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QUANTITATIVE ESTIMATES FOR THE GREEN
FUNCTION AND AN APPLICATION TO THE
BERGMAN METRIC

by K. DIEDERICH and G. HERBORT

1. Introduction.

The pluricomplex Green function Gp(z,w) with a single pole w for
bounded pseudoconvex domains D CC C™ was introduced in [15]. Its
connection with the complex Monge-Ampere operator and other properties
were extensively studied in [5]. By a recent result of M. Carlehed, U.
Cegrell, F. Wikstrom [4] one has the following important fact for the case
of hyperconvex domains:

THEOREM 1.1. — Let D CC C™ be a bounded hyperconvex domain
and let (wg) C D be a sequence with limg_,cowy, = wo € 0D. Then there
is a pluripolar set E C D such that for every z € D\ E

Ti?n_ GD(z,wk) =0.
k—o00

Since Gp (-, w) has a logarithmic pole at w, it can be used as a weight
in Hérmander’s 0-theory in order to construct holomorphic L2-functions
with certain prescribed properties. This has turned out to be a useful tool
in studying the Bergman theory of such domains D, the most recent result
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1206 K. DIEDERICH and G. HERBORT

in this direction being the Bergman completeness of hyperconvex domains
which was proved in [2] and [12] using Theorem 1.1.

Considering Theorem 1.1 one might want to ask, whether the ex-
ceptional pluripolar set E (which might even depend on the choice of the
sequence (wyg) converging to a fixed boundary point wy € 8D) necessarily
appears. This seems to be unknown for general bounded hyperconvex do-
mains D CC C™. However, under a slightly stronger hypothesis on D, the
following statement was proved in [13]:

THEOREM 1.2. — Let D CC C™ be a bounded domain admitting a
bounded plurisubharmonic exhaustion function which is Holder continuous
on D. Then one has for any compact set K C D and any point wg € 8D
(1.1) lim sup|Gp (-, w)| =0.

K

w—wo

Remark 1.3. — Notice, that, according to [6], all bounded pseudo-
convex domains in C™ with C2-smooth boundary satisfy the hypothesis of
Theorem 1.2.

It might be useful for future applications to go beyond the qualitative
result of Theorem 1.2, by asking under which circumstances (1.1) can be put
into a more quantitative form. An indication, that this might be possible
can be seen in the result of Carlehed who showed in [3] that one has on any
strongly pseudoconvex domain D with smooth C?-boundary the inequality

6p(2)ép(w)

|Gp(z,w)| < C T
|z — wl

for all z,w € D, with a constant C > 0. Here, as always in this article,
ép(-) denotes the boundary distance in D.

The first goal of this article now is to show

THEOREM 1.4. — Assume that on the bounded pseudoconvex domain
D cc C" there is a bounded plurisubharmonic exhaustion function
p : D — [-1,0), such that for some number 0 < a < 1 and constants
C1,C3 > 0 the inequality

(1.2) C265(2) < |o(2)] < C165(2)

holds everywhere on D. Then for any fixed number 0 < t < 1 there exists
a constant Cy > 1, such that for all compact subsets K C D and allw € D

ANNALES DE L’INSTITUT FOURIER



QUANTITATIVE ESTIMATES FOR THE GREEN FUNCTION 1207
satisfying
ép(w) < ét_l(SD(K)

the pluricomplex Green function Gp of D can be estimated by

sup [Gp (-, w)]
K

B 1-2nt (, \\ /7 1/n
<c((5gT(1§)—)) (108 2225 +6z?<w)|logap<w)|)

where Rp denotes the diameter of D.

Remark 1.5.— Notice, that the second term on the right hand side
of this inequality is clearly dominating for w very close to 0D. However,

the first term becomes relevant near the other extreme, namely near
(51)(11}) = Ct(SD(K).

This theorem has a useful consequence for the sublevel sets of the
Green function, showing that they concentrate near the boundary with a
certain speed. Namely, one has

CoROLLARY 1.6.— Let D be as in Theorem (1.4). Then there is for
any fixed number 0 < t < 1 a number 0 < 6§; < 1, such that for all w € D
with 8p(w) < &; the sublevel set A(w, D) := {z € D : Gp(z,w) < —1} is
contained in the collar {z € D : 6p(z) < 653" (w)}.

In addition, for strongly pseudoconvex domains, we can state a slight
improvement of Theorem 1.4, namely:

THEOREM 1.7.— Suppose D CC C™ is a strongly pseudoconvex
domain with smooth C%-boundary. Then there is a constant C > 0, such
that one has for any compact set K C D and any point w € D with
6p(w) < C716p(K) the inequality

In particular there exists a number C; > 0 such that for all w € D with
8p(w) < CT*' the relation

{z€D:Gp(z,w) < -1} C{z€ D:ép(z) < Crép(w)}
holds.

TOME 50 (2000), FASCICULE 4



1208 K. DIEDERICH and G. HERBORT

In [10] the Bergman distance function dg on pseudoconvex domains
D C C™ was studied that admit a continuous plurisubharmonic exhaustion
function p which satisfies an estimate of the form

Ccsp < |pl < 6™

with certain constants C,C*, m > 0. For these domains an effective lower
bound was obtained for dp(-, 2°) (with a fixed 2° € D). Namely, there exist
constants C,C’ > 0 and &y > 0 such that dg(z,2°) > C|log|log C'6p(2)|],
whenever 6p(z) < 8y. This result applies for example to all those domains,
which can be represented as intersections of finitely many C2-smooth
bounded pseudoconvex domains.

We will show in this article two applications of Theorems 1.2 and
Theorem 1.4 to questions about the boundary behavior of the Bergman
differential metric Bp of D. We have at first:

THEOREM 1.8.— Let D CC C™ be a pseudoconvex domain admit-
ting a bounded uniformly Hélder continuous plurisubharmonic exhaustion
function and having the property, that any point q € 0D is a peak point
for the family P(D) := C°(D) N PSH(D) of continuous functions on D
plurisubharmonic on D. Then we have for any ¢ € 0D and any vector
X e C™\ {0}

lim Bp(w; X) =
w—q
Remark 1.9.— Note, that no finite type assumption is made in this
theorem. For instance, all regular domains (in the sense of [7]) satisfy the
hypothesis of the theorem.

Before stating the second result on the boundary behavior of Bp we
remind the reader of the definition of two invariants associated to boundary
points of D:

DEerINITION 1.10. — Let D CC C™ be a pseudoconvex domain and
w® € 8D a boundary point such that D is C*-smooth near w°.

a) The boundary 0D is called pseudoconvexly extendable of an order
m > 2 at w®, if there is an open neighborhood U of w® and a C3-function
p on U, such that p(w®) = 0, the surface S := {p = 0} is smooth and
pseudoconvex from the side {p < 0} and for some constant C > 0 the
estimate

—C(éD(z) +]z - w°|2) <plz) < —|z— wolm
holds on DNU.

ANNALES DE L’INSTITUT FOURIER



QUANTITATIVE ESTIMATES FOR THE GREEN FUNCTION 1209
b) The number
N (0D;w®) :=inf {m > 2: 8D is pseudoconv. ext. of order m at w’}

is called the order of pseudoconvex extendability of D at w°.

An important analytic local invariant of 4D at w® is

DErFINITION 1.11.— Let D,w® be as in Definition 1.10. Then the
number

hD (wo)

= sup { s : lim inf 67, (2) Bp (2; X) = oo nontangentially, VX € C™ \ {0} }
ZzZ—w

is called the growth exponent of the Bergman metric at w°.

Remark 1.12.— For further details and properties concerning the
order of pseudoconvex extendability and the growth exponent of the
Bergman metric see [8] and [9)].

Using Theorem 1.4 we can show

THEOREM 1.13. — Assume that the pseudoconvex domain D CC C"
has C*°-smooth boundary near w® € 8D. If the type of 0D at w° is finite,
then we have the inequality

1
hp () > N(8D;w®)"

The structure of this article is as follows: Section 2 contains the
proof of Theorem 1.4, which, in fact, is completely parallel to the proof of
Theorem 1.1 from [13]. The short Section 3 then contains what is needed
to get Corollary 1.6 and the estimate in the strictly pseudoconvex case as
stated in Theorem 1.7. Starting with Section 4 we turn to the boundary
behavior of the Bergman metric showing at first the basic comparison
lemma (Proposition 4.1) between the Bergman metrics on D and on
the sublevel set A(w, D) of the pluricomplex Green function of D. The
boundary behavior of such sublevel sets is studied in Section 5. The proof
of Theorem 1.8 in Section 6 is then very short. Section 7, finally, contains
the proof of Theorem 1.13.

TOME 50 (2000), FASCICULE 4



1210 K. DIEDERICH and G. HERBORT

2. Proof of Theorem 1.4.

As said already we can completely follow the pattern of the proof of
Theorem 1.1 from [13]. For this we always assume in this section, that the
domain D and the exhaustion function p with the exponent 0 < a < 1
have been chosen as in Theorem 1.4. We fix a compact subset K C D and
introduce two auxiliary functions depending on the choice of points z € K
and w € D\ K, a number 7,, > 0, which will be chosen later and an integer
k > 0. We put

(2.1) Uzw(C) := max{Gp(¢, 2), =1}
and
(2.2) Vo k(¢) := max{Gp({,w), —k}.
We will study the following three integrals:
k(z,w) = [p|Vakl(ddUsw)"
(23) Li(zw) = [p|Vakl"(ddU,w)"
I(z,w) = [p|Gp(-,w)|(dd°U, ,)".

The main load in proving Theorem 1.4 consists in showing suitable upper
and lower estimates for the integral Z(z,w) as formulated precisely in the
following two lemmas

LEMMA 2.1.— There is a constant C* > 0 (depending on n and p)
such that for all z € K and all w € D with é§p(w) < 552_5& the estimate

* 1-% —a 2Rp Hn a/n
(24)  I(zw) < Cnh 7 (657 (K) log s ) 53/ (w)
6p(K)

holds.

In formulating the decisive lower estimate for Z(z,w) we specify the
free constant 7,, > 0 from (2.1). We get

LEMMA 2.2. — If, for 0 < t < 1, the number 7,, is defined to be
(2.5) T = |p(w)] ™
then we have for all z € K and w € D with ép(w) < 6o(t, K) the estimate
(2:6) I(z,w) > |Gp(z,w)| - C{6[5 (w)|log 6p (w)]

ANNALES DE L’INSTITUT FOURIER
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with some unimportant constant C; > 0. Furthermore, the constant
8o(t, K) is given by

So(t, K) = min { Su(t,a), %517(1()}
1
with a constant 6;(t,a) not depending on K and the constants Cy,Co

from (1.2).

Before showing these lemmas we explain at first, how Theorem 1.4
follows immediately from them:

Proof of Theorem 1.4.— Notice that one has according to (2.5)
and (1.2) the inequality 7, < Cy265%*(w). Hence we get from (2.4)
and (2.6)

|G p(2, )| < Ci615 (w)[logd p (w)] + Z(2, w)

2Rp \"™ 1-1 o/m
logé (w)\+ c* (65"‘(1{) log ———’L> nqlu "6D/ (w)
D

! cto
< Ct(SD (’U)) 6D(K)

< C165(w) 10,%6 (w)’+ c* (65"(1{) log Bp ) sQ=2mieln )y

6p(K)

If we put, for instance,

Cy ::max{C;, G 1+RD}

—=,2
C,’' 6 (t, a)
Theorem 1.4 follows immediately, since z € K was chosen arbitrarily. O

We now come to the proof of the upper bound for Z(z,w) from
Lemma 2.1. The main tool for it is the following lemma by Z. Blocki ([1]):

LEMMA 2.3.— Assume that u,vq,...,v, : D — R~ are bounded
plurisubharmonic functions such that u(¢) — 0 for ( — 8D. Then one has

/ [u|™(ddv1) A ... A (ddvy) < n!||vl||oo...||vn_1”0°/ o (dd°u)™.
b D

Applying this to u := Vi, x and v; = --- = v, = U, 4, and observing
that [|vj]jec < M for all j =1,...,n, we get the inequality
2.7 T (z,w) < n!nff,“l/ Uy 0| (dd Ve )™
D

TOME 50 (2000), FASCICULE 4



1212 K. DIEDERICH and G. HERBORT

With this we can estimate

To(z,w) = / Vo k(dd°T )"
D

([ (ddCUz,w)")nT—l< [ Woal @0,

= (@) Tz, w)) "

1 1/n
< n"?w (/ |Uz wl ddc wk) ) .

(Here we used the fact that all the positive measures (dd°U, ,,)™ have total
mass (27)", see e.g. Lemma 2.1 in [13].)

3=

So, we have shown, that for all k

(2.8) Te(z,w) < Canls™ ( / U, 20 (ddVig )" )1/".

Now notice, that for k — oo one has |V, x| /* |Gp(-,w)| and, hence, by
Beppo Levi,

(2.9) Tr(z,w) k;—»ooI(z,w).

Furthermore, since all (dd°V,, k)™ have the same mass as the measure
(27)"6,,, where &, denotes the Dirac measure at w, they tend for k — oo
in the weak-star topology to (27)"é,,. Hence, we even have

[ 1@y~ o sw)
D —00

for any bounded continuous function f on D. Applying this to f := |U, |,
we get for k — oo

[ 1l Vi = @)U ()] < ()" G, 2]
Combining this with (2.8) and (2.9), we get the estimate
(2.10) I(z,w) < Cpty IGD(w, 2)|M™.
This inequality implies Lemma 2.1, since one also has

LEMMA 2.4.— Let D, p,a be as in Theorem 1.4. Then there exists a
constant C, > 0, such that for any compact set K C D the estimate

@) suplGo(G,a)l < O, (857K or 1oy 25 )35(0)
z€K ép ( )
holds for all points ¢ € D with §p(¢) < 36p(K).

ANNALES DE L’INSTITUT FOURIER
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Proof of Lemma 2.4. — We proceed analogously to [5]. First we note
that we have (1.2). Let, now, € K be arbitrary and B, i := B(z; fp (K))
We put

aX{Cp(C),log €= ””'} if ¢(€D\Byk
— Rp
#0=1 Ly

g T if C (S Bz,K
where

e _2Rp

C =2°C;165%(K) 1

Note that

inf > inf 6% > C27%6%(K).
ot lpl Cz ,inf 65> C2 65(K)
With this choice of C we, therefore, have

6p(K)
2Rp

= —Clp| < —C i <1
Cp==Clpl < =C inf |p| <log

on 0B; k.

The above definition of ¢,, hence, is consistent, and we obtain a
negative plurisubharmonic function ¢, on D serving as a candidate for

GD(’)x)'
Let now ¢ € D be a point with §p(¢) < 2252, Then ¢ ¢ B, x and
IGp(¢,z)| < [92(Q)] < Clp(¢)]
av—1 2Rp
<2205 (55 () og 7225 ) (e

< G, (#5708 57 25 ) 8510

with C, = 20‘%. This proves Lemma 2.4. O

In order to show the lower bound for Z(z,w) as stated in Lemma 2.2,
we use the following result shown in [13]:

LEMMA 2.5.— Let D CC C" be a hyperconvex domain admitting a
continuous plurisubharmonic exhaustion function o : D — [—1,0) which is
uniformly Hélder continuous on D with exponent 3 > 0. Then there is a
constant C > 0 (depending on () and for any compact subset K C D a

TOME 50 (2000), FASCICULE 4



1214 K. DIEDERICH and G. HERBORT

constant 6y > 0 (only depending on K and 3), such that one has for any
z€ K and w € D\ K with 6p(w) < éy the estimate

sup{ Gp({,w) : | — 2| < Rpexp (—o~2*(w))}
< Gp(2,w) + Clo(w)|[log |o(w)]| .

As can be seen from [13], the proof of the lemma yields some more
precise information on the number §y(K, 3), namely, & is of the form

(2.12) bo(K, B) = min {61(8), 62(K)}
where 6§, (0) is independent of K and é2(K) > 0 is a number such that
(2.13) lo(z)] < i%f |o| Yz € D with ép(z) < 62(K).

In the situation of Theorem 1.4 we apply Lemma 2.5 for getting Lemma 2.2
with
(2.14) o=0,:=—(-p)".
Then we get with 8 = ta the estimate
Ci6%% < |o| < Ci8%%.

This implies that the number

satisfies (2.13) such that the number §p in Lemma 2.5 becomes in this case
C:
(2.15) 80 = 6o(t, K) = min { & (ta), 525[,(1{)}.
1

As we will see in the following, this is the number 8¢y(t, K) needed in
Lemma, 2.2, such that the number 6; (¢, &) used there is, in fact, 61 (¢, ) =
61(te). With this we can now give the

End of the proof of Lemma 2.2. — The measure (dd°U, ,,)" is sup-
ported in the ball B, ,, := B(z, Rp exp(—1,)) = B(z, Rp exp(—o; 2(w))).
We, therefore, obtain for all 2 € K and w with §p(w) < 6o(¢, K) the
inequality

Z(Zaw) > (277)n gnf IGD(','UJ)I
= —(27)" sup Gp(:,w)

> |Gp(z,w)| = (2m)" Cilow(w)|[log |ow (w)|

ANNALES DE L’INSTITUT FOURIER
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where the inequality and the constant C; come from Lemma 2.5. This
finishes the proof of Lemma 2.2 (and, hence, also of Theorem 1.4). a

3. Proofs of Corollary 1.6 and Theorem 1.7.

We start with the proof of the corollary. Let for this p,t and C; be as
in Theorem 1.4. We take w € D such that

8p(w) < C~,t—1/3nt
and put
K:={zeD:6p(z)> 65" (w)}.
Then we have
6p(w) = 65" (w)6p(K) < C; '6p(K).

Hence we get

5 6}7—27“(1.0))0‘/” 2RD 1/n
. < L 7 log ———
81I1{p|GD( ,w)| € Cy (( 50 (K) (og 6},‘3'“(111))

+675(w) log 52ty
o 1
< i85 (w) log sy )

< Cjéte log-él— for 6p (w) < &,
¢
<1
provided &; < 1. This means that A(w, D) N K = § as claimed. o

In showing Theorem 1.7, it suffices to prove the first claim, since the
second follows from it as in the proof of the corollary. First we choose a
81 > 0 such that on {w € D : §p(w) < 8} the orthogonal projection to 0D
is well-defined. We denote the image of w by w*. Let now F : D x0D — A,
where A denotes the unit disc in C, be a continuous function with the
properties:

i) F(-,q) is a holomorphic peak function at ¢ € D defined on a fixed
neighborhood of D;

ii) with some constant C2 > 0 one has for all w € D with ép(w) < é;

|1 — F(w,w*)| < Cabp(w).

TOME 50 (2000), FASCICULE 4
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(Such a function is constructed for instance in [11].) Furthermore, we notice
that one has for any two points a,b € A the estimate

2

—b
a >1-4

1—ab

1—|b|
1—lal’

(3.1)

This yields for all points z € K C D and w € D with ép(w) < 8;
|Gp(z,w)| < |Ga(F(z,w"), F(w,w"))]
1

T2

Fz,w*) — F(w,w*) |
1~ F(z,w")F(w, w*)
1- IF(w,w*)l)
1—|F(z,w*)]
Caép(w) )
1—|F(z,w)| )
However, from the Hopf Lemma applied to the plurisubharmonic function

|F(-,w*)| — 1, we obtain with a constant C5 > 0 which can be chosen to be
independent of w*

(3.2) 1
< 3 log (1 -4

1
<—§log (1—4

|F(-,w*)| —1< =Cs6p(").
In particular, we obtain (since z € K)
1 CQ(SD(’LU) 1 CztSD(’w)
—log(1-4—22D0 )« “og(1-4=22") ).
2%( 1= [F(z,w")] 2 8 Cs6p(K)

If now
Cs

5D(w) < 8—025D(K)

we obtain from (3.2)

02513(111)) . 8C2 8p(w)
CB5D(K) = C3 5D(K)

This implies the claim. o0

4. A comparison lemma for the Bergman metric.

The basic tool allowing to deduce estimates on the Bergman metric of
a bounded domain D CC C™ from estimates on the Green function Gp(,-)
of D is the following fundamental comparison lemma:

ANNALES DE L’INSTITUT FOURIER
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ProrosiTiON 4.1. — For any bounded pseudoconvex domain D CC
C"™ there is a constant C; > 0, such that for all (w,X) € D x (C™\ {0})
the following estimate holds:

1
(4.1) aBA(w,D) (w; X) < Bp(w; X) < C1Bg(w,p)(w; X).

The proof of this proposition is based on the well-known fact, that
for arbitrary bounded domains @ CC C" the Bergman kernel Kq(z) :=
Kq(z,2) can be characterized by the extremal property

(42 Ko(:) = max {|f) : € H*®), Ifllg = I/l 2y < 1}

and the quantity Q x C" 3 (2, X) — b3(2; X) := Kq(2)B3(2; X) is given
by the variational problem

(43) bh(x X) = max { [(0/(2), X" : f € HAQ), () = 0, If o < 1}

where H2(2) := L2(Q)NO(£). Therefore, the following interpolation result
can be used for proving Proposition 4.1.

LEmMA 4.2.— Let D CC C™ be a bounded pseudoconvex domain
and fix a point w € D and a number S > 0. Denote by Ag(w, D) the
sublevel set

As(w,D) = {GD(-;U)) < —S}.

Then we can find for every function f € H%(Ag(w, D)) a function f €
H?(D) such that

i) f(w) = f(w)
ii) 8f(w) = 8f(w)

iii) the estimate

”f”z 1 e(4n+6)S+I+R2 / |f|2 d2n
<1+ P z
D 52 As(w,D)

holds with R := maxp|z|.

We will show at first, how this lemma implies Proposition 4.1:

TOME 50 (2000), FASCICULE 4



1218 K. DIEDERICH and G. HERBORT

Proof of Proposition 4.1. — Choosing S = 1 in Lemma 4.2 we get for
any nonzero f € H2(A(w, D)) because of (4.2) resp. (4.3)

~ 2

[F) 1 1wl
Kp(w) > L >
D(w) ”f”z CD(l + 4€4n+6) ”f”i(w,D)
and
~ 2
b5 (w, X) > )<6f(w),X>t 1 [(0f (w), X)|”

= n
nf”z CD(l + 4et +6) ”fn,24(w,D)

for all X € C™. Here the constant Cp can be defined as
Cp =1+ 4e+F°,

Taking the supremum over all f € H2(A(w, D)) with ||f||a(w,p) = 1 we
get at first

1

(4.4) Kp(w) > WKA(MD) (w)

and taking the supremum over all f € H?(A(w, D)) with | f|l a(w,p) = 1
and f(w) = 0 we also get

1

2 2
(4.5) bp(w, X) > ng%@,p)(% X)

for any X € C™.

Putting together (4.3) and (4.5) yields

1

2 2
Bp(w, X) > WBA(w,D)(

w, X)

the lower estimate of Proposition 4.1. The upper estimate follows similarly

using (4.4). o
It remains to show Lemma 4.2:

Proof of Lemma 4.2. — The proof is a refinement of the argument
showing Proposition 3.6 of [12]. We denote for small 7 > 0 by D, the set
D, := {2 € D : dist(z,0D) > 7}. Furthermore, let ¢; € C5°(C") be a
non-negative polyradially symmetric function with fC" P d?"z = 1. We
put

Pr(z) =772y (7712) for z € C™.

ANNALES DE L’INSTITUT FOURIER
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With it we define on D, the weight functions
&, (2) == (2n + 2)V,(2) + 73 + 7|z|?
with V; := Gp(-,w) * ¢, and
® := (2n+ 2)Gp(-,w) + SP®),

1219

Finally, we choose a cut-off function x € C*°(R) with [x/| < 287! and such

that

a, = ZO‘TJ dzj:=0(xoV, - f)=x oV, foV,.
=1

It is smooth and its support is contained in the set {—25 <V, < =S} C
Ag(w, D). We also observe that the weight function ®, satisfies on D, the

estimate

(4.6) o, <1+R?
and on supp(a,) we have

(4.7) o, > —(4n+4)S.
Next we want to convince ourselves that

(4.8) / lor 2% d?"z < cc.

+

Namely, ||Gp(;w)||ry(py < C for all w € D, C > 0 a constant, hence
|0V;| < C772""1 on D,. In conjunction with (4.6) and (4.7) the inequal-

ity (4.8) therefore follows.

As a next step the Levi form of ®, can be estimated from below by

(4.9) Lo > €0V, @IV, > e 259V, ® dV; on suppa,.

If we write @ = (Qjx) for the inverse of the coefficient matrix of Ls,, we

obtain using at first (4.9) and then (4.7) the crucial estimate

‘/1‘3 Z ij(z)a":j(Z)a‘r,k(z)e-@’(z) dz

3,k=1

<o [ oV I fe e dna
suppa,

< 4S‘2e(4"+6)sIlfﬂ,zqs(w,D)'
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This shows, that the methods of the proof of Lemma 4.4.1 from [14]
apply to the pseudoconvex open set D, for small 7 > 0. We obtain a
solution u, € C*(D,) of the equation du, = «, satisfying the estimate

(4.10) / lur?e=® d?"z < 4S“2e(4"+6)3/ |f? d®2

D, suppa..

_ 2
<48 26(4"%)5||f||As(w,D)-

This shows, in particular, that the Alaoglu-Bourbaki theorem applies to
the family of L2-functions defined by

v e~ % /2y, on D,
70 on D\D.,.

Hence there is a sequence (7% ), of parameters converging to 0 and a
function v € L?(D), such that

/ [v]? d®"z < 45—26(4"+S)S||f||?45(w,p)
D

and v — v in the weak-*-topology on L?(D) as k — oco.
We, now, claim, that the function u := e®/2v has the following

properties:

i) The L2-estimate
[ s <o [ et s a5l
D

holds.

ii) There is a holomorphic function f on D with f = xoGp (-, w)-f—u
almost everywhere.

iii) One has f(w) = f(w), 8f(w) = df (w).

Namely, the first claim follows from the definition of v together
with (4.6). In order to prove the second assertion we put f := xoGp(-,w)-
f — u. Since u € L%(D), so is f1. It, therefore, suffices to verify f; = 0 on
D\ {w} in the distributional sense. This can be done exactly as in the proof
of Proposition 3.6 in [12]. For the convenience of the reader we mention the
essential steps also here. For this we denote by (,-) the inner product on
L%(D) resp. on (p,q)-forms with coefficients in this space. We choose a
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smooth (0,1)-form S with compact support in D \ {w} and calculate for
large k with ¥ meaning the formal adjoint of &

<e¢/2v7'k ,96) €

=

= (e 7 Vry,, UB) + (e%(b‘rk Utk (6%@)—@%) - 1)1916>
= (ary, B) + (ur,, (2®*m) — 1))
=

X0 Ve, - f,98) + (ur,, (e%(q)_q).,k) - 1)19,3).

(4.11)

From (4.10) we get
2 _
lure %, < 45726403 £

uniformly in k and Beppo-Levi gives [|[((3(® — ®-,)) — 1)98|lp — 0 as
k — oo. Altogether the Cauchy-Schwarz inequality, therefore, gives as
estimate for the second term of the right-hand side of (4.11)

(Ur,, (e%(q)’q)’k) - 1)19/8) — 0 for k — oo.
This yields
<f17’l9/6> = <XOGD(1w)f7’l9/8> - (uvﬁﬂ>
= lim (x o V;, - f,96) — lim (¢*/?v.,,0)
=0.
This proves ii).

The equalities iii) follow immediately from i). Namely, on an open
neighborhood U of w one has Gp(-,w) < —39, hence, f — f = u almost
everywhere on U. From i) we get

2
/ £ = 7| e® a2 < co.
U
Therefore and because of the factor (2n + 2) in the definition of ®, the

holomorphic function f — f must vanish to at least second order at w. This
finishes the proof of Lemma 4.2. O
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5. The boundary behavior of the sublevel sets
of the Green function.

The next essential tool needed for the proof of Theorem 1.8 is the
convergence property

(5.1) lim diam (A(w,D)) =0

w—wo

for the sublevel sets of the pluricomplex Green function for any point
wp € OD. In order to formulate the exact hypothesis which allows us to
show (5.1), we remind the reader of the following definition from [13]

DEFINITION 5.1. — We say that a bounded domain D CC C" satisfies
property (P,) at a point wg € 0D if for any compact set K C D
lim sup |Gp(z,w)| =0.
WDWo zeK
Remark 5.2. — Theorem 1.2 as stated in the Introduction says, that
any domain D CC C™ admitting a bounded uniformly Hélder continuous

plurisubharmonic exhaustion function satisfies property (P.) at any of its
boundary points.

We will show in this section

ProposITION 5.3.— Let D CC C™ be a domain satisfying property
(P«) at every boundary point. Assume, furthermore, that any point wo €
OD is a peak point for the family P(D) := C°(D) N PSH(D) of continuous
functions on D plurisubharmonic on D. Then one has for all wy € 8D

lim diam (A(w, D)) = 0.

As a first step in the proof of this proposition we will show, that the sublevel
sets A(w, D) cannot come arbitrarily close to any point of 0D \ {wo} as
w — wq. For this we will need the hypothesis concerning plurisubharmonic
peak functions, but not yet property (P.). We claim:

LeEMMA 5.4.— Let D CC C™ be a pseudoconvex domain, such that
any point wy € 0D is a peak point for the family P(D) := C°(D)NPSH(D).
If then K, C 8D is compact and L C D is a set with LN K; = (), then, for
every s > 0, there is an open neighborhood U, > K; withU;N'L = § and
such that

Gp(z,w) > —s
for all (z,w) € (UsN D) x L.
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Proof of Lemma 5.4.— We put § := 1dist(Ky,L). Let ¢ € K; be
arbitrary and ¢ € P(D) a plurisubharmonic function on D, continuous on
D, with 9(q) = 0 and ¥(z) < 0 for z € D \ {¢}. We then define for any
w € L with the constant

o= e
|z—q|>36
the function
max { Cq¥(2),lo |2 = wl f - 6
@) log Bt L for >
vy (2) 1= Iz —
log for |z—w| <.
2Rp

Notice, that v, is well-defined, since for z € D with |z — w| = § it follows
Cq¥p(2) < log 2R"’| Namely, for such z we get |z —¢| > lw—¢q| — |z —w| >
46 — 6 = 36 and, hence,

. 6 |z — w|
C,p(z) = -C, z)| < -C min =2log— < log .
WD) = -Gl < ~Cy min [yl = 2log 5 <log

The function v,,, therefore, is for each w € L plurisubharmonic on D and,
even, a candidate in the definition of Gp(-,w). Hence,

Gp(z,w) 2 Cqp(2)

if |z — w| > 6 and w € L. The function 1 being continuous, we can, after
fixing a number s > 0, find an open neighborhood U; of ¢, such that
U!NT =0 and C,90(2) > —s on U4 N D. The claim of the lemma now
follows from the compactness of K3, namely, we can cover K; by finitely
many such neighborhoods U¢ for a finite number of points ¢ € K;. The
union U of these neighborhoods has the desired property. O

We are now ready for the
Proof of Proposition 5.3.— Let wg € 0D. It suffices to prove:

Claim. — For any number m > 0 there is a number § > 0, such that
A(w, D) C B(wp, %) for all w € D with |w — wp| < .

We apply Lemma 5.4 to the compact set

K, :=8Dﬂ{z€5:|z—wo|2

3~
——
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and the set

L:=DnN B(wo, —1—)
2m

with s = %, obtaining an open neighborhood U,, of K; such that
A(w,D)NU, =0 forw € L.
The set
1
K, = {zeD:|z—w0| > —, ngm}
m
is a compact subset of D. By property (P.) one has

lim sup |Gp(z,w)|=0

W—Wo e Ky

meaning, that for small enough §' > 0
A(w,D)N Ky = § for w € D N B(wy, §’).

Hence, we obtain for all w € D with |w — wp| < & := min{§’, 5~}
A(w, D) N (D \ B(wo, %)) — (A(w, D) N Us) U (A(w, D) N Ka) = 0.

Since this implies A(w, D) C DN B(wy, 1) for such points, Proposition 5.3
has been proved. o

6. Proof of Theorem 1.8.

This is now very brief. Namely, take (w, X) € D x C™. Proposition 4.1
says that

Bp(w,X) > C1B(w,p)(w, X)

with some constant C; > 0 independent of w. Furthermore, a trivial
argument yields

RY

(6.1) Baw.o)(w, X) > G A, Dy

Since, however, Proposition 5.3 applies in the given situation, the right-
hand side in (6.1) goes to infinity as w tends to wp. This implies the

theorem. o
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7. Proof of Theorem 1.13.

Again, this proof is, of course, based on the O-technique for the
construction of good candidates of holomorphic L?-functions contributing
to the variational problems which give Kp(w) and bp(w,X) (see (4.2)
and (4.3)). The main tool obtained by this method is contained in the
following lemma which is a suitable modification of Lemma 4.2.

LEMMA 7.1.— Let D cC C" be a pseudoconvex domain. Fix a point
w € D and a unit vector X € C". Assume, we are given a negative
plurisubharmonic function V®) on D, such that on an open neighborhood
of w the function z — V() (z) — log|z — w| is bounded from above, and
denote for any number S > 0

As (w,V("’)) = {z VW(2) < =S ).

Then we can find for every function f € H?(As(w,V™)) a function
f € H?(D) with the following properties:

) f(w) = f(w)
i) 8f(w) = 8f(w)

ry _ 2 ~
i) If < (1 + 4572 tOSH R fj2 - Ly, Where Rp =
maxz [2|.

Because of the complete analogy to the proof of Lemma 4.2 we do
not prove this lemma here.

We now come to the proof of Theorem 1.13.

Let 0 < t < 1 be arbitrarily small and choose n > 2 such that D is
pseudoconvexly extendable of order n at a given boundary point w®. Let
p be a corresponding extending function defined on an open neighborhood
U of w®. More precisely, suppose that p satisfies

(7.1) —C(ép(z)+|z—w0|2) <p(2) < —|z —w°|"

onDNU.
It suffices to show:
Claim. — One has
1-2nt

(7.2) hp(w°) >
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Let us next choose a pseudoconvex domain D; C U N {p < 0} with C3-
smooth boundary and the following properties:

1) There exists an open neighborhood U; CC U of w® such that

8D10U1={p=0} ﬂUl.

2) DNU; c D;NnU;.
3) On U; the inequality |p| < C'ép, holds with some constant C’.

Because of the well-known localization property of the Bergman
metric it suffices to do all work on the domain

D:=DnU;

instead of D.

Let, now, U, CC U; be another open neighborhood of w® and choose
w € D N U, arbitrarily. We define for any unit vector X € C™ the function

f(z) = (z—w,X)—;————.

Lemma 7.1 with this domain D, the function~V(’”) :=Gp,(,w)and S =1
applied to this function f yields a function f € H?(D) such that

i) 0| RG]

Hf” ) g Hf“A(w,Dl)ﬁf)
b

N—
vV

by (w, X

and, hence,

1

(7.3) Bb(w,X) 2 eee———
”f"A(w,Dl)ﬂD

with an unimportant constant C*.

It, therefore, remains to estimate the norm || f|| o, p,)np-

For this we notice, that on D c UN D
|z = w°| < |p(2)"/" < C'8(2)
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and, hence,

A < 1o ol EpZw)
7@ <le—wl 2=

Z—'U)O ,w_,wO |K1~)(zaw)|

(7.4) <llz-w’f+ - )=

< (C’églﬂ(z) + |w— wol)—lK p(zw)|

VEp(w)

By Lemma 1.6 we have with some number §; < 1 for all w € D; with
6p, (w) < 8; the estimate

A(w, D1) C {6p, < 65,7 (w)}.

Inserting this into (7.4) we see that, on D N A(w, D;) one even has
|Kp (2, w)|
()] < C" (85, (w) + Jw —
( | D VEp(w)

if 6p, (w) < é;. By integration we obtain for such points w
1-2n
1 g, pans < C (85,7 (w) + [w - w’]) .

Finally, we observe that, on a cone within D with vertex at w°, we can
estimate

6;)—127%/7](“})_’_ |w_w | é 1— 2'n.t/'q(w).

This, together with (7.3) proves
1

1-2nt/n
D (w)

Bp(w, X) > C**

for all w sufficiently close to w® and inside a cone within D with vertex at
wP. This proves the Claim (7.2) and, therefore, Theorem 1.13. o
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