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RESOLUTIONS OF
HOMOGENEOQOUS BUNDLES ON P?

by Giorgio OTTAVIANI & Elena RUBEI

1. Introduction.

Homogeneous bundles on P? = SL(3)/P can be described by
representations of the parabolic subgroup P. In 1966 Ramanan [Ra] proved
that if p is an irreducible representation of P then the induced bundle E,
on P2 is simple and even stable. Since P is not a reductive group, there
is a lot of indecomposable reducible representations of P and to classify
homogeneous bundles on P2 and among them the simple ones, the stable
ones, etc. by means of the study of the representations of the parabolic
subgroup P seems difficult.

In this paper our point of view is to consider the minimal free
resolution of the bundle. Our aim is to classify homogeneous vector bundles
on P? by means of their minimal resolutions. Precisely we observe that if E
is a homogeneous vector bundle on P? = P(V) (V complex vector space of
dimension 3) there exists a minimal free resolution of

0— P O(-q) &c 4y — B O(—q) ®c By — E — 0
q q

with SL(V)-invariant maps (A, and B, are SL(V)-representations) and
we characterize completely the representations that can occur as A,
and B, and the maps A — B that can occur (A := P, O(—q) ®c A,
B =P, 0(—q) ®c By). To state the theorem we need some notation.

Keywords : Homgeneous bundles, minimal resolutions, quivers.
Math. classification : 14M17, 14F05, 16G20.



974 Giorgio OTTAVIANI & Elena RUBEI

NotatioN 1. — Let ¢,r € N; for every p > p, let ¢, , be a fixed
SL(V')-invariant nonzero map S 4" V@ Opv (p) — S*T"VROpvy(p) (it is
unique up to multiples) such that ¢, , = @, 0@y p, forall p > p' > p
(where SP:%" denotes the Schur functor associated to (p,q,r), see §2).

Let P,R C N, ¢ € Z; for any SL(V)-invariant map

v @AP ® STV (¢ + p) —> @ B’ ® 8”7V (c+ p)
pEP PER

(AP and B? vector spaces) we define M () to be the map

M(y): @AP—> @BP

peEP pER
such that
[ M(Y)pp ®pp,p forall p, pwith p > p,
Tow = {0 for all p, p with p < p,
where

Yot AP © POV (e 4 p) — BP © SO0V (et p), M(y),: AP — B

are the maps induced respectively by v and M(y) (by restricting and
projecting).

THEOREM 2. — (i) On P? = P(V) let
A= A7« 7V (i), B=ED B e SPV(i)
P,q,i P,q,i

with p,q,i varying in a finite subset of N, A% and BY*? finite dimensional
vector spaces. Then A and B are the first two terms of a minimal free
resolution of a homogeneous bundle on P? if and only if for allc € Z, q,p € N

dim (€D 4r,) < dim (P BLL).
p2p

p>p
(ii) Let
A= AP0 @87 0V (p+q+r), B= D BPTT @SV (ptqtr),
p,q,T p,q,r

p,q,r varying in a finite subset of N, AP>%:" and BP %" finite dimensional
vector spaces; let a be an SL(V)-invariant map A — B. Then there exists
a homogeneous bundle E on P? such that

0-A-2B—E—0

is a minimal free resolution of E if and only if:

ANNALES DE L’INSTITUT FOURIER



RESOLUTIONS OF HOMOGENEOUS BUNDLES ON P2 975

e M(ay g.p): AP9" — BPO7 s zero for all p,q,r
and
o M(aq,r): D, AP — B, B*9" is injective for all q,r,

where
g APDT @ SPOTY (p) —s BPOT @ SPOTV (p),

agr: @ AT @ STV (p) — ) BT @ S0V (p)
p P
are the maps induced by «.

The above theorem allows us to parametrize the set of homogeneous
bundles on P2 by a set of sequences of injective matrices with a certain
shape up to the action of invertible matrices with a certain shape. An
interesting problem is to use this parametrization to study the related
moduli spaces.

Then we begin to study which minimal free resolutions give simple
or stable homogeneous bundles. We will consider the case A is irreducible;
we call a homogeneous bundle elementary if it has minimal free resolution
0 —- A— B — E — 0 with A irreducible; besides we say that a bundle £
on P2 is regular if the minimal free resolution is 0 — A — B — E — (0 with
all the components of A with the same twist and all the components of B
with the same twist.

First we study simplicity and stability of regular elementary
homogeneous bundles. Fundamental tool are quivers and representations
of quivers associated to homogeneous bundles introduced by Bondal and
Kapranov [BK]. The quivers allow us to handle well and “to make explicit”
the homogeneous subbundles of a homogeneous bundle E and Rohmfeld’s
criterion (see [Ro]) in this context is equivalent to saying that E is semistable
if and only if the slope of every subbundle associated to a subrepresentation
of the quiver representation of FE is less or equal than the slope of E.

The simplest regular elementary homogeneous bundles are the
bundles E defined by the exact sequence

0— SPIV®O(—s) —= SPTIV® O — E — 0

for some p,q,s € N, p > ¢, ¢ an SL(V)-invariant nonzero map; we prove
that such bundles are stable, see Theorem 36 (observe that Ramanan’s
theorem does not apply here). In the particular case p = ¢ = 0 the stability
of E was already proved in [Ba].

Besides we prove:

TOME 55 (2005), FASCICULE 3



976 Giorgio OTTAVIANI & Elena RUBEI

THEOREM 3. — A regular elementary homogeneous bundle E on P?
is simple if and only if its minimal free resolution is of the following kind

0— SPIVRO(—s) 2> W®O — E —0

where p,q,s € N, p > ¢q, W is a nonzero SL(V')-submodule of SP*1V ® S*V
all the components of ¢ are nonzero SL(V)-invariant maps and we are in
one of the following cases:

(i) p=0,
(i) p>0and W # SP 1V ® S*V.

By using the above theorem and Theorem 47, which characterizes
stability of the minimal free resolution of regular elementary homogeneous
bundles when (with the above notation) s = 1, we find infinite examples of
unstable simple homogeneous bundles.

Finally we state a criterion, generalizing Theorem 3, to say when
an elementary (not necessarily regular) homogeneous bundle is simple by
means of its minimal free resolution, see Theorem 48.

The sketch of the paper is the following: in §2 we recall some basic
facts on representation theory; in §3 we characterize the resolutions of
homogeneous bundles on P?: in this section we prove Theorem 9, which
contains Theorem 2; in §4 we recall the theory of quivers; in §5 we prove
some lemmas by using quivers and we fix some notation; in §6 we study
stability and simplicity of elementary homogeneous bundles.

2. Notation and preliminaries.

We recall some facts on representation theory (see for instance [FH]).

Let d be a natural number and let A = (A1, ..., A;) be a partition of d

We can associate to A a Young diagram with \; boxes in the i-th row,
the rows lined up on the left. The conjugate partition )\’ is the partition
of d whose Young diagram is obtained from the Young diagram of A
interchanging rows and columns.

A tableau with entries in {1,...,n} on the Young diagram of a
partition A = (A1,...,Ax) of d is a numbering of the boxes by the
integers 1,...,n, allowing repetitions (we say also that it is a tableau

on \).

ANNALES DE L’INSTITUT FOURIER
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‘Hoom
(3
'S

Young diagram  Young diagram of (3,2,2,1), A tableau on (4,3,1)
of (4,3,1) conjugate of (4,3,1)

Let V be a complex vector space of dimension n. Let d € N and let
A= (A1,...,Ak) be a partition of d, with A\; > --- > A;. Number the boxes
of the Young diagram of A with the numbers 1,...,d from left to right
beginning from the top row. Let ¥; be the group of permutations on d
elements; let R be the subgroup of ¥, given by the permutations preserving
the rows and let C' be the subgroup of ¥, given by the permutations
preserving the columns.

DErINTTION 4. — We define

SV = Im( Z sign(a)s o a: éV — (%V).

acC
SER

The SV are called Schur representations

The SMV are irreducible SL(V)-representations and it is well-known
that all the irreducible SL(V')-representations are of this form.

NotaTioN 5. — Let V' be a complex vector space and let {vj}1, . n
be a basis of V. Let d € N and A = (A1,...,\;) be a partition of d
with Ay > .-+ > Ag. Let u be the conjugate partition. Let Gy be the free
abelian group generated by the tableaux on A with entries in {1,...,n}
and let 7, = G\ ®z C.

Let t be the map associating to a tableau T on A\ with entries
in {1,...,n} the following element of V®¢:

v © @y ® - @ upr © - @ vpg
1 k
where (le,... ,T{j) is the j-th row of T.

o We define ant : 7, — 7, to be the linear map such that for every
tableau T on A

ant(T) = Z Sigﬂ((fl) S sign(cul)T"l"“"’h ,

(015,00, )ES ><~~><X)u>\l

TOME 55 (2005), FASCICULE 3



978 Giorgio OTTAVIANI & Elena RUBEI

where 77191 is the tableau obtained from T permuting the elements of
the j-th column with o; for all j. For instance

203 203 1) 2] 3]
415 ‘ant'45 115
1 3] 4153
- +
4 1] 2

« Analogously we define sim : 7, — 7, to be the linear map such that
for every tableau T on A

snn(T) = E T01,~-7<7u1 ’
(017"'70-M1)€E)\1 X.“XE)‘Ml

where T, s is the tableau obtained from T permuting the elements of
the j-th row with o for all j. For instance

1] 2 211 1|2 211

o We call ord the linear map associating to a tableau T' the tableau
obtained from T ordering the entries of every row in nondecreasing way.

Observe that

ordosim = A\;!... A\l ord and simoord = sim.

e Let S =t osimo ant.

Obviously the space S*V can be described as the image of
S: T, — Vo,

We recall that Pieri’s formula says that, if A = (A1, \g,...) is a
partition of a natural number d with Ay > Ay > --- and t is a natural
number, then

Ve sV =gsv

as SL(V)-representations, where the sum is performed on all the partitions
v=(v1,...) withvy > vy > .- of d+t whose Young diagrams are obtained
from the Young diagram of A adding ¢ boxes not two in the same column.

Finally we observe that if V' is a complex vector space of dimension n
then SA-A-1V s isomorphic to S Fm A1tV for all r as
SL(V)-representation. Besides (S*1-A)V)¥ is isomorphic as SL(V)-
representation to S ~AnA=A2)Y Moreover (SMV)Y o~ SAVY.

ANNALES DE L’INSTITUT FOURIER
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NoTATION 6. — In all the paper V will be a complex vector space of
dimension 3 if not otherwise specified.

If F is a vector bundle on P(V') then p(F) will denote the slope of E,
i.e. the first Chern class divided by the rank.

3. Resolutions of homogeneous vector bundles.

The aim of this section is to characterize the minimal free resolutions
of the homogeneous bundles on P2.

LemMA 7. — Let E be a homogeneous vector bundle on P? = P(V).
By Horrocks’ theorem [Hor| the bundle E has a minimal free resolution

0— P O(~q) &c Ay — @ O(~q) ©c By —*~ E —0
q q

(Ay, By C-vector spaces). Since E is homogeneous we can suppose the maps
are SL(V)-invariant maps (A, and B, are SL(V')-representations).

Proof (see also [Kal]). — Let
M =@ H(E(k)) and S=HSym* V.
k k

Let m; € M, i = 1,...,k such that no one of them can be written as
linear combination with coefficient in S of elements of the SL(V)-orbits
of the others and such that \J,egr,v),=1,.x9(mi) generates M on S.
Let g; = deg(m;). Let

B; I:< U Q(mi)>(c

gESL(V)

(finite dimensional SL(V')-representations). Let
P =@ B @c S(—a)
i

and ¢: P — M be the SL(V)-invariant map given by multiplication. Let
1 : B — E be the sheafification of ¢: P — M. Thus B = @, B; ® O(—¢;).
Let A = Ker(¢); it is a homogeneous vector bundle; we have H*(A(t)) =0
for all t € Z, because H°(B(t)) — H°(E(t)) is surjective for all ¢ and
HY(B(t)) = 0 for all ¢, hence by Horrocks’ criterion A splits. O

TOME 55 (2005), FASCICULE 3



980 Giorgio OTTAVIANI & Elena RUBEI

Remark 8.

a) If U W,V are three vector spaces then on P(V) we have
Hom(U ® O(—s), W) = Hom(U ® S°V, W) (the isomorphism can be given
by HO(+V)Y).

b) Let V be a vector space. For any A, p partitions, s € N, up to
multiples there is a unique SL(V')-invariant map

SV @ O(-s) — SFV® O

by Pieri’s formula, Schur’s lemma and part a) of the remark.

Theorem 9, which implies Theorem 2, is the aim of this section.
It allows us to classify all homogeneous vector bundles on P?; in fact it
characterizes their minimal free resolutions.

Precisely part (i) allows us to say which A and B can occur in a
minimal free resolution 0 - A — B — E — 0 of a homogeneous vector
bundle E on P?; first we investigate when, given A and B direct sums of
bundles of the kind SP?V(—i), there exists an injective SL(V)-invariant
map A — Bj; roughly speaking this is true if and only if for every SL(V)-
irreducible subbundle S = SP9V (i) of A there exists a subbundle M (.S)
of B of the kind SP*5:4V (i + s) for some s € N and we can choose M (S) in
such way that the map S +— M (5) is injective.

A crucial point of the proof is the fact that an SL(V)-invariant map
SPAY — SPTS1,a+82:831/ (g1 + 59 + s3) is injective if and only if s = 53 =0
and the intersection of the kernels of the ones of such maps with so+s35 > 0
is nonzero.

Part (ii) allows us to say which maps A — B can occur in a minimal
free resolution 0 - A — B — E — 0 of a homogeneous bundle F; first we
study when an SL(V')-invariant map a: A — B is injective (A and B direct
sums of bundles of the kind SP¢"V(—i)). We remark that, if a: A — B
is an SL(V)-invariant map, we can suppose that the sum p+q+r — 1
is constant for SP*7"V (i) varying among all SL(V')-irreducible subbundles
of A or B (by using the isomorphism SP:4V o~ SPTUaTwuy for all 4 € N).

In the sequel we will use Notation 1.

THEOREM 9. — (i) On P2 =P(V) let
A= P AT 57V (i), B= P B e STV (i)

P,q,1 P,q,t
with p,q,i varying in a finite subset of N, A% and BY"? finite dimensional

ANNALES DE L’INSTITUT FOURIER



RESOLUTIONS OF HOMOGENEOUS BUNDLES ON P2 981

vector spaces. There exists an injective SL(V)-invariant map A — B if and
only if forallc € Z, q,p € N,

(1) dlm(@Ac+p> < d1m(@BC+p>

p>p p>p

(") Besides A and B are the first two terms of a minimal free resolution
of a homogeneous bundle on P? if and only if for allc € Z, ¢, p € N,

(2) dlm(@Ac+p> < d1m(@BC+p>

p>p
(ii) Let
A= P A" @SV (p+q+r), B= P BT @SP "V (p+q+r)
p;q,T p;q,T

p,q,r varying in a finite subset of N, AP>%" and BP'%" finite dimensional
vector spaces; let a be an SL(V)-invariant map A — B. Then « is injective
if and only if for all q,r the induced map

gt @Ap,qm ®SPUTV (p+q+71) — @quw ®SPUTV (p+q+ 1)
P P

is injective and (by Lemma 13) this is true if and only if
Mo G — @

is injective. Besides obviously there exists a homogeneous bundle E on P?
such that

0-A—B-—FE—0
is the minimal free resolution of E if and only if

o M(ag,r): €, A"*" — €D, B”*" is injective for all ¢,r

and

e M(ay g,r): AP97" — BPO7 s zero for all p,q,r.

To prove Theorem 9 we need some lemmas.

LemmaA 10. — Let V' be a complex vector space of dimension n. Let
A,y .. ,)\nfl, se€Nwith A\ >---> \,_1 and

7r:S>‘1"“’)‘"*1V® SV S)\1+37A27“~7>\nflv

be an SL(V)-invariant nonzero map. Then (up to multiples) m can be

TOME 55 (2005), FASCICULE 3



982 Giorgio OTTAVIANI & Elena RUBEI

described in the following way: let T be a tableau on (A1, ...,Ap—1) and
let R be a tableau on (s); then

7(S(T) ® S(R)) = S(TR),

where TR is the tableau obtained from T adding R at the end of its first
row and S is defined in Notation 5. In particular on P"~! = P(V) any
SL(V)-invariant nonzero map

S}q,...,)\n_lv(_s) N SA1+S,)\2,...,AH_1V
is injective.
Proof. — Let p: SN A1V g §5V — Mt Az, A1/ he the linear
map such that ¢(S(T)®S(R)) = S(TR) for all T tableau on (A1, ..., Ap_1)

and for all R tableau on (s); it is sufficient to prove that ¢ is well defined,
SL(V)-invariant and nonzero.

To show that it is well defined it is sufficient to show that, if
T,T" € T(a,,..n,_,) are such that S(T') = S(T") and R, R’ € 74 such
that S(R) = S(R'), then S(TR) = S(T'R’) (with the obvious definition
of TR). Observe that

S(TR) = S(T'"R') <= ord(ant(TR)) = ord(ant(T"R’))
<= ord(ant(T)R) = ord(ant(T")R’)

(
and the last equality follows from the fact that ord(ant(7)) = ord(ant(7"))
because sim(ant(7)) = sim(ant(7”)) and ord(R) = ord(R’) because
sim(R) = sim(R').

Besides obviously the map S(T') ® S(R) — S(T'R) is SL(V)-invariant
and nonzero. Thus, up to multiples, it is the map .

This implies the injectivity of any SL(V)-invariant nonzero map
SAL A1V (—g) — §MFsA2An-1 Vs in fact the induced map on the fibre
on[0:...:0:1]is
S(T)— S(Tn...n])

for all T € 7(x,,...x,_,) and if S(T'[n...n]) = 0, then
ordosimoant(T[n...n]) = 0.
Thus ord o ant(T'[n ... n]) = 0, but
ordoant(T[n...n]) = (ordoant(T))[n...n],

hence ordoant(T") = 0, i.e. S(T') = 0. O

ANNALES DE L’INSTITUT FOURIER
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The injectivity statement of Lemma 10 (probably well known) will be
obvious by the theory of quivers, precisely it will follow from Lemma 24,
but we wanted to show the above proof because it is more elementary and
intuitive.

Lemma 11. — Let P*~! = P(V). For every A1, ..., A\, € N, t € Z with
Ay > -+ > )\, there exist y = ygq,-..,kn € Sr AV (t), y # 0, such that
©(y) = 0 for every SL(V)-invariant map

SD:S)\17~-~7>\7LV(t) _ S)\1+51;~-"a)‘n+5nv(t +s14---+ Sn)

for all s1,...,8, € N such that so+---+ s, > 0.

Proof. — It is sufficient to prove the statement when t = 0. It is
sufficient to take as y a nonzero element of the image of an SL(V)-invariant
nonzero map

wzs)\g,...,)\nv(_)\l) _)S)\l,...,)\nv

(such a map exists because, by Pieri’s formula, S*»+*»V is a summand of
SA2r Al @ SMV | thus we can take the map induced by the projection;
besides an SL(V)-invariant map

S>\2,...7)\n,v(_)\1 — S1e. — Sn) S)\1+31,....,)\n+snv

is zero for all si,...,s, with sy + ... + s, > 0, because by Pieri’s
formula the induced map (i.e. HO(.V)Y) Stz @ §htsitetsny
SArtstAntsn/ g gero, thus p o1 = 0 for all ¢ as in the statement and

then ¢p(y) = 0). O
Remark 12. — Let W be a finite dimensional C-vector space and
v1,...,V € W not all zero. Let B be a matrix with k£ columns such that

Zj:l ,,,,,

coefficients of a linear relation among the v;). Then B:C* — C* (where s

w Bijv; = 0 for all i (i.e. the coefficients of every row of B are the

is the number of the rows of B) is not injective.

LEmMMA 13. — Fix q,r € N with ¢ > r and let P, R be finite subsets of
{peN|p>q}. Amap

a: @AP ® SP 4TV (p) — @Bﬂ ® SP4TV (p)
peEP PER
(AP, BP nonzero finite-dimensional vector spaces) is injective if and only

if M(«) Is injective.

TOME 55 (2005), FASCICULE 3



984 Giorgio OTTAVIANI & Elena RUBEI

Proof. — Let p=minP and p = maxP. Let

= @IdAp ®Ppp: @ Ap ® SPETV (p @ AP ® SPITV (p).
pEP pi’l’ peEP
pzp

The map v is injective by Lemma 10. We have

(3) (o] w = (@ Idg» ®<pﬂag) o (M(a) X IdSE’q""V(]_Q))'
pPER
p=p

Suppose « is injective. Since v is injective, a o ¢ is injective. Thus,
by (3), M(«) is injective.

Suppose now M («) is injective. Let z € P2. Let a® be the map
induced on the fibres on x by a and for any bundle E, E* will denote the
fibre on z.

Let P = {p1,...,pn}and v = (vf,..., v} ,...,0f, ..., 02 ) € Ker(a®)
where a; = dim AP* and v} € SP#%"V (p;)* . We want to show v = 0.

We can see every v} in SP%7(p)* (by ¢p,p,, which is an injection);
(after fixing bases and seeing M («) as a matrix) the coefficients of the
rows of M («a) are the coefficients of linear relations among the v§ seen in
SPar(p)* | since a®(v) = 0. Thus, since M(«) is injective, by Remark 12,
the 11; must be all zero, i.e. v = 0. O

Proof of Theorem 9. — (i) Let a: A — B be an SL(V)-invariant
injective map. For any c, q, p, let

e, >p: @D ALE, ® SV (c+p) — @ BLY, @ $79V (¢ + p)
j 247 p>p

the map induced by «, and let

@IdAm ®pps(c): (P APE,) @ SPIV (e + )
p>Pp p>p _ @Agfp ® Sp,qv(c —|—p).
j 247

The map 95 is injective by Lemma 10. We can write

1) acq 250v5 = (P Idpra @¢,5) 0 (M(acg, >5) @ Idsav(etp))-
pZp

Let v € Ker M(ac,q, >5). If v # 0 then ¢5(v ® yc+p) (see Lemma 11 for the

c+p)

definition of y is nonzero (since 5 is injective) and it is in Ker () (in fact

ANNALES DE L’INSTITUT FOURIER



RESOLUTIONS OF HOMOGENEOUS BUNDLES ON P2 985

it is in Ker(ac,q, >5) by (4) and thus in Ker(a) by the definition of y;:;ﬁ)
Since « is injective we get a contradiction, thus v = 0. Thus M (ac,q, >5)
is injective. Then (1) holds.

Suppose now (1) holds. Since
A= DDA, e Vie+p), B=DEDBY, &5 Vie+n)
¢q P cq P

to find an injective map a: A — B it is sufficient to find for all ¢,q an
injective map

Qg @ ADL @ SV (c+p) — @ Bl @ 8PV (¢ + p).
p P

Order p and p in decreasing way, fix a basis of Agfp for all p and let o 4

be the map such that M(a.q) = ((I)) Observe that, since p and p are
ordered in decreasing way and dim(ED,-; Ac,) < dim(ED,-; BLy,), then
the entries equal to 1 are “where p > p”.

(") First observe that an SL(V')-invariant injective map a: A — B is
such that 0 — A -2 B — Coker @ — 0 is a minimal free resolution if and

only if the maps induced by «
apqi APT® STV (i) — BP9 @ SPIV (i)

are zero.

Let 0 — A -2 B — Coker @ — 0 be a minimal free resolution with «

SL(V)-invariant injective map. For any c¢, g, p, let

Qog>p. 25 @D AVE, @ STV (e + p) — @D B, ® SV (c + p)

p>p p>p

the map induced by a.

We can prove that M(ae g >p, >5) 1S injective as in the implication
‘=" of (i), i.e. by considering ac g,>5>5 © ¥ With 15 as above (to see that
Pp(v ® y;’f]p) is in Ker(a), use also that the maps a, 4. : A? @ SPIV (i) —
BP1 @ SP1V (i) are zero). Then (2) holds.

The other implication is completely analogous to the implication “if”

of (i).

TOME 55 (2005), FASCICULE 3
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(ii) Suppose « is injective. Fix ¢ and 7. Let p = min{p | A»®" # 0}
and let

Yp = @ Idapar @pp,p: (@ APIT) @ SPYTV (p+ g+ 1)
B p>p B p>p
— P AP @ SPUTV (p+ g+ 7).
p>p
It holds

Qqr oty = (@ Idpe.ar ®‘Pp,g) o (M(ag,r) @ Idsf'q"'V(g—i-q—&-r))-
P

Let v € Ker M(ag,,). If v # 0 then ¢,(v ® yﬂf’r”) (see Lemma 11 for the

definition of y;’;::;?jr) is nonzero (since 9, is injective) and it belongs to
Ker(a) (in fact it is in Ker(ay,,.) by the above formula and thus in Ker(a)
by the definition of y,—’ifgf’,«”). Hence we get a contradiction since « is
injective, therefore v = 0. Thus M (o) is injective; hence ay , is injective
by Lemma 13.

Now suppose o is injective for all ¢, r. Observe that a is “triangular”
with respect to ¢ and r, thus, if for all ¢ the induced map

g @) APIT @ PV (p 4 g+ r) — @D BPT © SPUTV (p 4 g 4+ 1)

b,r P,

is injective then « is injective; besides ay is injective for all ¢ if for all ¢,
the induced map oy, is injective. O

Theorem 9 is easily generalizable to P™. Obviously the statement on
minimal resolutions is generalizable to minimal free resolutions with two
terms of bundles on P, but for a generic homogeneous bundle on P”
with n > 3 the minimal free resolution has more than two terms.

Finally we observe that Theorem 2 and the following lemma (which
will be useful also later to study simplicity) allow us to parametrize the set
of homogeneous bundles on P? by a set of sequences of injective matrices
with a certain shape up to the action of invertible matrices with a certain
shape.

LemMa 14. — (i) Let E and E’ be two homogeneous vector bundles
on P? and

a) 0-R-1.5 2.0

(5) f/ g/
b) 0-R — S —F —0
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be two minimal free resolutions. Any map n: E — E’ induces maps A and B
such that the following diagram commutes

OHR*%SLEHO

IR CR
P A L )

and given A and B such that the above diagram commutes we have a
map E — E’. Given 7, the maps A and B are unique if and only if
Hom(S,R') = 0. (In particular if Hom(S,R') = 0 and we find A and B
such that the diagram commutes and B is not a multiple of the identity,
we can conclude that FE is not simple.)

(ii) Let
a) 0-R-1 5 % E 0,

(6) 1 g
b)) 0-R—S——FE—D0,

be two minimal free resolutions with SL(V')-invariant maps of a homoge-

neous bundle E on P? = P(V); then there exist SL(V)-invariant automor-
phisms A: R — R, B:S — S such that the following diagram commutes

Proof. — (i) The composition S %+ E -5 E’ can be lifted to a map

B:S — S’ by the exact sequence
0 — Hom(S, R') — Hom(S,S") — Hom(S,E’) — 0
(obtained by applying Hom(S, «) to (5) b). By the exact sequence
Hom(R, R') — Hom(R, S’") — Hom(R, E')

(obtained by applying Hom(R, «) to (5) b) the composition R J.s 5, S’
which goes to zero in Hom(R, E’), can be lifted to a map A: R — R'.
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(ii) As in (i) we can prove there exist SL(V)-invariant maps B:S — S
and B’:S — S such that the following diagrams commute

’ ’

0 R—— 85 2 E—-0 0-R—8 2. E 0
lB J{Id lB/ lld
OHRJ—HSJ—%EHO OHRLSLEHO,

then we get the commutative diagram

0—-—R—— S — FE —0

?’oBl , lld
0—R—— S — FE —0.

Since also Id:S — S lifts Id:E — E in the above diagram (i.e.
Idog = g o1d), there exists a map a: S — R such that B'o B—1d = foa;
hence, by the minimality of (6)a), det(B’ o B) = 1+ P where P is a
polynomial without terms of degree 0; since det(B’ o B): det(S) — det(S)
must be homogeneous, P = 0; hence B’ o B is invertible and thus B
is invertible. O

4. Quivers.

We recall now the main definitions and results on quivers and
representations of quivers associated to homogeneous bundles introduced
by Bondal and Kapranov [BK]. The quivers will allow us to handle well and
“to make explicit” the homogeneous subbundles of a homogeneous bundle.

DeriNITION 15 (see [Si], [Ki], [Hil], [GR]). — A quiver is an oriented
graph Q with the set Qg of vertices (or points) and the set Q; of arrows.

A path in Q is a formal composition of arrows S, --- (31 where the
source of an arrow f3; is the sink of the previous arrow ;1.

A relation in @ is a linear form Aic; + - - - + A.c,. where ¢; are paths
in Q with a common source and a common sink and \; € C.

A representation of a quiver Q = (Qy,Q1), or Q-representation, is
the couple of a set of vector spaces {X;}ico, and of a set of linear maps
{¢s}peco, where pg: X; — X if 8 is an arrow from i to j.
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A representation of a quiver Q with relations R is a Q-representation
such that

D A, g =0
: _

for every >, )\jﬁfnj- Bl eRr.

Let (X;,98)ic0,, peo, and (Yi,¥3)icq,, geo, be two representations
of a quiver @ = (Q0,Q1). A morphism f from (X;,03)ic,. pco, to
(Yi,¥8)ico,, geg, is a set of linear maps f;: X; — Y, i € Qp such that , for
every 3 € Qp, B arrow from 7 to j, the following diagram is commutative:

Xy,

wl lwa
Y;.

X, P

A morphism f is injective if the f; are injective.

NoTaTION 16. — We will say that a representation (X;,¢3)ic0,, e,
of a quiver Q@ = (Qp, Q1) has multiplicty m in a point ¢ of Q if dim X; = m.
The support (with multiplicities) of a representation of a quiver Q is the
subgraph of Q constituted by the points of multiplicity > 1 and the nonzero
arrows (with the multiplicities associated to every point of the subgraph).

We recall now from [BK], [Hil], [Hi2] the definition of a quiver Q such
that the category of the homogeneous bundles on P? is equivalent to the
category of finite dimensional representations of Q with some relations R.
Bondal and Kapranov defined such a quiver in a more general setting but
we recall such a construction only for P2. See also [OR].

First some notation. Let P and R be the following subgroup of SL(3):

p:{<§ % g)esw,)}, R:{(§ ; §>ESL(3)}.

Observe that R is reductive. We can see P? as SL(3)/P, where P is the
stabilizer of [1:0:0]. Let p and r be the Lie algebras associated respectively
to P and R. Let n be the Lie algebra

0z y
n—{(O 0 0>|x,y€(C}.
000
Thus p = r @ n (Levi decomposition).
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We recall that the homogeneous bundles on P? = SL(3)/P are given
by the representations of P (this bijection is given by taking the fibre
over [1:0:0] of a homogeneous vector bundle); by composing the projection
from P to R with a representation of R we get a representation of P and the
set of the homogenous bundles obtained in this way from the irreducible
representations of R are

{S‘Qt) | teN, tezZ},
where Q = Tp2(—1).

DerFINITION 17. — From now on Q will be the following quiver:
o let
Qo = {irreducible representations of R} = {S‘Q(t) | ¢ € N, t € Z}

= {dominant weights of r};

e let Q; be defined in the following way: there is an arrow from A to p,
A p € Qy, if and only if n® ¥\ D X, where X denotes the representation
of r with dominant weight A.

LemMA 18. — The adjoint representation of p on n corresponds to
Q(-2) = Q' more precisely: let p:p — gl(n) be the following represen-

() = (2) ()

where h: C?> — n is the isomorphism

T 0z y
<y)'—><8 0 8>'

Q(—2) is the homogeneous bundle whose fibre as p-representation is n.

tation:

Proof. — Observe that if
a b c

B—<O d e>€p and A:(? ;)
0 fg

h*l(Bh(z) —h(z)B) _ (ald_tA)(z) :

since the representation p — gl(1), B +— ald corresponds to the

then
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bundle O(—1) and the representation p — gl(2), B +— —'A corresponds
to the bundle Q¥ = Q(—1), we conclude. O

By the previous remark, if X, is the representation corresponding
to S*Q(t) and ¥, is the representation corresponding to SelQ(t’)7 the
condition n®X D ¥, is equivalent to the fact SYQ(t') is a direct summand
of Q(—2) ® S*Q(t) and this is true if and only if (¢/,#) = ({ — 1, — 1) or
(¢',t") = (£+1,t — 2) (we recall that, by the Euler sequence, A2Q = O(1)).

Thus our quiver has three connected components Q) Q@) Q)
(given by the congruence class modulo % of the slope of the homogeneous
vector bundles corresponding to the points of the connected component);
the figure shows one of them (the one whose points correspond to the
bundles with 1 = 0 mod (3)): we identify the points of every connected
component Q) of Q with a subset of Z? for convenience.

/o/<»—f>
0(3) S ]
Q)
PO S U
Q1) 52Q(2)
0(=3) SR 3
Q(=2) |S%Q(-1)| $*Q

DeriNiTION 19. — Let R be the set of relations on Q given by the
commutativity of the squares, i.e. (denoting by B, . the arrow from v
to w):

Ba-1.y-1).@-1,9)B@-1,9),2,) ~ Ba-1,y-1).(2.y-1)F@.y-1), (@)
for all (z,y) € QU) C Z2 for some j, such that (z — 1,y) € Q and

Bla-1,y-1),(2,y-1)B,y-1),(z.0)
for all (z,y) € QU C Z2 for some j, such that (v — 1,y) € Q.

.
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DEeFINITION 20. — Let E be a homogeneous vector bundle on P2. The
Q-representation associated to E is the following (see [BK], [Hil], [Hi2],
[OR]). Consider the fiber Efj.q.q) of E on [1:0:0]; it is a representation
of p; as r-representation we have

Ej.0.0 = @ X\ @y
AEQo

for some vector spaces X); we associate to A € Qg the vector space Xy;
we fix for all A a dominant weight vector vy € X and 11,72 eigenvectors
of the p-representation n; let ¥,1y be their weights respectively; let i be
such that A + 1; = p; we associate to an arrow A — p amap f: X\ — X,
defined in the following way: consider the composition

Z,\®n®X)\—>EM®XM

given by the action of n over Ej;.¢.q followed by projection; it maps
vA®1; @ v to v, ®w; we define f(v) = w (it does not depend on the choice
of the dominant weight vector).

TueorEM 21 (Bondal-Kapranov, Hille; see [BK], [Hil], [Hil2], [OR]).
— The category of the homogeneous bundles on P? is equivalent to the
category of finite dimensional representation of the quiver Q with the
relations R.

Observe that in Definition 20 with respect to Bondal-Kapranov-Hille’s
convention in [BK], [Hil], [Hi2], we preferred to invert the arrows in order
that an injective SL(V)-equivariant map of bundles corresponds to an
injective morphism of Q-representations. For example @ injects in V(1)
whose support is the arrow from Q(1) to O:

O —0 Q1)

NotaTioNn 22. — « We will often speak of the Q-support of a
homogeneous bundle E instead of the support with multiplicities of the
Q-representation of E and we will denote it by Q-supp(E).

e The word rectangle will denote the subgraph with multiplicities of Q
given by the subgraph of Q included in a rectangle whose sides are unions
of arrows of @, with the multiplicities of all its points equal to 1.

e The word segment will denote a rectangle with base or height equal
to 0.
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o If A and B are two subgraphs of @, AN B is the subgraph of Q
whose vertices and arrows are the vertices and arrows both of A and of B;
A — B is the subgraph of Q whose vertices are the vertices of A not in B
and the arrows are the arrows of A joining two vertices of A — B.

Remark 23 (see [BK]). — The Q-support of S”?V is a rectangle as in
the figure

0(2¢-p) . SP9Q(q)

51Q(—p) P SPQ(—q)

RXve

In fact, by the Euler sequence SP2V = SP2(O(—1) ¢ Q) as R-repre-
sentation; by the formula of a Schur functor applied to a direct sum (see
[FH, Exercise 6.11]) we get

SV =P SrQ @ SmO(-1)

as R-representations, where the sum is performed on m € N and on A
Young diagram obtained from the Young diagram of (p, ¢) by taking off m
boxes not two in the same column; thus

SPaYy — @ SPTMLATM2 (i — my)
0<mi<p—q
0<m2<gq

Finally to show the maps associated to the arrows in the rectangle are
nonzero we can consider on the set of the vertices of the rectangle the
following equivalence relation: P ~ @ if and only if there exist two paths
with P and @) respectively as sources and common sink such that the map
associated to any arrow of the two paths is nonzero; if a map associated
to an arrow (say from P; to P2) of the rectangle is zero then, by the
“commutativity of the squares”, precisely by the relations in Definition 19,
there would be at least two equivalence classes (the class of P; and the class
of P,), but this is impossible by the irreducibility of SP-7V.

5. Some lemmas and notation.

In this section we study equivariant maps between some homogeneous
bundles on P? by using the language of the quivers and we collect some
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technical notation and lemmas, which will be useful in the next section to
study homogeneous subbundles (in particular their slope) of homogeneous
bundles and then to study stability.

5.1. Q-representation of kernels and images.

LEMMA 24. — Let p: SP>1V — SPTs1,4%52,53Y/ (g1 + g9 + s3) be an
SL(V)-invariant nonzero map; then

(i)  Q-supp(Ker(p)) = Q-supp(S5P1V)
- Q- supp(S]HSl’quSQ’SSV(Sl + s2 + 53))a

(ii) Q-supp(Im(p)) = Q-supp(S*9V)
N Q-supp (ST 915258V (51 + 59 + s3)),

(iii) Q-supp(Coker(p)) = Q-supp (P92 V (51 4 553 + 53))
— Q-supp(SP V).

Proof. — Consider the P-invariant (and thus R-invariant) map
©r:0:9 induced by ¢ on the fibers on [1:0:0]; it is the mor-
phism from the OQ-representation of SP'9V to the Q-representation of
Sp+sl’q+527S3V(81 + S2 + 83).

Obviously the R-representations corresponding to the vertices in the
Q-support of SP*4V and not in the Q-support of SPF51:4752:53V (51 4 55+ 83)
are in Ker ¢[1.9.)-

We have to show that the R-representations corresponding to the
vertices both in the Q-support of SP9V and in the Q-support of
SPs1.a+92:53Y (51 4 59 4 53) are not in Ker ¢3¢ 9]

We call I the set of such vertices.

If the R-representation corresponding to an element of I is in
Kerp1.0.0, then also the R-representation corresponding to another
element of I is in Kerpp.g.0;: in fact by the commutativity of the
diagram in the definition of morphism of representations of a quiver, if the
R-representation corresponding to A € I is in Ker ¢ ..o}, then also the R-
representation corresponding to any element of I linked to A by an arrow is
in Ker @1 .¢. 0] and we conclude since for all A1, Ag € I there is a path of the
quiver joining A\; and Ay. Thus either any R-representation corresponding to
an element of I is in Ker[;.¢.0; or any R-representation corresponding
to an element of I is not in Kery(;.¢.¢). But the last case is impossible
because ¢ is nonzero. O
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COROLLARY 25. — Let
p: SP IV — @ SPFS1,aF82:55Y/ (g1 4 g9 + 53)
51,82,83

(where the sum is on a finite subset of N%) be an SL(V)-invariant nonzero
map. Then

Q-supp (Ker(go))
= Q-supp(SP V) — Q-supp(BSPTIT5253V (51 + 55 + 53)).

LemMA 26 (Four Terms Lemma). — On P? = P(V) we have the
following exact sequence:

0— Sq+s—1,qV(_p+ g—1+ 3) — ., §Pay Sp’q"’SV(s)
— S LTl (g4 14 5) — 0,
where the maps are SL(V')-invariant nonzero maps (they are unique up to
multiples). (Observe that SP~9~ 1571V (g+1+s) =~ SP a4V (g4 1+5).)

Proof. — In the figure below we show the sides of the Q-supports
of SP4V and SP9T5V (s):

O(2¢—p+3s) .2 O(2¢—p+3s)
SPay I:I C

0@2q—p) 0(2q—p) -~

SPatsy/(s) K

These supports are rectangles (see Remark 23); thus by Lemma 24
the Q-support of the kernel of SP4V — SP9t5V(s) is the rectangle K,
which is the Q-support of S9ts=19V(—p+ ¢ — 1+ s) and the Q-support
of the cokernel of SP1V — SP9t$V(s) is the rectangle C, which is the
support of SP~9 157 (g + 1 + 8). O

5.2. Some calculations on the slope.

Remark 27. — (i) The first Chern class of a homogeneous bundle E
can be calculated as the sum of the first Chern classes of the irreducible
bundles corresponding to the vertices of the O-support of E multiplied by
the multiplicities. The rank of E is the sum of the ranks of the irreducible
bundles corresponding to such vertices multiplied by the multiplicities.
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We will often speak of the slope (resp. first Chern class, rank) of a
graph with multiplicities instead of the slope (resp. first Chern class, rank)
of the vector bundle whose Q-support is that graph with multiplicities.

(ii) Suppose the set of the vertices of the O-support of E is the
disjoint union of the vertices of the supports of two Q-representations
A and Bj if p(A) = p(B) then p(E) = p(A) = u(B), if p(A) < u(B)
then p(A) < u(E) < u(B).

(iii) We recall that the rank of S*Q(¢) is £ + 1 and its first Chern class
is(C+1)(30+1).

LEMMA 28. — Let R be a rectangle of base h, height k and S*Q(t) as
the highest vertex of the left side. Then

T —K2) +h(e+ Lt +1)
(h+1)(k+1){ +k(%t_%5_1)4_((4-1)(%6—&-15))}

R) = )
#R) (h+1)(k+1)(¢+ 2(h+k)+1)

(where the numerator is the first Chern class and the denominator is the
rank).

Proof. — Left to the reader. O

LemMA 29. — Let S be a horizontal (resp. vertical) segment in QW)

for some j and let S’ be obtained translating S by (0,1) (resp (1,0))

in Q) < Z2. Then u(S) < u(S").
Sl

S/

Proof. — Suppose S is horizontal, of length h and its first vertex from
left is S“Q(t). By Lemma 28,

 R*42h(04 1)+ L(L+1)
N 20+2+h ’
_ R*42R(0+2)+ (L +2)((+1)
N 20+1)+2+h

and p(S”) > u(S) is easy to check. The case of vertical segments is similiar.
O

u(S’)

+t—-2

w(S)
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LeMmMA 30. — (i) Let U and U’ be two rectangles with the same base
with the vertical sides lined up and U above U’. Then pu(U’) < u(U).

(ii) Let W and W' be two rectangles with the same height and
the horizontal sides lined up and W at the right side of W’'. Then
(W) < (W),

(iii) Let R be a rectangle and R’ a subrectangle of R with the same base
and with the lower side equal to the lower side of R. Then u(R') < p(R).

(iv) Let T be arectangle and T’ a subrectangle of T with the same height
and with the left side equal to the left side of T. Then pu(T") < u(T).

R T

U’ R

Proof. — (i) By Lemma 29 and Remark 27 the slope of a rectangle is
between the slope of the lower side and the slope of the higher side, thus
again by Lemma 29 we conclude. Assertion (ii) is analogous to (i); (iii)
and (iv) follow from (i) and (ii). 0

5.3 Staircases.

In this subsection we introduce particular Q-representations, called
“staircases”. Their importance is due to the fact that they are the O-
supports of the homogeneous subbundles of the homogeneous bundles
whose Q-supports are rectangles (in particular of the trivial homogeneous
bundles).

Remark 31. — Let E be a homogeneous bundle on P? and F be
a homogeneous subbundle. Let S and S’ be the Q-supports of E and F
respectively. By Theorem 21 the Q-representation of F' injects into the
Q-representation of E. If the multiplicities of S are all 1 and S’ contains
the source of an arrow (3 in S then S’ contains §.

DerFINITION 32. — We say that a subgraph with multiplicities of Q
is a staircase S in a rectangle R if all its multiplicities are 1 and the
graph of S is a subgraph of R satisfying the following property: if V is a
vertex of S then the arrows of R having V as source must be arrows of .S
(and then also their sinks must be vertices of S). We say that a subgraph
with multiplicities of @ is a staircase if it is a staircase in some rectangle.
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R R R R

S —SLLL S S

Observe that a staircase S in a rectangle R has as matter of fact the
form of a staircase with base and left side included respectively in the base
and the left side of R as in the figure above. By Remark 31 the Q-support
of a homogeneous subbundle of a homogeneous bundle whose Q-support is
a rectangle is a staircase in the rectangle.

E Oy
|2 -
Vs | ] Ha Es j O3 A
v | 1 Eq ]o: Os| Bs
V'] H2 El Ol L
R3 H,
NoTaTioN 33 (see the figure above). — Given a staircase S in a

rectangle we define Vg to be the set of the vertices of S that are not sinks
of any arrow of S. We call the elements of Vg the wertices of the steps.
Let Vs = {Vi, ...,V } ordered in such a way the projection of V;;; on the
base of R is on the left of the projection of V; foralli=1,... k — 1.

We define R; as the rectangles with the right higher vertex equal to V;
and left lower vertex equal to the left lower vertex of R.

For any i = 1,....,k, we define:

o the i-th horizontal step H; = R; — R;—1 (Ry
o the i-th vertical step E; = R; — Riv1 (Rga1
o the i-th sticking out part O; = H; N E;.

0),
0),

Let s; and r; be the lines containing respectively the higher side of O;
and the right side of O;.

Fori=1,...,k—1, let S; be the rectangle whose sides are on r;,
Si+1, the line of the base of the staircase and the line on the left side of
the staircase.

Let A;,fori=1,...,k—1,and B;, fori =2, ...k, be the rectangles
Ai=S8i—Ri— Rit1, Bi=Si-1—Ri—Ri_1.
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6. Results on stability and simplicity of
elementary homogeneous bundles.

DEFINITION 34. — We say that a G-homogeneous bundle is multistable
if it is the tensor product of a stable G-homogeneous bundle and an
irreducible G-representation.

TueEoREM 35 (Rohmfeld, Faini). — (i) (see [Ro]) A homogeneous
bundle E is semistable if and only if u(F) < p(FE) for any subbundle F' of
E induced by a subrepresentation of the P-representation inducing E.

(ii) (see [Fa]) A homogeneous bundle E is multistable if and only if
w(F) < u(E) for any subbundle F of E induced by a subrepresentation of
the P-representation inducing E.

THEOREM 36. — Let p,g € N with p > q and s > 0. Let E be the
homogeneous vector bundle on P? = P(V) defined by the following exact
sequence:

(7) 0 — SPIV(—s) —2o SPFY s B 0,

where ¢ is a nonzero SL(V')-invariant map. Then E is stable (in particular
it is simple).

Proof. — To show that FE is stable it is sufficient to show that it is
multistable; in fact if E is the tensor product of a stable homogeneous vector
bundle E’ with an SL(V)-representation W, then the minimal resolution
of E must be the tensor product of the minimal resolution of E’ with W
and from (7) we must have W = C.

To show that E is multistable we consider the Q-representation
associated to E. In the figure we show the sides of the Q-supports of
SPaV (—s) and SPT$9V; these supports are rectangles (see Remark 23);
thus the Q-support of F is the rectangle R (see figure next page).

By Theorem 35, E is multistable if u(F') < p(F) for any subbundle F
of E induced by a subrepresentation of the P-representation inducing F.
Observe that, by Remark 31, the support of the Q-representation of any such
subbundle F' must be a staircase C'in R and vice versa any Q-representation
whose support is a staircase C' in R is the Q-representation of a subbundle F'
of F induced by a subrepresentation of the P-representation inducing F.
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// // // &71
OR¢—p—s) . 0R2q—p—s) . ORq—p—s) .2 ___. i
P—q pt+s—q
SPAV(—s) gpts.ay E

We will show by induction on the number k of steps of C that
w(C) < p(R) for any C staircase in R.

e k = 1. — In this case C' is a subrectangle in the rectangle R. Thus
this case follows from Lemma 30.

e k — 1 implies k. — We will show that, given a staircase C' in R
with k steps, there exists a staircase C’ in R with k — 1 steps such that
1(C) < pu(C"). If we prove this, we conclude because u(C) < u(C’") < u(R),
where the last inequality holds by induction hypothesis.

Let C7 and Cs be two staircases as in the figure

R R R

L

s

C Cl C'2

that is, Cy and Csy are staircases with & — 1 steps obtained from C'
respectively “removing and adding” two rectangles O and T'. Precisely O
is a sticking out part O; of C for some ¢ and T is a nonempty rectangle
among the two rectangles A;, B; (see Notation 33).

If u(C1) > u(C) we conclude at once.

Thus we can suppose that p(C1) < p(C). We state that in this case
w(Ca) > p(C). In fact: let p(Cy) = a/b, u(0O) = ¢/d and u(T) = e/f,
where the numerators are the first Chern classes and the denominators
the ranks; since pu(Cy) < p(C), we have a/b < (a+c¢)/(b+d), thus
a/b < c¢/d; besides u(O) < p(T) by Lemma 30, i.e. ¢/d < e/f; thus
(a+c+e)/(b+d+ f)>(a+c)/(b+d)ie u(C2) > p(C). 0

Observe that, by Lemma 14 (i), the simplicity statement of Theo-
rem 36 is equivalent to:

CoroLLARY 37. — Let p,q,s € N with p > q, s > 0 and let A and B
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be two linear maps such that the following diagram commutes:

SPIV @ SV T grtsay

son] o

PV @ SV — T grEsay,

where 7 is a nonzero SL(V)-invariant projection (it is unique up to
multiple); then A = A1d and B = A1d for some \ € C.

Now we want to prove Theorem 3; first it is necessary to prove several
lemmas.

LEmMmA 38. — Let p,q,s € N with p > q. For every
M C {(51752,53) EN’|s1+s0+s3=35,8<p—q,s3< Q},

let Pys be the following statement: for every V complex vector space of
dimension 3, the commutativity of the diagram of bundles on P(V):

Py (—s) ¥ @ GPts1,qt+s2,s31/
(s1,82,83)EM
‘| Lo
Py (—s) b @ GPts1,a+s2,s37/
(s1,82,83)EM

(where A and B are linear maps and the components of ¢ are nonzero
SL(V)-invariant maps) implies A = A1d and B = A1d for some X € C. Let

{(51,82,83) €N3|81+82+53=s, So < p—gq, S3 gq} =RUT

with RNT =0, R# 0, T # 0. Then P is true if and only if Pr is true.

Proof. — Suppose Pr is true. We want to show Pg is true. Let A
and B such that the diagram

Sp,qv(is) ¥ @ GPts1,q+s2,537/

(s1,82,83)ER
A

|B
S”’QV(—S) ¥ @ Gptsi1.ats2.s3y,

(s1,82,83)ER
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commutes. It is equivalent to the diagram

SPAY @ S5V ™ @ GPts1,q+s2,831/

(s1,82,53)ER
ARId

|B
SPAY ® S5V ™ @ GPts1,q+s2,537/

(s1,52,53)€ER

Thus (A ® Id)(Ker ) C Ker 7. Observe that

Kerm = @ GPts1,a+s2,531/

(s1,82,53)€T

Then we get the following commutative diagram:

@ SPtsuatsassy L, gpay @ §5Y

(s1,82,83)€T
A®Id

l

P sprovatezsay ., gray e SV,

(s1,82,83)€T

Let W = VV. Substitute WV for V in the above diagram and dualize;
the diagram we obtain is equivalent to the following commutative diagram
of bundles on P(W)

ST (—s) —— ) Srreatsyy

l (s1,82,53)€T
A\/

l

SPAV (—s) @ GPtsi.atsa,sspy

(s1,82,83)€T

By Pr we conclude that AY = A\1d and then A = A\ 1d. O

DErINTTION 39. — We say (see figure below) that a staircase is regular
if all the vertices of the steps (see Notation 33) are on a line with angular
coefficient equal to —1.
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LEMMA 40. — The bundles whose support is a regular staircase are
multistable.

Proof of Lemma 40.

Fact 1. — For any regular staircase we have

w(H;) > p(Hi—1)  and  p(E;) > p(Eit)

for any ¢, where H; are the horizontal steps and E; are the vertical steps
(see Notation 33); recall that H;;, is below H; and E;41 is on left of E;.

Proof. — Obviously it is sufficient to prove the statement for a regular
staircase with two steps. It is a freshman calculation (even if a bit long)
(use Lemma 28). O

Fact 2. — Let S be a regular staircase. Then for every sticking out
part O of S we have u(O) > u(S — O). Therefore pu(S) > u(S — O).

Proof. — Let b be the line on which the base of O is and let £ be the
line on which the left side of O is. Let T} be the staircase whose vertices are
the vertices of S that are either above b or on b and on the left of £ (see the
figure below). Let T be the staircase whose vertices are the vertices of S
that are below b and either on the right of ¢ or on /.

Let K be the rectangle K =S — T — T — O.

" o]

K Ty \\\

By Lemma 30 p(O) > u(K). Besides, by applying Fact 1 to the
staircases T1 + O and Tp + O (where T; + O is the smallest staircase
containing T; and O), we get u(O) > p(T1) and u(O) > wp(T>). Hence
w(0) > max{u(K), u(T1), p(T2)} > u(S — O) (see Remark 27). O

Now we are ready to prove that every bundle such that its Q-
support is a regular staircase S is multistable. Let C' be the support
of a Q-representation subrepresentation of S (thus again a staircase by
Remark 31). We want to prove p(C) < p(S) by induction on the number k
of steps of C.

e k = 1. — The statement follows from Lemma 30 and Fact 1.
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e k — 1 implies k. — We do induction on — length(bd(C) N bd(S5)),
where bd denotes the border and the border of a staircase is the border of
the part of the plane inside the staircase.

Let C be a staircase with k steps support of a subrepresentation of .S.
Let O; be the i-th sticking out part of C.

> If u(C' —O;) > p(C) for some i we conclude at once because C' — O;
has k — 1 steps; thus by induction assumption p(S) > pu(C — 0;)
and then p(S) > p(C).

> Thus we can suppose p(C) > u(C — O;) for all i i.e. u(O;) > p(C)
for all 7.

Let A} be the biggest rectangle in A; NS with the lower side equal to
the lower side of A; and let B] be the biggest rectangle in B; N S with the
left side equal to the left side of B; (see Notation 33 for the definition of 4;
and B;).

Suppose that there exists ¢ such that either A, or B] is not empty;
for instance suppose B # 0. Since p(Bj]) > p(0;) by Lemma 30 and
w(0;) > u(C) by assumption, we have u(B)) > u(C) and thus
(8) 1(C + Bj) > p(C)
where C + Bj] is the smallest staircase containing C' and Bj. If B; is a
subgraph of S'i.e. B; = Bj, then C' + B! is a staircase with k — 1 steps thus,
by induction assumption, u(S) > p(C + B); hence p(S) > u(C) by (8).

If B; is not a subgraph of S i.e. B; # B!, then

length (bd(C + Bj) Nbd(S)) > length(bd(C) N bd(S))
and by induction assumption p(S) > p(C + B}); hence we conclude
again u(S) > p(C) by (8).

If A, and B] are empty for all i then there exists a chain of staircases
C=5yCS; C---CS,. =8 such that S; is obtained from S;,; taking off
one of its sticking out parts, thus, by Fact 2, we conclude. O
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LemMMA 41. — a) The Q-support of S‘Q(t) ® SV is (see also the
figure below):

(i) if £ > q, the subgraph of Q, with all the multiplicities equal to 1,
included in an isosceles right-angled triangle with horizontal and vertical
catheti of length q, the direction of the hypotenuse equal to NW-SE, the
vertex opposite to the hypothenus equal to the lowest left vertex and equal
to S‘Q(t - q);

(ii) if £ < q the subgraph of Q, with all the multiplicities equal to 1,
included in a right-angled trapezium with horizontal bases, left side
orthogonal to the bases, right side with angular coefficient —1, length
of the inferior base equal to q, the lowest left vertex equal to S‘Q(t — q).

b) By duality (or directly) we can get an analogous statement for the
Q-support of S‘Q(t) ® ST9V (see the figure).

Proof. — Use that STV =@, , S971Q)(—i) as R-representation
and Clebsch-Gordan’s formula, see [FH]: if £ > m, then

SEQ(t) ® S™Q(r) = S“MQ(t+ 1) @ STMT2Q(t +r + 1)
@ ®STmQt+r+m) O

DeFINITION 42. — We say that a staircase is completely regular if it is
equal to one of the subgraphs of Q described in a of Lemma 41.

q>/

Z N
S‘Q(t - q) EL

q

completely regular staircase S‘Q(t) ® S1V

5'Q(t+q) 5'Q(t+q)
q
q
t>q qg>71
5'Q(t) @ §T1V S'Q(t) ® sV
LemMmA 43. — A bundle whose support is a regular staircase is stable

if and only if the staircase is not completely regular.
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Proof. — Observe that the Q-support of S*Q(t) ® SP?V has some
multiplicity > 2 if p # g and ¢ # 0; in fact among the vertices of
the Q-support of SP4V there are O(2¢ — p) and S2Q(—1 + 2q — p),
thus, by Clebsch-Gordan’s formula, S*Q(t + 2¢ — p) occurs at least twice
in S‘Q(t) ® SPIV.

By Lemma 40 if a bundle F has a regular staircase as Q-support,
then £ = E' @ T where E’ is a stable vector bundle and T is a vector
space SL(V)-representation; if T' = SP9V with p # ¢ and ¢ # 0 then by the
previous remark the Q-support of £/ ® T has some multiplicity > 2. Thus
we must have T'= S99V or T = S?V and since the Q-support of £/ @ T
is a staircase only the last case is possible by Lemma 41. Thus we conclude
by Lemma 41, in fact a regular staircase can be the disjoint union of k
completely regular staircases with the same length of the base if and only
if k =1 i.e. it is a completely regular stairacase (we can see this arguing on
the upper part of the border). O

Remark 44. — If p+ ¢ = p' + ¢/, then the rectangles that are the
Q-supports of SP4V () and S?9V (t) have the highest right vertices on a
line with angular coefficient —1.

Ifp”" +q" —t" =p+q—tandt” <t then the highest right vertex of
the Q-support of S?"4" V(') is below this line.

LEMMA 45. — Let p,q,s € N withp > q and s > 0. Let
TC {(81,82783) | s1+s2+83=35,5 <p—gq,ss < q}, T % (s,0,0).

Let A and B be two linear maps such that the following diagram of bundles
on P(V) commutes:

Szuqv(_s) b @ SP+s1,q+52,8377
[ (s1,s2,83)€T
A

1B
SPay (—s) —2— @ SPFstats2ssyy

(s1,82,83)€T

where ¢ is an SL(V)-invariant map with all its components nonzero. Then
A = AId and B = A1d for some X € C.
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Proof. — Observe that A(Ker(p)) C Ker(¢). Thus we have a
commutative diagram

Ker(p) —— SPIV (—s)

(9) A\Kerw)l lA
Ker(p) —— SPIV (—s).

Let 0 = R — S — Ker(¢) — 0 be a minimal free resolution of Ker(y).
By Lemma 14 the map A|ker(,): Ker(p) — Ker(yp) induces a commutative
diagram

0—-R— S — Ker(p)—0

L e

0—>R— S —Ker(p)— 0.

Let Smax be the direct sum of the summands of S with maximum twist and
let S = Spax ® S’; thus the previous diagram is

0 — R— Spmax ® S’ — Ker(p) — 0

l l e l lAmer(@

0 — R — Spax ® 5" — Ker(p) — 0.

Then we get a commutative diagram

Smax — Ker(p)

la lA\KcM
Smax — Ker(y)

and, if f is the composition of the map Spax — Ker(y) with the inclusion
Ker(p) — SP9V(—s), by (9) we get the commutative diagram

Sinax —— SPAV (—s)

(10) la lA

Simax —— SPIV (—s)
and thus a commutative diagram

0— Ker(f) B Smax L) Im(f) —0

() [E |+

0 — Ker(f) — Smax —— Im(f) — 0,

where v = Ajpy(5)-
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Now we will prove that if Im(f) is simple then A is a multiple of the
identity. Let 0 - K — M — (Im f)¥ — 0 be a minimal free resolution
of (Im f)¥; for any S:M — M induced by v* we have the following

commutative diagram:
M —— (Im f)"

ﬁl lvv
M—— (im )"
and then by (11)

T v
M ——- 5.«

|l

M ——- 5 .

In particular, since (Im f)" is simple, v is a multiple of the identity, thus
(G can be taken equal to a multiple of the identity.

Observe that all the components of r are nonzero (because the map
M — (Im f)V is surjective and all the components of f¥:(Im f)¥ — SY_.
are nonzero, since no component of Syax is sent to 0 by f); besides, up to
twisting, we can suppose Spax is a trivial bundle and then HY(rv)¥ is a
projection. Hence, since (3 is a multiple of the identity, «¥ (and then «) is

a multiple of the identity.

Thus, by (10) also A is a multiple of the identity as we wanted
(twist (10) by s and consider H°(.")" of every map of the obtained
diagram; in this way we get a diagram of SL(V')-representations whose
horizontal maps are surjective, since they are SL(V')-invariant and nonzero
and SP9V is irreducible).

Observe that, by Remark 44, the Q-support of Im f is a regular
staircase in the Q-support of SP9V(—s), since all the summands of Syax
have the same twist.

Thus by Lemma 43 we can conclude at once if the Q-support of Im f
is not a completely regular staircase.

Therefore we can suppose the Q-support of Im f is a completely
regular staircase.

Observe that, by Remark 44, if the O-support Im f is a completely
regular staircase then S = Sp,.x and thus Im f = Ker ¢.

Consider the following exact sequence

(12) 0 — Kerp — SPV(—s) — Imp — 0.
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Up to dualizing we can suppose that also the Q-support of Im ¢ is of the
kind b of Lemma 41.

Thus the unique remaining cases are the cases in which the
sequence (12) twisted by s is one of the following:

«Case A: 0— SIQ(—q—1)® P97V — SPIVy

— SPTIQ @ STV — 0.
rP—q

0(2q—p) ——

SPT1Q(q)

O(2q—p) f—’% $7-1Q(q)
q

5%(=p) 59(~p)
p—q—1 p—q—1
p—q>q Case A P—q=<gq

«Case B: 0— S1Q(—¢q) ® P71V — SPIV
— SPTIQ(1) ® S9HTIYV — 0.

O0(2q—p) .~ p—e 5P4Q(q)

O(29—p) / SP=1Q(q) .
q—

S9(—p) - S4(-p)

pP—q=4g Case B p—q<gq

Observe that Case B is equivalent to Case A (by dualizing and
counsidering ¢’ = p — ¢). Thus it is sufficient to consider Case A. By (9) we
get a commutative diagram

0—81Q(—q—1)®SP~ 17V — SPIV — SPIQ ® STV — 0

| ! l

0—81Q(—q—1)® S’ 1V — SPIV — SPIQ ® STV — 0.

By taking the cohomology (in particular H°) we get
0—0— SPIV — S99V @ SP7IV

b

0— 0 — SPIV — SV @ §PIV
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since H°(S9Q(—q — 1)) = 0 and H°(SP~9Q) = SP~9V (to calculate
the cohomology of S‘Q(t) use for instance its minimal resolution
0— SVt —1) — SV(t) — S‘Q(t) — 0). We conclude by applying
Lemma 37 to the dual of the right part of the diagram. O

From Lemmas 45 and 38 we deduce at once:

COROLLARY 46. — Let p,q,s € N with p > ¢q. Let A and B be two
linear maps such that the following diagram of bundles on P(V') commutes

SV () LN V

sota| s

SV () — W,

where W is a non trivial SL(V')-submodule of S?9V ® S°V and all the
components of ¢ are nonzero SL(V)-invariant maps. Then A = X1d and
B = \1d for some A € C.

Proof of Theorem 3. — The case p = 0 is trivial. Thus we can
suppose p > 0. By Corollary 46, the only thing we have to prove is
that if in W ® O there are two copies of an irreducible bundle F, i.e.
W =F&F®W/’, then F is not simple: in fact the following diagram
induces an automorphism on F not multiple of the identity:

08PV (-s) — F & F oW — E—0

2Id
Idl —Idl / lId lld Idl
0—-SPV(-s) — F & FoW — FE—0
(see Lemma 14). O

The following theorem gives a precise criterion to see when a regular
elementary homogeneous bundle E on P? is stable or simple in the case the
difference of the twists of the first bundle and of the middle bundle of the
minimal free resolution of F is 1.

THEOREM 47. — Let E be a homogeneous bundle on P? with minimal
free resolution
0— SPav £ @B Pt atss 5y (1) - E— 0
acA
withp > g > 0, s € N, 1 = s{ + s§ + s, A finite subset of indices and
all the components of v nonzero SL(V')-invariant maps. Then:
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(i) E is simple if and only if its minimal free resolution has one of the
following forms:

0— SPIV — SPHLaY (1) —» E — 0,
0— SPIV — SPHLay(1) @ SPIT V(1) — E — 0 with g # 0,
0 — SP IV — SPHLay (1) @ P94V (1) — E — 0 with ¢ # 0 and p # q.
(ii) E is stable if and only if E is simple and, moreover, in the case its
minimal resolution is of the third type 2q > p > q.

Proof. — Part (i) follows from Theorem 3. So it is enough to check
when the bundles described in (i) are stable. The first case follows from
Lemma 37. For the second case note that the Q-support of E is a not
completely regular staircase, thus we conclude by Lemma 43. In the third
case the Q-support of F is the following:

0@q-p) P11

’

q—1

P=5PHV(—qg+1)

The bundle E is multistable if and only if u(T) < u(E) and pu(P) < u(E)
and, by using Lemma 28, one can show that this is true if and only if

—5p+2q—2—4p® +3pg+p*q—p°> <0 and
3p2 +p> —8pg—2p%¢—4—-8¢ <0

respectively. The first inequality always holds since p > ¢. The last
inequality is equivalent to p < 2¢q since its first member is equal to
(p+2)%(p — 1 —2q). Thus E is multistable if and only if p < 2¢. In this
case, by Lemma 41, it is stable if and only if p # q. O

In [Fa] an example of a simple unstable homogeneous bundle on P2
is exhibited. Theorem 47 shows infinite examples of such bundles.

We end with a theorem which studies the simplicity of elementary
homogeneous bundles.

THEOREM 48. — Let p > q. Let E be the homogeneous vector bundle
on P? = P(V) defined by the following exact sequence (A a finite set of
indices)

0— SPIV £ @ SpHet bt 55y (5%) — B — 0,
acA
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where s§ + s§ + s§ = s for all « € A and the components ¢, of ¢ are
SL(V)-invariant maps. Then E is simple if and only if the following five
conditions hold:

a) there do not exist a,,3 € A such that s < sf i1=1,2,3;

b) all the components ¢, of ¢ are nonzero, in particular p > q + s§
and q > s§ for all o € A,

c) for all a,3 € A such that s > s° we have that if sg > 0 then
sg—i—sa—sﬁ<q+1andifsf>Othenq+sg+s“—sﬁ<p—|—l;

d) for all o,3,y € A such that s* = s% < 57, we have s7 — s* >
maz{|s® — s |i=1,2,3};

e) if p > 0 and if there exists an s such that s* = s for all « € A then
Doca SPEsT atss S5y oL GPaY @ S5V,

Sketch of the proof. — Any automorphism 7 of E induces maps A
and B as in Lemma 14 and given A and B we have an automorphism of E.
We call

Bi.s: @ Sp+8?’q+s(§,sgv(sa) . @ SP+5?7Q+S§¥xS§V(Sa)
aceJ aell
the map induced by B, for all J,K of A. We denote B; = By,
Ba,ﬁ = B{a},{ﬁ} and Ba = B{a} for short. Besides
07 SPIV — @ SPFsT atss 83 V(s%)
aceJ
denotes the map induced by ¢, for all 7 C A.

We show now that the simplicity of E implies a), b), ¢), d), e);
conditions a), b) and e) are left to the reader.

c) Observe that if for some @, 3 € A there exists a nonzero map
,Y:Sp+s§’q+s§,sgv(55) . Sp+sf,q+s§,s§‘/(s&)

such that v o 5= 0 then F is not simple (take BE.E =~, A=1d, B, =1d

foralla € A, B, g = 0 for all (o, 8) # (@, ) and use Lemma 14). Such a 7y
exists if and only if there exists a nonzero map

T: Sersf,qusg,sgV@ SSE*SHV N Sp+s‘f,q+s§,s§v
such that ToHO((p5(—s%))")¥ = 0. This is equivalent to the non surjectivity
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of H%((¢p5(—s%)¥)", which is the injection followed by the projection
SPAVRSTY — SPViRss Vst Ty — grtslatslsiyg gt ="y,

and we conclude by Pieri’s formula.

d) Obviously if for some a, 3,7 € A such that s* = s” < s7 there
exist nonzero maps

51 SPHTARE Y (50) — grElatd iy (57)
5 Sersf,qusg,sgV(sﬁ) _ Sp+s¥,q+s;75gv(8,y),

such that §og, 49" 0pg = 0 then E is not simple (take A = Id, B, = Id for
all o € A, By o =0, Bgo =9 and By = 0 for all (¢,\) # (v, ), (v, 0)).
Such ¢ and ¢’ exist if and only if

SPave sV L, (SPFsTatsssi g 885 @ (Szﬂr%a a+55.55 V) 5575y

is not surjective, where Y = HO(pn(—57)")" x HO(pp(—s7)")¥; since
H%(po(—57)") and H(pz(—s7)¥)" are surjective by c), this is true if and
only if SPHsTatsss5y @ G575y and SP+statss sV @ 575V have
a nonzero subrepresentation in common and we conclude.

Suppose now a), b), ¢), d), e) hold. We may assume p > 0. Let n be
an automorphism of E and let B and A be the induced maps as above.

Let A= A UA"”U... be disjoint union such that A’ is the set of
indices a in A such that s, is the minimum of {s, | « € A}, A" is the set
of indices o in A — A’ such that s, is the minimum of {s, |a € A — A"}
and so on. Let s’ = s* for « € A’ and s” = s for a € A” and so on.

We have @4 0 A = By o pa; thus, by Corollary 46, A = A1d
and By = A1d.

Besides we have @47 0 A = Bav o @arn + Bar a0 par thus we get
(AId —Bar) o par = Bar a0 . By applying HY(.")Y, we obtain

HO \/” \2
P.q s” (o) ptsy,q+s5 .55
SPIV e S5V S v
ac A
HO(SDV )V
A lHO((AId —B_m)V)V

(o3 « o3 17 ’ HO(BX/I A,)\/ [e1 o o
@ srtatisiyg oy : P srretarsisiy,
acA’ acA”

TOME 55 (2005), FASCICULE 3



1014

Giorgio OTTAVIANI & Elena RUBEI

By a we have that @, 4, SP+*7:9+2%3 V is in the kernel of the map

HO(p3%,)": 871V @ 8V — @@ spteiatssiyg g~y
acA’

thus A\Id —B4» = 0, then B4» = A1d and B a4 o p 4 = 0. Hence by ¢)
and d) we get B 4 = 0 (arguing as in the proof of the other implication).

[Bal

[BK]

[DL]

[Fa]
[FH]
[GR]
[Hi1]

[Hi2]

[OR]

[Ra]

By induction on the number of the subsets A’, A”, ... we conclude. O
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