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THE MILGRAM NON-OPERAD

by Michael BRINKMEIER

Introduction.

R.J. Milgram introduced in [10] geometric models J" for the iterated
loop-space operads Q2"¥". Later J.M. Boardman, R.M. Vogt and P. May
proved that n-fold loop spaces are closely related to E,, operads in general,
and thus to the little cube operads (see [5], [6], [8]). Hence the question
arises if the operad structure of Q" X" translates to the geometric model J™.

C. Balteanu, Z.Fiedorowicz, R.Schwinzl and R.M. Vogt construct
in [1] an operad M,,, which codifies n-fold monoidal categories, a categorial
analog of n-fold loop spaces. They observe that an equivalent preoperad is
embedded in M, whose free space is of the same homotopy type as J"X.
For n = 2 the spaces are even homeomorphic (see [1], §§ 13.12-13.14]).

Due to the underlying polytopes, the permutohedra, the Milgram-
construction J" is of some importance for the examination of coherent
homotopy-commutativity. Similar to the associahedra introduced by
Stasheff in [11], Williams uses the permutohedra and the Milgram-
construction in [12] to define his notion of C,-spaces, which is used in
several subsequent papers, and is occuring in papers of McGibbon and
Hemmi (see for example [9] and [7]).

In fact there exists an operad structure with the permutohedra as
underlying spaces (this was pointed out to me by Clemens Berger and Zig
Fiedorowicz), simply by using the convex extension of the permutation
operad. But since the permutohedra are contractible this is an F, operad
in the sense of Boardman and Vogt (i.e. the symmetric group action does
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not need to be free). Therefore an algebra of this operad is homotopy
equivalent to an infinite loop space and hence its associated monad can not
be of the same homotopy type as the Milgram construction J” which is
just an n-fold loop space.

C. Berger conjectured in [3] and [4] an E, operad structure of the
permutohedra, whose associated monad is the Milgram construction J™.

I will show that Berger’s construction does not work. The first obser-
vation is that the would-be operad bears a structure far too strong, namely
that of strictly abelian monoids. This collapse of structure is then used to
show that the suggested structure does not define an operad at all. In fact
the proof shows that the multiplication defined by Berger does not respect
the degeneration conditions.

Nonetheless the construction defines preoperads J(™, which are
homotopy equivalent to the little m-cubes. In particular, the k-th
space J ,E") is ¥g-equivariantly homotopy equivalent to the real configuration
space F(R™, k). Furthermore the “non-monad” associated to the pre-
operad J(™ is an alternative description of the Milgram construction J,.

I would like to thank Zig Fiedorowicz and especially Clemens Berger
for some helpful and enlightening discussions, and James McClure for the
discovery of some mistakes and errors in an earlier version of this paper.

I thank the Deutsche Forschungsgemeinschaft for support during the
preparation of this paper.

1. The permutohedra and Berger’s construction.

Let A be the category of finite sets n = {1, ...,n} and injective maps.
Each injective map ¢:n — m has an unique decomposition of the form
@ = @€ o i such that ¢ :n — m is increasing and ¢f:n — n is a
permutation.

DEFINITION 1.1. — The permutation preoperad ¥ : A°° — Top is the
functor with £(n) = %, and ¢* := %(¢) : B, — =, given by o — (0 0 ¢)"
for ¢ € A(n,m).

The multiplications of the permutation operad % are given by
7E;i17'~'7in : En X Ezl Xoeee X zzn — 221++$n

(0;T1ye oy Tn) > 0(i1, .. yin) 0 (LB -+ D Tn)
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where o(i1,...,in) permutes the blocks (see [4], 1.15(a)) and — & — :
Yn X X — Xpim is the canonical product of permutations.

The product ¥;, @ --- ® X, C X, 4...44, will be denoted with
(81, -y in)-

For more details about (pre)operads in general the reader is referred
to [3], [4] or [8].

In contrary to Clemens Berger I will use the left action of the
symmetric group on R”, which seems to be the more common description.

DEFINITION 1.2. — For n > 1 the symmetric group %, acts on R™
from the left by permuting the coordinates in the following way:

0(.’171,. .. ,il)n) =(za_1(1), cee ,ma—l(n)).

The n-th permutohedron P, C R™ is the convex hull of the orbit of
(1,2,...,n) € R™ under this operation.

The convex hull of the orbit of X(i1,...,i,) C X, will be denoted
with P(iy,...,4.) C P,. The point o(1,...,n) € P, will be denoted with o.

Remark 1.3. — The notation of o for the point o(1,...,n) =
(671(1),...,071(n)) seems somewhat confusing. But since we will extend
the permutation operad to the permutohedra, we can calculate the vertices
right from the permutations, without applying it to the R™.

The geometric and simplicial properties of these polygons were
examined in [10], [12] and [2]. Here I will give only a rough sketch of
the few details I will use.

Py consists of only one point, P» is homeomorphic to the unit interval
in R and P to the hexagon in R?. In general P, is a (n — 1)-dimensional
polytope.

Obviously there exists a left ¥,-action on P,. The vertices are
mapped to vertices, and for each o € ¥, the map P, — P, with z — oz
is a homeomorphism. But unfortunately this action is not free, since the
barycenter of each permutohedron is a fixed point.

An arbitrary point z € P, will be denoted by a linear combination of

permutations
T = Z too with Z te = 1.
gEX, o€,
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Ifx= Y s;oandy= ) t,7arepointsof P, and P,, respectively, the
oEX, TELm
point £ @ y € P4, is given by

Thy= Z Z Solr 0 B T.

0ELX, TEX,
Milgram defined in [10] maps Iy : Py X P,_x — P, given by (z,y) — z®y
mapping the product of two permutohedra into certain faces of a higher
dimensional permutohedron. More general the codimension (r — 1)-faces
of P, are in one-to-one correspondence with the ordered partitions of
{1,...,n} of type (i1,...,%,) With 43 + -+ + i, = n, i, > 1.

Remark 1.4. — Each partition of type (iy,...,%,) can be interpreted
as a permutation of ¢; + - - - 4+ 4,. elements. If the classes are given by

{31, din b a1 Jinriabs - oo Lintodiroa b by -+ o Jigdoebin }

with jx < je for i, < k < £ < iyn41, then the corresponding permutation is
given by k— ji for 1 <k <y 4 -+ +1ip.

The converse does not hold, since the same permutation can be
associated to different partitions. For example the identity in 33 corresponds
to the partion {1}, {2,3} and to {1, 2}, {3}.

The vertices of the codimension (r — 1)-face, corresponding to a
partition of type (i1,...,%,), with associated permutation o € X%, are
given by the coset 0% (i1,...,7,). In addition there is a homeomorphism
I,:P, x - x P, —aP(i1,...,ir) C P, with

(z1,...,zp) —o(Z1 B - B ).

Using the (right) weak Bruhat order on the symmetric groups, the 1-skeleton
of these faces can be oriented.

DeriNITION 1.5. — The inversion index inv(c) of a permutation
o € ¥, Is the number of ordered pairs (i,7), 1 < i < j < n, whose orders
are inverted by o, i.e. (i) > o(j).

The (right) weak Bruhat order of ¥,, is the partial order generated by
o < T, if T is the composition of o and a transposition of two subsequent
numbers, that is 7 = o o (3,1 + 1), and inv(o) < inv(7).

Remark 1.6. — Since we use the left action of X,, on R", we have to
use the right weak Bruhat order, instead of the left weak Bruhat order, as
Clemens Berger did.
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Example 1.7. — X3 is given by the poset

(123)

(213) (132)
| |
(231) (312)
. -

(321)

Here and in the following the permutation

( 1 2 ... n )

o(1l) o(2) ... on)

will be denoted with (o(1),0(2),...,0(n)) (the commas will be left, if
unnecessary).

Remark 1.8. — If the vertices of the poset (i.e. the permutations)
are interpreted as points in R3, it does not seem to describe the border
of P; — the points (2,3,1) and (3,1, 2) have to be exchanged. But since we
use the left action of ¥, on R™, the permutation (231) corresponds to the
point (3,1,2) and the permutation (312) to the point (2,3,1). In fact the
correspondence holds for all vertices of P53 and the poset ¥5.

Applying this partial order to the permutohedra the edges will be
oriented. The face corresponding to a certain partition of type (i1,...,%.)
and associated permutation o has exactly one initial vertex, given by ¢ and
a unique terminal vertex, given by the permutation that turns the classes
of the partition “upside-down”, i.e.

{— kp  with £,=2(’i1+"'+i5)+ig+1—€+1 if g <€ <ipys.

DerFINITION 1.9. — An interval (o1, 03] in ¥,, with the weak Bruhat
order is called admissible, if it is the vertex set of some coset o¥ (i1, . . . ,tr).
Hence o is the initial and oo the terminal vertex of a face of P,,.

The geodesic of an arbitrary interval |1, 03] of the weak Bruhat order
in %, is the average of all oriented edge-paths between o1 and o5 in P,.

The barycenter of |01, 03] is the barycenter of its geodesic.
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(123)
{1,2},{3}

{1},{2,3}

(213) (132)

{2}, {1,3} {1,31,{2}

(231) (312)

{2,3},{1} {3h{1,2}

(321)

Figure 1. The geodesic and barycenter of Ps

The barycenter of an admissible interval coincides with the barycenter
of the corresponding cell. For example the geodesic of [(123), (213)] C X3
is the corresponding edge of Ps, and its barycenter the barycenter of
the interval. The geodesic of [(123),(321)] C X3 is the line between
(123) and (321) and its barycenter is the point B. The geodesic of the
non-admissible intervall [(123),(231)] C X3 consists of the two edges
[(123), (213)] and [(213),(231)] of Ps. Hence its barycenter is the point
(213) € P; (see Fig. 1).

To define an operad-multiplication on the permutohedra we have to
define maps P, x P, X ---x P; — P; 4..4; which satisfy the associativity
conditions. But the intention to formulate an operad, whose associated
monad is the Milgram construction gives certain additional restrictions to
the choice of the multiplication.

The operad structure has to extend the permutation operad X.
This can be done very easily by mapping the vertices of the product
P. x P;, x .-+ x P;_to the corresponding vertices of P;, 4...;i,, given by X.
But the extension of this map can be done in two different ways.

The first possibility is the convex extension of the permutation operad,
by mapping P, x P;, x --- x P;_to the convex hull of the image vertices
(see Fig.2). This construction does in fact define an operad whose n-th
space is P,. It is E, in the sense of Boardman and Vogt, ¢.e. its underlying
spaces are contractible but the actions of the symmetric groups does not
need to be free. Thus its algebras are homotopy equivalent to infinte loop
spaces (cmp. [6], § VI.3). But since the Milgram construction is only a
model for n-fold loop spaces the associated monad of the convex extension
is of the wrong homotopy type.
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(21); 1),(12) (21} (1),(21) (123)

(213) (132)

(231) (312)

(12); (1), (12) (12); (1), (21) (321)

P, x P x Py P3
Figure 2. The convex multiplication

Berger tried to get the correct operad by application of two changes
to the convex extension of the permutation operad. First he deformed the
multiplication such that it respects the relations on the borders of the
permutohedra, given in Milgrams construction. But this does not affect the
homotopy type of the spaces. In a second step he made the action of the
symmetric group free, which would give the correct homotopy type.

In the Milgram construction the border of P, x P;; x --- x P;_has to
be mapped to the border of F;, +...1,,. Berger did this by using a cubical
extension of the symmetric operad instead of the convex one. He defined
the operad-multiplication v, ; :Po X Py XX P, — Py 4..yp, as
the affine extension of the permutation operad, such that the barycenter
of any interval in ;, 1...4;, is mapped to the barycenter of its geodesics in
P, y...4, (see Fig.3). Hence for n = 2 and 41 + i2 = 3 the squares A, B,C
and D of P, X P; X Py, resp. P» X P, X P; are mapped to the corresponding
segments of Pj.

The second step, in which the symmetric group action is made free, is
done in the definition of the would-be operad. For each permutation in ¥,
a copy of PF is added and an appropriate quotient of the space P¥ x ¥, is
taken to be the n-th space of the new E}, operad.

Here I will only describe the suggested construction for the operad J(
corresponding to Ja, i.e. 2-fold loop spaces.

DerFINITION 1.10 (cmp. [4], § 2.12). — Let J$? be the quotient space
of P, x ¥, under the relation

(tz;0) ~ (x;70)

for any partition T € X, of type (i1,...,%r),%1 + -+ + i = n, where
z € P(i1,...,i,) and 0 € 5,,.
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(21); (1), (12) (21); (1), (21) (123)

B C p (213) (132)
Y2:1,2
N T~—
A D (231) b (312)

(12); (1),(12) (12); (1), (21) (321)
Py x Py x P, Py
() (21); (12),(1) (21); (21),(1)
(213) (132) P B C
Y2;2,1
—_—
(231) 6 (312) A D
371) 2502, (2) 0,0
P; Py x Py x Py

Figure 3. The cubical multiplication
The action of ¢ € A(n,n) is induced by
Py x X, — P, x %,

(z;0) — (2(09)™ (o).

Remark 1.11. — Since I use the left instead of the right action, the
relation given by Berger has to be changed slightly.

Following [4], § 2.14, the A structure and the maps v, x~&
induce an Es-operad structure on ,(12).

2. The commutativity of Berger’s construction.

In the following we assume that Berger’s construction defines an
operad. If (X, ) is a J(®-algebra, there exist maps Fy, : P, x £, x X" — X.
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These fulfil certain conditions, induced by the operad structure and the
relations on J$. Used here are

1) the associativity condition
Fo(s;Fiy = (ti;zy,...,a0), ... Fi (tnsa?, ... 2])
= Firrotin (Yngin, i (Sit1, - - ytn); T, - )
2) the degeneration relations on the associated monad, induced by
the two maps 1 — 2, Fy(s;z, %) = Fi(*;2) = ¢ = Fa(s;*,);
3) and the X -equivariance

Fp(so;x1,. .. Zn) = Fo(8;%0-1(1), - - -1 To=1(n))-

Remark 2.1. — Since only the identities of 3,, are used, in the future
this coordinate will be dropped.

There is a multiplication on X, given by zy = F3((12);x,y). The
associativity of the permutation operad shows the associativity of this
multiplication. Since the degeneration relations hold * is a unit. Therefore
X is a associative monoid with strict unit.

Obviously the map ¢:I — P with t — (12)(1 —¢) + (21)t is a
homeomorphism. Thus there exists a homotopy h;: X x X — X with

he(z,y) = F2((12)(t - 1) + (21)t7,),
running from ho(z,y) = zy to

hi(z,y) = F2((21);7,y)) = F2((12);y,7) = ya.

Via F3 and the degenerations one gets even stricter conditions for the
commuting homotopy h;. The maps 'yg 1,2 and 'yzp; 2,1 are homeomorphisms.
Therefore there exist s;,t; € Py,i = 1,2 for each r € P3 such that

. 2,1(32?"'2’ (1)) =r= ’721?1,2(51;(1),t1)-
Hence for z,y € X one gets

Fy(s2;2,y) = F3(r;%,2,y) = Fa(ti;z, ).

In the first case the homotopy h; is mapped to the edges [(123), (132)] and
[(231), (321)] (cmp. Fig. 4). In the second case h; is mapped to the geodesics
of the intervals [(123), (312)] and [(213), (321)], such that the center point of
the homotopy h 1 (z,y) is mapped to (132) and (231). Thus the homotopy
needs to be equal to xy on its first half and equal to yx on the second
half (in the first case the edge [(213), (231)] is mapped to zy and the edge
[(132), (312)] to yz). Thus (X, *) must be an abelian monoid.
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(21); 1),(12)  (21); (1), (21) (123)

zy
(213) (132)
hi(z,y) 72;1’2
> N~ ~— zy yx
(231) (312)
— yT
(12); (1), (12) (12); (1), (21) (321)
(123)
zy (21); (12),(1) (21); (21),(1)
(213) (132)
’752,1
— S A S h‘t (.’L‘, y)
(231) (312)
yT

@321) (12); (12),(1) (12); (21),(1)
Figure 4. The commuting homotopy

Remark 2.2. — Since the permutation coordinate wasn’t used, the
freeness of the symmetric group action is not involved in the failure of the
suggested construction. In fact the cubical extension of the multiplication
does not fulfil the needed degeneration properties.

Now let X be a 2-connected CW-complex with non-degenerate base
point * (i.e. the inclusion * < X is a closed cofibration). Then the two-fold
Moore loop space Y: = Q%MX of X is a connected CW-complex. The
canonical evaluation map e: %202, X — X induces a homomorphism of
monoids Q3,e:02,52Y - Y.

If J@ is an E, operad, whose associated monad is the Milgram
construction, there exists a homomorphism of monoids ¢ : JAY — Q%,I xy
(the map is given in [10], §5.2). Therefore we get a homomorphism
p: = 2 eo01:JAY — Y. From the construction of % in [10] one
can see that the diagram

92
sy Y, ez sry M,y

N

Y
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with the inclusion i: Y — Q2% ¥2Y given by

(i(y))(s,t) =y A s At,

commutes. Therefore the homomorphism ¢ = Q2% ¢ is an extension of the
identity and hence surjective.

Since J@Y is the free J(?-algebra of the space Y, it is an abelian

monoid. The surjectivity of ¢ now shows that ¥ = Q2 /X is strictly
commutative, too. But obviously this is wrong. Therefore J(? can not be
an operad whose associated monad is the Milgram construction.
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