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ON HARDY SPACES IN COMPLEX ELLIPSOIDS

by Thomas HANSSON

1. Introduction.

A fundamental tool in the study of holomorphic functions of one
complex variable is the Cauchy integral formula. Hence when studying
holomorphic functions in a domain Q2 C C™ one wants a suitable generali-
sation of the Cauchy integral. One possible choice is the Szegé projection
S, i.e. the L2(09) orthogonal projection on the space of (boundary values
of) holomorphic functions. However, except for a few special domains, the
kernel of S have no explicit expression. Thus to understand the mapping
properties of the Szeg6 operator one has to estimate its kernel. For strictly
pseudoconvex domains such estimates were obtained by Fefferman, [F].

Another, less canonical choice, is to use integral operators generated
by Cauchy-Fantappié forms. In contrast to the Szeg$ operator, these
integral operators have rather explicit kernels. More precisely, if €2 is a
bounded domain in C" with C%-boundary and q : 9Q x  is a C'-map that
satisfies (¢((, 2),{ — z) # 0, for every ¢ € 9Q and z € {2, then the operator
H defined by

) - (2 ) FQin @™
2mi N <qy C - z)n

reproduces holomorphic functions. For example, if Q is strictly geomet-

rically convex with defining function p, we can take ¢({,2) = 0p(¢). To

understand the mapping properties of H, the main difficulty is to prove
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that H is a bounded operator on L?(89). This was proved for strictly
pseudoconvex domains (with some natural choice of ¢) in [KS].

Recently a lot of work has been done in this area on domains of
finite type. For instance in [NRSW], estimates of the kernel of S have been
obtained for pseudoconvex domains of finite type in C2. Such estimates
have later also been achieved for convex domains of finite type in C"
([McN], [McNS], [KL]). In these papers the Szegd projection has been
defined with respect to the Euclidean surface measure on 02. However
there is another natural measure on the boundary to consider, as suggested
by the integral defining H, namely the measure represented by the form
(2m8)~"OpA(00p)™~1. Denote this measure by dS. In strictly pseudoconvex
domains, dS is equivalent to the ordinary surface measure do, but for
domains of finite type it is essentially smaller near Levi-flat points. This
can be compared with the situation in the polydisc, where one usually
consider Hardy spaces with respect to the uniform measure on the torus. It
is the object of this paper to illustrate the advantages of using the weighted
measure dS, when studying for example boundedness properties of H. As
far as we know, this measure has not been considered before in that context.

Now set d(¢, z) = [(0p(C), {—2)|+|(0p(2), z—C)|. Then, if Q is strictly
pseudoconvex, it is known that d is a quasimetric on the boundary of the
domain and that dS(~ do) satisfies the doubling condition with respect to
d. Thus (09, dS, d) is a space of homogeneous type (see [C]). Moreover, in
this setting, the operator H can be viewed as a singular integral operator,
and by the T'1-theorem for spaces of homogeneous type it can be proved
to be bounded on L%(99). (See also [Ha| or [KS] for an elementary proof
of this fact.)

The object of this paper is to give a thorough investigation of these
matters for the complex ellipsoids B?, p = (p1,...,pn), p; € Z*, with

n
defining function p(z) = Y |2;|?P7 — 1. BP can be viewed as a model case
j=1
for domains of finite type and has previously been studied in for example
[R1] and [BC]. We will see that (92,dS,d) is a space of homogeneous
type. Furthermore, in this setting we will be able to prove some important

representation theorems for the Hardy space H*(BP, dS), following classical
lines.

Let LY(8BP) and H9(BP), ¢ > 1, be defined with respect to the
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measure dS. Hence an analytic function f in B? belongs to H(BP) if

1/q
[|fllge = sup (/ If(quT> < 00,
0<r<l oBP

where B? = {z € C", p(z) < —r} and dS, is the measure on OB?,
represented by the form (277)="8p A (80p)"~!. Then our results are as
follows.

THEOREM 1. — The operator H maps L?(0BP) boundedly into
H2(BP).

Thus defining H f(zg) for z9 € OBP as the limit of H f(z) when z € BP
approaches zy in the normal direction, then H is bounded, considered as
an operator on L?(8BP). Hence in particular H has an adjoint operator,
denoted by H*, on L%(8BP). Moreover, defining BMO(8BP) in the usual
way (see § 3) in terms of the quasimetric d and surface measure dS, we also
have

THEOREM 2. — The operators H and H* are bounded on
BMO(0BP).

In particular we can regard H*(BMO) as a subspace of BMO.

In the unit ball B it is known that all bounded linear functionals on
H' can be represented by functions that are holomorphic in B and with
boundary function in BMO (see [FS]). This has also been proved to hold
for all strictly pseudoconvex domains in C™ (see for example [AC]). In BP
though, we will be content with the following analogous statement.

THEOREM 3. — The space H*(BMO) operates on H'(BP) in the
sense that the pairing
(f,H*b) = fH*bdS, be BMO(0BP),
aBp

has a continuous extension from C*(BP)N H'(BP) to H'(BP). Conversely,
any bounded linear functional on H'(BP) occurs in this way, and the
operator norm is comparable to the BM O norm of H*b.

Hence Theorem 3 states that (H!)* 2 H*(BMO). The proof actually
gives that (H')* & H*(L>), and thus in particular H*(BMO) = H*(L>).

Next we consider the atomic space H., on the boundary, where
atoms are defined with respect to the measure dS and quasimetric d.



1480 THOMAS HANSSON

More precisely, an atom is a measurable function a on dBP that is either
identically one or else there is some ball B.(29) = {2z € dBP,d(z, 20) < €}
centred at zg € 0BP such that

(1.1) suppa C Bs(zo),
1

1.2 la|| Lo

and

(1.3) / a(2)dS(z) =
aBr
where |Be(20)| = / dS. The atomic space H.,(0BP) then consists
Be(zo)

o0
of functions f such that f = Y Mja; (in L'), where A\; € C satisfies
i=1

8

|A;| < oo and a; are atoms. The norm || f||q: is defined as the infimum

<.
Il

MS“

of Y~ |A;| over all representations Z Aja; for f. The “real variable” spaces

j=1
H}, and BMO are related by (see [CW])

(1.4) (H},)* = BMO, via the pairing (f,b) = / fbdS for b€ BMO.

Note that, by (1.4) and Theorem 2, H can be extended to a bounded op-
erator on H},. Moreover, we define the holomorphic atomic space H_. (BP)
to consist of all functions F' such that F = Hf for some f € H.,(0BP),
with norm ||F||as = inf{||fl|lac; F = Hf, f € HL,(0BP)}. Then it is easy
to see that every F' € H), is a H!-function, but the converse is also true.

Il
-

J
1

THEOREM 4. — Every F € H'(BP) is in H. (BP), and conversely,
with ||F|lat ~ || F|| g

A classical result for the unit disk in C is that every H!-function can
be factorized as a product of two H2-functions. This can be shown by first
factorizing out the zeros by means of a Blaschke product and then simply
taking square roots. In higher dimensions there are no analogue of the
Blaschke products available. Nevertheless, using the atomic decomposition
for H', Coifman, Rochberg and Weiss, [CRW], proved a substitute result
for the ball B in C". This is generalized in our setting to BP as follows

THEOREM 5. — For every F € H'(BP) there are two sequences
{G,} and {H;} in H?(BP) such that

F(z) =) _G;(2)H,(2), z€ B,

=1
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with -
> NGllaz |1 Hjllzz ~ 1 F |z

Jj=1

Note that, by Theorem 4, it is enough to prove that every holomorphic
atom Ha admits such a decomposition. In fact we will prove that Ha =
G, H; where |G 12| H 12 < C.

Remarks and notations. — In this paper < means < C, where C is
a nonzero constant at most depending on the dimension n and the index
p in BP, and ~ means both < and 2. Moreover, when f is a function
defined in BP and its values over the boundary are to be considered, then
f is understood to be replaced by its limit function at the boundary (i.e.
f(20), 20 € OBP is the limit of f(z) when z € BP approaches zp in the
normal direction). In this way, H' can be considered as a closed subspace
of L', and ||f||g2 ~ ||f||lz:- Also a function in H! can be approximated
by holomorphic functions that are continuous up to the boundary (i.e. if
f € H' then f, — fin L', where f,. ,0 < r < 1, is defined by f.(2) = f(rz),
z € Br.)

The paper is organized as follows. — In Section 2 the appropriate
geometry of BP is presented in more detail. In Section 3 we prove the L2-
boundedness of the operator H (Theorem 1) by applying the T'1-theorem
for spaces of homogeneous type. The boundedness on BMO (Theorem 2)
is also considered. In Section 4 the duality in Theorem 3 is proved. The
principal idea in the proof is due to Fefferman and Stein. Also the atomic
decomposition of H' (Theorem 4) is proved in this section. It formalizes
the idea that H! and H}, are equal since they have the same dual space.
Finally in Section 5 we prove the factorization theorem (Theorem 5).

Acknowledgements. — This paper is based on the second half of my
doctorial thesis [Ha] and I wish to express my sincere gratitude to my
advisor Hasse Carlsson for his valuable guidance during the progress of
this work. I would also like to thank Prof. Aline Bonami for suggesting
simplifications in the proof of the factorization theorem.

2. The boundary as a space of homogeneous type.

In this section the appropriate geometry of BP is presented in more
detail. In the integral operator H defined in the introduction, we chose
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g = Op where p(z) = 2 |z;|?Pi — 1. Since the real part of (0p(¢),¢ — 2)
j=1

is, apart from a nonzero smooth factor, the Euclidean distance from z to

the real tangent plane at ( € OBP and since BP? is convex this distance is

positive if z € BP.

Moreover, with this choice of g, the form (277)~"8p(¢) A (00p(¢))™*
represents a positive measure dS on the boundary. Recall that a (2n — 1)-

dp
form « represents the Euclidean surface measure on 0BP if — A «

|dpl

n
/\ dz; A dy;. As we have
j=1

9p(¢) A (89p(O)" !
=(n-1y (Pj|§j|2(pj_l)4_j L1 pRICkPPe=Ddg; A A\ d A dC_k)

i=1 k#j k#j
and
dp(() a3 n—1
00| A 9p(¢) A (99p(())

- 2p; . 2| 2(Pi—1) A dec: A dC:
|dp(<) Zl CJI J];Ilp]ICJI /\ CJ/\ CJ)

j=1
we see that dS ~ wdo where

w(¢) = [T plgP® D).
j=1
Later on we will consider the volume measure dV represented by the form
(27m3)~™(00p)™. Tt corresponds naturally to dS, as they (essentially) are
induced by the same Hermitian metric corresponding to the (1,1)-form
i00p (see §4). Note that (27i)~™(00p)™ = d((27i)~"8p(¢) A (09p(¢))" 1)
and that dV ~ wd), where d\ is Lebesgue measure. For further use we
write |U| = [, dS when U C 9BP.

. Now set d(¢, z) = |v(¢, 2)| + |v(2, ()|, where v((, z) = (0p(¢),( — 2) =
> pilG12PiDE (¢ — 25), and let Be(2) = {¢ € 0BP,d(¢,z) < €}
j=1

be the corresponding balls. Then, generalizing the idea from the strictly
pseudoconvex case, we will see that (9BP,dS, d) is a space of homogeneous
type. The distance d have been considered before in for example [BL] and
is in fact equivalent to the quasimetric used by McNeal for convex domains
(see for instance [McN]). Hence for the proofs of Lemmas 1, 2 and 4 below,
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which concern estimates on v and d, we refer to the paper [BL]. Detailed
proofs can also be found in [Ha].

Since clearly d((, z) is symmetric and equals zero if and only if ¢ = z,
the following lemma shows that d is a quasimetric on the boundary.

LEMMA 1. — For z,{,w € 0BP we have

i) [v(¢,2)] ~ [v(2,4)l

and

i) d(¢, 2) < d(¢,w) + d(w, 2).

Remark. — Note that if z€ B(2) and { € B¢, (z0) = 0BP\Bce(20),
for C sufficiently large, then by Lemma 1 we have d(¢, z) ~ d(¢, 2o)-

For later purposes we also need estimates of v((, z) near the boundary.

LEMMA 2. — For z € C" let Z denote the projection onto 0BP
L —
determined by z; = (1 + p(z))?i Z;. Then for ( € BP we have

) 10(2,¢) = p(2)| ~ [v(Z, )| = p(2) = p(Q), if z € BP

and
i) [v(z, Q)| ~ |v(z, Q)| + p(2) — p(C), if z € (BP)°.

To see that (0BP?,d, dS) is a space of homogeneous type it remains to
check the doubling condition |Bzc(20)| < |Be(20)|. This clearly follows from
the stronger statement |B¢(20)| ~ €™, that is contained in the following
lemma.

LEMMA 3. — Ifz € OBP then

i) f|v(<,z)|<e dS(C) ~ €",

if) f|v(Z‘C)|<e,CEBP dv(¢) ~ e+t

and

) Jio(¢,0)1<ece(meye V() ~ e

Proof. — The estimate i) is known for the ball. The general case
can be proved by a change of variables (; — C;’ 7. To do this we need a
simple connection between v and the ball related ¥ defined by #((,2) =
(CP, (P — 2P) where 2P = (2P*,..., 2B7), i.e. #((, 2) = vp(CP, 2P) where vp is
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the corresponding v for the ball. They are related by

n Pj AN )
v((,2) =5(¢,2) + )Y (’;g)cj’“c;?’“’“(zj - ).

j=1k=2
Now one can prove that |3(¢, 2)| S |v(¢, 2)| (see [BL]) and hence

[ ass[ as@~[  doa(@~en
[v(¢,2)I<e 18(¢,2)|<e lvs (¢,2P)|Se

Likewise we get the converse inequality by observing that if we restrict the
integration to ¢ € E,, where E, = {¢ € 0BP, |arg(; — argz;| < 7/p;},
then |v(, 2)| < [5(C, 2)| (see [BL]).

By using i) and Lemma 2, the statements ii) and iii) now easily follow.
If we change coordinates ¢ — (¢, (), where t = —p(() and ¢ is the projection

of ¢ onto dBP (in the meaning of Lemma 2), then dV (¢) ~ dtdS(C) and
hence

/ dv(¢) ~ / / ] dtdS(C)
[v(z,¢)|<e,cEBP [v(z,0)|+t<e

_ /0 ‘ ( /|v(z,<')|<e—td5(5)> dt ~ /0 “le— t)dt ~ L.

Similarly iii) is proved. O

Note that i) in Lemma 3 implies that for z € 0BP and a > 0 we have

/ dS(¢) 1

d(¢,z)>e A 2)nFe ™ e’

where the constant in the inequality depend on «. This is most easily seen
by splitting the integral in dyadic parts. In the same way one can see that
ii) in Lemma 3 implies that for z € 0B? and «, 8 > 0 such that —a > —1,
we have

(22) (_p(C))ﬁ_adV(g)

Br  |v(z, Qe

For further use we also need the following smoothness result on v((, 2).

< oo

LEMMA 4. — With § = (2max{p;})~! we have for z,{,w € OBP
i) Jo(w, O=v(z, OHv(z,w)| S d(w,¢)°d(z, w)' ~*+d(w, ) ~°d(z, w)°
and

ii) there exists a constant C such that if z,w € Be(z) and { €
B¢..(20) then

lo(w, ) = v(z, Q)| + [v(¢,w) = v(¢, 2)| S €°d(¢, 20)" ~°.
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Moreover, with § as in Lemma 4, we also have the estimate |z — (| <
[v(z,¢) — p(2)|%, for z € BP and ¢ € OBP (see [BL]).

3. Boundedness properties of H.

With v({,2) and dS as in Section 2 the operator H defined for
f € LY(0BP) by

Hf(Z)= MS_(C_)_ 2 € BP

oBpP U(C, Z)n ’
reproduces holomorphic functions that is sufficiently smooth up to the
boundary. In fact, since C'(BP) N H'(BP) is dense in H'(BP), we have
Hf = f when f € H'(BP).

In this section we prove that the operator H is bounded from L? to
H?. This is done by applying Coifman’s generalization of the T'1-theorem
to spaces of homogeneous type. Then we use this L2-boundedness to prove
that H and its adjoint H* are bounded operators on BMO. The proof is
an adaption of the classical argument in [FS] to the non-isotropic geometry
of OBP.

We begin by recalling the T'1-theorem. Before we state it, we need
some basic definitions concerning singular integral operators. A nice pre-
sentation of the T'1-theorem, for a general space of homogeneous type, can
be found in [C, Ch. 6]. Here we just consider the specific space (0BP, d, dS),
where (by the C°°-manifold structure of OBP) the presentation can be
slightly simplified. A kernel k : dBP x dBP\{¢ = z} — C" is said to be
standard if there exist constants ¢ and § > 0 such that for all {, z,w € dBP,
with € = d(z,{) > 0 and d(z,w) < ce, we have

1
(3-2) kOIS
and
F)

Then we say that T is a singular integral operator if it is a continuous
linear operator from C*(0BP) to the space of distributions on 0BP that is
associated to a standard kernel k in the sense that

wra= [ [ k@SS,
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for all f,g € C* with disjoint supports. The transpose T* of a singular
integral operator T is defined by the relation

(Tf,9)=(f,T'g) forall f,g e C=.

To formulate the T'1-theorem we also need the notion of weak bound-
edness. For w € 9B?P and é,¢ > 0 define A(6,w,€) to be the set of all
¢ € C* supported in B.(w) satisfying ||¢||cc < 1 and for all {, 2 € OBP
C 12
80 - o) < L6,
Then we say that a singular integral operator T is weakly bounded if there

exist 6 small enough (see [C] for enough requirements) such that for all
w € OBP,e >0 and ¢, 7 € A(6,w,¢€)

(T¢,7)| S |Be(w)].

The T'1-theorem can then be stated as follows

PROPOSITION 1. — A singular integral operator T on a space of
homogeneous type is bounded on L? if and only if it is weakly bounded
and T1,T*1 € BMO.

Recall also that any singular integral operator that is bounded on L?
is bounded on L? for ¢ > 1. For the definition of BMO see (3.7) below.
However, in the proof of Theorem 1 we show that H*1 € L* and thus (as
H1 =1) it is enough to know that L>® C BMO.

Proof of Theorem 1. — To apply the T'1-theorem to H we first note
that 1/v({,2)" is a standard kernel. By Lemmas 1 and 3 the estimate in
(8.2) is clearly fulfilled. Also making use of Lemma 4, the estimate in (3.3)
follows. For example

(02,€) =, ) 5 ot € 1
'U(Z, C)"v(w, C)"

_ d(zw)et (d(z,w))5 L
~ en+1 d(Z,C) IBE(Z)l,

since if ¢ is sufficiently small then d(z, {) ~ d(w, {) when d(z,w) < cd(z, ().

Next we need to define H as an operator on 0BP. Let H f(2g), 20 €
OBP, be the limit of Hf(z) when z € BP approaches zp in the normal
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direction. When f € L? it is not immediately clear that this limit exist.
However, since H1 = 1, we have

f(¢) = f(20)
apr  U((,2)"

and if f is say C!, the integral on the right is easily seen to converge when
z — 29 € 0BP, so

Hf(z) = dS(¢) + f(z), ze€ B,

f(Q) — f(z0)
34 Hf(z) = ——————=dS5(C) + f(20).
(3.4) f(20) ome V(G 20)" (€) + f(20)
This can equally well be taken as definition of Hf when f is a C!-
function. Moreover, it is easy to check that H is a singular integral operator
associated to 1/v((, 2)™.

To see that H is bounded on L? it remains to verify the conditions
in Proposition 2. As H reproduces holomorphic functions we have H1 =
1 € BMO. Thus we turn our attention directly to H*1. Since v((, 2) is
holomorphic in z we have by Stokes’ theorem

9p(2) A (00p(2)" 1 _ [ (80p(2))"
8BP v(¢, z)™ e v(( )"
where B? = {z € C", p(z) < —r}. Note here that, by (2.2), the right

hand side converges (uniformly in { € 0BP) when r — 1. Then by Fubini’s
theorem

_ dv(z)
35) aB? Hpd5 = aB» f©) (/Bf v(¢, 2)") 48().

If f € C* then Hf is continuous on BP, so letting r — 1 in (3.5) we get

/BBP fH1dS = /BBP Hfds= [ f() (/B U‘z‘;(;))n) ds(¢).

Hence we must have

(3.6) H'1(z) = /B ,, U‘::(C())n, 2 € OBP,

In particular, by (2.2), we have H'1 € L™ C BMO.

Thus it remains to check that H is weakly bounded. This follows from

LEMMA 5. — If z € OBP then

/ d$(<)
d(¢,z)>e€ U(C7 z)n

<1

~ =
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Proof. — Since d((, 2z) < |v(¢, 2)| we have

dS(¢) dS(¢) dS(¢)
[i((,z)>e v((, z)n = \/l‘v((,z)|>e 'U(Qz)" * /e\Z|'u((,z)|>e |U(C, z)'n'

Here the second integral on the right is clearly bounded. To estimate the
first one we use Stokes’ theorem on the domain {¢ € (BP), |v((,z)| >
€, p(¢) < 1}. Since 9p(¢) A (89p(¢))" L /v(¢,2)™ is a closed form where

¢ # z, and as -
[ Bp(¢) A (80P _ |
p(0)=1 v(G,2)"

(by Proposition 1 applied to the domain {p < 1}), we deduce that

/ 9p(Q) A (@)™t _ | / 8p(¢) A (99p(¢))"
Io(¢,2) > v(¢,2)" lo(¢,2)l=e.cE(BP)e v(G2)" '
When integrating with respect to ¢ such that |v((, z)| = €, we can write
1/v((,2)" = mn/e%. Thus if we use Stokes’ theorem again, now on
the domain {¢ € (BP)¢, |v(¢, 2)| < €}, we get

/ 9p(¢) A (99p(S)™*
[v(¢,2) = CE(BP)e v(¢,2)"

1 — n _
= o v(C,2) 9p(¢) A (90p(¢))" "
[o(¢,2)l=e.ce(BP)®

= 0(G2)"00(C) A (0p(C))""
[v(¢,2)|<e

1 S - _
+ = dev(¢,2) A Bp(C) A (99p(C))™
€7 Ju(¢,2)|<e,cE(BP)°

+ o oG, )" (@0p(C))"
[v(¢,2)|<e,.{€(BP)®
Since |d<v((,z)n A 8p(¢) A (08p(C))™ Y| < v(¢, 2)|" tw(¢) we conclude
that

/ dS(¢)
lv(¢,2)|>€ 'U(Ca z)n

1

en+l

<= / ds(C)
€ Jlv(¢,2)l<e

1
/ V() +— av (o).
[v(¢,2)|<€e,(€(BP)e €7 Jlv(¢,2)|<e,c€(BP)"

Hence, by i) and iii) in Lemma 3, we are done. 0O

Remark. — In a similar way one can prove that

[0
d

(¢,2)>e v(z, C)n ~
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To see that H is weakly bounded is now easy. If ¢ € A(6,w,€) and C
is sufficiently large then

- $(Q) — ¢(2)
H¢(Z) B /d((,w)SCe ’U(C, z)n dS(C)

1
* ¢(Z) (1 N v/d(C,w)>Ce U(C’ z)n dS(C)) ‘

By Lemma 5 the second term on the right is uniformly bounded, and for
the first one we have

#() - 9(2) ! 1 B
— o WSO S 5 4SO <E =
Sremeor G 8|S 5 [ o T SO S 5 =2

s0 ||[Hé(2)|loo S 1 for all ¢ € A(6, w,€). Hence if also 7 € A(6,w, €) then
(oS [ ras= [ rids <|(Bw)]
oBP d(¢,w)<e

Thus by the T'1-theorem it follows that H, defined on the boundary by (3.4)
for C'-functions, can be extended to a bounded operator on L2. Then to
see that H (as defined in BP by (3.1)) takes L? boundedly into H? is easy.
For f € L? take a sequence of functions f, € C!(BP) such that f, — f in

L2. Then
/ |HfPdS < / \H £, 2dS < / |ful?dS,
8Bf 8Bp 8Bp

and hence letting n — oo we get / |Hf|?dS < / |f)2dS for all 7 > 0.
aB? aBr
Thus ||H f]|g2 < || fl|L2 and Theorem 1 is proved. O

Now for f € C! consider Hf(z) as defined on the boundary by
taking limits from the interior. For functions F in H? this limit exist
almost everywhere and we have ||F||gz ~ ||F||r2. Hence we conclude by
Theorem 1 that Hf(z), 2 € OBP, can be defined in this way for all L*-
functions. Moreover, this limit operator is bounded on L2. In fact it is the
same operator as the extended operator given by the T'1-theorem (since
they coincide on smooth functions). Then, as an operator on L2, it has
an adjoint operator which we denote by H*. Note that H* is a singular
integral operator associated to the standard kernel 1/v(z, () "

Before we turn to the proof of Theorem 2 we recall the definition of
BMO. The space BMO(OBP) consists of those b € L*(0BP) such that the
norm
8.7

lbllaso = supp == [ 1b(2)  bo,oldS(a) + [ b(2ldS(E)
|Be(20)| J B, (20) o8P

20,€
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is finite, where bp_(,,) is the mean value of b on B.(2o). Recall also that by
the John-Nirenberg inequality for BM O-functions we have

1

3.8 —_
(38) |Be(20)| JB. (20)

[6(2) — b, (20)|?dS(2) < NbllBrror 4> 1.

Proof of Theorem 2. — The idea in the proof of Theorem 2 is
standard and in fact the same as in the original paper by Fefferman and
Stein on Hardy Spaces ([FS]). Hence some details below are left for the
reader. To prove that H is bounded on BMO let b € BMO and fix a
ball B, with center in zg € OBP. Then write b = b; + by + bz where
bl = bB(;e(zo)7b‘2 = (b - bl)XBce(zo) and b3 = (b - b])(l - XBce(zo))~ Here
XBc.(z) 18 the characteristic function for Bce(20) and C is a sufficiently
large constant (depending on the constant in the triangle inequality for d).
As Hb; = b; is constant we have

Wlel /B |Hby(2) — (Hb1) 5, 1dS(2) = 0.

Moreover, since H is bounded on L?, we have by Jensen’s inequality and

(3.8)
1 2 1 2
S Hbo, — (Hb ds 5(——/ Hb dS)
(IBA/&I  — (Hby)s.| ) 5 /. Ve

1 1
< X Hb by|2dS
~ |B aml ? ~ |B| anI 2
= 2 b=t 248 < [BlBao.
IB€I Bece ¢

Finally by Lemma 4 we have

ﬁ / |Hbs(2) — (Hbs)p,|dS(z)
1 1

IBI / (/B (/33,, WGt wGw )"I |b3($)|dS (¢ )) dS(w)) dS(z)

S [ ez 6d(c,zo>“+1|b3<<>|ds<o<e/ U A

Bg, d(C, 20)™t?
< |bllBmo

where § = (2max{p;})~!. The last inequality can be seen by splitting the
integral in dyadic parts (compare for instance [FS]).

To see that ||Hb||11 S ||bllBmo write instead b = bspr + (b — bopr).
Then ||Hbape||L: = ||bopellrr S |0llzr < ||bllBMo and the term H(b —
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bopr) can be estimated as Hby above. This proves that H is bounded on
BMO.

In the same way we can prove that H* is bounded on BMO, with
some extra effort on the term H*b;. Although H*1 is not identically 1,
one can easily see by Lemma 4 that it is Holder continuous of order §
(recall the explicit expression (3.6) for H*1). Moreover one can show that

|b1] < log ;||b|| BMmo (see for example [FS]) and hence

m/ |H*b1(2) — (H*b1)B,|dS(2)

<wr ) / [H*1(2) — H*1(Q)IdS(C)dS (2

1
< |b1] - € S |IBllBroe® log = < ||bl|Bmo-
€

The terms H*b; and H*bs are treated as the corresponding ones for H,
and it follows that also H* is bounded on BMO. ]

4. Duality and atomic decomposition of H'.

In this section we prove Theorem 3 and Theorem 4. In the proof
of Theorem 3 we need a version of Green’s identity with respect to the
non-isotropic structure of BP. For this reason we begin by considering
the Hermitian metric corresponding to the (1,1)—form w = i90p, where
n

p(z) = ¥ |2|?P7 — 1 (A general presentation of Hermitian metrics can be
=1

found in [R2, Ch.3]). That is, for (1,0)-forms u and v, we define the inner

product by
-1

This is extended to all 1-forms by setting (@, 7)., = (4, ), (u,7), = 0 and
(@, v), = 0. It should be noted that (:,-),, degenerates at points z € C"
where z; = 0 for some j such that p; # 1. Since

n n
wt/nl=1" H pi|zk|2(”’°—1) /\ dzy N dZg,
k=1 k=1
and

W= 1) =Y ( [T #Rles? A\ dai A dzk>,

5=1 \ k#j ki
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we have
n n 1
(u,v)y, /\ dzi A dZy =u/\5/\2 (m /\ dzk/\dik),
k=1 j=1 pjlz;[*®s k5
for (1,0)—forms u and v. In particular
) n 1 Bf 2
10f(2)I5 = ]2;1 P2l 2D |z

Thus, if we set e; = p;|2;|P9~'dz;, then {e;, &;}7_; is an orthonormal basis
for the set of all 1—forms, in the metric (-, -),,. The metric (-, -),, induces a

volume measure, denoted by dV,,, and a surface measure, denoted by dS,,.
n

The volume measure dV,, is represented by /\ ie; A€ = w"/nl, and a
j=1
(2n — 1)-form o represents dS,, if (dp/|dpl.) A @ = w™/n!. Since on OBP

2 2 =L Pl PRV e

= = = : p =
dpls, = 2|0p|;, =2 21 p?|zj[2(pj—1) 221 |27 = 2,
j= j=

we see that, up to a constant, dS, coincides with the measure dS,
represented by the form (27i)~"8p A (00p)" ! (see § 2). Note also that dV,
only differs by a constant from the measure dV, represented by the form
(27i)~™(80p(¢))™ (see § 2). Next we calculate the Laplacian A, = d*d,
where d* is the adjoint of d with respect to the metric (-, -),,. On every test
function ¢, with compact support in BP, we have by Stokes’ theorem

n—1
[ wapav.= [ @anuav. = [ i@-058Tn 2
Br Br B (n - 1).
, T S —2 Ff \_
= [ id0-diner—y = [ (; PP D 6zjazj>“’dv‘“'

Hence

n _ 2

2, 120,-1) §2.0%,°
= P22 i1 9202

and Green’s identity with respect to the metric (-, -),, is valid, i.e.

_ of .99
(4'1) /BP(wag - gAwf)de = /c’)BP (g% - é‘ﬁ')dswa

where 0f/0n = (df,dp/|dp|w)w. As the metric degenerates, and the Lapla-
cian has singularities, at points z € C™ where z; = 0 for some j such that
pj # 1, one could be worried about the validity of (4.1). However there
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is no singularity in A,hdV,, and (0h/0n)dS., if h is sufficiently smooth.
Hence (4.1) can be obtained, for instance by first deriving Green’s identity
with respect to the metric which corresponds to i09(p + €pp), where pg is
the defining function for the ball, and taking limits as € — 0.

Before we proceed with the proof of Theorem 3 we also need a
result on Carleson measures. We say that p is a Carleson measure on
BP if pu(Qe(20)) S |Be(20)] for all € > 0 and 29 € OBP, where Q.(29) =
{z € BP , |v(20,2)| < €}. Such measures satisfy the Carleson-Hormander
inequality.

LEMMA 6. — Ifq > 1 then

/ flodu < / |F1ds
Bp OBP

for all plurisubharmonic functions f such that sup / |719dS, < oo.
o<r<1 Jop?

Proof of Lemma 6. — The Carleson-Hérmander inequality is known
for the ball B = B(1+~1) (see [H]), and the general case can be obtained
by the change of variables z — 27 (ie. z; — z 7.7 = 1,.,n). In
fact, if pu is a Carleson measure on BP then the measure ii, defined by
a(U) = u({z € C", 2? € U}) is a Carleson measure on B (this follows
from results obtained in § 2). Moreover, if f is a plurisubharmonic function
on BP, then f(w) = 3 |f(2)| defines a plurisubharmonic function on B.

2P=w

Hence, by the Carleson Hérmander inequality in the ball, we get
[ 1seran) < [ 1fenrae) = [ 1@
S [ V@l ~ [ 1iEmase s [ 1nase)
OB 6BP 8BP

O

If we require f to be holomorphic, and hence log|f| is plurisubhar-
monic, the inequality in Lemma 6 is satisfied also for ¢ < 1. In particular
the inequality is satisfied with ¢ = 1 and f € H', which is needed in the
following proof.

Proof of Theorem 3. — The main difficulty in proving the duality
(H')* = H*(BMO) is to obtain the estimate

/ 5dS
oBr

(4.2) S 1f 1l lbllzro,
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for f € CY(BP) N HY(BP) and b € BMO. From (4.2) it follows that
every BMO-function, defined as a functional on C'(BP) N H'(BP) by
(f,b) = fbdS, can be extended to a continuous linear functional on

oBP
H'. Conversely, any functional on H! is given by some v € L* and hence

also by H*u, since / fudS = / H fudS = / fH*udS if f € H'.
oBP aBP &BP
Moreover, if (f, H*u) = 0 for all f € H', then we must have H*u = 0, since

taking f = HH*u we get 0 = (HH*u, H*u) = (H*u, H*u) = ||H*u||2..
Thus the representation is unique, and by the open mapping theorem it
follows that ||H*u||gapro ~ ||H*ul|(m1)s-

To prove (4.2) we will use the representation f(z) = H f(z) which has
no (simple) meaning when z € 9BP. Therefore, instead we prove that

/ bdS
oBF

for all » > 0, where BP = {z € C", p(z) < —r}. Here b is extended from
OBP to a function defined on BP by letting b be constant in the normal
direction near the boundary. From this then (4.2) immediately follows.

S A bl Bamo,

By Lemma 2 we can define, for z € BP,
aB? (v(z,¢) — p(2))"
Then H}b € C>(BP?), and by Fubini’s theorem

/ fbdS = HfbdS = / fH*bdS.
8BP 8B? 8B

In what follows we write H*b instead of Hb and leave it for the reader to
examine the independence of r in the estimates. By Stokes’ theorem we get

fH*DOp A (00p)" ! = / H*bdf A Op A (00p)™ !
oBP Br
+ f OH*b A dp A (00p)™?
BP

- fH*b (08p)" = I + I + I3.
Br

Here I; can be regarded as the main term. Another application of Stokes’
theorem gives

L =/ pOH*b A Of A (00p)™ L.
BP

To estimate this integral we need
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LEMMA 7. — With f and b as above we have
) [ -dosiltav s [ \rpas
B o aBr
and
ii) —p|dH*b|? is a Carleson measure with norm less than ||b||%,,0-
Before we turn to the proof of Lemma 7 we complete the proof of

Theorem 3. By Lemma 7, Schwarz’ inequality and the Carleson-Hormander
inequality for functions in H! we have

/ p OH*bAOf A (80p)™ !
BP

< / —p|OH"bl, 0| dV
BP

e 1012 )"
5(/ —plaH*inIfldV) (/ wdv) < Bllssollfllae.
Bp BP Ifl

The estimate of Iy and I3 is easier. By writing

v(z,C)~P(z)=1—ZCp’ P]+Zz(pﬂ) PG - )t

j=1k=2

we see, by the comment after Lemma 4, that

(4.3) Szl lz = ¢ < 127 u(z,€) — p(2)1°.

%w(z, 0 - p(2))

Hence b — (—p(2))'~%2|0H*b(z)| is an operator with more than in-
tegrable kernel, and thus it can easily be seen to take BMO bound-
edly into L*°. In particular |0H*b(2)|dV is a Carleson measure with
norm less than ||b||papo and by the Carleson-Hormander inequality it fol-
lows that |Io| < ||f]la1||bl|Bmo- Similarly I3 is estimated, by using that
(=p(2))*2|H*b(2)| < |Ibl|Baro- 0

Proof of Lemma 7. — Set ¢ = glog| f|2. Green’s identity (with
respect to the metric (-,-),) yields

/ (pAe® — e?ALp) dV, = / e? L Op ds,,.
B? oBr On

Here Aye? = e?A, ¢ — 2|0¢|2e? and 0p/On = /2. Thus, since A, p and
A, ¢ both are negative, we have

| oosetav. s [ etas..
Br dBP
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Hence i) in Lemma 7 follows, as 8¢ = q0f/2f.
Finally, to prove ii) we have to show that

oo —plOH*b5,dV < ||bllBrol Be(20))|
e\20
for every zp € OBP and € > 0. As in the proof of Theorem 2 write

b = by + by + b3, where by = bBce(Zo)’b2 = (b - bl)XBCE(Zo) and b3 =
(b= 51)(1 = XBo.(20))- Then we extend by,by and bs to functions defined
on BP in the same way as b. Since dS also can be represented by the
form —(2mi)~"dp A (08p)™ !, and since 0, (v(z,{) — p(z)) = 0, we have by
Stokes’ theorem B ~
i) - (L) [ s
2mi) Jopzr  (v(z,C) — p(2))"

(AN @)

B (27”') /Bf (v(z,0) — p(2))™
Since |(0/02;)(v(z,¢) — p(2))| < |z;|Pi~1 and —p(2) < |v(z,¢) — p(2)| we
have by (2.2)

—p(2)

9 o

2. ( (8/02)(v(z,Q) — p(z))dwo)
S\Jer T (2 Q) - ()P

< Iz 250,
Thus

/ _ploH b2V < by / v
Qe(ZO) Qe(zo)

S BllE a0  log?(1/€) < [18lIBaro| Be(20)-
Furthermore, by repeated use of Stokes’ theorem, we have

[ somrnay
Qe(zo)
< / —p|0H*by|2dV = / —pi OH*by A OH*by A (80p)™ !
Bp BP
_ / —iH"by 5FF5 A Bp A (99p)™
BP
+ / —piH*by OOH*by A (00p)™*
BP
= / iH*by OH*by A Op A (80p)" ! + / i| H*bs|%(80p)™
Bp Br
+ / i H"bo[20p A (80p)™" + / _ piBH"by A OFB A (30p)""
oBr BP

+/ iH*byOH*by N 5p A (58/))"“1 =h+J+J3+ s+ Js.
Br
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By (3.8) and the boundedness of H*, considered as an operator on L2(8BP),
we have

95 [ 1bafdS S [BliBaol Bl

The integrals J, Ja, J4 and J5 are easier and can be estimated in a similar
fashion. For example, by (4.3), we see that

[B2(¢)1dS({)
e |v(2,¢) — p(2)|n—4/2

_ 0 .
(=P = B S a5 [
J a

and hence by (2.2),

1 b2(O)1dS()  \?
il 2 /B o) (/agf o0z, C) p(z>:"—6/2> W)

2 dv (z)
S /an 2201 </B o) oz, C) p(z)ln-m> 45(¢)
< / 162(O)2AS(C) < |1bl1% nro| Bel(z0)]-
8B?

Finally to estimate the contribution from bs we observe that if
z € Qe(20) then, as in the proof of Theorem 2, we have
0 16(¢) — bpe 1dS($) |2 P lbllsmo

| =—H*b3(2)| S z-I”j—l/ ~
7z; 3(2)| S 12 Bt (20) [v(z,C) — p(2)|™+! €

Hence
[, —sloreav < PE%010, () < ol

This concludes the proof of Lemma 7, and hence also of Theorem 3. O
Using (1.4) and (4.2) we can now easily prove Theorem 4.

Proof of Theorem 4. — We need to prove that H), = H! with
equivalent norms. To see that H}, can be continuously embedded in H!
amounts to prove that H takes H}, boundedly into H'. Since

L (52)

this follows from
LEMMA 8. — ||Ha||gr S 1 for all atoms a.

ds < Z[Ml/ _ |Ha;|ds,
j [5) 214
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Proof. — If suppa C Be(29) and z € Bge(2p) where C is sufficiently
large, then by Lemma 4 and (1.1)—(1.3)

B a(0)
|Ha(z)| = /6 e eas

1 1
_ /a Ena— v(zo,z>n)“(<)d5(<)’
| oo
Be(z0)

’U((, z)nv(ZOa Z)n

a()dS(¢)

o[ Iz -v( ) &

~ ~/Be(zo) d(¢, z)+1 [a(1dS() 5 d(z0, 2)"*8"

Thus by (2.1)

/ |Ha(2)|dS(2) < ¢ / _ 856 <y,
B¢ (20) Bg,,(20) d(20, 2)

Since H is bounded on L? we also have

1/2 1/2
a alz 2 z
[, . s 5 ( / Ce(zo)dS(z)) ( [, . 1HeEas ))

1/2
S (Con/? (/B - )Ia(z)lzdS(z)) <1

O

The hard part in Theorem 4 is to see that H* C HJ. Thus consider
f € H'. Since f = Hf it is enough to prove that f, as a function on the
boundary, belongs to ‘Hl, and that ||f]laz < ||f||z:. To see this, take an
approximating sequence f, € C*(BP)NH!(BP) such that ||f — fu||z: — 0.
Since f, € C*(0BP) we have f, € H., and hence by (4.2) and the duality
(1.4) we get

[|fnllat =  sup
lltllBMO<1
It follows (by applying this inequality to f, — fm) that f, is a Cauchy
sequence in ‘H},, and since H., is a Banach space, f, converges to some
g€ ML, As f, — fin L! and f, — g in L' (M., is continuously embedded
in L') we must have f = g and by above ||f||at < ||f]lz:. This completes
the proof of Theorem 4. O

andS‘ < Wulla.
OBP
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5. The factorization theorem.

In this section we prove Theorem 5. If F € H!, then by Theorem 4 we
have F = )" AyHag, where Y |\g| ~ ||F||z: and ai are atoms. Therefore
k k

it suffices to prove the factorization for holomorphic atoms. This in turn
follows from the L2-boundedness and the existence of a good support
function.

Suppose that a is an atom with support in B(2p). Then set G(z) =
(v(20,2)+€)*Ha(z) and H(z) = (v(20,2)+€)™*, where « is to be specified
below. Note that (v(zo,2) + €) is analytic in z € BP even if a is not an
integer, because Rev(zp,2) > 0. We have Ha = G - H, so we are done if
we can prove that ||G||gz||H||g2 S 1. In fact we show that if « is between
n/2 and n/2 + é (here § is the same as in Lemma 4) then

(5.2) IGllg2 S e* 2
and
(5.3) |H||g2 S e t2.

The estimate (5.3) is easy. We have
dS(z 1 —o0
/ —LT S = |Be(20)| ~ €7,
B.(z0) 1V(20,2) +€?* ™ €2

and by (2.1)

/ dS(Z) 5/ dS(Z)2 Sen—2a’
Be(z0) [V(20,2) + €2* ™ Jpe(zy) d(20,2)%®

since a > g— To verify (5.2) recall that, from the proof of Lemma 8, we
have

8
|Ha(2)| § 27— if 2 € B, (20),

(ZO, z)n+6

where C is a large constant depending on the constant in the triangle
inequality for d (see remark after Lemma 1). Hence by (2.1)

/ [v(z0, 2) + €| Ha(2) %dS(2)
B¢, (20)

5 626/ dS(z) < E2a—n,
B,

¢ (o) (20, 2)207H5)

since & < n/2 + 6. On the other hand, since H is bounded on L?, we have
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/ v(20, 2) + B2*| Ha(2)|2dS(2) < &2 / \Ha(z)|2dS(2)
Bce(z0)

Bce(zo0)

< e / la(Q)PdS(¢) < &2,
Be(ZO)

which proves (5.2). O
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