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538 OLIVIER MATHIEU

M is called a weight module if and only if M = ®xep« M), where each
weight space M) is finite dimensional (in the literature, the last condition
is sometimes dropped). The main result of this paper is the classification
of all simple weight g-modules.

The general strategy to get this classification is the following. Let
p be a parabolic subalgebra of g and let u be its nilradical, i.e. the
smallest ideal such that p/u is reductive. It is always assumed that p
contains b and therefore h can be viewed as a Cartan subalgebra of
p/u. For any simple weight p/u-module S, the g-module Ind} S has a
unique simple quotient, denoted by L,(S). When p+#g, the simple weight
module Ly(S) is called parabolically induced. Otherwise a simple weight
module which is not parabolically induced is called cuspidal. By Fernando’s
Theorem [Fe], any simple weight module is cuspidal or is parabolically
induced from a cuspidal module. Hence the general classification reduces
to the classification of cuspidal modules (for a more precise statement,
see Theorem 1.2). Moreover, for simple Lie algebras g, there are cuspidal
modules only if g has type A or C. Thus the main result of the paper is the
explicit classification of cuspidal modules for Lie algebras of type A and C.

The main idea to investigate the cuspidal modules is the notion of
coherent families. In order to define this notion, it should be noted that
the weight spaces M) of any g-module M are .A-modules, where A is the
commutant of § in U(g). Then a coherent family of degree d is a weight
module M such that

e dim M = d for all A €h*, and

o the function A — Tru|aq, is polynomial in A, for all u € A.

Let T* = b*/Q be the dual torus, where @ is the root lattice. For any
t € T*, M[t] := ®xet M is a g-submodule of M. Then it is shown that
any cuspidal module is isomorphic to M|t] for a unique ¢t € T* and a unique
irreducible and semi-simple coherent family M (these notions are defined
in Section 4).

It turns out that any semi-simple irreducible coherent family M con-
tains some infinite dimensional simple highest weight modules L()) (Propo-
sition 6.2). Moreover M is determined by these components (Proposition
4.8). Since any highest weight module L(\) occurring in M is admissible
(i.e. the multiplicity of its weights is uniformly bounded), the first step
is the classification of all admissible L(A). This can be done with the
Kazhdan-Lusztig character formula. Indeed a more elementary approach
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CLASSIFICATION OF IRREDUCIBLE WEIGHT MODULES 539

is used because it gives quick proofs. From this, the classification of semi-
simple irreducible coherent families follows (Theorems 8.6 for type A and
Theorem 9.3 for type C).

The last step of the classification is Theorem 10.2 which determines in
each irreducible coherent family M the full list of its cuspidal submodules.
Equivalently, this result describes explicitly the set Sing M := {t €
T*| M[t] is not cuspidal}. Indeed Sing M is an union of finitely many
codimension one cosets of T*. In Sections 11 and 12, the classification of
semi-simple coherent families is described more concretely. For g=sl(n+1),
irreducible coherent families are classified by some finite dimensional simple
gl(n)-module and any such family is a space of tensors or a difference of
two spaces of tensors (Theorem 11.4). For g=sp(2n), irreducible coherent
families are classified by the odd pairs of Spin(2n)-modules and they are
closely related to the Shale-Weil representation (Theorem 12.2).

In the last section, the character of any simple weight module is com-
puted (Theorem 13.4). Besides Fernando’s Theorem, there were two main
results toward the classification of all simple weight modules in the previ-
ous literature. For s{(2), the classification is usually attributed to Gabriel
[Gab] and can be found in [Mi] and in [D] (7.8.16). More recently, Britten
and Lemire classified all simple multiplicity free weight modules [BL], see
also [BHL] [BFL] and Corollaries 11.5 and 12.3. Other interesting results
have been obtained by Benkart, Britten, Cylke, Dimitrov, Futorny, Hooper,
Gaillard, Joseph, Lemire, Ovsienko and Penkov (see the bibliography).

Acknowlegdements. — 1 thank heartily M. Brion, V.M. Futorny,
T. Joseph, V. Mazorchuk for their helpful conversations, and W. Soergel for
his comments concerning the appendix. A special thank is due to D. Britten
and F. Lemire and the referee who made many interesting comments about
the previous versions of the preprint.

0. General conventions and definitions.

The ground field K has characteristic zero and, for simplicity, it is
assumed that K is algebraically closed. Throughout the whole paper, g will
be a given reductive Lie algebra and § will be a given Cartan subalgebra
of g. Moreover, after Theorem 1.2, it will be assumed that g is simple.
Unless assumed otherwise, set { = dim h N [g, g]. The set of roots relative
to b is denoted by A, the root lattice by @ and the Weyl group by W.
For oo € A, let h, be the corresponding coroot, let e, be a basis of g,
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540 OLIVIER MATHIEU

and let f, € g_, be defined by the requirement [ey, fo] = ha. Viewed
as a subgroup of GL(h*), W is generated by the hyperplane reflections
Sa : A= A= Aho) . Also set P = {\ € h*|A(ha) € Z,Va € A}. An
element of §* is called a weight and an element of P is called an integral
weight.

Let M be an h-module. When A runs over §*, the subspaces M) :=
{m € M|h.m = A(h)m, Vh € b} are called the weight spaces of M. For
any t C h*, set M[t] = @xret M. Let a be any Lie algebra containing
h. A weight a-module is an a-module M such that M = 65)\6[)* M) and
dim My < oo for all A (when a is tacitly assumed or when it does not
matter, M is called a weight module). The support of the weight module
M is the set Supp M := {\| M, # 0}.

A basis of the root system A is a set B of I roots such any root «
belongs to the monoid ZoB or to its opposite. For a basis B, the set of
positive roots relative to B is A, := AN ZyoB. Also set Ay = —A}, and
pp=1/2 Zae N The set of dominant integral weights relative to B is
the set Pg := {\ € P|A(ha) > 0, Va € B}. Similarly, Lg()\) denotes the
simple B-highest weight g-module with highest weight A € h*. This simple
module is characterized by the existence of a non-zero vector v of weight A
such that e,.v = 0 for any o € B. When there will be no ambiguity on B,
the index B will be dropped from the previous notations.

In what follows, < | > denotes a W-invariant bilinear form on h*
such that < A|JA >€ Zy¢ for any A € Q \ 0. For A € Q, ||A| is the real
number < A|A >'/2. Any basis B of the root system A has a natural
structure of a graph, with edges the pairs of distinct roots a, 8 € B such
that < «a|f ># 0. Of course, a basis B of the root system is also a basis of
the lattice Q. However, there are some subsets ¥ of A which are bases of
but which are not bases of A. Since these subsets ¥ will play an important
role in the paper, these two notions of bases should not be confused.

1. Reduction of the classification to cuspidal modules.

The reduction of the classification of all simple weight modules to the
classification of cuspidal modules of some Levi factors is the main topic of
the section. This idea is mainly due to Fernando [Fe]. Before this idea is
explained, some notations are introduced and a useful lemma is stated.
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CLASSIFICATION OF IRREDUCIBLE WEIGHT MODULES 541

Let g be a reductive Lie algebra, let ) be a Cartan subalgebra. For
any Lie algebra a on which b acts by derivations, let A(a) be the set of non-
zero weights of the h-module a and let Q(a) the subgroup of h* generated
by A(a).

It is always assumed that any parabolic subalgebra of g contains
h. Let p be a parabolic subalgebra and let u be its nilradical. We have
A = A(p) U -A(p), A(u) = {a € Ala € A(p) but — a ¢ A(p)} and
U = @DgeA() 8o- The opposed nilradical of p is the subalgebra u~ :=
Dac-A(u) 9o and there is a triangular decomposition g ~ u® p/udu~.
A basis B of the root system A is called p-adapted if B C A(p). By
convention, a cone is a finitely generated submonoid of @ containing 0. For
instance, the cone of p, denoted by C(p), is the cone generated by —A(u).

Let u C h* be a K ® Q(p/u)-coset. In the following, C, denotes the
category of all weight p-modules with support lying in u, where u C h* is
a given K ® Q(p/u)-coset. For S € C,, set M,(S) = Ind}S. Since we have
K @ Q(p/u) N C(p) = 0, the Lie algebra u acts trivially on S. Moreover
M,(S) decomposes into S @& M*, where M = @xg, My(S)a. Set Ly(S) =
M,(S)/Z, where Z is the biggest g-submodule of M,S included in M+.

LEMMA 1.1. — Let u be a K ® Q(p/u)-coset.

i) The support of any simple weight p-module S lies in a single Q(p/u)-
coset.

ii) For any S € Cy, Ly(S) is a weight module.

iii) For any simple weight p-module S, the module L,(S) is simple.
Moreover it is the unique simple quotient of M,(S).

iv) For any submodule (respectively quotient, subquotient) S’ of a p-
module S € C,, the g-module L,(S") is a submodule (respectively quotient,
subquotient) of Ly(S).

Proof. — Proof of (i): Let t C h* be a Q(p/u)-coset such that S[t] # 0.
Set v = t — C(p) and vt = v\ t. It is clear that S[v] and S[v*] are p-
submodules of S. Since S[t] # 0, we have S[v*] # S[v]. By simplicity of S,
we have S[v] = S and S[v*] = 0. Therefore S = S[t], which proves the first
point.

Proof of (ii): By PBW Theorem, we have M,(S) ~ U(u™) ® S.
Therefore, for A € h* we have M,(S)y ~ @ U(u™)), ® S»,, where the
sum runs over the set consisting of pairs (A1, A2) with A\; € C(p), A2 € u
and A; + A2 = A. Since K ® Q(p/u) N C(p) = 0, this set is finite. Hence
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dim M,(S)x < oo and therefore M,(S) and its quotient L,(S) are weight
modules.

Proof of (iii): By definition, the g-module M,(S) is generated by S
and for any submodule N, we have N C Z or NNS # 0. Since S is simple,
any proper submodule is contained in Z. Therefore L,(S) is simple and it
is the unique simple quotient of M,(S).

Proof of (iv): The functor S € C, — Ly(S) is not exact, but it
preserves injective and surjective maps. Therefore L,(S’) is a subquotient
of Ly(S), for any p-subquotient S’ of S. Q.E.D.

For instance, let b be a Borel subalgebra and let B be the unique
b-adapted basis. Any weight A can be identified with a one dimensional
b-module. The module My () is the Verma module with B-highest weight
A and Ly()) is its unique simple quotient, also denoted by Lg(A\). When
p # g is any proper parabolic subalgebra and S is a simple weight p-module,
the simple g-module L,(S) is called parabolically induced. A simple g-
module L which is not parabolically induced is called cuspidal. Roughly
speaking, Fernando’s Theorem states that any simple weight g-module L is
isomorphic to L,(S) for some parabolic subalgebra p and some cuspidal p-
module S. To clarify this statement, let us point out the following remarks:

e In this statement, p=g is allowed. This occurs when L is cuspidal.

e By the previous lemma, any simple weight p-module S is a indeed
a p/u-module, therefore the notion of a cuspidal p-module is well defined.

e Moreover for any simple p-module S, Supp S lies in a single Q(p/u)-
coset which is the condition required to define L,(S).

However the pair (p,S) is not always uniquely determined by L. For
instance, there is a well-known isomorphism Lg()) ~ L,_ g(saA) for any
a € B with A(hy) € Zsg. In order to get an exact classification of simple
weight modules in term of cuspidal modules, one also needs to determine
when the modules Ly(S) and L,/ (S’) are isomorphic. This requires the
small Weyl group W (S), which is now defined.

Let S be a simple weight p-module, let B be a p-adapted basis of A
and let B+ C B be the subset of all roots which are orthogonal to A(p/u).
Equivalently, B is the set of all € B such that the image of h, in
p/u is central. For a € Bt, h, acts on the simple p/u-module S as some
scalar ly. Set B = {a € B*|ly € Zso}. The root system generated by
B is denoted by A(S) and its Weyl group by W(S). Indeed the set B+
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is independent of the choice of the p-adapted basis B and therefore A(S)
and W (S) depend only on S.

Let p be a parabolic subalgebra. For w € W, let p” be the parabolic
subalgebra such that A(p*) = w.A(p). There is an automorphism w of
the Lie algebra g which stabilizes § and which restricts to h as w. The
automorphism w conjugates p and p”. For any weight p-module S, the
isomorphism class of the p¥-module S¥ is independent of the choice of ,
and therefore it will be denoted by S™.

THEOREM 1.2. — i) (Fernando) Any simple weight g-module is iso-
morphic to L,(S) for some parabolic subalgebra p and some cuspidal p-
module S.

ii) Let S,S’ be cuspidal modules for two parabolic subalgebras p, p'.
Then L,(S) and Ly (S’) are isomorphic if and only if we have p'=p* and
S’ =S¥, for some w € W(S).

The main part of the previous theorem, namely Assertion (i), is due
to Fernando [Fe], see also [Jol], [Jo2], [Jo3] and for a quick proof [DMP]
(Theorem 3.6). Assertion (ii) is easy, see Section 5 of [DMP]. Q.E.D.

Set g = 3 ®g; D g, ... where 3 is the center of g and where each
g; is a simple component of g. Any simple weight module L decomposes
into Z® L1 ® Ly---, where Z is a one dimensional representation of 3
and each L; is a simple weight g;-module. Thus the general classification
of all simple weight modules reduces to the problem of determining all
cuspidal representations for the simple Lie algebras, which is the aim of
the present paper. So from now on, it is assumed that g is simple. Before
reducing further the classification (see Proposition 1.6), we start with a
useful proposition and its corollaries.

Let L be a simple weight g-module and let a € A be a root. It is easy
to prove that the action of e, on L is either injective or locally nilpotent.
Following [DMP], the set A decomposes into four disjoint parts AL, AT AT
and A} as follows:

Al = {a € A; ey|1, and fo|L are injective}

Af ={a € A; ey|r and f, |1 are locally nilpotent}

AT ={a € A; fa|L is injective but ey, is locally nilpotent}
A = -AF.
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By definition, the cone of L is the monoid C(L) generated by AT UA7.
The following statement is proved in Section 5 of [DMP)].

ProposiTioN 1.3.— Let p be a parabolic subalgebra, let S be a
cuspidal p-module and set L ~ L,(S).
i) There is a finite set Q such that Supp L = Q + C(L).
ii) We have Al = A(p/u), AL = A(S), and AL and Af are orthogonal.

iii) There is a parabolic subalgebra q D p with nilradical v such that
A(q/v) = AL UAL and A(v) = Af. Moreover C(L) = Q(p/u) + C(q).

Let L be a simple weight g-module. A basis B is called L-adapted if
B is p-adapted for some parabolic subalgebra p such that L ~ L,(S) with
S cuspidal. By the previous proposition, a basis B is adapted if and only
if BN Al is a basis of AL and AT C A%, (moreover BN Af is always a
basis of Af).

It is obvious that the support of any simple weight g-module L lies in
a single @Q-coset. The following proposition, which follows from Proposition
1.3, was first proved by Fernando, see [Fe].

CoroLLARY 1.4 (Fernando). — For a simple weight g-module L, the
following assertions are equivalent:

i) L is cuspidal,
ii) e, acts injectively on L for all a € A,
iii) The support of L is exactly one Q-coset.

Remark.— A module satisfying (ii) is called torsion-free and a
module with property (iii) is called dense. By the previous proposition,
cuspidal, torsion-free and dense are equivalent properties, and in the
literature the three terminologies are used simultaneously. For clarity, only
the terminology “cuspidal” will be used.

COROLLARY 1.5.— Let L be a cuspidal g-module.
i) For any a € A, f, acts bijectively on L.
ii) There exists an integer d such that dim Ly = d for any A € Supp L.

Proof. — By Proposition 1.3, we have Al = A. Therefore, for any
A € Supp L, the maps eq : Ly — Lyt and f, : Lyyo — Ly are injective.
Therefore f, acts bijectively on L and the dimensions of the weight spaces
of L are all the same. Q.E.D.
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ProrosiTiON 1.6 (Fernando). — If there is at least one cuspidal g-
module, then g is of type A or C.

Proof. — For the convenience of the reader, a quick proof follows.
Therefore, assume that there exists one cuspidal g-module L.

Let K =Uy CU; CUy C... CU = U(g) be the canonical filtration
of U(g). There exist some C' > 0 such that ||u|| < Cn for any n > 0 and
any weight u of U,,. Hence we have Card Supp U,, = O(n!). By Corollary
1.5, the dimension of its weight spaces of L is uniformly bounded, hence
we get dim U, - Ly = O(n!), for any ). Therefore the characteristic variety
V(L) of L has dimension < I.

Let G be the adjoint group of g, and set O = G.e,, where « is any
long root (i.e. any root if g is simply laced). Since O is the G-orbit of an
extremal weight vector, any non-zero G-invariant closed cone of g contains
O. Thus for any z € g\0, we have G.Kz D O. Therefore dim @’ > dim O for
any G-orbit O’ # 0 in g. Since the G-modules g and g* are isomorphic, the
dimension of any non-zero symplectic leaf of g* is > dim O, and therefore
we have dimV > %dim O, for any coisotropic subvariety V of g* \ 0.

Since V(L) is coisotropic, we get that dim O < 2I. By direct calcula-
tions, it is easy to prove that dim O > 2[ if g is not of type A or C.

Q.ED.

2. Generalities about weight modules.

Recall that g denotes a simple Lie algebra and § is a fixed Cartan
subalgebra. Set U = U(g) , let A = Uy be the commutant of h and
let B = @ zoUx be its complement in U. For A € h*, a A-module of
weight A is a finite dimensional A-module X such that X = X, as an
h-module. Set then I(X) = U ®4 X and IT(X) = B®4 X. We have
I(X) = ®ue@l(X)u+r, where I(X)y = X and I(X),q4x = B, ®4 X for
p # 0. Let Z(X) be the biggest U-submodule of I(X) which is contained
in I (X). Then set I)(X) = I(X)/Z(X).

LemMaA 2.1.— Let X be a A-module of weight \.
i) I(X) is a weight module generated by X .

ii) LetY be a U-module generated by Y. Any morphism of A-modules
m: Yy — X extends to a unique morphism of U-modules Y — I(X).
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Proof. — By Hilbert’s Theorem, the right A-module U, is finitely
generated for any p € Q, see e.g. [DMP]. Hence I(X),4 is finite dimen-
sional, which proves (i). Let Y be a U-module generated by Y, and let
7€ : I(Y)) — I(X) be the morphism extending 7. We have Y ~ I(Y))/Z
for some submodule Z of I(Y)) such that Z, = 0. Hence we have
7n¢(Z) C Z(X) and 7° induces a morphism Y — I,(X). Q.E.D.

LEMMA 2.2. — Let L be a simple weight g-module and let A\ € Supp L
be a weight.

i) The A-module Ly is simple.
ii) We have L ~ I,(L)).

Proof. — This is an immediate corollary of Lemma 2.1. Q.E.D.

Let M be a weight module. Its trace Tr™ is the function (\,u) €
b* x A — Tr¥ (u) = Tru|p, . A weight module is called semi-simple if it is
a finite or infinite direct sum of simple modules.

LEMMA 2.3.— Let M, N be two semi-simple weight modules. If
TrM = TrN, then M ~ N.

Proof. — Let L be a simple weight module. By Proposition 1.3, we
have L ~ I)(L,), for any A € Supp L. Hence the multiplicity of L in M
as a U-module is the multiplicity of Ly in M) as a A-module. The last
multiplicity is determined by the function Trﬁ/l and the lemma follows.
Q.E.D.

3. Support of admissible modules.

A weight module M with support lying in a single Q-coset is called
admissible if dim M), is uniformly bounded. The degree of an admissible
module is the maximal dimension of its weight spaces. For an admissible
module M of degree d, its essential support is the set Suppe, M := {\ €
Supp M|dim My = d}. By Corollary 1.5, any cuspidal g-module L is
admissible and Supp L = Suppeg L.

LEmMA 3.1.— Let L be an infinite dimensional simple weight g-
module. Then the group generated by the monoid C(L) is Q.

Proof. — First consider the case where Af = 0. By Proposition 1.3,
A is the disjoint union of the orthogonal subsets Al and A¥. Therefore
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we have A = Al and C(L) = Q. So it can be assumed that AT # 0. By
Proposition 1.3, Af is the set of roots of the nilradicals v® of two opposed
parabolic subalgebras. We have g=v*+v~ +[o¥,07], hence A} generates
Q. As C(L) contains A7, it generates the group Q.

For any real number z > 0, set p(z) = Card B(z), where B(z) =
{r € Q||lul € z}. Let M be a weight module with support ly-
ing in a single Q-coset, say A + (. The density of M is §(M) :=
lim inf p(x) ™1 3 e By dim M4, (the symbol “liminf” stands for the in-
fimum limit). Of course, §(M) is independent of A.

LEMMA 3.2. — There exists € > 0 such that §(L) > ¢, for any infinite
dimensional simple weight module L.

Proof.— For any cone C, the number §(C) = liminf p(z)~! Card CN
r—00

B(z) is positive if C generates Q. For any infinite dimensional simple weight
module L, we have Supp L D A+ C(L), for any A € Supp L. Thus we get
§(L) > 6(C(L)) and §(C(L)) > 0 by Lemma 3.1. By Proposition 1.3, there
are only finitely many different cones attached to all simple weight modules.
Hence there exists € > 0 such that §(C(L)) > € for any infinite dimensional
simple weight module L. Hence §(L) > ¢ for any L. Q.E.D.

LeEMMA 3.3. — Any admissible weight module M has finite length.

Proof.— As M is admissible, we have §(M) < oo. For any exact
sequence 0 — M; — My — M3 — 0, we have §(Mz) > 6§(My) + 6(Ms).
Let X be the set of all 4 € P such that |u(he)| < 1 for any a € A.
For any simple module L of finite dimension, we have L, # 0 for some
u € X, see [Bl]. It follows easily that the length of M is finite, and
bounded by A + 6(M)/e, where the constant € is defined by Lemma 3.2
and A =), x dim M. Q.E.D.

LEMMA 3.4.— Let C be a cone generating ) and let S; C S2 be non-
empty subsets of h* lying in a single QQ-coset. Let us assume that So = C+)
for some finite set Q) and that C + S; C S,. Then we have

e S5\ S is contained in a finite union of affine hyperplanes.
e S, is Zariski dense in h*.
Proof.— 1t is clear that S; is Zariski dense. Since Q is finite and

C generates @, we have 2 C X + C for some \ € h*. After a convenient
translation, it can be assumed that Sy C C. Moreover we have S; D u+C
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for some p. Without loss of generality, it can be assumed that S; = C and
S1=p+ C for some u € C.

Let I" be a finite set of generators of C. Let b (respectively c) the set
of all subsets of T which are a basis of h* (respectively all subsets of rank
< l). For any T € c, let Hr be a linear hyperplane containing T'. For any
T € b, there is an identity mpru = ZWET m:";fy, where mp € Z~¢ and all
m?; are integers. Set N = Suprcp yer mz; and let I the set of all integral

combinations 3. m,y with 0 <m, < N for all 4.

Any 7 € C can be written as . m,y where m, € Z, for all
v € I. For such a decomposition of 7, set T' = {vy|m., > N}. If T contains
a basis T”, then 7 — mq-u € C and therefore 7 belongs to S;. Otherwise 7
belongs to IV + Hr. Hence S5 \ S; is contained in Ure. IV + Hyr. Q.E.D.

ProrosiTioN 3.5.— Let L be an infinite dimensional admissible
simple module.

i) For any A\ € Suppee L, we have A + C(L) C Suppegs L,

ii) Suppess L is Zariski dense in b*, but Supp L \ Supp.e L is contained
in a finite union of affine hyperplanes.

Proof. — Let A\ € Suppe,L and let « € AL UAT. As f, acts
injectively on L, we have dim Ly_, > dim Ly. Hence A—a € Supp, L, and
Assertion (i) is proved. Set C = C(L), Sz = Supp L and S; = Suppeg L.
By Proposition 1.3 (i), Lemma 3.1, and Assertion (i), the triple (C, S1, S2)
satisfies the hypotheses of Lemma 3.4. Hence Assertion (ii) follows from
this lemma. Q.E.D.

4. Coherent families.

After the preparatory Sections 2 and 3, the present section is devoted
to the introduction of the notion of coherent families. This notion, which
is the main tool of the classification, will be also investigated in Sections 5
and 6.

A coherent family of degree d is a weight g-module M such that
e dim M) = d for any A €bh*, and
e for any u € A, the function A € h* — Tru|a, is polynomial in .

The dual torus of g is T* := §*/Q. As a g-module, any coherent family M
decomposes into @er+ M|t], and its g-submodules M[t] are all admissible.
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Example of a coherent sl(2)-family: Let e, f, h be the usual basis of s[(2).
For a € K, let M(a) be the s[(2)-module with basis (z°)sex and where
the action is given by the following formulas:

fr —d/dz+a/z, hw 2zd/dz, e+~ x2d/dz + az,

where z*! denotes the operator z° — z°*! and d/dz denotes the operator
x* +— sz*~1. Clearly, M(a) is an example of a coherent family. Except
for one or two ¢t € T™*, the sl(2)-module M(a)[t] is simple and cuspidal.
Otherwise, M(a)[t] has length < 3, i.e. it is a non-split extension of two
or three simple modules. Therefore there exists a coherent family M (a)**
such that M(a)**[t] is a finite sum of simple modules and has the same
composition series as M(a)[t] for any ¢ € T*. In what follows, we will
define the notion of semi-simplicity and irreducibility of a coherent family.
Indeed any semi-simple irreducible coherent sl(2)-family is isomorphic to
M(a)* for some a € K, see the remark at the end of Section 11.

A commuting set of roots is a subset ¥ C A such that [eq,eg] = 0
(or equivalently [fo, fg] = 0) for any a, 3 € £. For any subset I of a basis
B of A, Q denotes the subgroup of @ generated by I, Ay the root system
generated by I, and A} the set of positive roots of A; relative to its basis I.

LeEMMA 4.1. — Let B be a basis of A.

i) Let I C B and let a € I. There exists a set of commuting roots
Y C A} with a € ¥’ such that ¥’ is a basis of Q.

ii) Let J, F be subsets of B with F # B. Let ¥’ C AY\ A¥_ . be a set
of commuting roots which is a basis of Q y. There exists a set of commuting
roots ¥ which is a basis of Q such that ¥' C £ C AL\ Af.

Proof. — First let us prove Assertion (ii). If J is empty, let us choose
any a € B\ F and replace J and ¥’ by {a}. Therefore, it can be assumed
that J is not empty. Set J' = J\ F, p = Card J’, ¢ = Card J. Let Jp,...Jg
be the connected components of J and set J; = J'N J;, F; = FNJ;, and
¥ =3%'NAy, for any 1 <1 < k. Since ¥’ C Ay is a basis of @, each X is
a basis of @ ,. Since ¥} lies in A}Li \A}ii, the set J! = J; \ F; is not empty.
Hence J’ meets every connected component of J. Therefore we can write
J ={ai,...,0q} in such a way that J' = {a1,...,ap} and, for any s with
p+1<s<gq, a, is connected to o; for some ¢ < s. Since B is connected,
we can write B\ J = {ag41,...,} in such a way that, for any s > ¢+ 1,
a; is connected to o; for some i with 1 < 2 < s. Therefore the connected
component Cs of a5 in {a,...,as} contains at least one element in J’, for
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any s > 0. For s > g, set v = 3", @;. By [B2], 7, is a root, and since
Cs ¢ F we have 75 ¢ Ap.

Set X' = {B1,..., B¢} Then the roots B4+1,...,0 are defined by in-
duction. For s > ¢, assume that the set of commuting roots {4, ..., 8s } is al-
ready given. Set m; = @1¢;<s K eg,. Since m, is a commutative ad-nilpotent
Lie subalgebra of g, there is a root +y such that e, € Ad(U(ms))(e,,,,) and
[ms,e,] = 0. Since y,41 ¢ A, the root 8,41 := v does no belongs to A;.
This inductive process defines a set ¥ := {f1,...,0;} of commuting roots
such that ¥’ ¢ ¥ C A;g \ A'I’,E. Moreover for s > ¢q, we have 3, = a, +
Y ks Mk, s0x for some integers my 5. Hence {o,...,aq} U {Bg+1,..-, 061}
is a basis of Q. Since ¥’ and {a1,...,aq} generate the same lattice Q s, &
is a basis of Q.

To prove Assertion (i), it can be assumed that I = B. Thus Assertion
(i) follows from Assertion (ii) with J = {a} and F = &. Q.E.D.

Let R be an associative algebra and let S be a multiplicative subset
(by convention: 0 ¢ S). An element s € S satisfies Ore’s localizability
conditions if for any r € R, there are s’,s” € S, ', € R such
that sr’ = rs’ and r’s = rs”. The multiplicative set S satisfies Ore’s
localizability conditions if any s € S satisfies these conditions.

LEemMmA 4.2.— Let R be an associative algebra and let S be a
multiplicative subset generated by locally ad-nilpotent elements. Then S
satisfies Ore’s localizability conditions.

Proof. — To check Ore’s condition for S, it is enough to check them
on any set of generators of S. Therefore, it is enough to check them for
any ad-nilpotent element s € S. For any r € R, we have ad"V (s)(r) = 0 for

some N > 0. Then the identity 5. (—1)}(N)s*rs™¥~% = 0 can be written
0<i<N

as s’ = rs" and r"’s = s™Vr for some r,r"” € R. Hence Ore’s conditions
are satisfied. Q.E.D.

For S and R as previously, Rg denotes the localization of R relative
to S. For any R-module M, set Mg = Rs g M. When S contains no
zero divisors, the algebra morphism R — Rg is injective. Similarly the
map M — Mg is injective whenever s acts injectively on M, for all s € S.
When S is generated by a single element s, it will be convenient to set

R, = Rg and M, = Mj.

LEmMMA 4.3.— Let R be an associative K-algebra and let S be a
multiplicative subset generated by q commuting and locally ad-nilpotent
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elements s1,...,8,. Then there exists a unique g-parameters family of
automorphisms Oz, ... +,) : Rs — Rs such that

® O(gy...0)(r) =" .. 53" r5g " ... 7™ if all x; are integers, and
e the map (z;...,24) € K9+ O(y,.. z,)(r) is polynomial in (z1 ..., xz,),

for any r € Rg.

Proof. — By Lemma 4.2, the localized ring Rg is well defined. As S
is commutative, the elements s; are locally ad-nilpotent on Rg. For any
r € Rs, we have ad(s;)N*1(r) = 0, for all i and some N > 0. The general
identity: s™u = Y ;. (") ad(s)*(u)s™* implies that

1 T —T -T
S -..8 118 q...sl

q q
= > ). GHad(sy)™ .. .ad(sy)e(r) sy .. sy

OSil,...,iqu

for any x1,...,74 € Zso. Since the binomial coefficient (7) = z(z —
1)...(x — i+ 1)/3! can be extended to a polynomial function in z € K,
there is a polynomial ©(g, ... ;,)(r) in the variables (z;...,z,) € K9 such
that ©(g,....¢,) (1) = s7* ... 8T 8q *...87™ for any z1,...,74 € Zso. By
unicity of the polynomial extensions, O (s, ...z, is a g-parameters family of
automorphisms of Rg. Q.E.D.

For a set of commuting roots ¥, let Fyx be the multiplicative subset
of U generated by (fq)aes-

LEmMMA 4.4.— Let L be an infinite dimensional admissible simple
module of degree d.

i) There is a set ¥ of commuting roots which is a basis of ) such that
rcAabuaf.

ii) For such a ¥, set L' = Lp,. Then L’ is a weight module containing
L, Supp L' = Q + Supp L and dim L;, = d for all u € Supp L'".

Proof. — Let B be an L-adapted basis of A and set F = Af N B. By
Lemma 4.1, there exists a set ¥ C A} \ A} of commuting roots which is a
basis of Q. Thus ¥ C Al UA7T and Assertion (i) is proved.

By Lemma 4.2, Fyx, satisfies Ore’s conditions and the localized module
L’ is well defined. Since the elements (f,)acx act injectively on L, we have
L c L'. 1t is clear that L' = @®xes L, where t = Q + Supp L.

We claim that dim Ly = d for any A € t. Let X C L) be any finite
dimensional subspace. There exists s € Fyx such that s.X C L. Since
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5.X C Lxip, where 3 is the weight of s, we have dim X < d. Since X
is arbitrary, we get dim L) < d. Since ¥ is a basis of @, the dimension of
the weight spaces L), for u € t, are all equal. It follows that dim L,=d
for all p € t. Q.E.D.

Let ¥’ be a set of commuting roots which are linearly independent.
Let Qxs be the subgroup of @ generated by ¥’. Set by, = K ® Qx/ and
T3 = b5 /Qs/. When Q/Qsx is torsion free, T3, is a subtorus of T*. For
any element v = — 3 o 2o @ in by, the formal expression [], 5 f2>is
denoted by fs,. By Lemma 4.3, there is an automorphism of the algebra
UF,, which is formally defined by u — f3,” u fg,. For any Uf,_,-module M,
let fg,.M be the module M twisted by this automorphism. For m € M, it
is convenient to denote by f§,.m the corresponding element of fg, .M. With
this convention, we have u.fg,.m = fg..(fg” u fg,).m for any u € Ur,, . For
instance, if m is a weight vector of weight u, then fg,.m is a weight vector
of weight p +v. If v; — v2 € Qxv, the Ug,,-modules fy}.M and fg}.M are
isomorphic. Therefore for 7 € Ty, the module f%.M is defined up to an
isomorphism.

LEmMA 4.5.— Let L be an infinite dimensional admissible simple
module of degree d.

i) Let £ C AL UAY be a set of commuting roots which is a basis of
Q, let ¥ C ¥ and set L' = Lp,. Then M := @pep- f4.L' is a coherent
family of degree d which contains L and fgj.LpE, for any v' € b3,,.

ii) In particular, let B be an L-adapted basis and let o € B with
a¢ Af . Then L is contained in a coherent family M of degree d such that
fo acts bijectively on M and M contains f3.Ly,, for all z € K.

Proof. — Proof of Assertion (i): Let A € Supp L’ be a weight. By
Lemma 4.4 (ii), we have dim L, = d and M contains L. Since ¥ is a basis of
Q, we have M, = fE.L), for any p € h*. Therefore we have dim My, =
d. Moreover, for any u € A we have Tru|m,,, = Trfg"ufg|r;. By
Lemma 4.3, the function y — Tru|a,,, is polynomial and therefore M is
a coherent family.

Proof of Assertion (ii): By Lemma 4.1, there exists a set ¥ satisfying
the previous conditions with a € X. Therefore the second assertion follows
from the previous one. Q.E.D.

Remark. — Let T be the adjoint torus of g. The ring K[T] can be
identified with the Laurent polynomial algebra K|[(fZ!)aex]- Let L and A €
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Supp L’ be as in Lemma 4.5. We have L' ~ K[T|® L) ~ K|[T)%. 1t is clear
that g acts over K[T]¢ by differential operators. Therefore the g-module
structure on L’ comes from an algebra morphism o : U, — gl(d, Diff(T)),
such that L’ is the restriction of the natural representation K[T]? of
gl(d, Diff(T")) (here Diff(T') denotes the ring of differential operators on
T). Any closed one-form w on T induces an automorphism ©,, of Diff(T'),
namely O,(f) = f if f € K[T] and ©,(§) = £ + iew if £ is a vector field
on T. Denote again by ©,, its extension to gl(d, Diff(T")). Any u € h* can
be identified with a closed one-form on T, and it is easy to prove that the
automorphism ©,, of gl(d, Diff (T')) extends the automorphism u — fg*ufh
of Up,, (however the morphism o is not injective). Hence M is a direct sum
of twists of the natural representation of gl(d, Diff(T')). Unfortunately, it
seems not easy to explicitly describe the corresponding morphisms o, and
we will follow another approach in Sections 11 and 12.

Let L be an infinite dimensional admissible simple module. By
Proposition 3.5 (ii), Supp.e L is Zariski dense.

LEMMA 4.6.— For any u € A, the map A € Supp, L — Tru|g, is
polynomial.

Proof. — By Lemma 4.5, there is a coherent family M O L of same
degree. Since Tru|r, = Tru|am, for any A € Suppeg L, the restriction of
the trace to Supp,g L is polynomial. Q.E.D.

A coherent family M is called irreducible if the A-module M, is
simple for some A.

LEMMA 4.7.— Let M be an irreducible coherent family. Then the
set Q of all weights p € h* such that the A-module M, is simple is a
non-empty Zariski open subset of §*.

Proof. — Indeed the A-module M, is simple if and only if the bilinear
map By, : (u,v) € A x A — Tr(uv|pr,) has maximal rank d?, where d is
the degree of M. For any finite dimensional subspace E C A, the set Qg
of all p such that B, |g has rank d? is open. Therefore Q = Ug Qg is open.

Q.E.D.
Let M be a coherent family. By Lemma 3.3, the g-module M|t] has
finite length for any ¢t € T*. Denote by M?** the semi-simple coherent

family such that M**[t] has the same composition series as M|t], for any
t € T*. Roughly speaking, M?*® is the “semi-simplification” of M. Let
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L be an infinite dimensional admissible simple module of degree d. A
coherent extension of L is a coherent family M of degree d containing
L as a subquotient.

ProposITION 4.8.— Let L be an infinite dimensional admissible
simple module of degree d.

i) There exists a unique semi-simple coherent extension EXT (L) of L.

ii) The coherent family EXT (L) is irreducible. Any infinite dimensional
submodule L' of EXT (L) is admissible of degree d, and we have EXT (L) =
EXT(L).

iii) The central characters of the simple submodules of EXT (L) are all
the same.

iv) If M is any coherent extension of L, then M?$ is isomorphic to
EXT(L).

Proof.— Proof of Assertions (i) and (iv): By Lemma 4.4, L is
contained in a coherent family M of degree d. Hence L is contained in
the coherent extension M?®°. As Supp. L is Zariski dense (Proposition
3.5), the trace of any coherent extension is determined by the trace of L.
The uniqueness of semi-simple coherent extensions follows from Lemma
2.3. Assertion (iv) follows as well.

Proof of Assertion (ii): For any A € Suppes L, EXT(L)y ~ Ly
is a simple A-module (Lemma 2.2). Hence the coherent family EX7 (L)
is irreducible. Let L’ be any infinite dimensional simple submodule of
EXT(L). By Lemma 4.7, EXT (L), is a simple .A-module for all x in some
non-empty Zariski open subset Q. By Lemma 3.4, Supp. L’ is Zariski
dense. Hence Suppe L' N 2 is not empty, and L’ has same degree d.
Moreover, we have EXT (L) = EXT(L') by unicity of the semi-simple
coherent extension.

Proof of Assertion (iii): Let u € U be a central element. It acts over
L as some scalar ¢ and we have and Tru™|p, = dc™ for any n > 0 and
any A € Suppes M. Since u belongs to A, the map A — Tru"|gx7 (1), I8
polynomial. Since Supp,, L is Zariski dense, we have Tru"|sx7 (L), = dc"
for any » > 0 and any A € b*. Therefore (u — c)¢ acts trivially on
EXT(L). Since it is semi-simple, u acts as the scalar ¢. Therefore the central
characters of the simple submodules of EXT (L) are all the same.

Q.E.D.
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5. Components of coherent families.

In this section, it is proved that any semi-simple coherent family
contains an infinite dimensional highest weight module (relative to some
basis of A).

LEMMA 5.1.— Assume g = sl(2). Let M be a coherent family of
degree d. Then the function A — detef|am, Is a non-zero polynomial of
degree 2d.

Proof.— Let Q = ef + h?/4 — h/2 be the Casimir operator. It
is easy to see that the map e : Muq — M(n41)o is bijective for any
n > Ny for some Ny € Z. So the eigenvalues of Qa4 are all the
same for n > Ny. Let ai,...,a4 be these eigenvalues. Then we have
deteflap, = Tlicicg(ai + A(h)/2 — A(h)?/4), for all X of the form na,
n > Np. The two sides of the equality being polynomials in ), it holds for
all A. Q.E.D.

From now on in the section, g denotes an arbitrary simple Lie algebra.
For any Zariski open subset Q of h*, set T'(Q) = Nueq(n+ Q). For any two
open subsets 2, we have T(Q) N T() = T(Q2 N Q). The collection of
sets T(Q2)/Q is a basis of a certain (exotic) topology of the dual torus T*.

LEMMA 5.2.— i) For any non-empty Zariski open subset Q0 of h*,
T(Q) is not empty.

ii) Relative to this topology, any non-empty open subset of T* is dense.

Proof. — It can be assumed that € is the open set {f # 0} for some
polynomial function f on h*. Relative to some basis of @, this lattice
is identified with Z! and f is identified with a polynomial f(z1,...,x;)
with coefficients in some finitely generated subfield k& of K. Let &;,...§
be generators of ! disjoint extensions of k of degree > degf and let
& € b* be the element of coordinates (£, ...,£). The monomials (& +
y1)™ ... (& +y)™, for 0 < m; < deg f, are linearly independent over k,
for any y1,...,y € Z. Therefore we have f(§ + \) # 0 for any X € Q,
i.e. £ belongs to T'(2). Hence Assertion (i) is proved. The second assertion
follows from the fact that T(Q)NT(Q') = T(2N ') is not empty whenever
Q, 8 are not empty. Q.E.D.

For a coherent family M, let Sing M be the set of all t € T™ such
that fa|mpy is not injective for some o € A. In Section 10, it will be
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proved that Sing M is a finite union of codimension one cosets of T*, i.e.
Sing M = U; T; + u; where each T} is a codimension one subtorus of T,
u; € T* and j runs over a finite set of indices. In particular, it follows that
Sing M is a closed subsed of T*, relative to its ordinary Zariski topology.
At this stage of the paper, we can only prove a weaker statement about

Sing M:

LEmMMA 5.3.— i) For any coherent family M, Sing M is a closed
proper subset of T*.

ii) If there is at least one non-zero coherent family, g is of type A or C.

Proof. — By Lemmas 5.1 and 5.2, the set Qq 1= {t € T™|eafalmyy
is bijective} is dense and open, for any o € A. Hence by Lemma 5.2,
Qm = Naea Qq is open and dense in T™. Since eq fo|ampy is bijective if
and only if fo|mpg and f_o|aqy are injective, Sing M is the complement
of Q4, and the first assertion is proved. By Lemma 3.3, for any non-zero
coherent family M and any t € Qq, M][t] contains a simple submodule L.
Since Al = A, L is cuspidal by Corollary 1.4. By Proposition 1.6, the type
of gis Aor C. Q.E.D.

ProrosiTiON 5.4. — Let M be a irreducible coherent family, and let
t € T*. The following assertions are equivalent:

i) M(t] is simple,
ii) t ¢ Sing M,
iii) M(t] is cuspidal.

Proof.— The facts that (i) and (iii) are equivalent, and that (iii)
implies (ii) follow from Corollary 1.4. Assume that ¢ ¢ Sing M. By Lemma
3.3, M[t] contains a simple submodule L. Since Al = A, L is cuspidal by
Corollary 1.4. By Proposition 4.8, the degree of L equals the degree of M.
Hence L = M[t] and M[¢] is simple. Q.E.D.

LEMMA 5.5.— Let M be a semi-simple coherent family. Then M is
a direct sum of irreducible coherent families, and such a decomposition is
unique up to isomorphism.

Proof.— By Lemma 5.3, there exists an element ¢t € T*\ Sing M. By
Lemma 3.3, the module M|t] is a finite sum of simple ones, say L, @- - @ Ly
and by Corollary 1.4 each L; is cuspidal. Since t is Zariski dense in §*, it
follows that M and EXT(Ly) & --- ® EXT (L) have the same trace. By
Lemma 2.3, these two modules are isomorphic. Q.E.D.
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LEMMA 5.6. — Let L be a simple weight module, and let 3 € A. The
following assertions are equivalent:

i) For any X\ € Supp L, we have A + Z3 C Supp L,
ii) For some X € Supp L, we have A\ + Z3 C Supp L.
iii) B e AL,

Proof.— See e.g. Corollary 3.4 of [DMP].

ProposITION 5.7. — Any semi-simple irreducible coherent family M
contains an infinite dimensional simple highest weight module relative to
some basis B of A.

Proof. — By Proposition 1.3, it is equivalent to show the existence
of an infinite dimensional simple submodule L of M with Al = &. Thus
it is enough to prove that for any infinite dimensional simple submodule
L of M with Al # @, there is another one L’ such that Al, is properly
included in AL.

Let B be a basis adapted to L, let d be its degree and let a € A£ NB.
Set € = eq, f = fo and let a ~ sl(2) be the Lie algebra generated by
e and f. By Lemma 4.5, there exists a coherent family A of degree d on
which f acts injectively and which contains the module f*.L for any z € K
(note that L = Ly). Let A\ € Supp,e L and set P = @,ck f*.Lx. For any
z € K, Pyxyzo has dimension d, s0 Priza = Natco. In particular, P is
a coherent a-family. By Lemma 5.1, the function z — det fe|p,___ is a
non-zero polynomial of degree 2d. So there exist y € K and v € Py_yq
with v # 0 and fe.v = 0. As f acts injectively on N, we have e.v = 0.

Set V.= {m € fY.L|eN.m = 0 for some N > 0}. Since v € V and
ad(e) is nilpotent, V' is a non-zero g-submodule of fY.L. By Lemma 3.3,
V has finite length. Thus it contains a simple submodule L’. As f acts
injectively on N, its submodule L' is infinite dimensional.

We claim that Al, is a proper subset of Al. We have SuppL’ C
Supp fY.L = —ya + Supp L. For any 8 € A,  Supp L' is an union of Z3-
cosets, so Supp L contains at least one Zf3-coset. By Lemma 5.6, § belongs
to Ai, which proves that Ai, C Ai. However e, acts locally nilpotently
on L' and therefore +a ¢ Al,. Hence AL, is properly included in AL. Since
N3¢ = M, L' is also a submodule of M.

Q.E.D.

TOME 50 (2000), FASCICULE 2 (spécial Cinquantenaire)



558 OLIVIER MATHIEU

6. Admissible highest weight modules.

It is already shown that each semi-simple coherent family contains an
infinite dimensional simple highest weight module relative to some basis
(Proposition 5.8). In this section, the same result is proved relative to any
basis of A. It also contains some lemmas in view to determine when two
such highest weight modules occur in the same irreducible family.

LEMMA 6.1.— Let B a basis of A, let « € B and let A € h* \P; be
a weight such that the g-module Lg(\) is admissible.

i) The module Ls, g(sq)) belongs to EXT (Lp(A)).

ii) Moreover if A(hy) ¢ Zso, the modules Lg(sqo()\ + pg) — pp) and
L, (A + ) belong to EXT (Lp(N)).

Proof. — 1t is clear that Ls, p(sq)) ~ Lp()\) whenever A(hq) € Zso,
see e.g. Theorem 1.2 (ii). Thus Assertion (i) is obvious in this case, and it
can be assumed from now on that A(hqy) & Zso. Set e = eq, f = fo, h = hq,
let a ~ s1(2) be the Lie algebra generated by e and f. Let p be the parabolic
subalgebra h & K f & [EBﬂE N 95), let u be its nilradical and let u~ be the
opposed nilradical. By definition, B is Lp())-adapted, and a ¢ A7 _ ).
By Lemma, 4.5, there is a coherent extension M of Lg(\) such that f acts
injectively on M and M contains the submodule X = ©zc /7 f=.Le(\);.
Set S = @n>0 Le(A)a—na and S = X[u], where u = A + Ka.

We claim that X = L,(S). We have S = EBEGK/ZfE.Sf. Since u and p
are ad(f)-invariant, we have f~*uf* = u and f~%pf® = p for any z € K.
Therefore S is a p/u-submodule of X and its support is the K ® Q(p/u)-
coset A + Ka. Hence the g-module Ly(S) is well defined. It is clear that
H%u,Lp(\)) = S. For any T € K/Z, any y € f*.Lg()\); can be written as
f.y' wherez € Tand y' € Lg()\). Since f~*uf* = u, we get u.y = fo.u.y’.
It follows that y is u-invariant if and only if ¢’ is u-invariant, and therefore
H%u, X) = S. Similarly, the natural map U(u™)® S — Lg()) is onto and
it follows that U(u™) ® S — X is onto. Hence the g-module X’ is generated
by & and any non-zero submodule intersects S, which proves the claim
X = Ly(S).

Let v be a highest weight vector of Lg()). Using the identity ef™ ! =
fmtle+ (m+ 1) f™h —m(m + 1) f™ for any m € Zg, we get e.fF 1y =
fe.[fey+(z+1)(h—z).y], for any y € Lp(X) and z € K. Set v’ = fAP+1 4
and let V' be the p-module generated by v'. Since e.v = 0 and h.v = A(h)v,
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the previous identity implies e.v’ = 0 and v’ is a weight vector of weight
sa(A+ pB) — pB. Since f acts injectively, the a-module V' is the Verma
sl(2)-module with highest weight so(A + pg) — pp. Therefore the simple
highest weight p-module with highest weight s, (A + pg) — p5 is a quotient
of V' and Lp(so(A+pB)—pB) is a quotient of L,(V"). Therefore by Lemma
1.1 (iv), Lp(sa(A + pB) — pB) is a subquotient of X.

Set v = f*"™ 4y and let V” be the p-module generated by v”.
Since f” = v/, V" contains V’. Similarly, it is proved that V" /V' is
the simple s,B-highest weight p-module with highest weight s\ and
L,(V"/V') = L, B(Sa A). Therefore by Lemma 1.1 (iv), Ls_p(Sa A) is a
subquotient of X.

Set v/ = f~l.w and let V" be the p-module generated by v.
Since f.u"' = v, V" contains S. Similarly, it is proved that V'"'/S is
the simple s, B-highest weight p-module with highest weight A + o and
L,(V"/8) = Ly, (A + ). Therefore by Lemma 1.1 (iv), L, g(A + @) is a
subquotient of X'.

By Lemma 4.8 (iv), we have M** = EXT(Lp())) and by definition
we have X C M. Hence the three modules Lg(so(A+pB)—pB), Ls, B(Sa A)
and Ls_pg(A + «) are all contained in EXT (Lg()). Q.E.D.

PRrROPOSITION 6.2. — i) Let M be a semi-simple coherent family. Then
M® ~ M for any w € W.

ii) Assume that M is irreducible. Then for any basis B of A, there
exists A ¢ P3 such that M ~ EXT (Lg())).

Proof. — By Lemma 5.5, it can be assumed that M is irreducible. By
Proposition 5.7, there exists a basis By of A such that M ~ EXT (L, (X))
for some weight A ¢ P3. By Lemma 6.1, EXT (Lp,(\)) ~ EXT (Lp,(N)*=)
for any o € By. Hence the isomorphism class of M is W-invariant and
the first assertion is proved. The second one follows from the fact that any
basis B is W-conjugated to By. Q.E.D.

LEMMA 6.3. — Let M be an irreducible coherent family and let M,
N be two distinct simple submodules of M{t], for some t € T*. Then
C(M)NC(N) is contained in a hyperplane.

Proof. — Assume that C(M)NC(N) is not contained in a hyperplane
and therefore that M and N are infinite dimensional. Thus C(M) N C(N)
generates a subgroup @’ of finite index in . By Lemma 3.1, the cone C(M)
generates the group Q. Since the image of C(M) in Q/Q' is a subgroup,
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we have C(M) + Q' = Q. It follows that C(M) — C(N) = Q. Since any
weights A € Supp., M and p € Supp., N are in the same Q-coset, we
have A\ + C(M) N p + C(N) # @. It follows from Proposition 3.5 (i)
that Suppg, M and Suppe N intersect. By Proposition 4.8, M and N
are admissible of same degree as M. Hence we have M,, = M, = N,,, for
any v € Suppees M N Suppegs V. Therefore M = N. Q.E.D.

Let B be a basis of A. For a weight A € h*, set Ag(\) = {a €
B|A(ha) € Zso}. For a root v € B, let Dg(v) be the set of all positive
roots 3= ) mqa such that m, > 0.

a€B

LEMMA 6.4. — Assume that Lg(\) is admissible.

i) If M(ha) € Z<p, for some a € B, then Ag()\) = {a} and ) is integral.

ii) In general, Ag()\) is connected and Card Ag()) < 2.

Proof. — The sets Dpg(7) satisfy the following elementary properties:
e Dp(7) generates Q, for any v € B,

® SﬁDB(’Y) = DB(’Y) for any ;Ba'y € B with ﬁ 7£ s

e v € sgB and Dg(v) = Ds,g(y) for any 3,7 € B with < 8|y >= 0,
B 8

i AIB(#) =Uyeap(n) DB(7), for any p € h*.

First assume that A(hy) € Z<o. By Lemma 6.1, Lg(\) and L,_p(sa )
belong to the same irreducible coherent family. Moreover their supports
are in the same @Q-coset. By Lemma 6.3, C(Lp()\)) N s, C(Lp(N)) lies in a
hyperplane. The cone of Lg()\) is generated by AZB( »)» therefore AZB( ")
does not contains Dpg(y) for any v € B with v # «. Hence v ¢ Ag())
which proves the first assertion.

To prove the second assertion, it can be assumed that Card Ag(\) >
2. We claim that any two elements 3,7 € Ap()) are connected. Assume
otherwise. Then v belongs to sgB and Dp(y) = Ds,p(7). It follows from
the first assertion that A(h.) is not an integer, so is (A + 8)(h). Therefore
both A7 ) and AZ%B(Hﬂ) contain Dg(v). Since A+ 3 is not a weight of
Lp(A), the two modules Lp(A) and Ly, (A + G) are distinct. However by
Lemma 6.1 these two modules belong to the same irreducible coherent
family, their supports are in the same ()-coset and the intersection of
their cones contains Dp(v), which contradicts Lemma 6.3. Hence 8 and
v are connected. Since B is simply connected, Ag(\) contains at most two
elements. Q.E.D.
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LEMMA 6.5.— Let M be an irreducible coherent family, let B be
a basis, let a € B. Then M contains at most one module Lg(\) with
’\(ha) € Z<O~

Proof. — Let Lg(p), Lp(A) be two such submodules in M. It follows
from Lemma 6.4 that A and p are integral and their cones are the same,
both generated by Dg(a). By Proposition 4.8, their central character is
the same. It follows that A and p are in the same @-coset. By Lemma 6.3,
we have A = p. Q.E.D.

7. Rank two computations.

In order to classify all admissible simple highest weight modules,
the first step is the classification for rank two Lie algebras. For rank two
Lie algebras, the character formulas have been computed by Jantzen [Ja]
(before the general Kazhdan-Lusztig formula has been conjectured and
proved), and the following lemmas are based on his work. In this section,
g will be a rank two Lie algebra of type Ay or Cz, namely g = sl(3)
or g = sp(4). In the section, let us fix a basis B of the root system. The
character of a weight module M is denoted by ch M and the Verma module
with highest weight A by M ()).

LEMMA 7.1.— Assume g = sl(3). Let A ¢ P be a weight. The
module L(\) is admissible if and only if (A+ p)(ha) € Z>o, for at least one
root o € At.

Proof.— It is easy to show that the Verma module M()) is not
admissible. So (A + p)(ha) € Zso for some o € AT whenever L()\) is
admissible. Conversely, assume that n = (A + p)(ha) € Zso for some o €
A™. Then M(\—na) is a submodule of M () and set L = M ()\)/M(A—na).
Let 3,7 be the other two roots in A*. We have

chL =chM(A\) —ch M(A —na)
=erMl4+e 4.+ /(1 —eP)1-e).

Hence L is admissible. As L()) is a quotient of L, it is also admissible.
Q.E.D.

Now, the case g = sp(4) is investigated. Denote by A} (respectively
A7) the set of long (respectively short) positive roots. Recall that « is a
long root if and only if h, is a short coroot.
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LEMMA 7.2.— Assume g = sp(4). Let A\ ¢ P* be a weight. The
module L(\) is admissible if and only if we have (A+ p)(hy) € Z~¢ for any
v € A} and A(hg) € 1/2+ Z for any B € A}.

Proof. — Assume that L()) is admissible. Let Z()\) be the unique
maximal submodule of M(A). It follows from [Ja] that Z(\) = 0, or
Z(A) is a Verma submodule, or Z(A) is the sum of two distinct maximal
Verma submodules. However, the Verma module M ()), and any quotient
M(X)/M(p) are not admissible. Therefore Z(\) is the sum of two distinct
maximal Verma submodules. Following [Ja], this implies that A+ p is regular
and there exist at least two positive roots y; # y2 with (A + p)(h+,) € Z>g
fori=1, 2.

We claim that X\ is not integral. Assume otherwise. Since X\ + p
is regular, we have A = z(u + p) — p for some 4 € P* and some
z € W,z # 1. Let £ = s;,...5;, be a reduced decomposition of z.
Using inductively Lemma 6.1, we get that L(s;, (1 + p) — p)) is admissible.
Therefore L(s(p + p) — p)) is admissible for some simple reflection s. Let
s’ be the other simple reflection. Following [Ja], we have

ch L(s(u+p) = p) = = 3 e(w) ch M(o(ss + p) — p).

v2S8

Since any element v € W\ {1,s'} is > s, we get
ch L(s(p + p) — p) = ch M () — ch M(s'(u + p) — p)
— ) () ch M(v(p+ p) — p)

veEW
= ch M(u)/M(s'(u+ p) — p) — ch L(p).
Hence L(s(u + p) — p) is not admissible, which proves the claim A\ ¢ P.

Since A is not integral, one coroot does not belong to Zh., @ Zh.,.
This implies {1, 72} = A and (A + p)(hg) € 1/2 + Z for any B € A}

Conversely assume that A satisfies the conditions. Set AT = {v1, 72}
and A = {1, B2}. Following [Ja], we have

ch L(A) = ch M(A) — ch M (s4,(A+ p) — p)
— ch M(sy,(A+p) = p) + ch M (4,85, (A + p) — p)
=eMl4e M 4. 4eTmIM) (1 4e 4. 4 ellmm2)n)
[(L—eP)(1—e),
where m; = (A + p)(h,,). Hence L(\) is admissible. Q.E.D.
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8. Classification of coherent families for sl(n + 1).

The section is devoted to the classification of all semi-simple irre-
ducible families for sl{(n + 1). More precisely, each semi-simple irreducible
families M will be characterized by the list of all infinite dimensional high-
est weight modules occurring in M. By Proposition 6.2, any semi-simple
family is invariant by W, therefore we can fix a basis B of A. A more
concrete version of the classification will be given in Section 11.

In this section, g=sl(n + 1). The simple roots aj, ..., a, are indexed
in such a way that two consecutive roots are connected. Let hy,...,h, be
the corresponding simple coroots. There exists a spanning set €1,...,€,41

of h* such that Y ,e; = 0 and a; = ¢ — €41. For A € h*, set A(\) =
{i| A(hi) & Zxo}-

LeMmMA 8.1. — Here g=sl(n+1). Assume that L()) is infinite dimen-
sional and admissible. Then one of the following three assertions holds:

i) A(\) = {1} or A(\) = {n}.

ii) A(\) = {i} for some 1 < i < n and (A + p)(hi—1 + h;) or
(A + p)(hs + hit1) Is a positive integer.

iii) A(X) ={i,i+ 1} for some 1< i <n and (A+ p)(h; + hit1) € Z>o.

Proof. — First assume that Card A()\) > 2. By Lemma 6.4, we have
A(X\) = {i,i+ 1} for some 1 < ¢ < n. Let s be the rank two Lie subalgebra
of g corresponding to the simple roots a;,a;+1. Denote by L(\,s) be the
simple highest weight s-module with highest weight A\. As L()\;s) is a
subquotient of L(\) (indeed a submodule), it is admissible. By Lemma
7.1, (A+ p)(h; + hit1) is a positive integer, hence the third assertion holds.

Next assume that Card A(X) < 1. Since L(\) is infinite dimensional,
the set A()) is not empty. Then it can be assumed that A(A) = {¢} for
some 1 < i < n (otherwise Assertion (i) holds). Set X' = s;(A + p) — p. By
Lemma 6.1, the module L()\’) is admissible. It is already proved that A(\")
cannot contain both ¢ — 1 and 7 4+ 1. So we have (N + p)(h;—1) € Z¢ or
(N+p)(hit1) € Zso,i-e. (A+p)(hi—14hi) € Zsg or (A+p)(hit+hit1) € Zso.
Hence the second assertion holds. Q.E.D.

LEMMA 8.2. — Here g=sl(n+1). Let \ be a weight such that A(\) =
{1} or A(X\) = {n}. Then the module L(\) is admissible.
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Proof. — By symmetry of the Dynkin diagram, it can be assumed
that A(A) = {n} and therefore A(h;) € Zso for all i # n. Let p be
the parabolic subalgebra such that A(p) = A\ {81 < i < n} where
Bi = €nt1 — € (its Levi component is gl(n)). Let S be the simple p-
module with highest weight A\. By hypothesis, the p-module S is finite
dimensional. Since the roots §; are linearly independent, the generalized
Verma module M,(S) is admissible. Therefore its simple quotient L(}) is
admissible Q.E.D.

A k—tuple m = (my,...,my) € K* is called ordered if all differences
m; —m;41 are positive integers (in such a case, there will be no ambiguity
to write m; > m;41 to mean that m; — m;y;1 is a positive integer). A
sl(n+1)-sequence is a n+ 1-tuple m = (my, ..., my41) of scalars such that
Y 1<i<ns1 ™i = 0. Any weight X of sl(n+ 1) is identified with the sl(n+1)-
sequence m()) defined by the requirements (A + p)(h;) = m;(A) — my1(A)
and Y0 icnpyMi(A) = 0. Thus Pt is identified with the set of ordered
sl(n + 1)-sequences. Let P the set of all sl(n + 1)-sequences which are
not ordered but which become ordered after removing one term. Indeed a
weight A satisfies one of the assertion (i) (ii) (iii) of Lemma 8.1 if and only
if m(\) € P.

The Weyl group W ~ S, 1, acts on the set of sl(n + 1)-sequences by
permuting the indices. Two highest weight sl(n+1)-modules L(\) and L(u)
have the same central character if and only if m()) and m(u) are in the
same Sy, 41-orbit. Therefore, the S, 1-orbit of a s{(n + 1)-sequence is called
a central character. A central character m is called integral (respectively
regular, singular) if all differences m; — m; are integers (respectively are
not zero, at least one is zero). A central character of P is a non-empty
intersection of a Sy1-orbit with P.

There is a structure of oriented graph on P, which is defined as follows.
By definition, there is an arrow m — m’ between two distinct elements
m, m’ € P if there is an index ¢ such that m; —m;;1 € Z~¢ and m’' = s;.m,
where s; is the transposition exchanging ¢ and ¢ + 1. When m; — m;41 ¢ Z
there will be also an oriented edge from m' to m and these two opposite
edges are denoted by m « m/.

Let Pt (respectively P~) be the set of all sequences m € P such that
the subsequence mg, ms,...my41 is ordered (respectively mi,mo,...my,
is ordered). For n = 1, we have P* = P~ but otherwise Pt NP~ = &.
For 1 < ¢ # k < n+ 1, denote by c; ; the unique element of S,4; such
that ¢; x(¢) = k and such that its restriction to {1,...,n + 1} \ {3} is
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increasing. More precisely, we have c¢; x = Sk Sk41...5,—1 if ¥ < ¢ and
Cik = Sk—1Sk---8i ifi <k.

Clearly, there are three types of central characters occurring in P:
i) the regular and integral central characters,

ii) the singular central characters: in this case the character is integral,
and there are exactly two distinct indices 4, j such that m; = m; (i # j),

iii) the non-integral characters: in this case the character is regular and,
if n # 1, there exists a unique index ¢ such that m;—my € Z for any j, k # ¢.

Let x be a regular and integral central character. It can be represented
by a sequence m; > mg... > myuy; (however this sequence is not in
P). For any i,k with 1 < k,i < n, set x(i,k) = ciy16-m if ¢ > k and
X(i, k’) = Ci,k+1-M if i < k.

Let x be a singular character occuring in P. It can be represented by
a sequence mj > My... > M; = My4p1 > My2... > Muyt1. Then i is called
the singularity of x and for any k with 1 < k < n, set x(k) = ¢;x.m if
k <1, x(¢) =m and x(k) = ciy1p+1.m if k£ > 0.

Let x be a non-integral character occuring in P. If n # 1, it can be
represented by a sequence m with ms > ms... > my, 11 (here m; —m; ¢ Z
for i #1). Then set x(1) =m and x(k) =c;x.m forany 1 <k <n+1.In
the special case n = 1 there is no canonical choice for m, and mg: after an
arbitrary choice, set x(1) = (m1,m2) and x(2) = (mg, m1).

Each connected component of P belongs to the same central charac-
ter. The connected components of each central character are computed by
the following easy lemma:

LemMmaA 8.3. — Let x be a central character occurring in P.

i) If x is regular and integral, it contains exactly n connected com-
ponents. More precisely x(i,k) and x(i',k’) are in the same connected
component if and only if i = i'. The connected component of x(i,1) is as
follows:

x(61) = x(2,2) = ... = x(4,3) — x(5,i +1) — ... = x(é,n).
Moreover x(i,1) is in P+ and x(i,n) is in P~.

ii) If x is singular, it contains a unique connected component which is
as follows:
X(1) = x(2) = ... = x(@) — x(i+1) ... = x(n),
where i is the singularity of x. Moreover x(1) is in Pt and x(n) is in P~.
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iii) Ify is non-integral, it contains a unique connected component which
is as follows:

X1 e x2)e...ox@)eox@+l)o...oxn+1).
Moreover x(1) is in P* and x(n + 1) is in P~.

LEMMA 8.4.— Here g =sl(n+1). Let A ¢ P be a weight such that
the g-module L()\) is admissible.

i) We have m()) € P.

ii) Let p be another weight. If m(u) belongs to P and there is an ori-
ented arrow m(\) — m(p) in P, then L(p) is admissible and EXT (L())) =
EXT(L())-

Proof.— The first assertion is indeed equivalent to Lemma 8.1.
Assume that there is an arrow m(A) — m(p) in P. By Lemma 6.1,
L(u) belongs to EXT(L(A)). In particular it is admissible. Moreover, by
Proposition 4.8 we have EXT(L()\)) = EXT (L(w)). Q.E.D.

The converse of Lemma 8.1 holds:

PROPOSITION 8.5.— Here g = sl(n + 1). Let A ¢ P*. The module
L()\) is admissible if and only if m(\) € P.

Proof. — By the previous lemma, it is already proved that L(\) is
admissible only if m()\) belongs to P. Conversely, assume that m(\) € P.
By Lemma 8.3, there is always a weight u such that m(u) € P UP~ and
an oriented path from m(u) to m(A) in P, say m(u) = m(uo) — m(u1) —

- — m(ux) = m()\). By Lemma 8.2, L(u) = L(uo) is admissible. Using
inductively Lemma 8.4, each L(y;) is admissible. Therefore L(uy) = L(\)
is admissible.

For any semi-simple irreducible coherent family M, let m(M) be the
set of all sl(n + 1)-sequences m := m()), where A ¢ Pt and L()) occurs
in M.

THEOREM 8.6. — Here g = sl(n+ 1).

i) For any semi-simple irreducible coherent family M, m(M) is exactly
one connected component of P.

ii) The map m : M — m(M) is a bijection from the set of all irre-
ducible semi-simple coherent families to the set of connected components
of P.
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Proof. — First we claim that m(M) is an union of connected com-
ponents, for any semi-simple irreducible coherent family M. Let A, X’ be
two weights such that m(A\) € m(M), m(\') € P and m()) and m()\’) are
connected, i.e. there is an edge m(A) — m()\’) or an edge m(\) — m(X\').
By Lemma 8.4, we have M = EXT(L(\)) = EXT(L(XN')). Hence m()\')
belongs to m(M) and the claim is proved.

Proof of Assertion (i): by Proposition 6.2, m(M) is not empty. By
Proposition 4.8, M admits a central character. Therefore all connected
components of m(M) are in the same central character. By Lemma 8.3, any
central character of P is connected except if it is regular and integral. Thus
it can be assumed that the central character of M is integral. By Lemma
6.5, m(M) contains at most one module L(\) with A(h1) < 0. Hence m(M)
contains at most one element in P+. However, each connected component
of P meets Pt (see Lemma 8.3). Hence Assertion (i) is proved.

Proof of Assertion (ii): by Proposition 4.8 for non-isomorphic M
and M’, the sets m(M) and m(M') are disjoint, therefore the map m
is injective. The surjectivity results also from Propositions 4.8 and 8.5.

Q.E.D.

9. Classification of coherent families for sp(2n).

In this section, g=sp(2n). In this notation, it is always assumed that
n > 2. This section is devoted to the classification of all semi-simple
irreducible coherent g-families, which are characterized by the list of all
highest weight modules occurring in such a family. It turns out that the
result is easier than in the sl(n + 1)-case, because there are always exactly
two highest weight modules in each irreducible semi-simple coherent family.
A concrete version of the classification theorem will be given in Section 12.

Let B be a basis of the root system. We write B = {a1,--,a,} in
a such way that two consecutive roots are connected, o, --,a,—1 are the
short roots and a,, is the long root of the basis. There is an orthonormal
basis €1,...,€, of h* suct that o; = ¢; — €;41 for i < n and a, = 2¢,,
see e.g. [B2]. The corresponding coroots are h; = €; — €, for i < n and
hn, =€,.
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LEMMA 9.1.— Here g = sp(2n). Let A ¢ P*. If L()\) is admissible,
we have:

i) A(h;) € Zyp for any i # n,
ii) A(hn) €1/2+Z,
ili) AMhn—1+2hy) € Z5_.

Proof. — Let i < n. Let s be the rank two subalgebra to which the
simple roots are «; and 3; = 2¢;+1 and let p’ be the half sum of positive
roots of 5. The Lie algebra s is of type Cs. Let L()\,s) be the simple highest
weight s-module with highest weight A. Since L(),s) is a subquotient of
L()), it is admissible. Hence by Lemma 7.2, we have (A + p’)(h;) € Zso.
As o; is a simple root in s, we have p’(h;) = p(h;) = 1. Hence A(h;) € Zso.
Assume now ¢ = n — 1. In such a case, §; is the simple root «y,, i.e. the
restrictions of p and p’ to the coroots of s are the same. Set 8 = €,_1 + €y.
By Lemma 7.2, (A + p)(hy) is a half integer, so is A(hy). Moreover we have
(A + p)(hg) € Zso, i.e. A(An—1 + 2h,) + 3 € Zs( which proves Assertion
(ii). QED.

The Shale-Weil representation V is an explicit action of sp(2n) on
V = KJz1,...,2,). To describe this action, note that V has a natural
grading. The Lie algebra g=sp(2n) can be realized as a graded subalgebra
of differential operators as follows: we have g = g_,® g, D gy, Where g_, =
®;,; K.0%/02,0x;, 99 = ®ij K.(22;0/8x;+6; ;) (Where é; j is the Kronecker
symbol) and g, = ®; ; K.z;x;. In this setting h = @; K.(x;0/0x;+1/2) and
the simple coroots are h; = —x;0/0x; + £;110/0z;+1 for 1 <i <n—1and
hn = —2,0/0z, —1/2. As an h-module, V is multiplicity-free. As a sp(2n)-
module, we have V = Vevergyeodd where Vever Vodd gre the subspaces of
even degree, odd degree polynomials. Indeed these two subspaces are simple
highest weight modules, with highest weight vectors 1 and z,, respectively.
More precisely, we have Veve* = [(wt), V°dd = [(w™), where the weights
w* are defined by wt(h,) = —1/2, w™ (hn-1) = 1, w™ (h,) = —3/2 and
w*(h;) = 0 otherwise. Therefore L(w*) and L(w™) are admissible.

LemMMA 9.2.— Here g=sp(2n). Let A ¢ P*. The module L()\) is
admissible if and only if \ satisfies the conditions (i),(ii) and (iii) of
Lemma 9.1.

Proof. — In view of the previous lemma, it is enough to prove that for
any weight A satisfying the three conditions, the module L()) is admissible.
First assume that the half integer A(h,) is > —1/2. We have A = A + w™,
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where A € P*. Since the module L(w™) is admissible, so is L(A) ® L(w™).
Since L(A) is a subquotient (indeed a direct factor) of L(A) ® L(w™), L(\)
is admissible.

Assume now that A(h,) < —1/2. Set X = s, (A + p) — p. We have
Sphn—1 =2hy + hn_1, hence X satisfies (i), (ii), (iii), and X' (h,) > —1/2.
Hence L(X') is admissible. By Lemma 6.1, L(\) belongs to EXT (L(X)),
hence L(A) is admissible. Q.E.D.

A sp(2n)-sequence is an arbitrary n-tuple (mq,..., m,). Any weight
A of sp(2n) is identified with the sequence m(\) defined by m;(\) =<
A+ ple; >. The Weyl group W = S,, x (Z/2Z)™ acts on the set of sp(2n)-
sequence by permuting the indices and multiplying by +1 the m;. Two
highest weight modules L()\) and L(x) have the same central character if
and only if m(\) and m(u) are W-conjugated. Therefore a sp(2n)-sequence
modulo the action of W will be called a central character.

Let Q be the set of sp(2n)-sequences (my,...,m,) such that m; €
1/2+ Z for any i and my > mg > ... > mp—1 > +m,. Then A satisfies
the conditions (i), (ii) and (iii) of Lemma 9.1 if and only if m()\) € Q. Any
central character x occurring in Q@ can be represented by a sequence m
with m; > mg > ... > mu_1 > m, > 1/2. For such a ¥, let x* be the
two sp(2n)-sequences defined by x™ =m and x~ = (m1,...,Mun_1, —My).
There is a structure of oriented graph on Q such that the only arrows are
X" e X

For an irreducible semi-simple coherent family M, denote by m(M)
the set of all sp(2n)-sequences m with m = m(A) for some A such that L())
occurs in M.

THEOREM 9.3. — (for g=sp(2n))

i) For any irreducible semi-simple coherent family M, m(M) is a
unique connected component of Q.

ii) The map M — m(M) is a bijection from the set of all irreducible
semi-simple coherent families to the set of connected components of Q.

Proof. — The result follows easily from Proposition 4.8, Lemmas 6.1,
6.2 and 9.2.
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10. Classification of cuspidal representations.

In the previous sections, it has been proved that any cuspidal module
L is isomorphic to M][t] for a unique semi-simple irreducible coherent
family M and a unique ¢ € T*. By Lemma 5.3, there are coherent
families only for Lie algebras of type A or C and the coherent families
have been classified for these two types in Sections 8 and 9. To finish the
classification of cuspidal modules, it is only necessary to determine when
M]t] is cuspidal, or equivalently when M][t] is simple (Proposition 5.4).
This is the aim of Theorem 10.2, which determines the set Sing M := {t €
T*| M[t] is not cuspidal}. For the simplicity of the statements, it is always
assumed that g# s1(2). The s[(2)-case will be treated as a remark at the
end.

Let B be a basis of A and let x be a central character. Let HWpg(x)
be the set of all A € h* such that x is the central character of Lg()). Let
HW (x) be its image in T*. We have HWg(x) = {w(A+pB) — pglw € W}
for some X € h*. Since wpp — pp € Q, HW (x) consists of a single W-orbit
and it is independent of B (as suggested by the notation). For an irreducible
coherent family M, let HWg(M) be the set of all weights A ¢ P such
that Lp()\) occurs as subquotient of M. Let HW (M) be its image in T*.

LemMA 10.1.— Let x be the central character of an irreducible
coherent family M and let B be a basis of A. We have HW g(M) =
HW (x). In particular, HW g(M) is independent of B.

Proof.— We have HW (M) C HW(x) and by Proposition 6.2,
HWpg(M) is not empty. Since HW (x) consists of a single W-orbit, it
is enough to prove that HW g(M) is invariant by any simple reflexion
Sq. Let A € HWg(M). If A(hy) € Z, the image of A in T* is so-
invariant. Otherwise by Lemma 6.1, Lg(so(A+pB) — pB) also occurs in M.
Since (so(X + pB) — pB)(ha) ¢ Z, this module is infinite dimensional and
Sa(A+ pB) — pB belongs to HWg(M). However, sq(A + pB) — pB = SaA
modulo @, hence HW g(M) is s,-invariant. Q.E.D.

Since HW p(M) is independent of B, it will be denoted by HW (M).
From now on, it is assumed that g = sl(n + 1) or sp(2n) (and g # sl(2) =
sp(2)). Let B be a basis of A. The notations of Section 4 will be used,
namely for any subset I of B, Q denotes the subgroup of @ generated by
I, A; denotes the root system generated by I, and A}L denotes the set of
positive roots of A; relative to its basis I.
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Let J C B be a connected subset of cardinality n — 1, with the
additional requirement that J contains a long root if g=sp(2n), see the
following pictures:

Picture for g = sl(n + 1):

)] a2 Qn
B: o—0— -+ —0—0
ay o2 Qn—1
Ji: 0—O0— +-+ —O
a2 QAn
Jo: o— -+ —0—0

Picture for g = sp(2n) (where e denotes the long root):

a; a2 [o 7Y

B: o—0— -+ —0—e
a2 [¢ 7%

J: o— .. —0—e

Denote by 7 the set of all sublattices of the form w.Q ;, where w runs over
W. If g=sp(2n), the subset J is uniquely determined by B. If g=sl(n + 1),
there are two connected subsets of cardinality n — 1, say J; and Jz, and
we have woJ; = —J» and therefore wo@j, = Qj, where wy is the longest
element of W. Hence, the set 7 is independent of the choice of a basis B
and its subset J. Indeed T contains exactly n+1 elements if g=sl(n+1) and
n elements if g=sp(2n). Roughly speaking, 7 is the set of all sublattices of
type Xn—1 if g is of type X,,. For any sublattice Q' C @ such that Q/Q’ is
torsion-free, set T¢) = (K ® Q')/Q’ the corresponding subtorus in T*.

Let 7 € T* and let Q' € 7. Let us say that 7 is Q’-non-integral if there
exists & € AN Q' such that A(h,) is not integral for some (or equivalently
for all) A € 7. Let x be a central character. If x is integral, let 7 be the
unique element of HW (x) and set Sing(x) = Uger T + T Otherwise
set Sing(x) = U(r,q) T+ T}/, where the union runs over the set of pairs
(1,Q") with 7 € HW(x), Q' € T and 7 is Q'-non-integral.

THEOREM 10.2. — Here g+#sl(2). Let M be an irreducible coherent
family and let x be its central character. We have Sing M = Sing(x).

Proof. — By Proposition 5.4, it can be assumed that M is semi-
simple. Let d be its degree.

First, we prove that Sing M C Sing(x). Let ¢ be any element of
Sing M. By Proposition 5.4, M|t] is not simple and by Lemma 3.3 it
contains an infinite dimensional simple submodule M. By Proposition 4.8,
M is admissible of degree d. Since M # M][t], we have Supp.,, M # t and
therefore M is not cuspidal. By Theorem 1.2, there is a proper parabolic
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subalgebra p with nilradical u and a cuspidal p/u-module S such that
M ~ L,(S). Let B be a p-adapted basis of A and let I be the corresponding
basis of the root system of p/u.

Let I,...,I; be the connected components of I. We have p/u =
3®a; b ...P ag, where 3 is the center of p/u and each a; is the simple
Lie algebra with root system Aj,. Wehave S =75 ®...... ® Sk, where
each S; is a cuspidal a;-module and Z is a one dimensional 3-module. Set
F = BN AL, For any 4, by Lemma 4.1 (i), there is a set of commuting
roots ¥; C AZ_ which is a basis of Qy,. Set ¥’ = U; ;. We have INF = g,
therefore by Lemma 4.1 (ii) there is a set ¥ of commuting roots which is a
basis of @ such that ' C £ C AT\ Af.

By Lemmas 4.1 and 4.5, the module M’ := ®,cp+ f4.Mp, is a
coherent extension of M and we have M'®s = M. This coherent extension
contains the submodule X = Buery, f¢,.M (note that M = MFp,_,). Set
S = 6]9,,6751 f3,.S. Similarly S = Z ® $1 ® ... ® Sk, where each S; is the
coherent a;-family GBVGTE;,. f%,-Si. The support of S is the K ® Q(p/u)-
coset, containing Supp S. As in the proof of Lemma 6.1, it is easy to show
that X = L,(S) (see also Lemma 13.2 (i)).

By Proposition 6.2, each coherent a;-family S7° contains an infinite
dimensional I;-highest weight module L;. Set L' = Z ® Ly... ® L.
Therefore L' is a p/u-subquotient of f%.S for some v € T5,- We have
L,(L") = Lp(A) for some A and by Lemma 1.1 (iv), it is a subquotient of
X. Since X% C M’** = M, the g-module Lp()) is a submodule of M.
Since A € v+ Supp S, we have A € t + K ® Q. Hence we have t € 7+ T,
where 7 is the image of A in T™.

As Lg()\) is admissible, it follows from Lemma 6.4 that the set
Ap(A) = {a € B|A(ha) ¢ Zxo} is connected and contains at most two
roots. Since each L; is an infinite dimensional highest weight module,
Ap()) intersects each I;. Therefore either I is empty or I is connected
and I N Ag(A\) # @. Since p is a proper parabolic subalgebra, we have
I # B. We have t € 7 + T, and by definition 7 € HW (x). The argument
splits into three cases:

e Assume g = sp(2n) and let J be the unique connected subset of
B of cardinality n — 1 which contains the unique long root a of B. Then
Ap(A) = {a} and therefore I C J. Thus 7 is @ j-non-integral, Q@ € 7 and
t € 7 +T¢,, which proves that ¢ € Sing(x).
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e Assume g = sl(n + 1) and x is not integral. If I is empty, let J be
a maximal proper connected subset of B with J N Ag(\) # @. If T is not
empty, it is contained in a maximal proper connected subset J of B. In this
case J intersects Ag(\), because INAg(\) # @. It follows from Lemma 6.4
that for any a € Ag()), we have A(hy) ¢ Z. Therefore in both cases 7 is
Q-non-integral, @y € T and ¢ € 7 + 17, , which proves that ¢ € Sing(x).

o Assume g = sl(n+1) and y is integral. Since I is empty or connected,
it is contained in a connected subset J C B of cardinality n — 1. We have
Qs €T and t € 7+ T7, ,, which proves that ¢ € Sing(x).

Therefore it is proved that Sing M C Sing(x).

Conversely we prove that Sing(x) C Sing M. Let t be any element of
Sing(x). By Lemma 10.1, we have t = 7+ for some some 7 € HW (M), for
some v € Tg), with Q' € 7, and 7 is Q"-non-integral if x is not integral. By
definition of 7, there is a basis B of A such that B’ = BN Q' is connected
and Q’ = Q B’-

We claim that it is always possible to choose A € 7 such that Lg(A) is
an infinite dimensional submodule of M, with the additional requirement
that A(hq) ¢ Zyo for some a € B’ (or equivalently Ag(A\) N B’ # ).
If x is not integral, the existence of such « follows from the fact that
7 is @'-non-integral. Otherwise, the central character is integral. In such
a case g = sl(n+ 1), HW (M) = {r} and it follows from Lemma 8.3 and
Proposition 8.4 that there are n distinct integral weights A,... A\, € T\Pg
such that Lg();) C M. For each i, Ag(\;) contains a single element, and
Ap(X\i) # Ap();) for i # j. Therefore Ag(\;) ¢ B’ for a unique . Since
n > 2, the claim is proved.

Set L = Lp()\). Set F = A N B and F/ = FN B'. Since B’ is
connected and F' # B’ there is a set ¥/ a commuting roots which is a basis
of Q' such that ¥’ C A}, \ AL, (apply Lemma 4.1 (ii) to the basis B’ with
the subsets and J' = @ and F’). There is a set of commuting roots ¥ which
is a basis of @ such that ¥’ C £ C AL\ AL (apply now Lemma 4.1 (ii) to
the basis B, the subsets J = B’ and F' and the basis ¥’ of Qp').

By assumption, we have ¥ C A} U Al. By Lemma 45, £ :=
@uer+ fh. Ly, is a coherent family of degree d which contains the module
M := f¥,.Lg,. We have SuppM = v + ZB' + Supp L. Since Supp L C
A + Zgo B, the support of M is strictly included in the @-coset t. Since
L% = M, M** is a submodule of M[t]. Hence the g-module M|t] is not
cuspidal, i.e. t € Sing M. Q.E.D.
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It follows from the classification of coherent families, that HW (M)
contains two elements if g=sp(2n). If g=sl(n + 1), HW (M) contains a
unique element if the central character is integral, and n + 1 elements
otherwise.

CoroLLARY 10.3. — Here g#sl(2). Let M be an irreducible coherent
family. The subset Sing M of T* is an union of r distinct codimension one
cosets, wherer =n+ 1 if g =sl(n+ 1) and r = n if g = sp(2n).

Proof.— If g = sl(n + 1), the set T consists of n + 1 lattices, say
Q1, ", Qny1- If the central character of M is integral, then HW (M) =
{7} and Sing M is the union of the n+1 codimension one cosets 7+ T3, . If
the central character is not integral, then HW (M) consists of n+1 elements
and each of them is @;-non-integral for all ¢ except one. Therefore there is
a unique way to write HW (M) = {1, -+, Tn41} in such a way that 7; is
Qj-non-integral for all 4 # j. For i # j, the coset 7; + @Q); contains all other
Tk, except 7;. Hence Sing M is the union of exactly n 4+ 1 codimension one
cosets.

If g = sp(2n) the set T consists of n lattices, say @1, --,Qn and
HW (M) consists of two elements, say 71, 72. For any long root «, 7, and
1o differs by /2 and therefore 1 +T4, = T2+ T4, for any i. Hence Sing M
is the union of n codimension one cosets.

Remark. — Since the previous theorem does not hold for the Lie
algebra s[(2), this case is explained now. Let M be an irreducible coherent
sl(2)-family and let t € T*. Then MJt] is irreducible if and only if
t ¢ Sing M. In particular Sing M consists of two elements if its central
character is not integral, and one element otherwise.

11. Explicit realization of coherent families for si(n + 1).

In this section, the irreducible coherent sl(n + 1)-families will be
explicitly described, and their degrees will be computed. Indeed, the Lie
algebra sl(n + 1) contains a parabolic subalgebra p with nilradical u such
that p/u ~ gl(n). Let S be the set of finite dimensional simple gi(n)-
modules. For any finite dimensional simple sl(n + 1)-module L, H%(u, L) is
a simple gl(n)-module. Let H° be the set of all S € S which are isomorphic
to H%(u,L) for some finite dimensional simple sl(n + 1)-module L. The
irreducible coherent sl(n+1)-families are parametrized by S\ H®. Therefore,
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this reformulation of the classification theorem 8.6 is based on a more
concrete set of parameters than the set of connected components of the
graph P.

Let X be a smooth affine algebraic variety of dimension n over K,
let Q% be the space of algebraic differential forms and let Wx be the
Lie algebra of vector fields on X. In order to quickly describe the tensor
representations of W, it is simpler to assume that the tangent bundle
TX is trivial, i.e. Q% is a free K[X]-module. The definition of these Wx-
modules requires some preparatory explanations.

Set V. = K", let vy,...,v, be its natural basis and let (E;;)i<i<n
be the natural basis of gl(n). With these definitions, V is the natural
representation of gl(n), and we have F; j.ux = 6r.v; and E = ), E;;
is the identity matrix. Set ® = gl(n, K[X]), 8’ = K[X]. Any element g
of ® can be written as g = }_, ; fi; ® E;;, where f;; € K[X]. Since
the Lie algebra Wx acts by derivations on K[X], it acts by derivations
on &. The extended current algebra is the semi-direct product Cur(X) =
Wx x (& @ ®’). For any gl(n)-module S, K[X]® S is obviously a Cur(X)-
module: indeed the general element £ + g+ f of Cur(X) acts over K[X]|® S
by E®@1+37, . fi,j®0(Ei;)+ f@1 (here o : gi(n) — End(S) denotes the
gl(n)-actionon S, £ € Wx, g =3, ; fij®E;; € & and f € &'). It should
be noted that the elements f ® E € & and f € &’ do not act in the same
way on K[X] ® S: the first one acts as f ® o(F) and the second one by
f ®1. The restriction of this module to W is a direct sum of dim S copies
of K[X]. In order to get more interesting Wx-modules, one needs to twist
the natural embedding Wx — Cur(X) by a non-abelian cocyle.

The notion of a non-abelian cocycle is defined as follows. Let £ be a
Lie algebra and let 20 be a Lie algebra of derivations of £. The elements
of the semi-direct product 20 x £ will be denoted by £ + g, £ € 20, g € £.
In this setting, a non-abelian 20-cocycle with value in £ is a linear map
c: 2 — £ such that the map j : W — W £, £ — £ + ¢(£) is a morphism
of Lie algebras. If £, £ are Lie algebras on which 20 acts by derivations
and if ¢: 20 — £ and ¢ : 20 — £’ are non-abelian 28-cocycles, it is obvious
that their direct sum c®c’ is a non-abelian 20-cocycle with value in £& £'.

Two non-abelian Wx-cocycles c,, and c¢® are now defined. Any vector
field € acts over Q% by its Lie derivative L¢, where L¢ = [d, i¢] (Cartan’s
formula). In this formula, d is the de Rham operator, i¢ denotes the
contraction by ¢ and the bracket [d, i¢] should be understood as doig +i¢od
since the two operators d and i, are odd. For any w € %, set LY = Le+icw.
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We have [LY, L] = L )+ igandw for any &, n € Wx. From now on, it
is assumed that w is closed and therefore { € Wx — L¢ € End() is a
morphism of Lie algebras, i.e. the map c,, : { — %¢w is a non-abelian Wx-
cocycle with value in € &’ (since &' is abelian, c,, is indeed an ordinary
cocycle). In order to describe the second non-abelian Wx-cocycle with value
in 8, a K[X]-basis b = (01,...,0,) of Q% is chosen. Let (¢1,...,&,) be
the dual basis of Wx. We have

Le.fB; = (&.F)B; + fLe.B;
= NG+ £ Y (ie.Le.B;)Bi

1<i<n

=ENB+f Z (ie.,e185) B>

1<ign

for any f € K[X] and any j. Using its basis b, the space 2% is identified
with the Wx x &-module K[X]® V and L with the element £ + ¢P(£) of
Wx x &, where

@) = Y ig.gb@Ei;

1<i,j<n

Therefore c® is a non-abelian Wx-cocycle with value in &. Thus c? :=
c®@c,, is a non-abelian Wx-cocycle with value in 8®®’ and let j& : Wx —
Cur(X), € = & + c2(&) the corresponding morphism of Lie algebras.

For any gl(n)-module S, K[X] ® S is now a Wx-module, where each
& € Wx acts as jP2(£). Viewed as a Wx-module, this space is denoted by
Tens’% (S,w). When S is a simple finite dimensional gl(n)-modules and w is
a closed one-form, the module Tens% (S, w) is called a tensor Wx-modules.
To clarify this definition, let us start with general remarks about the tensor
modules:

e Let f € K[X]* be an invertible function on X. The multiplication
by f induces an isomorphism Tens% (S, w) =~ Tens% (S, w+df/f). Hence the
isomorphism class of the Wx-module Tens% (S, w) depends only on w mod-
ulo a logarithmic differential. Set Q(X) = {w € Q% |w = df/f for some f €
K[X]*} and X* = K ® Q(X)/Q(X). To explain these notations, it should
be noted that when X is a torus, @(X) is isomorphic to the group of char-
acters of X, K ® Q(X) is the dual of its Lie algebra and X* is the dual
torus. Therefore for any w € X*, the module Tens%(S,w) is well defined
up to an isomorphism.
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e Let us investigate in which way the Wx-module Tens%(S,w)
depends effectively on the trivialization of X, i.e. in which way it depends
on the choice of a K[X]-basis b of Q%. First consider the case where the
gl(n)-action on S derives from a GL(n)-action (such a module will be called
later a GL(n)-module). Since K[X|®S is a GL(n, K[X])-module, it is clear
that Tens% (S,w) is independent of the trivialization of T'X: in this case,
the index b will be dropped from the notation Tens’% (S,w). In general, any
S € S can be written as S’ ® K, where S’ is a GL(n)-module, s € K and
K is the one dimensional gl(n)-module on which any g € gl(n) acts by
sTrg. Let b’ be another basis of Q% and let f be the determinant of b’
relative to b. Then we have TensS’{’ (S, w) = Tens% (S,w+sdf/f). Therefore
Tensg’( (S,w) only depends on the volume form $; A B2 - - - and the big Wx-
module @ ex- Tens%(S,w) is independent of a particular basis of Q.
Hence it will be denoted by TENSx(9).

e It follows from the previous remark that the tensor Wx-modules
can be defined in the more general setting of an arbitrary smooth affine
variety X (even when TX is not trivial). More precisely Tensx (S, w) can
be defined whenever one of the following two conditions is satisfied:

i} S is a GL(n)-module,
ii) X admits a volume form.

In the cases considered below, T X will be always trivial and therefore it is
not necessary to define the tensor modules in this general setting.

e Let w be a closed one-form. It is easy to show that Tensx (A'V,w)
is isomorphic to 2% where any £ € Wx acts by E‘g, for any 1 <1 < n. Set
d, = d + e(w), where e(w) is the exterior product by w. We have d2 = 0,
Ly = [dw, t¢] and therefore [d,,, cy ] = 0 for any £ € Wx. Hence d,, is a Wx-
equivariant map from Tensx (A*V,w) to Tensx (A*T!V,w). Therefore there
is a Wx-equivariant map D : TENSx(A*V) — TENSx(A*V) such that
its restriction on each component Tensx (A*V,w) is d,,. We have D? =0.

After these general remarks, let us consider the case where the smooth
affine variety X is a n-dimensional torus denoted by T. Let h be its Lie
algebra. Its dual h* is identified with the space of T-invariant one-forms.
Let b be a basis of h* which is also viewed as a K[T']-basis of QL. Then we
have ¢®(h) = w(h) for any w €h* and h € h. For any S € S, the element
h €b acts on Tensy(S,w) ~ K[T] ® S as (Lp + w(h)) ® 1. Hence the Wr-
module Tensr(S,w) is a weight module (relative to h) and the dimension
of any non-zero weight space is dim S. From now on, T will be the group
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of diagonal matrices in PSL(n + 1). It will be identified with its unique
open orbit on P*. Since PSL(n + 1) acts on P, its Lie algebra sl(n + 1)
can be identified with a Lie algebra of vector fields on T', therefore we have
h C sl(n+1) C Wy. Viewed as a sl(n+1)-module, TEN St (5) is a coherent
family of degree equal to dim S, for any S € S.

To get an explicit description of these coherent families, write K[T'] =
Kzt!,...,zF"]. The Lie algebra sl(n + 1) decomposes into g_;®go®gs,
where go=gl(n), g-1 = V, g1 = V*. As a Lie algebra of vector fields on
T, g-1 has basis (3/61:1')1@'91, go has basis (Ei’j = xja/ﬁwi)lg,j@ and g1
has basis (z;.E)1<i<n, where E = Elsi@ z;0/0x;. The subspace h with
basis (2;0/0%;)1<i<n is the Cartan subalgebra of sl(n + 1). To describe
the action of the Weyl group W = S,4; on b, it is convenient to set
Erntin+1 = —E. Then S,41 acts on the generating set (E;;)1<i<n+1 DY
permuting the coordinates. In order to specify a basis of the root system,
set h; = E; ; — Eiy1,i41 for ¢ <n and h, = E, , + E. There exists a unique
basis of A relative to which the h; are the simple coroots.

Example of a tensor family: Let a € K be a scalar. Recall that K,
denotes the one-dimensional gl(n)-module on which any element g € gl(n)
acts as a'Trg. For £ € Wr, its divergence div€ is defined by the identity
Lev = (divE)v, where v = dxi/z1 A dzo/xs...dzn/2,. Let M(a) be
the Wr-module with basis (27" ...2%")ay..a ek, Where any £ € Wr
acts by £ + adiv (the conventions are the same as in the example of
Section 4, e.g. 8/8z; 3232 ... = aqx$* 1xy?...). Tt is clear that M(a) is
isomorphic with TENSt(K,), and this example generalizes the example
of the coherent sl(2)-family occuring in Section 4.

Any S € S is determined by its highest weight A € h* which satisfies
A(hi) € Zyo for all 1 < i < n. Set p = gy & g;. Then p is a parabolic
subalgebra with nilradical g,. As before, any S € S is viewed as a p-module
with a trivial action of g,. Set M,(S) = Ind] S and let Ly(S) be its unique
simple quotient. Indeed L,(S) = L(A), where )\ is the highest weight of
S. It will be convenient to use these notations also for S = 0, in this case
M, (S) and Ly(S) are zero.

Let A € P*. By a theorem of Kostant [K], H*(g;, L())) is the simple
gl(n)-module with highest weight wi(A + p) — p, where wy is the unique
element of length k£ which is minimal in its S,-coset. More explicitly, we
have wg(i) =i fori<n+1—k, wg(n+1—k)=n+1and wy(?) =7—1
for i > n+ 1 — k. Let H* be the set of all S € S which are isomorphic to
H*(g;, L) for some finite dimensional simple sl(n + 1)-module L, and set
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H* = Upck<nMF. The sets H°, H!,--- are pairwise disjoint. For S € H*,
there is a unique finite dimensional simple sl(n+ 1)-module L and a unique
k such that S ~ H*(g,,L). Hence for any S € H*, the gl(n)-module
S[i] := H**i(g,, L) is well defined, for all i € Z. For instance, let K be the
trivial representation of gl(n). Then K belongs to H° and K[k] = H*(g;)
is the gl(n)-module A*V. Note that for any S € S, L,(S) is admissible and
it is infinite dimensional unless S € H°.

LEMMA 11.1.— i) Here g # sl(2). Let S # S’ € S, and let A, X' be
their highest weights. If A+ p and X' + p are in the same W-orbit, then S
and S’ belong to H* and S’ = S[i] for a unique ¢ # 0.

ii) Let S € S. The central character of L,(S) is integral and regular if
and only if S belongs to H*.
Proof. — With the notation of Lemma 8.3, let C be the set of all
u € h* such that
i) p+tpeW+p),
ii) m(u) € P+ or p € P,

It follows from Lemma 8.3 that C is reduced to A whenever the central
character of L()\) is not integral and regular (unless g = s((2)). Otherwise,
it can be assumed that A € P*. Then C contains n + 1 elements, which
are the highest weights of S[k] for 0 < & < n. Hence the two assertions are
proved. Q.E.D.

LemMMa 11.2.— Let S € S.

i) If S ¢ H*, the sl(n + 1)-module M,(S) is simple, and its degree is
dim S.

ii) If S € H*, there is a exact sequence of sl(n + 1)-modules:

- My(S[2]) = Mp(S[1]) — M,(S[0]) — Ly(S) — 0.

Moreover if S ¢ H°, the degree of Ly(S) is };., (—1)* dim S[i].

Proof. — Both assertions follow from Kazhdan-Lusztig character for-
mulas. However, it is simpler to prove them directly. Since M,(.S) is locally
finite as a p-module, any simple submodule is isomorphic to L,(S’), for
some S’ € S. Hence by Lemma 11.1, M;(S) is simple whenever S ¢ H*
and g # s[(2). For the s{(2)-case, this follows by direct computations.
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To prove the second assertion, it is enough to consider the case where
S = K|k] for some k > 0, where K is the trivial representation of gl(n):
indeed the general case follows from the translation principle [Ja]. Set
X = SpecK|[z1,...,z,). We have T C X C P™ and sl(n + 1) is indeed
a subalgebra of Wx. Let Z% = {a € Q% |da = 0}. Following [Gai], Z% is a
simple sl(n + 1)-module. Moreover, it is easy to identify Q% and Z% as the
O-duals of M,(K|[k]) and L,(K[k]) respectively. Hence the required exact
sequence

- My(S[2]) — Mp(S[1]) — M,(S[0]) — Lp(S) — 0

is the O-dual of the truncated De Rham complex

0—->Z§(——>QI§(—>Q§(+1—>Q§(+2~-

Let S € S. It follows from the identity ch M, (S) = ch SchSg_; that

chLy,(S) =chSchSg_, if S¢ H", and
chLy(S) = Z (—=1)*ch S[i]ch Sg_; otherwise.

=0

Since the set of roots of g_; is a basis of Q, the degree of L,(S) is as
asserted. Q.E.D.

LEMMA 11.3.— Let S € H° and let A € Pt be its highest weight.
There is a natural complex

C): 0 TENSH(S[0]) — TENSH(S[1]) — TENST(S[2)) - -,

and its homology is Hj,p(T) ® L(A).

Proof. — First consider the case L = K, i.e. A = 0. Then K[k] ~
AFV . In the last remark about tensor modules, a Wr-equivariant map D :
TENST(A*V) — TENST(A*V) has been already defined. By definition
C(0) is the complex (TENST(A*V), D). As a complex, it is a direct sum
of the complexes (2%, d,) where w € §* runs over a set of representatives
of T*. Since [d,,ig] = L% and L% is diagonalizable, this complex is
exact unless 0 is an eigenvalue of L%. This occurs only when w belongs
to Q. Therefore the homology of the full complex C(0) is the De Rham
cohomology H})p(T) of T.

The general case follows from the translation principle. Q.E.D.

ANNALES DE L’INSTITUT FOURIER



CLASSIFICATION OF IRREDUCIBLE WEIGHT MODULES 581

Remark. — It should be noted that the differential of C(0) is Wr-
invariant, but for A # 0 the corresponding differential on C(\) is only
sl(n + 1)-invariant.

By Theorem 8.6, any semi-simple irreducible coherent sl(n+1)-family
M contains a unique infinite dimensional submodule L()\) with A(h;) > 0
for all i < n and A(hn) ¢ Zso, i.e. A ¢ Pt but m(\) € PT (here it is
assumed that n > 2; indeed this result fails for sl(2), because it is not

possible to distinguish P+ from P~ for non-integral central characters).
Set S(M) = H%(gy, L()\)). Thus S(M) belongs to S \ H°.

It follows from Lemma 5.5 that the formal coherent families (i.e.
elements in a suitable Ky-group) can be defined and they are characterized
by their trace. This is the meaning of the formal sum in the following
Assertion (ii). The following theorem fails for s{(2) and this case is treated
in a remark.

THEOREM 11.4. — Here g=sl(n + 1), with n > 2. The map M ~
S(M) is a bijection from the set of semi-simple irreducible coherent
sl(n + 1)-families to S \ HO.

Moreover, let M be any semi-simple irreducible coherent sl(n + 1)-
family and set S = S(M). Then one of the following two assertions hold:

i) S ¢ H*, M is isomorphic to TEN S1(S)*¢, and its degree is dim S.

ii) S € H*, M is equivalent to the formal coherent family }, o(—1)*
TENST(Si]), its degree is Y,.(—1)*dim S[i] and there is an exact se-
quence

0 — M(t] > TENSr(S[O))[t] » TENST(S[)[t] = TEN S (S]] - -,

for any t € T* such that M|[t] is cuspidal.

Proof.— The fact that the map M — S(M) is a bijection is a
reformulation of Theorem 8.6. Let M be a semi-simple irreducible coherent
sl(n + 1)-family, and set S = S(M). Set X = SpecK|[z1,---,z,]. We
have T ¢ X C P® and sl(n +1) ¢ Wx C Wy. The Wr-module
TENST(S) contains Tensx(S,0) as a Wx-submodule. As an sl(n + 1)-
module, Tensx (S,0) is the O-dual of M,(S).

First let us assume that S ¢ H* or S € H" (in such a case S[1] = 0).
By Lemma 11.2, the sl(n + 1)-module Tensx (.S, 0) is simple and its degree
equals the degree of the coherent family TENST(S). Hence the coherent
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family is irreducible by Proposition 4.8, and the assertions of the theorem
follow.

Next let us assume that S € H*, with k < n. Since Tensx (S, 0) is the
O-dual of M,(S), it follows from Lemma 11.2 that the sl(n + 1)-module
Tens x (L, 0) has two composition factors, namely L, (S) and L,(S[1]). These
factors are admissible and their supports are in the same @Q-coset. It follows
from Proposition 4.8 that TENS7(S)%° = EXT (L, (S)) ® EXT (Ly(S[1])).
Hence the formal coherent family ", (—1)!T7ENSr(S[i]) is effective and
equals to EXT (Ly(S)) = M. Moreover for any t € T* such that M]t] is
cuspidal, the t-component of the sequence of Lemma 11.3 is exact, and the
last assertion follows. Q.E.D.

It remains to describe Sing M in terms of the geometry of P™. Under
the action of T, P has a unique open orbit (identified with T), n + 1
codimension one orbits, (say Op, O1, -+, O,) and some other orbits of
higher codimension. For each 0 < i < n, T; := T U O; is an affine open
subset of P* and we have sl(n + 1) C Wg, C Wr. These codimension one
orbits can be indexed in such a way that

o for i # 0, K[T;] is the subalgebra of K[T'] generated by xjﬂ for j #1
and z;,

e K[Tp] is the subalgebra of K[T] with a basis consisting of all
monomials 7" - - - 7' such that >, .. mx <O.

It should be noted that each T}* is a codimension one torus of T*. Therefore
for any S € S, the image of Supp TENST,(S) in T* is a codimension one
coset.

COROLLARY 11.5.— Let M be a semi-simple irreducible coherent
sl(n + 1)-family and set S = S(M). We have

Sing M = Ug<1<n Supp T7EN ST, (S) modulo Q.

Proof. — It follows from Theorem 11.4 that ¢t ¢ Sing M if and
only if TENST(S)[t] is cuspidal (if S ¢ H* or S € H™) or is the
extension of two cuspidal modules (if S € H* but S ¢ H"™). Let ¢
be an integer with 0 < ¢ < n. Since the support of TENST,(S) does
not contain any Q-coset, TENST,(S) contains no cuspidal subquotient.
Moreover for any t € Supp 7EN S, (S) modulo Q, the sl(n + 1)-modules
TENST(S)[t] and TENST,(S)[t] have the same degree, namely dim S.
Since TENST,(9)[t] is a sl(n + 1)-submodule of TENST(S)|[t], we have
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Q + SuppTENST,(S) C Sing M. Hence Sing M contains the n + 1
codimension one cosets Supp 7EN S, (S) modulo Q. By Corollary 10.3,
Sing M is the union of n + 1 codimension one cosets, therefore Sing M is
exactly the union of these cosets. Q.E.D.

Remark. — Let us consider the special case g = sl(2), for which the
previous theorem fails. The set S of all simple gl(1)-modules is identified
with h*. For any two weights A and u, write A = p if A+ p = £(u + p).
The map S € § — TENST(S)* induces a bijection from S/ = to the set
of semi-simple irreducible coherent sl(2)-families.

Remark. — As mentionned before, Britten and Lemire have classified
all multiplicity free simple sl(n+1)-modules [BL]. Of course it is possible to
use the previous formula for the degree of a coherent family to recover their
result. However there is a simpler way: indeed it is enough to determine for
which S € S\ H® the module L := L,(S) is multiplicity free.

Set V =g_; as before. Then L is a finitely generated torsion free
SV-module of rank one. Therefore, the SV-module L can be identified
with a SV-submodule of SV in such a way that the elements in L have
no common divisors. It follows that L = SV or L is an ideal defining a
subscheme of codimension > 2. Since Spec SV is smooth, any differential
operator 8 : L — L is the restriction of a unique differential operator
from SV to itself (Cohen-Macaulay property). Since sl(n + 1) acts on L by
differential operators, this action extends to SV. Then it is easy to identify
SV with a generalized Verma module M, (K,) for a certain a € K. It follows
that L is the unique simple submodule of M,(K,). Therefore EX7T (L) is
the coherent family M(a)**, where M(a) is the coherent family defined
in the example at the begining of the section. Hence any multiplicity free
semi-simple coherent family is isomorphic to M(a)®® for some a € K. This
proves the following result:

CoroLLARY 11.6 (Britten and Lemire [BL1]). — Any infinite dimen-
sional multiplicity free weight simple sl(n + 1)-module is a submodule of
M(a)*®, for some a € K.

12. Realization of coherent families for sp(2n).

The Dynkin diagram of Spin(2n) has a non-trivial involution (it is
unique unless n = 4) which induces an involution ¢ of Spin(2n). Also
there is a unique central element z € Spin(2n) such that 22 = 1 and
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Spin(2n)/{1,2} = SO(2n) (for n = 4, z is uniquely determined by the
additional requirement o(2) = z). An odd pair of Spin(2n)-modules is a
pair {L,L’} of simple Spin(2n)-modules which are conjugated by ¢ and
such that z acts as —1 on L and L'. In this section, it is shown that the
irreducible semi-simple coherent sp(2n)-families are exactly parametrized
by the odd pairs of Spin(2n)-modules and their degrees can be computed
in terms of the parameter. This statement is more concrete than Theorem
9.3, which involves the set of connected components of Q. Unfortunately, I
did not find a description of coherent families which is as explicit than the
sl(n + 1)-case.

Let X be a smooth affine variety of dimension n and let Diff(X) be
the ring of differential operators on X. The ring Diff (X) is generated by
the differential operators of order < 1, i.e. by the functions and the vector
fields. Any closed one-form w induces an automorphism ©, of Diff(X)
defined by ©,,(f) = f if f € K[X] and ©,,(§) = £ +iew if £ € Wx. For any
invertible function f, ©4/ ¢ is the conjugacy by f. Hence ©, modulo the
inner automorphisms of Diff (X) depends only on w modulo the logarithmic
differentials.

Let R be the subalgebra of K[z{!,... zF!] generated by the mono-
mials £ "2 - - - with 37, m; = 0 modulo 2. Set 7' = Spec K[z{?,. .., z¥]
and T = Spec R. In Section 9, sp(2n) has been realized as a Lie algebra of
differential operators on Spec K[z1,...,2,] and therefore on T'. Indeed we
have sp(2n) C Diff(T). For any T-invariant one-form w on T, let K[T]¥
be the natural Diff(T')-module twisted by ©,,. Since this module depends
only on w up to a logarithmic differential, V := @y e+ K[T]¥ is a well de-
fined Diff (T')-module. Its restriction to sp(2n) will be called the Shale-Weil
coherent family.

Let M be a semi-simple irreducible coherent sp(2n)-family, and let x
be its central character. By Theorem 9.3, M contains exactly two highest
weight modules L(A*). With the notations of Section 9, A\*(h,,) are half
integers and the weights A\* are defined by the requirement A* (h,,) > —1/2
and A~ (h,) < —3/2. For the Shale-Weil coherent family V, these weights
are denoted by w*. We have w*(h,) = —1/2 and w*(h;) = 0 otherwise.
Therefore A := A* — w is integral and dominant. For any sp(2n)-module
M, let MX) be its maximal submodule with generalized central character Y.

ProposiTioN 12.1. — Here g=sp(2n). With the previous notations,
we have

M~ (V¥ ® L(A)™.

ANNALES DE L’INSTITUT FOURIER



CLASSIFICATION OF IRREDUCIBLE WEIGHT MODULES 585

Proof. — Let xo be the central character of V. The translation functor
from the category of sp(2n)-modules with generalized central character
Xo to the category of sp(2n)-modules with generalized central character
x is M — (M ® L(A)®. By Theorem 9.3, M is the unique semi-
simple irreducible coherent family with central character x. Therefore the
proposition follows from the fact that, in our setting, the translation functor
is an equivalence of categories (see [Ja]). Q.E.D.

The notations specific to sp(2n) have been introduced in Section 9.
Let us recall that h* has a basis (€;)1<icn, relative to which the simple
roots are a3 = €1 — €2, ,Qpn_1 = €p—1 — €n,Qn = 26,. The set A, of
short roots is the root system of Spin(2n). A basis of this root system is
B’ = {c}]1 < i < n}, where o), = ap + ap—1 = €p—1 + €, and o} =
otherwise. The involution of B’ is the transposition which exchanges o}, _,
and of,. Let o be the corresponding outer involution of Spin(2n).

Let M be an irreducible coherent sp(2n)-family M. Let AT be the
highest weights of the two highest weight modules occuring in M. The
weights A* + ¢ are integral and dominant with respect to B’, where
€ =Y 1<icn €n- Therefore let S (M) be the simple Spin(2n)-modules with
highest weights A* + ¢. Then S*(M) is an odd pair of Spin(2n)-modules.
The common dimension of these modules is denoted by dim S*(M).

THEOREM 12.2. — i) The map M — S*(M) is a bijection from the
set of semi-simple irreducible coherent sp(2n)-families to the set of odd
pairs of Spin(2n)-modules.

ii) The degree of an irreducible coherent sp(2n)-family M is (1/2"~1)
dim S (M).

iii) Lett =), ;,ai€; € T*. The module M|t] is cuspidal if and only
ifa; ¢ 1/2+Z for all1 <i < n.

Proof. — Assertions (i) and (iii) are just reformulations of Theorems
9.3 and 10.2. Let us prove Assertion (ii). Let L(A*) be the two highest
weight representations of M.

We claim that ch L(AE) =3, oy e(w)e“’(’\i“’)_”/ [Toca+(1—€7%),
where W' is the Weyl group of B’. Indeed this follows from [GJ]. More
precisely, the proof of these authors is based on some conjectural facts about
highest weight representations which have been proved later by Soergel
[S]. However there is an elementary and direct proof for the special case
considered here: indeed it is enough to check the character formula in the
case where A\* = w* and to use the translation functor.
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Let A* = A} UA; be the decomposition of A* into short and long
roots. Since p = p’ +¢, where p' =1/2 %" eat @ Wey!’s character formula,
implies

ch L(A\*) = ch S*(M)/ [] @ -e?).
geAf

Since A" = {2€]1 < i < n} is the basis of a lattice of index 2"~! in
Q, the admissible modules L(A\*) have degree (1/2"~!) dim S*(M). Thus
Assertion (iii) follows from Proposition 4.8. Q.E.D.

Remark. — There is only one odd pair of Spin(2n)-modules of di-
mension 2"~ !, namely the pair consisting of the two fundamental repre-
sentations Spini. Hence V*° is the unique semi-simple coherent family of
degree one. Thus the following result is recovered:

COROLLARY 12.3 (Britten and Lemire [BL1]). — Any infinite dimen-
sional simple multiplicity free weight sp(2n)-module is a submodule of V*°.

13. Character formula for simple weight modules.

Since the simple weight modules are classified, it remains to determine
their characters, i.e. the dimension of their weight spaces. Indeed this
question is reduced to a similar question for the category O, which is
fully understood. The reduction is based on a refinement of the notion of
coherent families, namely the notion of relative coherent families. Of course,
it would have been possible to treat at once the notion of coherent families
in the relative context. For clarity, this notion has not been introduced
before, which will cause some repetitions.

Let g be a simple Lie algebra. Let us fix a Levi subalgebra a containing
h and set b, = h*/K @ Q(a). For any weight h-module M, set deg, M[t] =
Sup,¢; dim M,,, for any ¢t € by,. The function deg, : t + deg, M[t] is
called the a-relative degree of M. Assume now that Supp M is included
in a single @-coset. Then M is called a-admissible if deg, M[t] < oo for
any t € br,;. Moreover if M is a-admissible, its a-relative essential support
is Supp,_ees M 1= Utepr, {A € t|dim M) = deg, M[t]}. Then M is called
strictly a-admissible if Supp,_.. M Nt is Zariski dense in the vector space
K ®t for any t € by,

From now on, p is a parabolic subalgebra with nilradical u such that
p =a®u. Let u~ be the opposed nilradical and let B be a p-adapted basis
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of A. Set B = BNA(a). For any A € h*, let Lp/(\) be the simple a-module
with B’-highest weight A. As usual Lp/()) is viewed as a p-module with a
trivial action of u. Recall that Ag(\) = {a € B| A(ha) & Zso}-

LeMMA 13.1. — i) For any A €b*, the a-module Lp/()) is strictly
a-admissible if and only if it is a-admissible and Ap()\) intersects each
connected component of B’.

ii) Let S be a simple weight p-module. Then S is strictly a-admissible
if and only if L,(S) is strictly a-admissible.

iii) Let S be a simple strictly a-admissible weight a-module. There exists
a set X C A(a) of commuting roots which is a basis of Q(a) such that f,
acts injectively on S for all a € X..

Proof. — To prove the first assertion, it can be assumed that Lg/ ()
is admissible. The Lie algebra a decomposes into 3 & a; @ az - - -, where 3
is the center of a, and each a; is a simple ideal. Then Lp/(A) decomposes
into Z® L; ® Ly---, where Z is a one dimensional 3-module, and each
L; is an admissible simple highest weight a;-module (here L; is a highest
weight module relative to the basis B'NA(a;) of A(a;)). By Proposition 3.5,
Suppegs Li is Zariski dense in K ® Q(a;) whenever L; is infinite dimensional
and this condition is equivalent to Ag(A) N A(a;) # 2. The first assertion
follows.

To prove the second assertion, it can be assumed that S is strictly
a-admissible. Since Supp S lies in a single Q(a)-coset by Lemma 1.1
and My(S) ~ U(u™) ® S, the g-module M,(S) is a-admissible, hence
L,(S) is also a-admissible. As before there is a decomposition S = Z ®
S1 ® Sg---, where Z is a one dimensional j-module, and each S; is
an infinite dimensional simple weight a;-module. Hence by Lemma 3.1,
C(S;) generates Q(a;) for any i. Hence C(S) := C(S1) ® C(S2) & ---
generates Q(a). Since C(S) C C(Ly(S)), we have C(S)+Suppy_ee Lp(S) C
Supp,_ess Lp(S). Therefore Ly (S) is strictly a-admissible.

The last assertion follows from the previous decomposition S =
Z®S8,®8Sy--- and Lemma 4.1. Q.E.D.

A a-coherent family is a weight g-module M such that
i) the function A — dim M, is constant on each K ® Q(a)-coset,

ii) for any u € A, the function A — Tru|a, is polynomial on each
K ® Q(a)-coset.

Set Ty = K ® Q(a)/Q(a).
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LEMMA 13.2.— Let S be a simple strictly a-admissible weight a-
module, and let ¥ C A(a) be a set of commuting roots which is a basis of
Q(a) such that f, acts injectively on S for all a € .

i) We have f&.Ly(S)ry = Ly(f%.SFy) for all v € K ® Q(a).

ii) The g-module M := @®yer> Ly(f.Sky) is a a-coherent family for
which

deg, M = deg, L,(S5).

Proof. — 1t is clear that ®,ec7> f5-Lp(S)Fy is a a-coherent coherent
family and its a-relative degree equals deg, L,(S). Hence it is enough to
prove the first assertion. Since ad(fa)u = u for any @ € ¥, we have
fhufs* =ufor any p € K @ Q(a). Any y € f&.Ly(S)Fy, can be written as
f4 .y, for some v/ € v+ Q(a) and y € Ly(S). Therefore y is u-invariant if
and only if 3 is u-invariant. Hence HO(u, f%.Ly(S)Fy) = f%.Spy. A similar
proof shows that f&%.L,(S)py, is generated by f&%.Sp; as a U(u™)-module.
Therefore f4.Ly(S)ry = Ly(f$.SFy)- Q.E.D.

Let L be a simple weight g-module. Since p is an arbitrary parabolic
subalgebra of g, it can be assumed by Theorem 1.2 that L = L,(S) for
some cuspidal p/u-module S. Let ¥ C A(a) be a set of commuting roots
which is a basis of Q(a).

TuEOREM 13.3. — With the previous notations:
i) There exists A € h* such that

e the a-module Lg/()) is strictly a-admissible, and

e Lp/(X) is a subquotient of f§.Spy, for some v € K @ Q(a).
ii) For any pu € b, set t(u) = p+ v + Q(a). Then we have

dim Ly(S), = Supyrequy) dim Lp(A) -

Proof. — Set S = ®yer> f5-SFy. The Lie algebra a decomposes into
3@ a; ®ayg---, where 3 is the center of a, and each a; is a simple ideal.
The coherent a-family S decomposes into Z ® S; ® Sy - - -, where Z is a one
dimensional 3-module and each S; is a coherent a;-family. By Proposition
6.2, each coherent a;-family S7° contains an infinite dimensional highest
weight module L; relative to the basis B’ N A(a;) of A(a;). Therefore the
a-module Lp/(A) := Z ® L1 ® Lo - - - is strictly admissible by Lemma 13.1
and it is a subquotient of f%.Sp; for some v € K @ Q(a).
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By Lemma 13.1, there exists a set X’ C A(a) of commuting roots
which is a basis of Q(a) such that f, acts injectively on Lp/()\) for all
a €Y. Set S = @uer: fh-Le(Nry, M = Ly(S) and M’ = Ly(S).
By Lemma 13.2, M and M’ are a-coherent families. By definition of
Lp/(X), S and S’ are coherent extensions of the a-module Lp:()), hence
by Proposition 4.8 §%° = &’°%. Therefore for any Q(a)-coset u such
that S[u] or &'[u] is a cuspidal a-module, we have S[u] ~ &'[u] and
Mlu + Q] ~ M'[u + Q]. In particular, we have M[t] ~ M'[t] where
t = Supp S + Q. Therefore, we have

Ly(S) ~ f5’ LN Fyr

from which the formula for ch L, (S) follows. Q.E.D.

Appendix: Generalized Enright functors.

In the paper, some localizations with respect to some non-integral
powers have been used often. Indeed this tool can be used to generalize
the Enright functors. This appendix is devoted to one application of these
functors, namely Proposition A.3. Indeed this proposition was known [S],
but this approach provides an elementary proof.

Let a € A. For simplicity set e = ey, h = hqg, f = fo, and s = s,.
For u € T*, let Cqfu] be the category of all weight g-modules M such
that Supp M C u and e|ps is locally nilpotent. There is z € K such that
su = za + u (indeed z is unique modulo an integer). For M € C,[u], set
F,M ={m¢e f~*.M¢|eV.m =0 for some N >> 0}. It is clear that F,, M
belongs to Cqlsu] and Fy, : M — F, M is a functor from Cq[u] to Cq[su].

LEmMA A.1.— With the previous notations, assume that x ¢ Z.
Then the functor F, : Colu] — Cy[su] is an equivalence of categories, and
its inverse is F,.

Proof.— Let M € C4[u] be a g-module. It is clear that Fy, 0 F,, M =
{m € Ms|eN.m = 0 for some N >> 0}. In particular, there is a natural
map M — Fg, o F,, M. The Lie algebra a := Ke® Kh & K f is isomorphic
to sl(2). Since z ¢ Z, as an a-module M is a direct sum of simple
Verma a-modules with non-integral highest weights. For such a Verma a-
module V, the map V' — V; is injective and V;/V is a simple infinite
dimensional lowest weight module. It follows that V = {v € Vy|eN.w =
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0 for some N >> 0}. Therefore the natural map M — F,, o F, M is an
isomorphism, which proves the lemma. Q.E.D.

From now on, let us fix a basis B of A, which allows us to define
the category O (see e.g [Ja][D]). For a (non-necessarily integral) central
character x, let O be the category of all modules M € O with generalized
central character x. For u € T*, let O[u] be the category of all modules
M € O such that Supp M C u. Set OX [u] = OX) N O[u].

LeEMMA A.2. — Let u,v € T* be W-conjugated. Then the categories
O [u] and OX[v] are equivalent.

Proof. — It is enough to prove the assertion when u = s,.v for
some simple root . Let x € K be a scalar such that v = z.a + u. It
can be assumed that u # v and therefore z ¢ Z. Set u = ©geca+\a 9p-
Since u is ad(f)-invariant, we have f~*uf® = u. Therefore the functor
F,, sends u-locally nilpotent modules to u-locally nilpotent modules, and
therefore F, Ou] C O[v]. Since f~*2f* = z for any ad(f)-invariant
element z € U(g), the functor F, preserves the central characters. Hence
we have F,, O [u] ¢ OX)[v]. Tt follows from Lemma A.1 that F,, induces
an equivalence of categories from O [u] to O [v]. Q.E.D.

For a central character x, let HW(x) be the set of all weights X\ such
that L(\) belongs to OX) and let HW (x) be its image in T*.

LEMMA A.3.— Let x be a central character. The blocks of OX) are
the subcategories O)[u], where u runs over HW (x). Moreover, they are
all equivalent.

Proof. — It is clear that @) decomposes into DB T (x) O [y].
Moreover, HW (x) consits of a single W-orbit and the subcategories O [u]
are all equivalent by Lemma A.2. Therefore it is only necessary to prove
that O)[u] is indecomposable for any u € HW (x). There exists a unique
weight ut € unN HW (x) such that (u* + p)(ha) & Z<o for all « € A*. The
simple modules in @) [u] are the highest weight modules L(\) where )\ €
uN HW (x) and moreover we have uN HW (x) = {w(u* + p) — plw € W},
where W, is the stabilizer of u in W. It follows from [D] (ch. 7) that for
any A € uN HW(x) the Verma module M()) is a submodule of M (ut).
Therefore any simple module of O™)[u] is a subquotient of M(u*). Since
M (u™t) is indecomposable, O [u] is a block. Q.E.D.
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ProposITION A.4 (Soergel [S]).— Assume that g is simply laced.
Then any block in O is equivalent to a block with integral central character
of the category O of some Levi subalgebra.

Proof. — Let B be a block of O. By Lemma A.3, we have B = O [u]
for some central character x and some u € T*. Set A’ = {a € A|u(hy) =
Omodulo Z}. Since g is simply laced we have hoyp = ho + hg, for all
a, B € A such that a + 8 € A. Hence the subspace g’ := § ® Daeca’ g, is a
Lie subalgebra, and it is easy to see that g’ is a Levi subagebra. Let B’ be
a basis of A’. There exists w € W such that w(B’) C B. By Lemma A.3,
B is equivalent to O®)[wu]. Therefore it can be assumed that w = 1 and
B’ C B.

For any p € b*, let Lp/(u) be the simple g’-module with highest
weight p relative to B’. Let A € unN HW (x) be any weight and let x’ be the
central character of the g’-module Lp/(\). Since x’ is an integral central
character, B’ := OX) is a block of the category O for g'.

We claim that B and B’ are equivalent. Set u’ = A + Q(g’), let W’
be the Weyl group of g', set u = @pea+\a’ 8oy and p = g’ ® u. Thus
p is a parabolic algebra, u is its nilradical. Since W’ = W,, we have
HW (x)Nu C . Hence we have Supp M C v'+C(p) and HO(u, M) = M[/]
for any M € B. It follows that the functors M € B — M[u'] € B’ and
N € B + Ind} N are inverse to each other. Therefore B and B’ are
equivalent. Q.E.D.
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