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CONTINUOUS MEASURES ON COMPACT LIE GROUPS

by M. ANOUSSIS and A. BISBAS

1. Introduction.

In this paper we study questions concerning continuous measures on a
compact semisimple Lie group G. Analogous problems for locally compact
abelian groups have been studied extensively. Results about measures on
nonabelian groups may also be found in the literature. We should mention
the papers of D. L. Ragozin [17] and A. H. Dooley and S. K. Gupta [5]
which have motivated the present work.

In Section 2 we prove a Wiener type characterization of a contin-
uous measure based on the system of representative functions of unitary
irreducible representations of the group G. Analogous results for various
classes of groups which are based on different systems of functions may be
found in [I], [14], [15], [20]. To prove the results of the next two sections we
introduce central measures on G which are related to the well known Riesz
products on locally compact abelian groups. To construct such a measure
we begin with a Riesz product [IT on a maximal torus T of the group G and
then use a result of A. H. Dooley and S. K. Gupta in [5] to obtain a central
measure ^ on G whose Fourier coefficients are determined in a relatively
simple fashion from the Fourier coefficients of /^r. In Section 3 we use these
measures and the results of Section 2 to show that if C is a compact set
of continuous measures on G there exists a singular measure v such that

Keywords: Compact semisimple Lie group - Continuous measure - Singular measure -
Riesz product — Symmetric space of compact type.
Math. classification: 43A80 - 22E30.



1278 M. ANOUSSIS & A. BISBAS

v * ̂  is absolutely continuous with respect to the Haar measure on G for
every fi in G. This result was proved by C. C. Graham and A. MacLean in
[8] for locally compact abelian groups. In [1] the second named author and
C. Karanikas show that this result holds for a locally compact metrizable
group using a Wiener-type characterization of a continuous measure based
on a system of Walsh functions. Our approach seems to be more appropri-
ate from the point of view of Harmonic Analysis on compact semisimple
Lie groups. In Section 4 we prove a factorization theorem for central func-
tions on G. We show that if / is a finite linear combination of characters
then there exist two singular measures fi and v on G such that / == fi * v.
This result was proved by C. C. Graham and A. MacLean in [8] for infinite
compact abelian groups.

In the final section we consider a symmetric space of compact type
G / K . We obtain a Wiener-type characterization of a continuous measure
on G/K based on the system of representative functions corresponding to
the spherical representations. Our proof is based on the results of D. L.
Ragozin in [18]. Taking into account [12], Ch. IV §2.3. V p. 407 and using
Theorem 20 of Section 5 we may obtain another proof of Theorem 7 of
Section 2. However we have chosen to include the proof of this theorem in
the paper because it is constructive and based only on the representation
theory of the group G. Moreover the ideas of the proof are used in Section
3 and especially in the proof of Lemma 9.

To obtain the results of Sections 3 and 4 we use in an essential way
Theorem 13, which provides a central measure p, on G with predescribed
Fourier coefficients. However, this theorem cannot be applied as it stands
in order to prove analogous results for a symmetric space G/K since the
measure IJL is not in general K -invariant.

2. Wiener's theorem for a compact semisimple Lie group.

In this section we obtain a characterization of continuous measures on
a compact semisimple Lie group. Our result is analogous to a well known
theorem of N. Wiener which characterizes the continuous measures on the
unit circle ([9], Theorem A.2.2).

Let G be a compact simply connected semisimple Lie group of rank
I with Lie algebra Q. We denote by G the unitary dual of (5. Let t be a
Cartan subalgebra of 5, ^ the root system of g^ relative to t^ and W the
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CONTINUOUS MEASURES ON COMPACT LIE GROUPS 1279

Weyl group of the pair (0^ t10). We fix a base F of <1>. Let A be the weight
lattice of ̂  relative to t^ Ai , . . . ,A^ the fundamental dominant weights
and Ay. the root lattice. Then A is a lattice with basis Ai,..., \i ([16], 13.1)
and A/Ay. is a finite group. Let s be the order of A/Ay.. We denote by A4"
the sublattice of dominant weights and by Ay}" the set Ay. H A"^. It is well
known ([16], Ch. V, Th. 1.3 and 1.5) that G is parametrized by A4'. For
A € A4" we denote by TT\ the element of G which corresponds to A, \\ the
character of TT\ and d\ the dimension of TT\ .

The group G is the direct product G\ x... x Gm where Gk, k = 1,..., m,
is a compact simply connected simple Lie group ([21], Theorem 2.7.5).
We will indicate by the subscribe k the objects related to the group
Gfc, k = l,...,m. It follows from [4], Ch. II, Proposition 4.14 that G =
Gi (g)... (g) Gm and hence A-^ = nF=i A^-

LEMMA 1.

(a) There exists a system of representatives î,...,^ of A/Ay. in A
such that Ui G A"1", i = 1,...,5.

(b) Let ^i,...,^s be a system of representatives of A/Ay. in A such
that ̂  € A4", % = 1,.... s. Then A'4" - LX=i(^ + ̂  is finite.

Proof.

(a) Let /^i,.... K,s be a system of representatives of A/Ay. in A. It follows
from [16], 13.2 Lemma A, that for each z , z ==!,...,5, there exists an element
0'i of the Weyl group such that <7^(/^) is dominant. We set vi == <7i(^). Then
K,i and Vi differ by an integral combination of roots and hence they are in
the same coset of A/Ay. in A.

(b) Since A~^ = U^=i((^ + ^r-) n ^+)^ lt suffices to show that
(vi + Ay.) D A4' — (i/i + Ayi") is finite, i = 1,.... s. Let A e Ay. and A + vi
€ (yi 4- Ay.) n A^ - (^ + A;!"). Then 2(A + ^.(^/(a.a) ^ 0 and hence
2(A,a)/(a,a) ^ -2(^,a)/(a,a) for a € F. Since 2(A,a)/(a,a) is an
integer for a € F, we conclude that if the numbers 2(A,a)/(a,a) are not
all greater than zero then there exist finitely many values for the vector
(2(A, a)/(a,a))a^r- But A is determined by this vector, and so the set
(yi + Ay.) n A^~ - (yi + A^) is finite. D

Let A be a finite subset of A"*". We denote by [A[ the cardinality
of A. The proof of the following Lemma is straightforward. The symbol A
denotes symmetric difference.

TOME 50 (2000) FASCICULE 4



1280 M. ANOUSSIS & A. BISBAS

LEMMA 2. — Let {AyjneN a11^ {^rJneN ^ two sequences of non
empty finite subsets ofA+ such that lim^oo |A^ A Bn\ \Bn\~1 == 0 and
CJ(A) be a bounded function on A+. Then lim^oo |A^ A ^||Ay,|-1 = 0
and the sequence |A^|-1 EA€A, ̂ (^ -l^nl"1 E^eBn ̂ (A) ^^rges to 0,
as n —>• oo.

DEFINITION 3.

a) Assume that G is simple. A sequence {An}neN of subsets ofA4- is
caned admissible if there exists a system of representatives ^i,.... Vs ofA/Ar
in A such that vi e A4', i = 1, ...,s and an enumeration {A,/^...} ofA,!"
such that lim^oo |A^ A 5J \Bn\~1 = 0, where B^ = {^ 4- ̂  : 1 ̂  % ^ s,
1 ̂  ̂  n}.

b) Let (7fc, A; == l,...,m be the simple factors of G. A sequence
{An}n^ of subsets of A^ is called admissible if there exists an admissible
sequence {Bk^n} ofA^, k = 1, ...,m, such that lim^oo \An A Bn\ \Bn\~1

=0, where Bn=^^Bk^

We denote by e the neutral element of G and by Z(G) the center
of G. Let A be a finite subset of A"^. We define the function

^A{g)=\A\-l^d^-l^(g^ g^G.
XeA

It is clear that 0A takes the value 1 at e and is bounded by 1. Let T be
the maximal torus of G with Lie algebra t. For A e A we denote by ̂  the
unitary character of T with differential A|t.

LEMMA 4. — Let {A^}y^ be an admissible sequence of subsets of
A+ and z € Z(G), z + e. Then lim^oo <^A,(^) = 0.

Proof. — Assume first that G is simple. The space of the represen-
tation TI-A is the highest weight module V\ with highest weight A. It is well
known that z € T and if v\ is a highest weight vector in V\, we have
^\{^}v\ = fix(z)v\. Since, by Schur's Lemma, 7r\{z) is a scalar multiple of
the identity we conclude that 7r\(z) = ̂ \{z)ld and x\(z) = d^(z). Since
{An}n^ is an admissible sequence of subsets of A~^ there exists a system
of representatives ^i,.... Vs of A/A,, in A such that ^ G A+, i = 1,.... s and
an enumeration {A,/^,...} ofAyt- such that lim^oo |A^AB^| |Bn|~1 = 0,
where Bn = {vz + /3j; : 1 ̂  z ^ s, 1 ̂  j ^ n}. By Lemma 2 it suffices to
show that lim^-^oo ^B^ (z) = 0.

ANNALES DE L'lNSTITUT FOURIER
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The mapping ̂  denned by ^(A) i—> ̂ (z) is a unitary character of
A and its kernel contains A^. Note that since z -^ e it follows from [7], IX
3.9, that ^ is non-trivial. The character ^ is trivial on Ar and induces
a unitary character ^ of A/A^. The image of ^ is a finite subgroup of
the group of complex numbers of modulus 1 and hence it is cyclic. Since
^(A/A^) = ^({;/i,.., ̂ }) it follows that ^^^ ̂ ,(z) = 0. So

^(Z) = \Bn\-1 ̂  d^-1^) = \Bn\-1 ̂  ̂ )

AGB^ A€B^

^Om)-1^^))^.
1=1

We consider now the general case. Let G^ k = 1,.... m be the simple
factors of G. There exists an admissible sequence {B^^} of A^, k = 1,.... m
such that lim^oo |A^AB^| |BJ-1 = 0, where Bn = 1'KLi Bk,n• It follows
from Lemma 2 that it suffices to show that lim^oo ^Brz ( z) = 0. Since
Z(G) = Z(Gi) x ... x Z(Gm\ there exist Zk € Z{Gk), k = l,...,m such
that z = (^i,.., 2^). We have <^(^) = 11̂ =1 ̂ Bk^k) and it follows from
above that limyi^oo 0Bn(^) = 0. D

LEMMA 5. — Let {An}n^ be an admissible sequence of subsets of
A+ and g e G - Z(G). Then lim^oo 0A,(^) = 0.

Proof. — Let Gk, k = l,...,m be the simple factors of G. There
exists an admissible sequence {B^^n} of A^, k = l,...,m, such that
lim^oo \An A B^||B^|-1 = 0, where Bn = n^i^^. It follows from
Lemma 2 that it suffices to show that lim^oo 0^ (g) = 0. Let g =
{9i^'^ 9m) with gk eGk, k = l,...,m. We have 0B,(^) == 11̂ =1 ̂ ,,(^).
Since ^(G') == ^(^i) x ... x Z(Gm), there exists an A;o such that ^o ^
Z{Gko). It follows from [19], Lemma 11, that lim^_^oo (^ rz(9ko) = 0 ana

hence lim^-^oo (f>Br, (g) =0. D

Remark 1. — D. Rider proves Lemma 11 in [19] based on the results
of D. L. Ragozin on central measures [17]. Recently K. E. Hare has given
a proof of this result using the structure theory of compact simple Lie
groups [10].

Let M{G) be the algebra of regular Borel measures on G. We denote
by 11/^H the total variation of a measure ^ G M{G). For TT € G and
p. e M(G) we define /2(7r) = ̂ ^(g-^d^g).

TOME 50 (2000) FASCICULE 4
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PROPOSITION 6. — Let ^ e M{G) and {A,},^ an admissible
sequence of subsets ofA~^. Then

JnnJA,!-1 ̂  ̂ Tr/^) =/.({e}).
AeAn

Proof. — Let ;/ = p, - /<{e})^,, where ̂  is the Dirac measure at e.
It follows from Lemmas 4 and 5 and Lebesgue's Dominated Convergence
Theorem that lim^^o fc ̂ (g-^d^g) = 0. Hence

^ [ ^(g-^g) = ̂ {e}).
J G

Since J^A.^-1)^) = |A,|-1 E^d^-1 Tr/2(^), the proposition
follOWS. r-,

Let ^ c M(G). We denote by /^~ the measure on G defined by
SG fW^(g) = f^ /(g-^d^g). IfXis an operator on a finite dimensional
Hilbert space we denote by ||X||2 the Hilbert-Schmidt norm of X.

THEOREM 7. — Let a e M(G) and {An}n^ be an admissible
sequence of subsets ofA"^. Then

n^l^l"1 E dA-l||/2(7^,)||i=^K^})|2.
^An g^G

(The sum on the righthand side of the above equality is taken over the set
{g G G : ^{{g}) -^ 0} which is of course a countable set).

Proof. — Apply the formula of Proposition 6 to the measure
/T * u,. Q

Let TZp, 1 ^ p ^ oo be the set of measures ^ e M(G) such that
limA^oo^A'^ll/^TrA)^ = 0, where ||.||p is the p-norm. The following
corollary is proved by M. Bliimlinger in [2] in the more general context
of compact groups. For p = oo it follows from earlier results of C. F. Dunki
and D. E. Ramirez in [6].

COROLLARY 8. — Let ^ e TZp, 1 ̂  p ^ oo. Then p. is continuous.

Proof. — It follows from the fact that Up C 7^, for 1 ̂  p ^ oo [2]
and Theorem 7. m

Remark 2. — We recall that a measure ^ c M{G) is central if
P-{g^g~1) = ^X) for all Borel subsets X of G and for all g e G. Note

ANNALES DE L'lNSTITUT FOURIER
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that if ^ is central it follows from Schur's Lemma that we have ft(7r\) =
d\~1 Tr/2(7r^) Id and hence

II^A)!!!-^!^-1^^^)!2^^-1!^^^)!2.
Assume that G is simple and let fi be a central measure on G. Consider

the following conditions:

i) limA-.oo I^Tr/^TrA)! = 0.

ii) lim™ |AJ-1 ̂ A. ̂ -2! Tr/^)!2 = 0.

Condition (i) appears to be stronger than condition (ii). However,
it follows from [17], Corollary 3.5, and Theorem 7 that they are in fact
equivalent. Hence a central measure fi on G is continuous if ond only if
lim^-^oo \d\~1 Tr^TT^)! = 0, in contrast with what happens in the abelian
case. In fact, there exist continuous measures on the unit circle whose
Fourier-Stieltjes coefficients do not converge to 0 ([9], 7.1).

3. The multiplier theorem.

Let dg be the Haar measure on G of total mass 1. We denote by
Mc(G) the subalgebra of continuous measures of M{G). In this section we
are interested in the following problem:

Given a compact subset C of Mc(G), construct a measure y € Mc(G),
singular with respect to the Haar measure on G, such that z^*/^ is absolutely
continuous for every p, € G.

We recall that 6 = (1/2) ̂ ^p a. We set F- = {-a : a € F}.
Let W be the Weyl group of the pair (s^i^). The group W acts simply
transitively on the set of bases of the root system <1> ([16], Theorem 10.3).
It follows that there exists a unique element a C W such that a(T) = F~
and a2 = Id. Let Ai,.... \i be the fundamental dominant weights. Since a
is a bijection from F onto T~ we have {aAi, ...,a\i} = { — A i , . . . , —\i}. We
set Fn = {^ m,\ : m, = 0,1,.... n}, n e N, F? = 0, F^ = {^ m,\ :
mi = 1,.... n-1}, n C N, n ̂  2. It is clear that cr{Fn) = -Fn, a(F^) = -F^

LEMMA 9. — Let ^ e Mc(G). Then

(a) lim^ |FJ-1 ̂ e^ ^A-111/2(^)111 = 0.

(b) lim^^lFJ-1^^^^)-1!!^^)!!! =0.

TOME 50 (2000) FASCICULE 4
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Proof.

(a) Assume first that G is simple. We consider a system of representa-
tives z^i,..., Vs of A/Ay. in A such that vi e A4", i = 1,..., 5. Then by Lemma
l(b) the set n = A-^ - U^=i(^ + ̂  is fimte- Let ^n = 1̂  n A,!-] and
choose an enumeration {/3i, /?2,...} of A^ such that {/?i, .../?^ } = Fy, D Ayi",
n € N. The sequence {Bn}ne^ defined by Bn == \yz + /^j; : 1 ^ i ^ 5,
1 ^ j ^ n} is an admissible sequence of subsets of A'^. We show that
there exists q € N such that lim^_oo l^n+g A Bd^\\Fn-\-q\~1 = 0. We have
^ ^ Z^i772^^ where m^- € N U {0}, % = 1,...,5, j = I,...,/. Let
^Cj = max{m^ : i = l,...,^}, Lj = min{m^ : i = l,...,^}, j == 1,...,^
and

z
^ n = < j A € A : A = y^^jAj : rrij ^ 0,J^ ^ m^^ n + Lj,j = 1, ...,Z ̂

j'=i
n € N, n ^ max{J^ — L^ : j = 1,..., ^}. Assume that A € ^n — ^l . This
means that A C ^ + Fn for every % and since A ^ f^ we see that A € vi + Ay!"
for some i. We conclude that A G ^ + (Fn H A^) C B^ and so ̂  — ^ C
B^. If we set q == max{^ : j = 1,...,/} then B^ C 2^+g. Hence
|F,+, A BrfJ iFn+^l-1 = |Fn+, - B^| iFn+gl"1

^|^+<,-(^-^)| |Fn+<,|-1

=(|^+J-|(^-^)|)|^+,|-1

^(|F^|-(|^|-|^|))|F^|-1

z
^ (n+g+l)"^^^!)1- '[[{n+Lj-Kj+1)

j-i
+ |^|) -^0, as n -> oo.

Let g € G, ^ 7^ e. It follows from Lemmas 4 and 5 that lim^—.oo 0B^(^) =
0. Hence lim^-^oo ^fd (^) = ^ an(^ 1^ follows from Lemma 2 that
lim^-.oo ^Fr, (9) = lim^oo ^+fe (^) = 0.

We consider now the general case. Let Gki k = 1,..., m be the simple
factors of G and g e G, g ^ e. Then g = (^i,..,^n) with ^ € <^
A; == 1,..., m. We have <^j^ (g) = FI^Li ^fc n {9k)- Since g ^ e there exists an
A;o such that ^o ¥" e- ^ follows from above that linin-^oo ^^o m (^o) = 0
and consequently limyi-^oo 0-F^ (^) =: 0.

As in Theorem 7 we see that lim^oo \Fn\~1 Z^e^n dA-lll?(7^A)||i
=0.

(b) Since {o-Ai, ...,(TAJ = {-Ai,...,-AJ we have {rc-a\ : A € Fn} =
{TT\ : A € Fn}. The assertion now follows from (a). D

ANNALES DE L'lNSTITUT FOURIER
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t

LEMMA 10. — Let C be a compact subset ofMc(G), e > 0 and
m e N. There exists ^ € A4' such that the following conditions are satisfied:

i) (^+F^)nF^=0.

ii) ^-ll?A)||i < e for A € $ + F^ and ^ € C.

hi) (d-^)-1!!/^-^)!!! < ^ for X e ̂  F^ and /x e C.

Proof. — There exist continuous measures /^i, ...,/^r in C such that
for any fi e C there exists /^, % = l,...,r, with \\p, - ̂  || < ^. Since
d^"17211/2(^)112 ^ 11^11, it suffices to show that there exists $ € A4' such
that the following conditions are satisfied:

i) ($+^)nF^=0.
ii) dx-111/^(^)111 < £ for A € $ + F^ and i = 1,.., r.

iii) (d-^)-1!!/^-^)!!! < £ for A C ^+F^ and z = l,..,r.

Let k e N. There exist ^ e i^m, J = 1,...,^ - 1 such that
^ + F^ C F^, (^. + F^) n F^ = 0 for every j with 1 ̂  j ^ k1 - 1 and
(^ + ̂ ) ^ (0' + ̂ ) = 0 for every pair (j, ^ /) with 1 ̂  j < j ' ^ ^ - 1.
Then -a(^ + F^) C F^, (-a(^- + F^)) H (-(7(Fm)) = 0 for every j with
1 < j^ k1 - 1 and (-a(^- + F^)) H (-^ + F^) = 0 for every pair {j, j ' }
with 1 ̂  j < j ' ^ ^ — 1. Assume that for every j with 1 ̂  j ^ k1 — 1, there
exists %, 1 ̂  i ̂  r, such that either $j+F^ contains a A with ^A"1!!/^^)!!!
^ e or ^ + F^ contains a A with (d-ax^^i^-ax)^ ^ ^- We get

r

^\Fkm\-1 ^ (^-^^(Tr^iii+^-^-^i/r^Tr-^iii)
Z=l X^Fkm

r k1-!

^ l^-r'E E E (^-l||/2.(7^,)||i+(d-„)-l||^(7^-„)||i)
z=l j=l A€^-+^

k1-! r

^ \Fkm\-1 E E E (dA-l||^(7^A)||i + (^^-^^(Tr-^)!!!)
J=l ^=1 AC^-+^

^ (^m+l)^^-!)^.

But (A;m + l)~l(kl — l)e —> m~le as k —>- oo. This is in contradiction with
Lemma 9. D

LEMMA 11. — Let C be a compact subset of Mc(G). There exists
a sequence (^75^75^ V^QjeN such that

TOME 50 (2000) FASCICULE 4
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(i) f^j C A"^ if;j 6 A"^, my C N, (^j)jeN ^ strictly increasing, kj G N,
A:j is the smallest number such that F/c contains 0 and ^j + ^ + F-m •

(ii) ^,e^-+F^,.

(hi) ^+i±Ffc, C^.+i+F^.

(iv) ^,n(^+i+F^)=0.

(v) ^-l||/2(7^A)||i < 3-^ and (d-^)-1!!/^-^)!!! < 3-^ for
Ae(^4-^.)and/.€C7.

Proof. — We prove the lemma by induction. We set m\ = 4. It
follows from Lemma 10 that there exists $1 € A4" such that condition
(v) is satisfied. Let ^i be the center of ^i + F^ and A;i be the smallest
number such that F^ contains 0 and ^i -{-6^-Fm^- Then conditions (i), (ii)
and (v) are satisfied. Suppose that we have constructed {^j,mj,kj,ipj) for
j == 1, ...,n. Put mn^-i = 4A;n. It follows from Lemma 10 that there exists
^4.1 6 A"^ such that (iv) and (v) are satisfied. Take ^yi+ito be the center of
$^+1 +^77^+1 and let A;n+i be the smallest number such that I^n-n contains
0 and ^n+i + 6 + Fmn+r Then (i), (ii) and (iii) are satisfied. D

We recall that for A G A we denote by f^\ the unitary character of T
with differential Ajt . The mapping A ^—> ^\ is a bijection from A onto the
dual group of T. We identify the group A with the dual group of T via
this mapping. For the definition of dissociate sets the reader is referred to
[9L 7.1.

LEMMA 12. — Let C be a compact subset ofMc{G) and ($j;, mj, kj,
^jLeN ^e a sequence which satisfies the conditions (i) up to (iv) of Lemma
11. We set ^ = {^j + 6 : j e N} and 9(^) = {E^=i ^-(^j + ^) : n € N,
^ = 0,1 or —1, j = 1,..., n}. Then

(a) The set 6(^) is contained in {0} U( Ujli(̂  + ^ + ^m,))U
(-UJlite+^+^-)).

(b) The set ^ is a dissociate subset of A.

Proof. — Let E^=i^(^ + ^) e 6(^) with En + 0. We show by
induction that ^^i ej('tl;j + <^) € ^n($n + ^ + Frn^)- If ^ = 1 it follows
from condition (ii) that £\(^\ + 6) G ^1(^1 4- ^ + ^mi)- Assume that the
assertion is true for 1,..., n — 1. Let n' = max{j : 1 ̂  j ^ n — 1, ^j; 7^ 0}.
Then by the induction hypothesis ̂ ^ ̂ -(^ + 6) = J^^ ̂ (^ -h 6) e
^n7 (^n' + 6 + ̂ m^ )• By condition (i) we have En' (^ + 6 + Fyn ) C e n ' F k ,

ANNALES DE L'lNSTITUT FOURIER
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which is contained in e^F^_^ since by conditions (i) and (iv) the sequence
(^•)jeN is increasing. Then ̂ ^ e^j +^) C £n(^n +^) +£n/F^-i which
by condition (iii) is contained in en(fin + 8 4- Fm,J.

(a) It follows immediately from above.

(b) Consider r,s in N. Let Ej = 0,1 or -1 for n == 0,...,r, Or -^ 0
and ^ = 0,1 or -1 for n = 0, ...,5, £5 ^ 0. To show that ^ is dissociate
it suffices to show that if ̂ ^ ̂ -(^ + 6) = ̂ s^ e'^j + 6) then r = s
and ̂  = ̂ . It follows from above that Y^^ e^j + 6) C ^($r + ̂  + F^J
and that E^i^^- + ^ e ^(^ + <5 + F^J. If ̂  = -1 we have
^r+^+FmJn^^+^+.FnJ = 0. We conclude that €r = e1,. Let r > s.
Then ^ -h Fm, C F^ and by condition (iv) (^ + F^J H ($5 4- FmJ = 0
and hence £^(^ + 6 + F^J n ̂ (^, + ^ + FmJ = 0. Similarly we show that
we cannot have s > r. We conclude that r = s. D

The following result is proved in [5], p. 3117.

THEOREM 13. — Let VT be a singular, probability measure on T.
There exists a central measure v on G singular with respect to the Haar
measure dg such that

y(^\) = Md\~1 ̂  sgn(w)?r(w(A+^))Id,
w^W

for \ € A4" and where M is a constant.

If X is an operator on a finite dimensional Hilbert space we denote
by ||X|| the norm of X.

THEOREM 14. — Let C be a compact subset ofMc(G). There exists
a central, singular measure v on G, v -^ 0 such that v * ̂  is absolutely
continuous with respect to dg for every p, e C.

Proof. — Let (^m^A;^)^, ^, 6(^) be as in Lemma 12. Let
{^heN De a sequence of complex numbers such that ^°li \dj\2 = +00,
\CLj\ ^ 1/2, j e N and a be the function on ^ defined by a(^ + 6) = a^,
j C N. We denote by VT the Riesz product based on ^ and a. (For the
definition of Riesz products see [9], 7.1). Then VT is a probability measure
on T and the support of VT is contained in 9(^). It follows from [9], 7.1.4
and 7.2.2 that VT is a continuous measure singular to the Haar measure
on T and from Theorem 13 that there exists a singular, central measure v
on G such that v^^) = Mdx~1 Ewew sgn(w)??(w(A + 6)) Id for A e A+
and where M is a constant. Let W(T) (resp. W(F~)) be the Weyl chamber
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which corresponds to the base F (resp. F-) of the root system $. By Lemma
12, ?? is supported in W(r) U ly(r-) and since the Weyl group W acts
simply transitively on the set of Weyl chambers [16], 10.3, ?r(w(A+6)) = 0
for any w in W, w ^ {cr, Id}. Hence

y^x) = Mdx~1 (?r(A + ̂  + sgn(a)?r(a(A + <5))) Id.

We are going to show that we may choose the sequence {oj -^
in such a way that v ^ 0. We have P(TT^) = Md^^^ + ^) +
^gn(a)?r(^(^i + 6)))ld. If a ^ -Id taking a, = (l/2)j-(1/2), we have
^(^i) T^ 0- If o- = - Id then if we take ai -^ ±d^ we obtain P(TT^J ^ 0.

We are going to show that v * ̂  is absolutely continuous with respect
to d^ for every p, e C. From [13], Theorem 28.43, it suffices to show that

^ d\\\y^^\)\\i < +00.
AGA+

We have

^ ^11^(700111
AGA+

= E ̂ II^TrA)!!2!!^,)!!!
AGA+

=M2 ̂  |^^(A+^)+sgn(a)^(a(A+^)|2^-l||^(^)|||
AGA+

^2M2 E ̂ -l(|^(A+^)|2+|?T(a(A+<5))|2)||/2(^)||i.
A€A+

It follows from Lemmas 11 and 12

E ^(A+^l^-^i^^iii^f; ^ ^(A+^l2^-1!!^,)!!!
^A+ j=iAe^+^.

00

^ ̂ (^ + l)^"^ < +00.
J=l

The mapping A ̂  -cr(A) is a bijection of A+ and a(6) = -6. Hence

E l^((7(A+^))12^-l||/2(^)||i
AEA+

= E l^;T(-(A+^)12(^A)-l||/2(7^-„)||j.
ACA+

Since -(A + ^) e -(^ + (^ + F^) if and only if A e (^ + F^.) we get from
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Lemmas 11 and 12

^ l^(a(A+^))|2^-l||/.(^)||i
AGA+

00

= E E l̂ ^ + ̂ l2^-^"1!!/^-^)!!!
j=iAe^+^-
00

^ ̂ (^ + 1)^3-^ < +oo.
J=l

We conclude that SAGA+ ^AII^^T^TOOIII < +oo. D

4. The factorization theorem.

In [8] C. C. Graham and A. MacLean show that if / is a trigonometric
polynomial on the unit circle T then there exist two singular measures p,
and v on T such that / = fi * z/. In this section we prove an analogous
factorization result. Let A € A. Then there exist real numbers x^,...,xi
such that A = ^'i=lx^^^- We set |A|i = Z^=i |̂ |. Since {crAi, ...,aAJ ==
{ — A I , ..., —\i} we have |cr(A)|i = |A|i for A G A.

LEMMA 15. — Let q G N, q ^ 3. There exist singular, central
measures p,o and VQ on G such that

a) fc ̂ o(^) = fc ̂ o(^) = 1.
b) If K,rj are in A^ (/^,^) ^ (0,0) and j5o(7r/<)^6(7r^) ^ 0 then

l^ -^ l i ^ (g-2)L

Proof. — Let ^ = {6} U {g71^ : n € N}. It is easy to see that ^
is a dissociate set. Let {ayi}y^o be a sequence of complex numbers such
that ]^Lo l^l2 = +00' 1^1 ^ 1/2, n = 0,1,... and a the function on ^
defined by a^) = On, n = 0,1,.... We set ^i = {6} U {g271-^ : n e N},
^2 = {^} U {^2n^ : n € N}. Let /^r and VT be the Riesz products based on
^i and Q!|̂  and ^2 and a 1^3 respectively. Then /^r and z/r are probability
measures on T such that fir has support 6(^1) = {Z^i ̂ n^'^+^o^ ^
k G N, €n = 0, 1 or -1, n = 0,l,.. . ,fc} and VT has support 6(^2) =
{E^=i ^ng271^ + £06 : k € N, En = 0, 1 or -1, n = 0,1,..., A;}. It follows
from [9], 7.1.4 and 7.2.2, that /XT and VT are continuous measures singular
to the Haar measure on T. By Theorem 13 there exist singular, central
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measures /-AO and VQ on G such that

/Ao(TTA) = Md\~1 ̂  sgn(w)/2r(w(A + 6)) Id
w€l^

^(TTA) = Md\~1 ̂  sgn(zc)?r(w(A+^))Id
wev^

for A € A4" and where M is a constant.

Since by construction {IT and VT are supported in W(T) U W(T~) we
have

jSo(7TA) = MdA-l(/2^(A + ̂ ) + sgn(<7)/^((7(A + <5))) Id

and
^(7T;0 = Mdx~\W + ̂  + sgn(a)?r(a(A + <^))) Id.

a) Since a(6) = —6, we have f^d^^g) = f^di/o(g) = M(ao +
sgn((r)ao). Hence we may choose ao in such a way that do + sgn(cr)oo
7^ 0, \an\ ^ 1/2. Replacing /^o and VQ by suitable scalar multiples of them
we have the assertion.

b) If j£o(7T^) -^ 0 we have K + 6 € 6(^i) or cr(^ + ^) € 6(^1). Since
©(^i) is invariant by a we conclude that / c+^ € Q(^i). In the same way
VQ^r]} 7^ 0 implies that rj + 6 € 0(^2)- There exist r,5 in N such that
/^ 4- 6 = ]C^=i ^nct2'n~l^ + ^o^ with £yi == 0,1 or —1 for n = 0, ...,r and
r] + ^ = E^=i ̂ 2n^ + ^o^ with ̂  = 0,1 or -1 for n = 0,..., s. We get
^-rj= E^i ̂ ^n-^ - E:=i 4^2^ ^o^ - ̂ o^ It E^i ̂ ^2n-^ -
S^=i ^n^271^ T^ O? lt ls a non zero mtegral multiple of q6. Since |^|i = Z by
[16], 13.3 Lemma A, and \eo — €Q\ ^ 2 we see that |/^ — T]\\ ^ {q — 2)1. If
E^=i ̂ 2n+1^ - E^=i ̂ ^"^ = 0. we have ^ + 6 = ̂  and T? + 6 = e'^
since ^ is dissociate. But /^ and 77 belong to A^ and so K, = 77 = 0. D

For TT e G and /^ € M(G) we denote by Tr(^) the operator
f^7r(g)dp,(g).

THEOREM 16. — Let f = ̂ ^=1 ^XA,? where n e N, a^ are complex
numbers and \i 6 A"1", i = l,...,n. TAea there exist two singular central
measures JJL and v on G such that f = ̂  * y.

Proof. — Put h = S^=i ^"tX\i' Prom the orthogonality relations ([4],
Ch. II, Proposition 4.16) it follows that h * / = /. Let q € N, q ^ 3 and /^o?
^o as in Lemma 15. We set fi == hp,o and ^ == /^o- The measures p, and ^
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are singular, central measures on G. We are going to show that / = ji * v.
To see this it suffices to show that

^ / fig^g-^dg =Tr f ̂ (p-1)^ * ̂ ), X e A+.
JG JG

We have

Tr [ f(g)7^x(g-l)dg= ( f^xx^dg
JG JG

. n

= / ^aiXx^Xxig'^dgJG^
n

=^ai{x\i *XA)(e),
i=l

which by the orthogonality relations ([4], Ch. II, Proposition 4.16), is equal
to a f c i f A = \k for some k C {l,...,n} and equal to 0 if A ^ {Ai , ...,\n}' It
follows from [7], IX 5.2, that Tr f^TT^g-^d^ * v)(g) = TTTT^WTT^^)
where 7r\* is the representation adjoint to TT\. (For the definition of the
adjoint representation see [7], IX 3.7). Since Tr;^^), 7r\^{i/) are multiples
of the identity,

Tr TT^ WTTX. M = d^ -1 Tr TT^ (^) Tr ̂  M.
We have

/. n

Tr7TA^)= / ^diX\,{g)x\-(9)d^o(g).
^^i

Now X\i(g)x\-(g) = E^e,771^^)^^^) where 9, is the set of the
elements K, € A.^ such that TI-A; is contained in TI-A, 0 TT;̂  and m^(^) the
multiplicity of TT^ in TTA, 0 TT^* . We obtain

. n
TrTTA.(^) = y ^di ̂  rni(K)xK(g)dp,o(g).

JG i=i ^cQi
Similarly we get

. n
Tr7TA*(^)= y ^a^ ̂  rnj{ri)x^(g)d^o(g).

JG j=i neej
Finally

Tr/T^OT1)^*^)
^G

y. n n

=d^~1 ^d, ̂  rni(K)x^g)dp,o(g) ^a^ ̂  rnj(rj)xr)(g)di^o(g)
JGi=l ^cBz '^j^l yyee,

n n

=^~1^^^ ^ diajmi(K)mj(rj) X^(g)d^o(g) Xrj(g)di^o(g).
1=1 j=i ^ee^ ^eej '/G •/G'
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Assume that (^rj) ^ (0,0) and ^ X^g)d^o(g) fcX^d^g) ^ 0.
Then ^o(7r/^)^(7r^) ^ 0 and it follows from Lemma 15 that |^* - 77* |i
^ (q - 2)L We have ^ = -cr(^), 77* = -0(77) and hence \K - 77|i
^ (q - 2)1. Let II(A^) be the set of weights of the module of highest weight
A,, 1 ̂  i ^ /. Set n = |jLi ̂ z) and m = max{|C|i : C € II}. It follows
from [16], Exercise 24.12, that K e A* + n and 77 € A* + n and hence
1^ - i1\i ^ 2772. We conclude that if we choose q > 2ml~1 + 2 we obtain
fc XK(g)dp.o(g) So Xrj(g)d^o(g) = 0 if (/^, 77) 7^ (0,0). Therefore

Tr/1^^-1)^*^)^)
^G

n n r r
^d^-^^diajmiWm^O) \ d^(g) \ d^o(g)

i=i j=i JG JG
n n

=^-1^^ ̂ •77^(0)77^(0).

i=l j=l

Now it follows from [7], IX 5.6, that 7n,(0) = 0 if A, ^ A and 7n,(0) = 1 if
A, =A. Hence if A ^ {Ai , . . . ,A^} we have Tr f^n^g-^d^^ v){g) =0 and
if A = \k for some k C {1,..., n} we have

Tr / TTA^"1)^ * ̂ )(p) = dx^d^ak = 0^
'^G'

since dA^ = dA^ by [7] IX 3.7. We conclude that / = p, * v. n

5. Wiener's theorem for symmetric spaces
of compact type.

Let K be a closed subgroup of G which is the group of fixed points
of an involutive automorphism of G. It follows then from [II], Ch. VII
Theorem 8.2, that K is connected. We assume that the symmetric pair
(G,K) is irreducible. It follows from [12], Ch. IV §3 Theorem 3.1, that the
assumptions of Theorem 3.11 in [18] are satisfied and hence we may use the
results of Section 3 of that paper. In this section we prove a Wiener-type
theorem for the symmetric space G / K . We will use in the sequel some facts
about spherical representations and spherical functions. For the definitions
and information concerning these notions the reader is referred to [12].

We set A^ = {A € A'^ : TT\ is spherical} and we denote by (p\ the
spherical function on G which corresponds to TT\. Let TV be the normalizer
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ofKm G. It follows from [18], Proposition 1.11 and Lemma 2.4, that N / K
is finite abelian group. Let r be the order and N / K the dual group of
N / K . It follows from [12], Ch. IV §3 Theorem 3.4 and Lemma 3.6, that (/^,
A € A^, induces a unitary character y/^of the group N / K . Let 7 e N / K
and M^ = {X e A^ : ̂  = 7}. Then the family {My} ., is a partition
of A^ and it follows from [18], Theorem 3.16, that M^ is infinite for every
7€7V7^.

DEFINITION 17. — A sequence {An}n^ of finite subsets ofA^- is
called K-admissible iflim^oo |AnH My| |AJ~1 = r~1, for 7 € A^/^C.

Let A be a finite subset of A^. We define the function

^A{g)=\A\-l^^(g)^eG.
AeA

The function ^A takes the value 1 at e and is bounded by 1.

LEMMA 18. — Let g € N - K and {AyjneN be a K-admissible
sequence of subsets ofA^. Then lim^-.oo '0An(p) = 0.

Proof. — Let g be the canonical projection from N onto TV/Jf. We
have

^{g) = |A,|-1 ̂  ^(g) = |A,|-1 ^ ^ ^(g)
AeA, ^N/^^Ar,nM^

=\An\~l E E ^))
^e^^^0^

= E lAnnM^IIA.I-S^))
7e^v7^

and hence lim^-^oo ̂ A^) = y1"1 S ^^7^ "K^))- Since g(^) ^ e we have
^^NJK 7(9(p)) :=: 0' we conclude that t^n-cx) ̂ A, (^) =0. D

Let M(G/K) be the space of regular Borel measures on G/K and
M(G, K) the space of regular Borel right X-invariant measures on G. We
denote by dk the Haar measure on K of total mass 1 and by p be the
canonical projection from G onto G/JC Let / be a continuous function on
G. We set: f\p(g)) = f^ f(gk)dk. If ^ G M(G/K) we define a measure /^
on G by the relation: /^(/) == /^(/b). Then ^ € M(G, J^) and the mapping
^ i—^ ̂  is a bijection from M(G/K) onto M(G, JC) ([3], Ch. VII, §2, n° 2,
Proposition 4).
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PROPOSITION 19. — Let ^ e M(G,K) and {An}^ be a K-
admissible sequence of subsets ofA~^. Then

J^o^71!"1 E Tr/2(^)=/z(^).
ACAn

Proof. — It follows from [18], Corollary 3.14 and Lemma 18 that
lim^oo ̂  {g) = 0 for every g e G - K. Hence by Lebesgue's Dominated
Convergence Theorem lim^_^ J^_^ ̂ {g)dp,{g) = 0. On the other hand
^(g) = HOT g e K and hence ^^W^g) = ^(K). We conclude
that

lim [ ^(g)d^g) = ̂ (K).
n—>oojQ

To finish the proof we have to show that J^ (p\(g)dp.{g) = Tr/2(7TA). From
[12], Ch. IV §4 Theorem 4.2, we have ̂ (g) = f^xx^^dk. Hence

/ ^Px(g)d^g) = I f xx^^dkd^g) = f [ xx^kg-^dkd^g)
JG J G J K J G J K

since xx is a central function. Using Fubini's Theorem and the fact that ^
is right J^-invariant we obtain

/ <Px(g)d^(g) = [ 1 Xx^kg-^d^dk = [ Xx^g-^d^g) = TT^TTA).
vG J K J G JG

D

For v e M(G) the measure v^ is defined in Section 2.

THEOREM 20. — Let ii € M(G/K) and {AnLeN be a K-admissible
sequence of subsets of A^. Then

n11"̂ "!"1 E 11^(^)111= E KM)|2.
AGAn x€G/K

(The sum on the righthand side of the above equality is taken over the set
{x € G / K : p.({x}) ̂  0} which is of course a countable set).

Proof. — Let v <E M(G,K). Then v- * v e M(G,K) and applying
Proposition 19 to this measure we have

JimJA,|-1 ̂  ||P(7rA)||i=^*^(^).
A€A^

Let A be a system of representatives of G/K in G. Since v^ * z/(^) =
SyeA K^)!2 we obtain

n11^!^!"1 E 11^)111= EK^)12'
AeAn yeA
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The theorem follows applying this formula to the measure /^, since
^(yK) = ̂ (p(y)). D

Remark 3. — Using [II], Ch. VIII §5 Proposition 5.5, we can show
that Theorem 20 holds without the assumption that G / K is irreducible.
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