or By, is nonsingular

for each k = 1,2,...,4. Assuming that A is nonsingular we obtain F? =
A 'BF}, and hence c; F}} + co Ay ' By Fl = Gy. Tt follows that
(3.25) Fkl = (Clld + CQAI;IB]Q_le = (ClAk + CQBk)_l.Aka,

if ¢; A + caBg is nonsingular. The last condition holds if (¢1,cq) is not
contained in a set of Lebesgue measure zero in R?, which may depend on
a1, az, N. We have similar relations if By, is nonsingular.

In case k = 3, we obtain A3F§ — B3Fi = e(F} — goF}) instead of
ApF? — BiF}! = 0. A simple computation yields that

F31 = (ClAg + 0283)_1A3G3 — SCQ(ClAg + 0283)_1(1'7'42 — €0F41).

By taking the union of all exceptional sets of (c1,c2) with aj,as and N
in the set of nonnegative integers such that a; + as + N > 2, we see that
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there exists a unique formal power series solution f7(z) (j = 1,2) of (3.23),
provided (e, ¢2) is not in an exceptional set of Lebesgue measure zero.

We will show the convergence of f7(x) (j = 1,2). It is sufficient to prove
the convergence of f!(x) since we may take ¢z # 0 in view of the choice
of ¢; in the above argument. By the condition (2) in the definition of G,
we can easily see that L]’ exists on G, namely L7'L; = LiL;' = Id.
Let g € G. Then it follows from (3.23) and the relation L;f? = Lo f! that
Lig=c1Lif!' + caLaf'. Hence we have

g=c1f" + el Loft.
Now we have
Li'Ly = LoLi" = (Ly —eoL1) Ly +&9ld, onG.
By definition, we have
Lo —egly = (Asx,0;) — eo(A12,05) + £9A1 — As.

Hence, Ly — 9L is semi-simple. By the condition (2) and the proof of the
latter half of Theorem 3.1, it follows that the absolute value of the coef-
ficient of 2 of L7'g (g = 3, gax®) is bounded by NT"+ONCN|g | for
some C' > 0, where 7"/ > 74 can be taken arbitrarily close to 79. On the other
hand, the operator (La — £9L1) is the one which multiplies the coefficients
of z® with (a2 + uN — eo(ay + a3 — 1+ vN)) for the first component. We
have similar expressions for other components. By the condition (1)’, the
absolute value of the term is bounded by N~V +1cN for some 7 > 7. Be-
cause 7" > 79 can be taken arbitrarily close to 79, the growth NNE"HHON
which comes from L' is absorbed by the term N=N+DclV. Therefore,
the operator (Ly — g9L1) L maps G to G. By taking kg sufficiently large,
the norm of (Ly —eoL1)L;" on the space GN{g =3, gar®;|a| > ko} can
be made arbitrarily small.

In view of the construction of ¢; and ¢ we may assume that ¢; +coeg # 0.
Writing

g=cf' + el Loft = (e11d + cogold + R) f*,

where R = (egLq — Lg)Ll_l, and by noting that R preserves homogeneous
polynomials, we see that (c;Id + caeold + R)™! exists as a map from G to
G. Therefore we have f! € G. O

Proof of Proposition 3.6. — Because Spec (B) satisfies (3.5) by Propo-
sition 3.5 we may assume, by taking a subsequence if necessary, that @; (o)
satisfies (3.5) for a = ay. Without loss of generality we may assume that
j = 4. We consider @y (). Let g = *(g1,...,94), g = ZB 9p.x2° be the con-
vergent power series defined by gg.r, = 0 for £ =1,2,3 and all 8 € Zi(2);
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9(61,2.85,85):4 = 01f Ba 2 15 g(ay,00,N,004 = 1 for a = (a1, a2, a3, u) = au,
(£ =1,2,...), N = az + a4; 9(8,,8,,85,0::4 = 0, if otherwise. We want to
solve Lpv = g. Let A\; be the eigenvalues of B. By the same argument as
in the proof of Theorem 3.1 we have the formula (3.19). Then we have

(326) v(a1,a270,N);4 = (761)N()\10él + )\20[2 + )\3(N - 1))7N71N!,

for all « = af,¢ =1,2,.... By (3.5) we have: for every 7/ < 7y we can find
a constant C' > 0 such that

|(Ared + Ao 4+ As(N, — 1)) = CN7', VleN,
where of = (af,af, a,af), Ny = af + af. Therefore, by (3.26)

> (Cle )M NN NL 1 eN ) € Z4(2).

(327) ‘U(af,aro Ny);4

Because €1 # 0 and 7/ < 79 can be taken arbitrarily close to 79, (3.27),
Stirling’s formula and the inequality N! > CVNNN VN € Z, yield the
assertion. O

Example 3.8. — We give an example of a formal Gevrey linearization.
(cf. Theorem 3.1.) We consider

1 0 0
(3.28) Lau = R(x + u), A=(0 —7 -1 |,
0 0 -7

where 7 > 0 is an irrational number. For C' > 1, let f be an analytic
function f(x1,22) = >, faxi 252, where the summation with respect to
a is taken for a € Z2 (2) such that 1 < a; — 7ap < C. We define R(z) =
10, z3f(x1,72),0). We shall show that the unique solution of (3.28) is in
G?. Indeed, we may look for the solution u of (3.28) in the form u =
10, z3w(x),0). We can easily see that w satisfies

(3.29) Lw = (2104, — T220z, — T304, + 304,)W
= f(z1,z2 + z3w) = g(2).

We substitue the expansion w(z) = ), waz® into (3.29). We can easily see
that the summation in the expansion of w(z) can be taken for a such that
a1 — 7(az2 + ag) > 1. Indeed, by the definition the support of g(z) satisfies
ag — 7(ag + ag) > 1 if the support of w(x) satisfies the same condition.
On the other hand, by simple computations the support of £~ 1w satisfies
a; — 7(ag 4+ ag) > 1 if the support of w satisfies the condition. From these
properties we can show the assertion for the homogeneous part 2 of w
because there appears no term form w in g. Inductively, we can prove the

TOME 58 (2008), FASCICULE 1



282 Masafumi YOSHINO & Todor GRAMCHEV

assertion. If we expand g(x) = )" gox®, then by the same calculations as
in (3.19) we obtain

‘ 9(ar,N—t+re—r) (N =L +1)!

(3.30) W(al,N—uF; - o (=0l

If we can show that g, N—¢4re—r) = O((£ —r)!) modulo terms of order
Ko tN (K > 0), then we can easily see that w(a, v_r» = O(£!). This
proves that the solution u of (3.29) is in G?.

If y + N = 2, then no term from the expansion of w appears in
9(ar, N—t+ri—ry in (3.29). Hence, by the analyticity assumption of f, we
obtain the desired estimate for w, with a1 + N = 2, as + ag = N.
Suppose that we have wa, n—ge = O(L!) up to a1 + N < v for some
v > 2. Then by the definition of g(x) and simple computations of the sub-
stitution of a Gevrey power series into an analytic function, we see that
9(ar,N—,0) = O(£!). Hence, by the inductive argument we obtain the desired
estimate, W, n—r0) = O!), a1 + N = v.

We will briefly mention the general case of d—actions. We suppose that
there exist 7, 1 < j < m and £y, 1 < £y < d such that Afo in (1.6) admits
only one dimensional eigenspace, i.e., the geometric multiplicity of )\f is
one. For a positive integer r we define the r— square nilpotent matrix N,
by

01 0 0
00 1 0
(3.31) N, =
000... 0 1

[an}
jen)}
jan}
[an}
[an}

By assumption we have

(3.32) AP = XPId+eN,,;, e#0.

By the explicit description of the centralizers of matrices (cf. [14]) all other
matrices have the following form

ijl

(3.33) AL=NTId+ Y eJ(N)F gl eCik=1,...,5 -1
k=1

We have

THEOREM 3.9. — Assume (3.32). Then there exist Ef;j in (3.33), X,
(6 =1,2,...,d;5 = 1,2,...,n) with the density of continuum such that
the followings hold;
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(i) The simultaneously nonresonant condition (1.16) holds, and there exists
a sequence of € Z%(2), £ € N and a positive number ¢y > 0 such that
|af] — 0o (£ — o) and 0 < w(at) < cp, £ € N.

(i) There exists an f :='(f', f2,..., f%) € (C3{x})¢ satisfying (3.2) such
that v := L, f satisfies v ¢ Uicoca GS(C™).

4. Sternberg’s theorem for commuting vector fields

The results in section 2 imply that the simultaneous linearization of
a Poincaré morphism with a Jordan block is reduced essentially to the
Poincaré-Dulac theorem for a single vector field in an analytic category.
On the other hand, in view of the results in section 3, the reduction seems
impossible if the action is not a Poincaré morphism.

In this section we shall illustrate that the situtation is completely differ-
ent in a smooth category. We consider two commuting vector field in R*
which are in a Siegel domain and only one of the two has a linear part
with nontrivial Jordan block. Obviously, the action is not a Poincaré mor-
phism. We will show that they are simultaneously linearizable in C* for
every k > 1.

Let X(y) and Y (y) be commuting C* vector fields with the common
singular point at the origin 0 € R*. Suppose that VX (0) = A, VY (0) = B,
where

1 0 0 0 0 0 0 0
01 0 0 01 0 0
4.1) A= B=
(4.1) 00 —v 0 ’ 0 0 —p ¢ ’
00 0 —v 00 0 —u

where ¢ # 0. We assume that the action is not a Poincaré morphism,
namely, (cf. Example 1.6)

(4.2) v>upu>0veR\Q.

We also note that the irrationality of v implies that the pair (X,Y) is
nonresonant. Then we have

THEOREM 4.1. — Suppose that (4.1) and (4.2) are verified. Let m > 1
be an integer. Then there exists a C™— change of the variables y = u(x) =
x + v(x), v(0) = 0, Vu(0) = 0 in some neighborhood of the origin which
transforms both X and Y to their linear parts.
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We need to prepare lemmas in order to prove our theorem. By Sternberg’s
theorem we may assume that X is linear, i.e. Xv(y) = Vu(y)Ay. Let R(y) =
Y(R1(y), R2(y), R3(y), R4(y)) be the nonlinear part of Y’

(4.3) Yf(y) = Vf(y)(By + R(y)).

Suppose that the change of variables y = u(xz) = z + v(z), v(0) = 0,
Vu(0) = 0 linearizes both X and Y. Then v(z) satisfies the system of
homology equations

(4.4) Vou(z), Bx — Bv = R(x 4+ v(z)),
and
(4.5) Vou(z)Az — Av = 0.

We write = (21, 29,2”) and z = (21,2’). Let ¢; > 0 and 0 < ¢3 < 1 be
constants. Then we define

(4.6) Q= {2/ = (22,23, 24) = (x2,2") ER?; |z3| < c1, |2”| < ¢},

(47) 0 = {1‘1 e R; |1‘1| < 1} x €.
Then we have

LEMMA 4.2. — Let k = oo or k > 1 be an integer. Let L be given by

2 4
L= ij&nj — szk‘ﬁﬂ’fk'
j=1 k=3

Then the C* solution of

(4.8) Lf(z)— f(x) = 0, z=(z1,22,%3,24) € Ay,
(respectively,

(4.9) Lw(z)+vw(z) = 0 x=(x1,22,23,24) € Q)
is given by

(410)  f@0) = mes(C skl maln]), for £ >0,
or

(4.11) flx) = x2g0i(i—j7x3|m1|”,m4|x1|”), for £z; >0,

(respectively, by

-V x v v
(412)  w(x) = || wi(f,mw caglza|”), for a1 >0),
1

where @ (z) € C¥(Q) (respectively 11 (z) € C*(Q).)
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Proof. — Let L be the operator given in the lemma. We want to solve
(4.8) and (4.9). First we solve (4.8) in the region z; > 0. If we set f(z) =
z1¢(x) (resp. f(x) = x2(x)), then we have that

(4.13) Lo(x) =0, (resp. Li(x) = 0).

By the theorem in page 61 of [2], the solutions of (4.13) are given by the
first integral of the corresponding characteristic equation. For the sake of
simplicity, we consider the equation Lp(x) = 0. The characteristic equation
is given by

d d d d
(4.14) ary _dr2  drs  dT4
Z1 ) vxs3 Vg
If we integrate (4.14) by taking z; as an independent variable, then we
obtain
(4.15) Ty = 1179, T3 =] 1y, v4 =] "],

where 29, 29, 29 are certain constants. It follows that the first integral ¢4 ()

is given by

- T2 ~
(416)  pi(a) = ¢y (x””) — (2D 2, a9),

for some differentiable function @ . Hence, the general solution of (4.8) in
x1 > 0 is given by f(z) = x1p4(x) (resp. f(z) = z2p4(x) for possibly
different ¢ ).

In case z; < 0 we make the same argument by replacing z; with —z;.
We see that there exists ¢_(z) such that f(z) = z19_(z) (resp. f(z) =
x9p_(x) for possibly different p_. )

Next we consider the equation (4.9). We set w(z) = |z1|"¢(z). For
the sake of simplicity we consider the case x1 > 0. The case ;7 < 0 can
be treated similarly if we replace z; with —z;. We can easily see that v
satisfies L1 = 0. Hence it follows from the above argument that

—v —v 7 X v v
@10 wle) =" 0) = o (2wt auat ).

O

By the commutativity we see that every component of v = R(x) =
(R1,..., R4) satisfies either (4.8) or (4.9). Hence, by Lemma 4.1 we have,
for +x1 > 0,

. €T .
(4.18) Ri(z) = xjw;<;j,x3\x1|",x4|xl|">, j=1,2,

—vyd (P v v .
(4.19) Ri(x) = |oa| WL malaa]” aaler]”), 5 =3,4
1
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for some functions ¥, . In the following we will cut off R;(x) with a smooth
function being identically equal to 1 in some neighborhood of the origin and
with support contained in a small neighborhhood of the origin, which we
give in the proof of Theorem 4.1. For the sake of simplicity, we denote the
modified R;(x) with the same letter. We set

(420) zZ1 = ZZ?2/1‘1, z9 = J?gll’l‘y, z3 = 134|131‘V.

For every 21 # 0, we define ¥/, (z) by (4.18) and (4.19), namely, for +2; >
0,

(4.21) \I/zt(z) = xj_le(le,xlzl, ‘l‘1|_u2’2, |l‘1|_y23), j = 1,2,

(4.22) W (2)

|1V R (@1, x121, |21| " 22, [21| TV 23), J=3,4.

We can easily see that ¥/, € C=(R?) (j = 1,2,3,4).

By (4.5) and simple computations we see that every component of v(z) =
(v1(x),...,vs(x)) satisfies either (4.8) or (4.9). It follows from Lemma 4.1
that every component of v has an expression

— .
(4.23) 03(2) = 23k (2wl ), G = 1,2,
1

and
v L v v -
(4.24) vj(z) = |71 @i(ﬁ7x3|$1| s2alwn]”), 7 =3,4,

for some ‘PZL with +2; > 0.
We substitute the transformation (4.20) and (4.23), (4.24) into (4.4), and

we rewrite (4.4) as an equation of z for the unknown functions ¢’ (2) with
a parameter z1. Recalling that v; = z;¢’ and v; = |z1]7"¢’. we obtain

(4.25) 290501 = xlzlazlgoli(z), xgﬁmsvllez'ga@wi(z),

(4.26) 240,11 = xlzgc‘?ngoli(z), x4813v1:m123822<p1i(z),

and we have similar relations for vy = x93 () and v; = |z’ (). In
fact we have

(4.27) (Vv (2), Bx) = 21 LoL (2), for £ a1 >0,

(4.28) (Vug(x), Bx) — va(z) = 22Lp2 (2), for + a1 >0,
(4.29) (Vv,(z), Bx) = |r1]7V L (2), for 21 >0, j=3,4,
where

(4.30) Lf(z) = 210, f(2) — (p22 — €23)0,, f(2) — p2304, f(2).
We define ¢ (2) = (0L (2), p1(2), 91 (2), ¢1(2)).
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LEMMA 4.3. — We have the expression
(4.31) Rj(z +v(x)) = 2;EL(2,04(2)), for +x1 >0, j=1,2,
where EY,(z,w) is given by
(4.32) E(z,w)
= (1+w;)¥, (
and

(4.33)  Rj(z+v(z)) = 21|V EL(2,0+(2)) for £z, >0, j=3,4,

14 we
1+w

, (zo +ws)|1 + wil”, (23 + wy)|1 +w1|">

with
(4.34) E’(z,w) = |1 +w |7
x W <z1 113?(22 )|+ wnl?, (23 + w1 +w1|”) .
Proof. — We have
(435 L2t 22(1+ 91 (2))
z1 + vi(2) z1(1+ ¢l (2))
z 1+ ¢4 (2) 1+ 93 (2)
T onltel(e) T ek()
(4.36) (z3 + v3(x))|z1 + v1|”
= (3 + |21 ()| 1+ oL (2)]
(z3lz1]” + @3 ()1 + @1 (2)]”
= (2+ L)+ @i (2)]".
(4.37) (x4 + va(z))|21 + V1Y
= (za+ [l ()1 + L (2)]”
= (malm]” + L))+ oL (2)]
= (z+ i)+ ei(2)]".

Hence, if j = 1,2, we get
(4.38) Rj(z +v(x)) = (zj +v;(2))
j 2+ va(x)
\I’i -, <
x1 + v ()
= z;(1+¢4)

X J(x3 +vs(x)) | + i, (g 4+ va)|z1 + v1(2)]7)

j 1+S0?|: v v
x WL (s (22 + o)L+ @Y (2 + L)1+ L] ),
1+ 3
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which yields (4.31). Similarly, we can readily prove (4.33). O

Now we are ready to write explicitly the reduction of the overdetermined
system for v: (X4 — A)v =0, (X, — B)v = R(z +v(x)) into a 4 X 4 system
of equations for ¢4 (z) in z € Q with a parameter 2. Then the new system
of semilinear homological equations for ¢ is written as follows

(4.39) (L=DB)(psr) = Ei(z9x(2)),
Ei(z,w) = (Ei(z, w),. .. ,Ei(z,w)),

where E’_(z,w) are given by (4.32) and (4.34) and

0 0 O 0
~ 0 0 O 0
4.4 B =
(4.40) 0 0 —u ¢
00 0 —pu
We prepare a lemma.
LEMMA 4.4. — Let v > 0 be an irrational number. Let f(x) and w(x)

be smooth solutions of (4.8) and (4.9) in §1, respectively satisfying that

(4.41) f(0) = w(0)=0,
(4.42) VF0) = Vw(0)=0.

We cut off f(x) and w(x) with a smooth function being identically equal
to 1 in some neighborhood of the origin and with support contained in a
small neighborhhood of the origin. For the sake of simplicity we denote the
modified functions with the same letter. Let ¢4 (z) and ¥+ (z) be defined
by (4.10), (4.11) and (4.12), respectively by the same way as (4.21) and
(4.22). Then, for every a € Z3, we have

(4.43) 070(z1,0) =0, Vz = (21,0) € Q,
with © = p4 and © = 4.

Proof. — Because v is an irrational number we can easily see, from (4.8)
and (4.9) that every f(x) and w(z) satisfying (4.41) and (4.42) are flat at
the origin, namely all derivatives 9% f(x), 0%w(x) (o € N*) vanish at the
origin x = 0. Let O(2) =4 (%), and set f(x)=z194 (z2/x1, 3|T1]", 24|21 |"),
21 # 0. Then we have

(4.44) 02 (a7 f(x)) = 0% pu(wa/ar, wsla1|”, xalae|”)

— —Q2 v(as+ag) Qo Qas Qo
= I |$1| ( )azl aZQ az;; Qoi(z) .
z1=x2 /1, 22=23|T1 [V, 23= 2 |21 |V
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We let = tend to zero so as to satisfy xo/x1 = 21, 22 = x3|x1]¥ = 0 and
zg = x4]x1|¥ = 0. Then we have
(4.45) 0220250214 (21,0,0)

= lim 22|, |7V (@sta 85 (fflf($1>$2,0>0)) =0,
z—0

because f(z) is flat at the origin. The other cases will be proved similarly.
a

Remark. — Let ¢4 (2) € C*(Q) be given. Assume that (4.43) is satisfied
for ©® = w4 up to some finite |«|. Then the function f(x) defined by (4.10)
gives a finitely smooth solution of (4.8) if v is an irrational number. Indeed,
the finite smoothness at x; = 0 follows from the argument of Lemma 4.4.

In order to solve (4.39) we introduce a function space. Let N > 1 and
k < N be integers. Let 0 < ¢}, < ¢2 < 1 be a constant. Then we define

(4.46) Vllgnw = sup ooz (117N V()]
z€R3,0< 2’ |<c) lal<k
4
V) = QCIViEINDY? Viz) = (Viz), Va(2), Va(2), Va(z)).
j=1

The set of all C* functions V() such that ||V||x,n < oo is a Banach space
By, n with the norm |[|-||,. . Then we have

LEMMA 4.5. —

i) For any integers k > 0 and 0 < ¢ < N, there exists a constant
Ck,n > 0 such that

(4.47) llullke < Cr nl|wllesn, Vu € B

ii) Forevery f,g € By,n we have fg € By, n and there exists a constant
Ck,n > 0 such that

(4.48) I fall;n < Cren |l fllenllgllen,  Vf.g € Brn.
Proof. — Because |Z/| < 1, we have, for |o| < k
|2/[1%10% (12"~ u(2)) = |20 (12|V 12| "N u(2))
= RS () e

Bt+y=a
< Crsup|/|M107 (12N u(2))]
for some C7 > 0. This proves i).
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In order to prove ii) we have, for |a] < k

(4.49) [1eljon (1N )
< ¥ (“) 191109 (17N )1 07 g
Bty=« s

< Collfllenllglleo < Call fllkn gl

Here Cy > 0 and C3 > 0 are constants. This proves ii) . O
We define the operator @ by

(4.50) Qv = - / BV (eC2)at,
0
Vo= (Vi,..., Vi) = (ph, 01, 0k, 01),
where
1 0 0
(4.51) c=|o0 —u =
0 0 —pu

We can easily see that U = QV gives the solution of (£ — B)U = V. Then

we have

LEMMA 4.6. — Let the integers k and N satisfy that 0 < 2k < N — pu
and p(k+1— N)+k < 0. Then there exists Cy, n(£2) > 0 such that

(4.52) 1QVIky < Cron@)Vn. YV EBgn.
Proof. — First we note that

4.53) ey = (€'z1,e M2y + e Mletzs, e M 2g),

(4.54) BV = (Wi, Va, e (V3 — etVi), et Vy).
Hence we have

(4.55) V(elz) = V(elzy,e " (2 + etz3), e M z3)

e_“Nt((ZQ + 5t23)2 + zg)N/Qf/(etCz),

where V(¢) = V(¢)/|¢'|N. Tt follows that the right-hand side integral of
(4.50) converges, because the growing term e*! in e~*¥ can be absorbed by
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e Nt (1> 0). First we estimate |QV [|o.v. By (4.54) and (4.55) we have

(4.56) 1QVlo:n

1 > 5
= sup (/N/ ‘etBV(etCz)‘dt>
z€R3,0< |2’ |<c) 2| 0

1 o
< sup (/N/ (1+ |eft)ert |V(etcz)| dt)
z€R3,0< 2’ |<d |Z ‘ 0
1 > u(1-N)t
< sup (|z’|N/o (1 + [e]t)er =)

x (22 + [eltza)” + )2 |V (eO2)| ).
On the other hand we note that
(457) |27 (22 + leftzs)® + )2 < TN+ feltlzs )Y
< (+ g™,
In order to estimate V(e*“z) we note the following inequality
(4.58) e P (| 2y 4 etzs|? + 22)Y2 < |2)(1 + |et)e ™ < | 2] < &,
because we have |e| < u. It follows that

(4.59) [V (et€2)| < sup [V (2)].

z€R3,0< 2’ |<c),

Hence the right-hand side of (4.56) is estimated in the following way

oo

160 < swp  VEI [0 e < O o
z€R3,0< 2’|, 0

for some C' > 0 independent of V. It follows that ||QV|jo.n < C||Vo;n for

some C > 0.

Next we will estimate the derivative |2/[*102(|2'|~NQV). By Leibnitz
rule it is sufficient to estimate the term |2/|l*l97]2'|~N9*=7(QV), where
a > 7. By simple computations, we have |2/[1*197|2/|=N < €y |2/|~N*lal=Il
for some C7 > 0 independent of z’. On the other hand, we have

9°7(QV) = *50‘77/ e B ((2g + ctzg)? + 22)N/ 2 mNI (1€ ) dt
0

> ()

X /e_té_“Ntaf((zg + etzs)? + 22)V/29° 7BV (1€ ) dt.
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We can easily see
(4.61) 9P (2 + etz3)? + 22)N/2| < Cy(1 + |e[t)N|2/| N1
for some Cy > 0. If we set « — 3 — v =4, 6 = (d1, 02, J3), then we have
(4.62) 9PV (') = 1m0 F0)L (901992 (21 Dy 4 D3) % V) (1€ 2).
It follows that
(4.63) 2'[[a7 |2 |~N |9 (QV))

< Oyl NHal=h / oht—uNt

%
x|02 (22 + etzz)? + 23)N/2(|0° 7PV (e!C2) dt
< Cg|z/‘—N+|a\—|'y| /OO eut—uNt(l + \5|t)N+1
0

X Z |2/ [N =18l 9= 7=BY (1€ 2) |dt

. B
<af X e Ecs)
O lel=la—p—yI<k
X(L+ |e|t)NHIHIEl gui=pNEtlalt gy

In order to estimate |2'|l¢/[(95V)(e*C2)], we set ¢ = ¢'Cz. Then we have

(4.64) |2 €(05V) (€9 2)| = [(e*“¢) [F1)(0*V) ()
"DV (OI((G + ets)? + ¢3) 11/
"M (1 + Je|t)*I¢ 1€ (0°V) (Q))

IV [k et ™ (1 + Jeft)*

NN N

By assumption we have (1+k— N)u+|o| < (1+k— N)u+ k < 0. Hence
the right-hand side integral in (4.63) converges. Therefore we see that the
right-hand side of (4.63) can be estimated by Cs||V ||k~ O

Proof of Theorem 4.1. — Let the integers k and N satisfy that 0 < 2k <
N—-—pandn > 2, u(k+1—N)+k < 0. By setting pr = QV, (4.39) is
equivalent to

(4.65) V = Ei(z,QV).
We define the sequence Vi (=0,1,2,...) by

(4.66) VY =FE4(2,0), Vi=Fi(z,QVY)— EL(2,0),
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and

467 ViT' = Fe(2,QVE+ -+ V) — Fe(zQV2+---+Vih),
j=1,2,...

We will show the convergence of Z;io Vi =: V4. By the definition and
Lemma 4.3 we have VY = E,(2,0) = W (z). Next we have

(4.68) Vi = Ei(2,QVY) - Es(2,0)
= QW /01 VuE+x(z, 7QVY)dr.
Let € > 0 be a small constant chosen later, and suppose that
(4.69) Uiy <&, VL[N <&
Then, by Lemma 4.6 and the definition of V) we have

(4.70) |TQV

v < e[V kN < 1€’

mN = ]| P4

for some ¢; > 0 independent of W.. Here we recall from (4.66) that V2
E4i(z,0) and E4(2z,0) = Uy (2) by (4.32) and (4.34).

In order to estimate ||VyEy(, 7QVY)||kN, we set w = (w1, ..., wy) =
7QVY and
1+w v v
(=(C1,¢) = (211 2, (2 + ws) |1+ wi”, (23 + wa) |1+ wy| ) :
+ wy

The differentiation 02(V,, E+(z,7QVY)) consists of terms which are prod-
uct of 9°VW4(¢) (o = B) and the differentiations of w. First, the product
of differentiations of w is bounded by a constant in view of (4.70). On the
other hand, in order to estimate \Q?V\Ili(gﬂ, we note

07 (1CINIS 7NV eL(Q) |
Co D 10Z1C1M 1077 (¢ Vo ()
¥<B
for some constant Cy > 0. Because N > 2k > 2|5] > 2|y| and |{'| < 1,
we have |8Z|C'|N| < G|V oy [¢ PP for some Cp > 0. Tt follows

from the definition of the norm that |8§V\I/i(§)| < Co||V¥ 4 ||k;n for some
Co > 0. Hence, if ¢/ > 0 is sufficiently small, then we obtain, by the
definition of Fy (z,w) in (4.39), (4.32) and (4.34),

(4.71) IV Bz (-, 7QV) kv < el VO |kiv < c2€,

02V 0L ()|

N

for some c¢o > 0 independent of ¢’ and V.

TOME 58 (2008), FASCICULE 1



294 Masafumi YOSHINO & Todor GRAMCHEV

It follows from (4.68) that

1
IV [ < / IV B (2, 7QVY) [ < crcac”™.
0

In order to show the general case, we assume that ||V{ |rny < ¢]ched ™!
for 7 =0,1,2,...,k. Then we have

k !
4.79 I, /J+1 s
(172) DRETEES Zcﬂag <——
By the definition we have
(473) VI = Be(zQ(VE 4+ VE)) = Ba (2, QVE 4+ VET)

_ Qvt /0 VB Q2 + -+ VEY) + 7QVE)dr

By the apriori estimate (4.72) and the boundedness of @, the substitution
in the right-hand side of (4.73) is well-defined. Moreover, by the same
argument as in the proof of (4.71) we see that

VB (z,QVE + -+ VET) + 7QVE) kv < e’
It follows from (4.73) that

1
[VEF |n < HQVfIIk;N@E’/ dr < gt
0

Hence we have the estimate of V7 for j = k + 1. It follows that the series
Ve=3202 V] converges in By and Vi is a solution of (4.65). We note
that, by (4.72) Vi satisfies the estimate ||[Vi|lr.n < €/(1 — c1c0e’) 7, and
V. is divisable by |2/]2.

Next we verify the smallness assumption (4.69) uniformly with respect
to x1 # 0 in some neighborhood of x; = 0. Because the argument is similar
we consider the condition ||¥||x.n < €’. In view of the definition of ¥ in
(4.21) and (4.22), we shall estimate

‘Tj_le(xl,xlzla|x1|7V227‘x1|7VZ3)3 ]: 132
and
|21 " Rj (21, 2121, |[21| ™" 22, [21] " 23), j=3,4

with 21 # 0 close to 0. Because the argument is similar, we consider the
case j = 1. We have, for |a] <k

(4.74) [l oz (127N WL ()

e 2102 (127N R, iz, o |7 22, |7 23)) |
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By (4.43) we have that, for every positive integer p, the term
Ry(z1,x121, |21V 20, |21 |V 23) |2/ |77
is smooth at z = 0. Because
|21 = (||| |77 = (Jza]”[2"])P, 2" = (23, 24),

and |z”| is bounded by the support condition of R;, the negative power
|2/|7" in the right-hand side of (4.74) is absorbed by |2/|P if p is suffi-
ciently large. On the other hand, if the differentiation 0% is applied to
Ry(z1, 121, |T1| 7Y 22, |21V 23), then the negative power of |x;| appears.
These terms are also uniformly bounded when x; — 0, because there ap-
pears positive power of |z1| from |z'|P. Because all derivatives of R(z) at
the origin vanish, we see that the right-hand side of (4.74) can be made
arbtrarily small if we cut off R(x) in a sufficiently small neighborhood of
the origin. This proves that we have (4.69).

We set s — QVa € Broy, and ¢2(2) = (9 (2), ¢2.(2), 9L (), 61 (2)).
The function ¢4 is a solution of (4.39). Then we define v’ (z) (j = 1,2, 3,4)
by (4.23) and (4.24). For a given integer m, we can easily see that v/ (z) is
a C™ function if we take k and NNV in B,y sufficiently large. If we rewrite
(4.39) with the variable z, then we see that v is a solution of (4.4), where the
nonlinear part R is modified by a cutoff function. In order to show that visa
solution of the original (4.4) we will show the apriori estimate of v. Indeed, if
|z+v| < €” for sufficiently small &”, then v is a solution of (4.4). By Lemma
4.6 and the uniform estimate of V4 in z; we know that ¢! (2) is uniformly
bounded in z and x1. It follows that v1(x) = z1pL is arbitrarily small if x;
is sufficiently small. Similarly we can show that ve(z) = x9¢? is small by the
estimate of V4. On the other hand, we have z3 +v3(z) = 3+ |z1| 7“3 (2).
Because ¢3 is divisable by |2/|? and |2/| = |x1]"|2"”|, by Lemma 4.4 we see
that |x3 4+ v3(x)| < €” uniformly in z;. Similarly we can show the same
estimate for x4 + v4. Therefore we see that v is a solution of (4.4). O
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