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BESICOVITCH SUBSETS OF SELF-SIMILAR SETS

by J.-H. MA, Z.-Y. WEN and J. WU

1. Introduction.

Besicovitch [1] and Eggleston [2] considered subsets of points of the
unit interval with given frequencies in the digits of their m-ary expansions;
M. Moran and J. Rey in [5] extended the analysis to self-similar sets,
and conjectured that “the Besicovitch subsets of self-similar sets have
infinite Hausdorff measure in their dimension”. Following the pioneer work
of R. Kaufman [4] on the classical dyadic Besicovitch sets and that of
Y. Peres [6] on the Mc Mullen sets, we give a complete classification of
the Hausdorff and packing gauge functions of the Besicovitch subsets of
self-similar sets, this extends the results of R. Kaufman, as a corollary, we
prove the conjecture of Moran and Rey positively.

We recall first some result about self-similar sets, for more details, we
refer to [3]. Given an integer m > 2, let {¢o,¢1, -, Pdm—1} be similarity
contracting with similarity ratio {ro,m1, -+, 7m—1}, and let E be the self-
similar set of the family of the similarities. Suppose that the open set
condition is satisfied (i.e., there exists a non-empty bounded open set V
such that V' D U™, ¢,V with the union disjoint), then dimy F = dimp F =
dimp E = s and moreover 0 < H*(E) < P*(E) < oo, where s is the unique

positive solution of the equation E;n:_ol r$ =1

For the sake of simplicity, we shall work in the unit interval, and
assume that {¢; ([0, 1])};"2_01 be a collection of disjoint sub-intervals of [0, 1].

Keywords: Perturbation measures — Gauge functions — Bescovitch set.
Math. classification: 28A80 — 28A78 — 26A30 — 58F12.



1062 J-H. MA, Z-Y. WEN & J. WU

Let § = {0,1,---,m — 1} and Q = {0,1,---,m — 1}" to be the one-sided
symbolic space. Define Iy, ...z = ¢y, 004, - - -0y, (I) to be the n-level basic
interval with (zq,---,2,) € S™. In what follows, we adopt the following
conventions:

1. The coding mapping m: 2 — FE is defined as

(.Z'n n= 1 n I:E17 HT

n=1

2. If no confusion happens, © = (z,)2; denotes both an element of Q
and the point (Voo Iy, ...z, in E.

3. Letx=uxy - x,--- €€, the n-level cylinder on 2 containing x € £,
denoted by I,(x), is defined as

L(x) ={y€Q: y1==1," -, yn =Tn}.
If no confusion happens, I,,(z) also denotes the n-level basic interval

m(I,(x)) containing 7(z) € E.

Given a probability vector p'= (po,p1,--*,Pm—-1) (p; =0 ZJ o Dj=
1), we can define a Besicovitch-type subset of E(see [5]) as follows:

E(ﬁ):{$EE lim —ij:ck = pj, Ogjgm—l},

where x; is the indicator functlon of the set {j}.
We first collect some known facts:
e E(p) is a non-compact invariant set of the system {¢o, ¢1, -, dm_1};
e E(§) is dense in E, hence, of box-dimension s = dim E;

™ol

p1 log 7, ’

o dimy(E(F)) = dimp(E(D)) =

1=0
Now we formulate our main theorem:
THEOREM 1.1. — Let
. . . o X pjlogp;
o = dimy (E(p)) = dimp(E(p)) = Z————
Z j=0 Pi log r;
and g a gauge function, then

(i) If g =7 := (r§,r},--,r5,_1) (which we call the compatible
case), then we have

H(E(P)) = M (E), P*(E(®)) = P*(E).

ANNALES DE L’INSTITUT FOURIER



BESICOVITCH SUBSETS OF SELF-SIMILAR SETS 1063

(if) Ifp'= (po,p1,--*,Pm—_1) is a positive probability vector other than
7, then the gauge functions can be partitioned as follows:

g —

(1) HI(E(F)) = +oo <= lim log § <a,

(2) HIEG)) =0 « Tm 2890 o
t—0 logt ’

1

3) PIEF)) = +oo = lim I o
—o logt

(4) PIUEF)) =0 > lim BID) -,
t—o logt

Remark 1.2. — 1) Let ¢;(t) = 2L, 0 < j < m — 1, then E = [0,1]

m

and E(p) is the classical Besicovitch-Eggleston set.

2) Our argument can be passed through to the higher dimensional
analogue, hence, by taking g(t) = t* in (1) of Theorem 1.1, we give an
affirmative answer to the conjecture of Moran and Rey in [5] that E(p)
has infinite Hausdorff measure in the dimension.

2. Preliminaries.

2.1. Gauge functions.

We call ¢:]0,+00) — [0,+00) a gauge function if it is non-
decreasing, right-continuous such that
o g(t)=0 <= t=0;
o g{2t) < (g(t), where { > 1 is a constant.

Let A C [0,1] and g a gauge function. For any r > 0, define

HI(A) = inf { Zg(lUD: {Ux}2; a r-covering of A},
k=1

and
HI(A) = lim HI(A),

r—0

H9(A) is called the g-Hausdorff measure of A. If g(t) = t*, then H9(A)
is the classical s-dimensional Hausdorff measure of the set A.

TOME 52 (2002), FASCICULE 4
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By the same way, we can define g-packing measure P9(A) of A,
for more details, see [3].

Let A C [0,1], if there exists a gauge function g such that 0 <
HI(A) < oo (resp. 0 < PI(A) < o), then we say that g is the Hausdorff
gauge (resp. packing gauge) of the set A, otherwise, we say that A has
no Hausdorff (resp. packing) gauge.

2.2. Perturbation of the Bernoulli measures.

We denote by M(£2) the collection of Borel probability measures on €2,
for each positive probability vector = (po,p1,- -, Pm-1)(p; > 0,>.p; =
1,0 < j < m — 1), there is an associated Bernoulli measure p, € M(Q)
which satisfies for each z € Q:

n
= [ ra
k=1

This measure plays an important role in the study of classical Besicovich-
Eggleston set, but we need a kind of more subtle measures in the present
paper that will be obtained by following mainly the methods of [4] and [6].

A sequence 6 = {6,}5%, is called a perturbation factor provided

(5) lim 6, =0,
(6) LI R
log(n+2) = " 7

Take another Bernoulli measure p4, called perturbation source,
defined by a probability vector ¢ = (go,q1, ", gm—1)- We now define a
sequence of positive probability vectors as follows:

(7) PP = (1 - 8)5+ 6,
which introduces a measure u$"? € M(Q) such that
(8) > (In(@)) H Py

The measure pp 59 js called the perturbation measure of p,
with perturbation factor 6 and perturbation source p4(or ¢ =

((IO7Q17 Tt mel))'

ANNALES DE L’INSTITUT FOURIER
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The following two propositions (the first is classical, see [7]) will be
used in the proof of Theorem 1.1.

PROPOSITION 2.1. — Let X1, X3,---,Xn,--- be a sequence of inde-
pendent random variables with finite second moments. If there are positive
numbers a,, such that a, T co and

= VI[X,
>

< 00,

then

i S X~ S B

n—0o0 an

0 a.e.,

where V and E stand for mathematical expectation and variance respec-
tively.

PROPOSITION 2.2. — Given a perturbation factor § = {6,,}22, and
a perturbation source ¢ = (qo,q1," ", qm-1) # P = (o, P1,***,Pm—1), then
for (6,9) _ Q:
Up a.e.r € il
(1)

n

logliP9 (In(@)] = n. 3 ps logp; — (A +0(1)) 3 b

j=0 k=1
where A = Z;—n:_ol (pj — qj) logpj;
(ii)

1 n
= . — n. <71 KL — 1.
nhm - ,;_1X]($k) =p;j, 0<j<m—1

Proof. — With respect to the probability measure ,u;é’q), {52,
can be regarded as a sequence of independent random variables.

(i) Let Xj = log p:(ci), a simple calculation yields

m—1
E(Xe =Y pl* logp!®
j=0
and
m—1
VX = Y 9 (logpl®)? — (B [Xi))?
j=0

TOME 52 (2002), FASCICULE 4
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Since > 7o, k_(loé—k)z < 00, by Proposition 2.1 we get

(9) lim Zk:l Xk — Zk:l E [Xk] -0
n—0o0 vnlogn

, uz(f”) —a.e.
From (7), p§-k) = (1—06x)p; +0ryg;, therefore by expanding the function
zlogz at zg = p;, the Taylor’s formula gives

P logpi") = p; logp; — 6k(p; — 4;)(1 +logp;) + O(6}),
thus

m—1

E[Xx] =) pjlogp; — Adi + O(87)
j=0

where A = Z;":_Ol (p; — ¢;)logp;. On the other hand, by (5) and (6), we
get > p_102 =0(1)Y 7, 6k, n — 00, we get thus

n m—1 n

ZIE[Xk] =n Z p;logp; — (A +o(1)) Zék.
k=1 3=0 k=1

By (6), Yr_, 6k = gty 2 vnlogn for n large enough, then by

9), we conclude that for u>? - a.e. w € Q:
( Hp

n n m—1 n
Z Xy = Z]E[Xk] +o(1)v/nlogn =n Z p,logp; — (A +0(1)) Z&k
K=1 k=1 7=0 k=1

which yields the conclusion of (i).

(ii) By (5), limg—oo 8k = 0, 80 >_p_, 8k = o(n), on the other hand,
notice that
E(x;j(zx)) = 2" = p; + 6k(g; — p;),

we have therefore

E(;Xj(xk)) =np; + (¢; — p;) Z‘Sk =n(p; + o(1)).

k=1

Since Y07 & < oo and V(x;(xzx)) = gk) — (E(x;(zx)))?, we have
by Proposition 2.1,

ANNALES DE L’INSTITUT FOURIER
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3. Proof of the main theorem.

The following variant of the density theorem is essentially due to
Taylor, see p. 684 of [8],

PROPOSITION 3.1. — Let A be a subset of the self-similar set E, |
a probability measure supported by E with u(A) > 0. Let g be a gauge
function and a > 0 a constant then

1. If for each x € A, limp_ 00 g’zﬁ;‘g;l) < a, then H9(A) > cia~t.
2. If for each x € A, lim,,_, g’zg 8?3) < a, then PI(A) > cpa™},

where c¢; and co are positive constants.

PROPOSITION 3.2. — Except for the compatible case that p; =

r]S-(O < j <m—1), there must exist 0 < I < m — 1, such that p; < r{".

Proof. — By the concavity of the function “log”, we have

S S
ijlo —J log<Zp]—3) =

where the equality holds if and only if p; = r; s0<j<m-1).
Thus a = s if p; = rj, and o < s otherwise.

So in the non—compatlble cases, we have

m—1 m—1
PIEEDICELED
=0 §=0
which gives the desired result. a

Let A denote the image measure of ,ug"i under the coding mapping 7.

LEMMA 3.3. — Suppose that there is a sequence {t, | 0}n>1 C
(0, minj{r;}) with limy,_ o lol—ig(t—t"—) = o. Then there exists a Borel set
E, C E with AM(E1) > 0, a sequence of non-negative numbers {€,}52,

and a perturbation factor § = {6x}32, such that

lim,,_, Z—ﬂ—ﬁe =0,
) * k1 Ok
(2) for any x € E; and n € N,
1Ogg(|1k(z,n)(x)|)
lOg |Ik(m,n) (IE)I

< a+ ey,

TOME 52 (2002), FASCICULE 4
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where k(x,n) is determined by the inequality

1+k(z,n) k(z,n)
(10) I re <ta< ] rs,
j=1 j=1

Proof. — For any z € F, set
.o 108 9|z, n)(x)])
0, I e lheem@l S

f log g(llk(z,n)(x)l)
log |1 (z,n) (%)

en(z) =

lOgg(ulc(m,n)(x)D _

108 [Tk (o m) (@) > Q.

By (10), we have

and
k(z,n) 1+-k(z,n)
II 7= = L= = fn
i1 7 T14+k(z,n) minogj<m-1{7;}
from this inequality and noting that |z n)(2)| = [1; f ™) Ts,, we have
log 9(|Zx(a,n) (%)]) log g(tn)

log | I (z,n) ()] logt, — log(minggjcm—1{r;})

which implies

— log g(|Ix(s n
= 108 9( k(e (2)]) < lim 2089(tn) _
n—oo  10g |Ix(zn)(x)] ~ n—oo logty

3

hence for any x € E, by the definition of €,(z), we have lim,_,, €,(z) = 0.
Thus Egorov’s theorem asserts that there exists a Borel set E; C E with
A(E1) > 0 such that e,(z) converges to 0 uniformly on F;. Now set

€n = sup {e,(2)},
z€E,

then lim,,_. o €» = 0.

Finally, put

bk :max{sup{\/_} ——(k‘f“—2)}

then
nEn Neny

n <
Zk:l Ok \/_6;

ANNALES DE L’INSTITUT FOURIER
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which is the conclusion (1) of the lemma. The conclusion (2) follows from
directly the definition of €, (z) and €,. O

Now we are going to prove the main theorem.

(i) In the compatible case, take u(A) = HH (EE) for any Borel set A,

then by the scaling property and translation invariance of H* (see [3])
2)) = [ 2.,
k=1
thus u(E(§)) = 1 by the strong law of large number with respect to the

random variables {z}n>1 (see [7]), hence H*(E(p)) = H*(E). The same
argument yields P*(E(p)) = P*(E).

(ii) Now consider the non-compatible case, in this case, take a
perturbation measure ,uﬂ € M(Q), where § = (po,p1,-"*,Pm—1), the
perturbation factor § = {6,}32, is taken as in Lemma 3.3 and the
perturbation source ¢ = (qo, g1, - - ,gm—1) Will be determined later.

First, by (i) of Proposition 2.2, for A — a.e. z € E:

m—1

(11) log[A(In(x))] =n Z pjlogp; — (A +o(1 E Ok

Jj=0

Next, we sketch the estimate of log |I,(z)| by an analogous discussion
as in Proposition 2.2.

Since
m—1
k
Ellogrs,] = Z pg. )logrj,
we get
ZIE logrs,) = Z ;i logr; +A*Z6k,
j=0 k=1

where A* = 327! (¢; — p;) log 7.
On the other hand, by the boundedness of V [logr,,] and the fact
Y ores k—(loé—k)z < 00, we get by Proposition 2.1
lim ZZ:] log Tz — ZZ:I E [lOg Tzk]
n—00 Vnlogn

From (6), 3k—1 8k = 15gngzy, We have for A —ae. z € E:

=0, A-—a.e.

n

n m—1
(12) log |In(z)| = 2:10g1"$,c =n Z pjlogr; + (A* +0(1)) Z&k.
k=1 3=0

k=1

TOME 52 (2002), FASCICULE 4
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Now we prove the conclusions (1) and (2) of the theorem.

It is ready to see that the assertions (1) and (2) are equivalent to the
following three implications:

—IOgg(t) q — _ .
%E%Tgt— <a= HI(E(p)) = oo;

— logg(t
o og g(t)

g g .
i oo > o = HO(E(F)) = 0

and

——logg() g —
%1—»0 Tog ¢ a = HI(E(p)) = +oo.

1) Suppose first that lim;_o lolg g(t) < @, then there exist ¢ > 0 and
to > 0 such that for ¢ < ¢y, we have log g(t)/logt < a — €, so g(t) > t*7C.
Therefore from the definitions of g-Hausdorff measure, Hausdorff measure
and Hausdorff dimension that,

HY(E(p)) =2 H*(E(F)) = oo,
we thus obtain the first implication.

2) Suppose that lim;_,g lolgogit) > «, then there exist ¢ > 0 and a

sequence {t,} decreasing to zero as n — oo such that log g(¢,,)/logt, >
a+e€, 50 g(ty,) < tote.

Let A(p) = {z € %limpwoo = > 7 1 Xj{zk) =p;, 0<j<m~1}
and fix ¢ > 0. Then for any = € A(p), there exists N(z) such that for any
n 2 N(z),0< j <m~—1, we have

(13) n(p; — €) Z x;j(zk) < n(p; +€).

Forn > 1, set

A(n):={x=(m1,m2,-~-, n) € 8" nip; —€)

k=1

Then from (13) and the definition of I,,(z), we have for z € A(n),

m—1
(14) (@) < T 7™

7=0

ANNALES DE L’'INSTITUT FOURIER
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From the definition of A(n), for any n > 1,

§A(n) = Z ((;1) (n i2a1> (n —a — aazn- = an—l)’

where the sum runs over the set {(a1,--,an) : n(p; —€) < a; <
n(p; +€),0 < -1 E] o a; =n}.
Set a]:nqj(()gjg 1), then p; — ¢ < ¢; < p; + € and

Z;n 01 g; = 1, we get thus by Stlrhng formula,

(15) BA(n) < (2ne')™c™ max{(ij q;lqj) }~ ’

where max is taken over the set {a; — ¢ < ¢; < a; +€¢,0 < j <
-1, =0 qJ =1} and c is a positive constant independent of n.

Now for any n > 1, take N,, such that

m—1 m-—1

n —€' Nn —€
T Met0® =) <, < T ).
=0 =0

Notice that by the definition of F(§) and above discussions, we have
e (U ( U o)
n=1k=n \z€A(Ng)

Now by the condition g(2t) < £g(f)(t > 0), (14) and (15), we have

HI(E(F)) <hm2 > 9(Ll)

N7 k=n z€A(Ny)

o0
SCll_iI_n_Z Z

N0 k=n z€A(Nk)

a m i Z tz+6

<
N0 k—n z€A(Ng)
oC +€
. Ni(p, —
<clhmz Z (Hrk(p’€>
N0 k=n z€ A(Ny)
0 m—1 -1 /m—1 ate
. N Ni(p,—¢'
< o1 lllll. Z(gNkE)m Ny max( H k‘h) ( H ,,.j k(p; 5)) ,
N0 k= =0 =0

the last term is zero if ¢ is small enough, where ¢; is an independent
constant. We get thus H9(E ) = 0 and we prove the second implication.

TOME 52 (2002), FASCICULE 4
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3) Now we prove the third implication.

Suppose lim;_,q log g(t)/logt = a. Take t,, = H?xl T¢,(n > 1), then
t, — 0 as n — oo and lim, o log g(t,)/logt, < @, in this case, k(z,n) =
n, where k(z,n) is defined as in (10). It is easy to check that if we replace
the condition lim,, o log g(t,)/logt, = a by lim, ., log g(t,)/logt, < e,
the conclusion of Lemma 3.3 still hold. Thus from this variant of Lemma
3.3, there is a Borel set Ey C E with A(E1) > 0 such that for any z € E;

we have
log g(|In(2)]) 2 (o + €n)log |In(z)],

where the sequence {€,},>1 is defined as in Lemma 3.3. Thus by (12) and
the definition of a, we have for A—a.e. v € Fy:

m-—1 m—1
logg(|1n(2)]) 2 n Y p;logp; +nen Y pslogr; + (@A” + o Z&k,
=0 =0

where A* = 327 (q; — ;) log ;.
Combine with (11) and Lemma 3.3 (i), we can claim that there exists
a Borel set E, C E with A(E2) = A(E1) > 0 such that for any = € Fa:

log[A(In(2))] — log[g(|In(2)|)]

m—1

(16) < —ne, Z pjlogr; — (A 4+ alA* +o(1)) Z bk
3=0

— (A +aA* +o(1)) an 8.

By Proposition 3.2, there is an integer 0 < I < m—1such that p; < rf,
we specify the perturbation resource ¢= (go,¢1," -, gm—1) by letting

Y ity =l
9= 0, otherwise.
Thus by the definitions of A, A* and «, we have

A+ alA* = —logp, +logr* >0,
which, together with (17), yields that for each z € Fs,

log[MI(2))] — logg(|1n(2)])] < —[A + @A™ +0(1)] Y _ 6k — —o00

as n tends to infinity. This asserts for each x € F5, we have

b AIa(2)

e (L))

ANNALES DE L'INSTITUT FOURIER
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therefore by Proposition 3.1, we get HI(E;) = 400, so HI(E(p)) =
+00. We thus prove the third implication, so complete the proof of the
conclusions (1) and (2).

By the same discussion, to prove the assertions (3) and (4), we need
only to prove the implications

log g(t) Gl BN
% Tog <a= PIE[D)) = +oo;
log g(t) 9T
t?rr(l) Tog >a= PIE[p)) =0
log g(t) P
= E = .
lim =t a = PI(E(p)) = +o0

a) The second implication can be proved by the same way as the proof
of the case the Hausdorff gauge.

logg(t) _ a, then there is a sequence {t, }n>1

logt

d : h that li logg(tn) _

ecreasing to zero as n — 00 such that Mp0 op¢,~ = O By us-
n

ing Lemma 3.3 and the same discussions as above, we can prove that

: )‘(I z,n (z)) — : A (x _—
limy, o0 m = 0 so lim,, RM—I% = 0 holds on a subset of

b) Suppose that lim, ,,

E(p) with positive A-measure, hence the third implication follows from
Proposition 3.1.

¢) Suppose now lim, blgo—g(ttl = B < . Let G(t) := g*/#(t), then

logG(t) o, logg(t)

tlfo logt a B i—o0 logt
Therefore from the proof of b), we have P¢(E(p)) = +oo. On the other
hand, since a/8 > 1, we have lim;,o G(t)/9(t) = 0, so PI(E(p)) = +oo.
We prove thus the first implication. ]

Remark 3.4. — In the cases p; = 0 for some j, the conclusions of
the main theorem remain valid. To see this, we only need to modify the
perturbation measure by letting

o0 [ if p;=0;
J Dj — ;TL%;F, otherwise.

where m* = #{j:p; = 0}.
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