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HARMONIC METRICS AND
CONNECTIONS WITH IRREGULAR SINGULARITIES

by Claude SABBAH

1. Statement of the results.

Let X be a compact Riemann surface, D C X be a finite set of
points and denote by j the open inclusion X* X D X.Let Mbe
a locally free O x [*D]-module of finite rank d, equipped with a connection
V: M — M Qo Q% which may have regular or irregular singularities at
each point of D. Therefore, M is also a holonomic module on the ring Dx
of holomorphic differential operators on X. We call such a Dx-module a
meromorphic connection for short. There exists a unique holonomic Dx-

submodule M i, C M satisfying
(1) Ox[*D] ®0x Mmin = M,
(2) Mpmpin has no quotient supported on a subset of D.
One says that My;, is the minimal extension of M along D. If M*
denotes the dual Dx-module, we have an exact sequence

0 — Mumin — M —> [Hi(M*)] " —0

where H?D] (M*) denotes the torsion of M* supported on D.

Denote by M the local system of horizontal sections of M,;x~ and
denote by DR(M) the de Rham complex (2% Qo M, V). If M is regular
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at each point of D, we have DR(Myin) = j«M. In general, however,
DR(Mmin) cannot be computed in terms of M only.

When V has only regular singularities, it follows from [11] that, when
the meromorphic bundle with connection (M, V) is irreducible, i.e. in this
case when the local system M is so, there exists on M|x. a harmonic
metric having a moderate behaviour near each point of D. Then, Zucker’s
arguments in [13] show that the L? complex of this bundle (associated with
this harmonic metric and with a metric on X* locally equivalent, near each
point of D, to the Poincaré metric on the punctured disc) is isomorphic
to the de Rham complex DR(M i) = j.M, and its cohomology can be
computed with L2 harmonic sections. The situation is thus analogous to
that of a variation of polarized Hodge structure considered by Zucker,
without the Hodge decomposition however.

In this paper, we show that the same results hold without any
regularity condition on the connection. The results below are a step towards
a general conjecture made by M. Kashiwara [4] concerning the behaviour

of semi-simple holonomic D-modules. The problem we solve was raised in
[11].
First, we construct in §3 a hermitian metric £ on the flat bundle

C%. ®ox. Mx~, satisfying the following properties:

(1.1) the k-norm of any local section of M has moderate growth near each
point of D;

(1.2) the norm of the curvature of k, computed with a C* metric on X,
is “acceptable” in the neighbourhood of D (in the sense of [11, Prop. 3.1]);

(1.3) the k-norm of the pseudo-curvature (in the sense of [11]) of
(M x+,V,k) is LP with some p > 1;
(1.4) the degree of the bundle M x., computed with the metric k, is zero.

We then obtain, as a consequence of the fundamental results of
Simpson [10], [11]:

THEOREM 1.1. — Let (M, V) be a meromorphic bundle with con-
nection on X, having poles on D. If (M, V) is irreducible, there exists a
harmonic metric h (in the sense of [11]) on M,x« such that h and k are
mutually bounded.

Notice that, when V is irregular, (M, V) may irreducible without M
being so.
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Proof. —Indeed, Property (1.2) shows that the subsheaf M of JeMx~
of sections having a norm with moderate growth is a meromorphic bundle
(cf. [2], [10]). This meromorphic bundle contains M because of (1.1). As
both bundles M and M coincide on X*, they are equal.

If (M, V) is irreducible, the object (M|x~,V, k) is stable: if N* is a
proper subbundle of M, x. invariant by V, Lemma 6.2 in [11] shows that

— either deg(N™*, k) = —oo and the existence of N'* does not contradict
stability,

— or deg(N*, k) is finite, and then N* can be extended as a meromor-
phic subbundle of M = M; this is impossible as (M, V) is irreducible.

The object (M)x-,V, k) is thus stable and has degree 0, because of
(1.4). We may apply part 2 of Theorem 6 in [11] to get the harmonic metric
satisfying the desired properties. o

Fix also a complete metric on X* which, at each point of D, is locally
equivalent to the Poincaré metric on the punctured disc A*. This metric
and the metric k on M, x- allow us to define a L? complex on X, denoted by
Ly (M) (no irreducibility assumption is needed here). This complex comes
equipped with a natural morphism in the complex of currents Dby ®p, M,
which is isomorphic to the de Rham complex DR(M).

THEOREM 1.2 (L? Poincaré lemma). — The complex L, (M) is
isomorphic to DR(Mmpin).
Remark 1.3.

(1) The de Rham complex is centered here in the usual way, namely
DR(Mmin) = (QB( ® Mmina V)

It is known to be constructible. Hence the theorem implies the constructibil-
ity of the complex Lty (M) and the finiteness of its global hypercohomol-
ogy.

(2) When (M, V) has only regular singularities, Theorem 1.2 is due to

S. Zucker [13] (Th. 6.2 and Prop. 11.3, which is also valid for a € C). In
the proof, we will use this result.
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2. Preliminaries.

2.a. Recall first the formal structure of meromorphic bundles with connec-
tion. Let A be the disc {z € C | |2| < r¢}. It will be convenient to assume
that ro < 1. Let ¢ € O(A)[1/z] and denote by £¥ the free Oa[1/z]-module
of rank one equipped with the connection defined by Vj,_ (1) = ¢(z). We
say that a meromorphic connection (M, V) on A with pole at 0 only is
elementary if it is isomorphic to a direct sum of meromorphic connections
¥ ®o, R, where R, are regular at the origin.

We say that a meromorphic connection (M, V) on A has a formal
decomposition at the origin if there exists an elementary meromorphic
connection (M’,V’) and an isomorphism (,/TA\, V) ~ (/T/Pﬁ' ), where we
put, for a meromorphic connection (N, V), N % C [2]®o,N. The theorem
of Turrittin (see e.g. [7], [12], [9]) asserts that any germ (M, V) has a formal
decomposition, possibly after a ramification: there exists a cyclic covering

A, 5 A
t — z=1t1
for some ¢ € N* such that the inverse image m* M equipped with its natural
connection, that we denote by m+(M, V), has a formal decomposition at

the origin. There exist (see 7, chap. III, Th. (2.3)]) formal germs of regular
connection (M) V) and purely irregular connection (M%), V) such that

(M, V) =MD, V) & (M, V).
One may rephrase this a little differently:
LemMA 2.1 — Let (M, V) be a meromorphic bundle with connection

on A, with pole at 0 only. There exist

(1) a meromorphic bundle with connection (M’, V') and an integer q
such that =+ (M’, V') is elementary,

(2) an isomorphism A : (M', V') =5(M, V).
Proof. — Let m : t — t? = 2z be such that 7*(M, V) has a formal

decomposition. Let ¢ = €*"/9 and o : t ~— (t. As T = m o 0, we have an
isomorphism A, : (M, V) 5 ot (7F(M, V)).

Let (N’,V’) be an elementary meromorphic connection in the t-
variable equipped with a formal isomorphism A, : (N, V') = 7+t (M, V),
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given by Turrittin’s theorem. Put
N =0t () o kg 0 e : (W, V) S0t (N, V).

As (N",V') and o (N, V') are elementary, this isomorphism comes from
an isomorphism A, : (N, V') =5 o (N”, V). Hence, there exists a mero-
morphic bundle with connection (M’,V’) in the z-variable such that
W', V') =7+ (M, V'): it is the invariant part of the meromorphic bundle
with connection 7, N’ with respect to the automorphism induced by ..

Notice that, X,, being compatible with 5\: and Xf, by definition, it
defines a formal isomorphism A : (M’, V') —(M, V). o

2.b. Let us now be more explicit concerning DR(Mpi,). Denote by (’)ﬁ
the formal completion of Ox along D. This is a sheaf on X supported
on D, which fiber at each point of D is isomorphic to C [z]. Consider the

formalized bundle M % (9;‘5 ®ox M. As in the local case above, it can be

decomposed as the direct sum M = M® @ M) of its regular component
and its purely irregular component.

Notice that the notion of minimal extension is also well-defined for
Om[*D]—modules with connections and that My, = Mnpin: indeed,
tensorizing with O)TIT? commutes with duality of D-modules and preserves

Ox or (’)m—torsion. Denote by T (resp. 7T, /Ct) the dual of the torsion part
of M* (resp. H") We hence have ’7'/\\4 =Tg.

Remark also that the dual D-module of M0 is a (’))/(IT) [*D]-module

(7, chap. III, Rem. (2.4)]). This implies that M%) = M0 and T =
T forer It follows that My, is equal to the kernel of the composed morphism

M-—)./TA\—AT/C( =Tﬁ(r).

We have recalled above that when M is regular, we have DR(Mp;n) =
J«M.

On the other hand, if M is purely irregular (i.e. if MO = 0), then
Min = M by the remark above, and consequently DR(Mmpin) = DR(M).
In this case, DR(Mpn;y) is far from being concentrated in degree 0 because,
at each point of D, the difference dimH! — dimH° is equal to the
irregularity number of M at this point.
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2.c. Let (Db, d) be the complex of currents on X. The natural morphism
(92%,d) — (Db, d) is a quasi-isomorphism. As M (i) (i.e. M or Mpiy)
is Ox-flat, the complex (,’Db’;g' ®ox M(min),'g) is a resolution of Q% ®e,
M (min), and, taking the single complex associated with the double complex
(DbY’ ®0x M(min), V,0) we conclude that

DR(M (min)) = (2% ®0x M(min)» V) —(Db% ®0x M (min), V + 0).

Fix a complete metric on X* as in §1. If a metric is given on the
bundle Mx-, the sheaf £22) (M) is the sheaf on X which sections on an
open set U of X are i-currents 7 on U* with values in M, such that 7
and (V + 8)7 are in L? on each compact set of U, with respect to the
chosen metrics. If the matrix of the metric on M|x+ in some (or any)
local meromorphic basis of M has moderate growth along D, the complex
Ll (M) is naturally a subcomplex of

Db ® M = Dbk [xD] ® M = Db} @ M,

where Db5°%° = image [Dbx — Dbx-].

Denote by C the cone of L{y (M) — Dbk ® M. To prove Theorem

1.2 it is enough to construct a morphism C — DR(7x) in D®(Cx) such
that the diagram

Dby OM ——— C

® k 1
DR(M) DR(T/)

commutes and to show that it is an isomorphism. This is now a local
problem on X, so we may (and will) assume in the proof of Theorem 1.2
that X = A and D = {0}. It is also enough to prove the result for germs
at the origin, because it is clear outside the origin.

2.d.Lete: A = [0,70[ X ST — A be the real blow-up of A at the origin
(polar coordinates) and let Az be the subsheaf of (C%" defined as the kernel

of the Cauchy-Riemann operator zZdz. Put M= AZ Re-10, € M. As 9,

operates on sections of 'AZ’ one may extend the action of V to Mina
natural way.

—~

The de Rham complex DR(M) is the complex Az ® e™!(Q3 ® M)
with its natural differential.
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The complex of currents with moderate growth
,Dbgod(),o ®e'10A lM Dbmodo . -AX M
is also defined, because d, and &5 operate on

Db2°40 = image [Dbz - @bA.] .

The complex 522)(./W) can be defined in a similar way on Z, and
for the metric constructed in § 3, we have a natural inclusion £, (M) —
DI @ 4 M.

Since the terms of these complexes are c-soft, and since we evidently

have e*Lzz)(M) = L{)(M), we conclude that this natural inclusion
becomes the natural inclusion

Lty (M) = DR @0, M = Db} B0, M,
after applying the functor Re,.

2.e. Let (M,V) be a free Oaz!]-module of rank d with connection
and fix a formal model (M’,V’) as in Lemma 2.1 and an isomorphism
X (ﬁ’,%’) — (/T/i\, V). Let « : Aq — A be a cyclic covering such that
nt(M’', V') is elementary. Then, for any §° € S?, denoting by Ago the
germ of Ax at (0,6°) € [0,7o[ x S, there exists A\go such that the diagram

(Ago @ M', V") (Age ® M, V)
(M, V) A (M, V)

commutes, where the vertical maps are induced by the Taylor expansion

map Ag. — C[2].

This is known ([12], [9], [7]) when (M’ v ) is elementary. In general
remark that 7 induces a covering map 7:Bg — A, with A, = [0,75/I[x S,
hence an isomorphism 7}, : Ago — Ago /q for any p0331ble choice of 6°/q,
and one may define Ago as

(oo ®1d) ™1 0 Agosq 0 (o' @1d).
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It follows that there exists a covering of S! by open intervals I such
that all triple intersections are empty and all intersections are connected
or empty, and isomorphisms

AL (A@ M,V )0 ex1 —(A® M, V)j0e[x1

lifting X, for € > 0 small enough. The Stokes automorphisms A; o )\1—1 =
Id + py,y on [0,e[ x (INJ) are such that p; s is nilpotent and its matrix in
any meromorphic basis of M is C*°-flat along {0} x (I N J); more precisely,
the entries have an exponential decay along {0} x (INJ). Let us prove this
assertion.

It is possible to write
N)=hLu---Ul, 7 YJ)=J1U---UJy,

a disjoint union of open intervals of S! such that I; N I; # & for i # j
and 7 : Iy N Jy — INJ is a diffeomorphism for any £k = 1,...,q. Put
A, = (T, ®I1d)"t o A\j o (7, ® Id). It is known that the matrix of
Ar, © /\}kl in any meromorphic basis of 7* M’ is equal to Id + Ny, j, with
N1, s, nilpotent and exponentially decreasing at {0} x (I N Jx). Hence the
same property holds for Ajo /\;1 on A®Mi[0,£[x(1m). This is also true for
the matrix of Af o /\;1 in any A-basis of A ® Mi[O,e[x(IﬂJ)’ hence for the
matrix of Ay o )\;1 in any A-basis of A ® Mo ¢[x(1nJ)- O

2.f. Remark that, for any rank-one meromorphic connection (£,V) on
A with pole at 0, the natural connection on Home, (L, L) is regular
at 0. It follows that for any meromorphic connection equ1pped with a
formal isomorphism X as above, the isomorphism det X can be lifted to
an isomorphism det(M’, V') — det(M, V). In particular, given any basis
e’ of M’, there ex1sts a basis e of M such that the matrix A of \ in these
bases satisfies det A = 1.

Let A7 be the matrix of A\; in these bases. Then det A; = det A; on
[0,e[ x INJ as pr,; is nilpotent. Hence det Ay is a meromorphic function
independent of I. Its asymptotic expansion at 0 being equal to 1, it is equal
to 1. Therefore, in the bases e’ and e as above, we have det A; = 1 for all I.
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3. Construction of the metric k.

The metric k will be constructed in the neighbourhood of each point
of D and then will be extended to X* in a C* way using a partition of
unity.

The metric k¥ on CX. ® M|a- will be first defined for elementary
meromorphic connections, then for any connection.
3.a. See also [11, § 5] and [1, § 11].

Let « € C, p € 1/2-C[1/2] and put &/ =Rea, o” =Ima.

Let Y be a nilpotent d x d matrix, (Y, X, H) a slp-triple and (, ) a
positive definite hermitian form such that Y* = X, X* =Y and H* = H.
Fix an orthonormal basis €° of V = C¢, made with eigenvectors of H and
denote by w; the eigenvalue of H corresponding to e}, with w; € Z. We
will denote by Y, X, H the matrices of Y, X, H in the basis e°.

Put on the trivial bundle V = CX¥ ®c V on the disc A = {z | |z| < ro}
the connection D such that, in the basis e = 1 ® e°, one has

D*'e=0
1,0 , dz
D'%e=e- (Y + (—a+2z¢'(2))ld) ® —-
The family € defined by

g =e ()% exp(~Ylogz) - ¢;

= e ¢ Z(— log 2)¥ - Yke;
k>0

is a multivalued horizontal basis of V|a«.
Put a(z) = |log 2Z| and let P(z) be the matrix
P(z) = |2|* a(z)"H/2eX.
Consider the basis € of V|a~ defined as

e =e- P(2).

The metric k will be the metric on Vo« such that the basis € is
orthonormal.
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The metric k; for which an orthonormal basis is e- |z|°‘, a(2)~H/? will
also be useful. Of course, k and k; are mutually bounded. Notice that e is
ki-orthogonal and that

— ’ .
ki(ej, e5) = 12|72 a(2)"7;

but the horizontal multivalued basis € is no more orthogonal; however, for
any closed sector {z € A* | arg z € [6p, 61]} there exist two constants C1, C2
such that any branch of €; satisfies on this sector

Cre™ RevPa(2)i < ky (€,€;) < Cae™ Re?Ela(2)™s.

Remark 3.1. — When ¢ = 0 and « is real, the metric k; is the
metric used by Zucker in [13, Prop. 11.3]. His argument also gives a proof
of Theorem 1.2 for any a € C (and ¢ = 0), when one uses the metric &; to
compute the L? complex. Notice that, as k; and k are mutually bounded,
they define the same L? complex.

LEMMA 3.2. — The curvature Ry of the metric k is “acceptable” in the

sense of [11]; more precisely it satisfies || R||, < 5 with C > 0,

|2[? [log 22|
the norm being computed with the standard Euclidian metric on A.

Proof. — Recall that for £ € Z and z € A we have
20,a(2)" = 205 a(2)" = —ta(2)* 1.
We will use the following identities:

a:l:H/2Ya:FH/2 — a:FIY

a:}:H/ZXa:FH/2 — a:l:lX
eYHe Y = H+2Y
eXHe X = H-2X
eXYeX=Y+H-X.

The matrix K of k in the basis e is
K=({PYyp'l= |z|_2°" aH/2=Y =X gH/2

and the matrix of the metric connection Dy = D,lc‘0 +0is

Ml‘ogiE = [-a/Id + K7!(20, + ') K] (—j—z—
kg z
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The computation gives

2H 2
M =—a'ld - Y——+—)2(-.
a a
ANdZ
In the basis e, the curvature Ry has matrix R,lc’1 |2 id with
2H 4X
I 1,0 _
Bl =20 =
The matrix of Ry in the orthonormal basis € is thus
P—lRllc’IP dZ /\2d2 _ 2H d,2Z NdZ
|2] |2|” a?
and the “acceptability” is clear. O

LEMMA 3.3. — The pseudo-curvature Gy of (V|a-, D, k) is zero.
Proof. — Denote by M*%dz/z (resp. M®'dz/Z) the matrix of D0
(resp. D%) in the basis €. We have
MY = (—a+ 2¢'(2))ld + P"'YP + P7120,P,
M®' = P7'z8;P.
Put
o= (MIO MO, @ = %(MI,O* + MO

and 0 = E-)dz/z, = ©*dz/z. The matrix N%'dz/z of the operator
g X DO _ g% in the basis € is N%! = M%! — ©*, The pseudo-curvature

G, 5 Op(0) has matrix

(202(8) + [N™', 8])

oI5

zdz
z

Putezereg+z‘P(z)IdadN°1 MO — ©% . Then

reg reg*

207(0) + [N*1, 0] = 203(Oreg) + [Nia, Oreg]-

It is thus enough to prove the lemn}a when ¢ = 0. One computes that in
the basis e - Q(z) with Q(2) = |2|** a~H/2eXa™/2, the matrix of Opyeg is
zero and the matrix of ;g is equal to

(S5meev) S

which is holomorphic, hence B'Ereg(oreg) =0. o
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Remark 3.4. — The notation O is taken from [11]. The holomorphic
bundle E is the bundle generated by the basis e - Q(z)e®~%)/2. The

computation above associates to (V, D) and the metric £ a Higgs bundle
(E,9).

3.b. Let now V be a C-vector space of dimension d, equipped with an
automorphism T" and with a T-stable decomposition V = @, V,, indexed
by a finite subset ® C 27 1C[z7!]. Let T = T,T, be the decomposition of

1
T into its semi-simple and unipotent part and put ¥ = — % log T,. Fix

an slp-triple (Y, X, H) compatible with T; and with the ®-decomposition
of V, and fix a positive definite hermitian form (, ) such that

(3.5) The double decomposition V = @, oV, o with respect to ® and to

%in log of the eigenvalues of T is orthogonal,

(36) Y* =X, X*=Y and H* = H.

Fix also an orthonormal basis e° of eigenvectors of H adapted to this
double decomposition.

Let e = 1 ® €° be the corresponding basis of Vo = Oa ® V. Put on
the meromorphic bundle V[27!] the connection V which is the direct sum
of those used in § 3.a. This meromorphic connection is elementary and any
elementary connection has this form.

Define the metric k in such a way that € = e- P(z) is a k-orthonormal
V|a--basis, where P is a block-diagonal matrix, the blocks being those of
§ 3.a. Define the metric k; in a similar way. The matrix P can be written
as P(z) = 8(z)a(z)~H/2eX, where §(z) is a diagonal matrix with diagonal
entries of the form |2|* and commuting with Y, X, H.

Clearly, the metric k satisfies both lemmas of § 3.a.

3.c. Keep the same notation as above. Let ¢ € N* and put ¢ = e*"/9. Let
(M, V) be a meromorphic bundle with connection on A, with pole at 0. Let
m: t — t? = z be a cyclic ramified covering from a disc A, to A and assume
that 7 (M, V) is elementary, i.e. can be described as in § 3.b. As 7 = moo,
we moreover have an isomorphism ), : 7+ (M, V) -"5 g% (nH(M, V)). In
terms of the data of § 3.b, we are given an automorphism of finite order g:

AV —V

which commutes with T, and is o-compatible with the double decomposi-
tion of V, ie., A3 (Vyp,a) = Vipoo,a+1/q> Where a + 1/q is taken modulo 1.
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We will choose H and X so that A2 also commutes with the slo-triple. It
defines an isomorphism

v 22, gry
f)®@v° —  f(CTH) @ A3 (v°).

Fix a positive definite hermitian form (, ) on V which satisfies (3.5), (3.6)
and

(3.7 (,) is A2-invariant.

Let e° be an orthonormal basis of V' made with eigenvectors of H and
compatible with the double decomposition, and put e = 1®e°, £ = e- P(t)
with P as in § 3.b. We thus get a metric kg on V|a..

LemMA 3.8. — The metric k, is compatible with A,, i.e.,

def

kg, (v, v') = 0% kq(As(v), A (V') = kq(v, v')

for local sections v, v’ of V.

Proof. — Working in the basis e and denoting by AS the ma-
trix of A% in this basis, we see that the matrix of the hermitian form
0% kq(As(v), Ao (V")) is equal to AS*- Kgo0- A2, if Kq = (P~)*P~! denotes
the matrix of k. As A? is orthogonal and commutes with H and X and as
P oo = P, this matrix is equal to K. O

We deduce from this lemma that there exists a metric k on M|a- such
that the metric k; on V) Iy is pulled-back from k by 7. In particular, the
curvature and the pseudo-curvature are also pulled-back, and both lemmas
of §3 are satisfied by k on M|a. as soon as they are satisfied by k, on
™ *VI A; .

Remark. 3.9. — (1) The determinant det K, is equal to (det P)~2 =
|t|2ﬂ’ for some 3’ € R, as trH = 0 and X is nilpotent.

(2) The metric k; 4 is also compatible with ),, hence defines a metric
ki on M|a-. Moreover, k and k; are mutually bounded.

3.d. Let (M, V) be a meromorphic bundle with connection on A having a
singularity at 0 only. Let (M’, V') be a formal model for it, in the sense of
lemma 2.1. Fix a formal isomorphism A and liftings A\; as in § 2.e.

Index the family of intervals by Z/NZ, so that I, N Is41 # @ and
IiNIpyr =2 if k # —1,0,1 for any £. Let x, € C®°(IyN Iz41) be such that
X¢ = 0 on the ¢-side and x¢; = 1 on the £ + 1 side of I N Ip41.
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We may now define an isomorphism
A (C‘[)(idxsl ® MI ; C?OO,E[XSI ® M
by the formula
- { A1, (also denoted Ag) on [0,e[ x (Ig — ZIL;J“IZ,),

(Id + xe(O)pe,er1) 0 Ae on [0, x (Ig N Ipy1).

Denote by k' the metric on Mi A~ constructed in §3.d and let k£ be

the metric on M|+ obtained by pushing &’ by X. Define k1 in a similar
way, pushing ki by A.

Let us show that k satisfies (1.1), (1.2) and (1.3). Assume first, for
simplicity, that ¢ = 1.

Denote now by € the basis of M’ used in §3.b, and by &’ the
corresponding orthonormal basis; we have £ = €' - P(z) where P is a
block-diagonal matrix as in § 3.b.

Put & = A(e’). Then € = X(€') =& P is an orthonormal basis for k.

In a neighbourhood of the sets ]0,&[ x (I — Up¢Ip), the basis € is
holomorphic and we may compute the curvature and the pseudo-curvature
of k exactly as in § 3.a.

On ]0,&[ x (Ig N Ip4+1), denote by e® the holomorphic basis s(e').
We then have

e=e®1d + M) - P,

where My 41 is a nilpotent matrix with exponentially decreasing C*°
coefficients. The curvature and the pseudo-curvature of k can be expressed
with the same formulas as in § 3.a, adding a perturbation term which is
asymptotically equal to 0 along {0} x St.

Therefore, properties (1.1), (1.2) and (1.3) are satisfied for (M/a-, V, k).
For q > 2, argue similarly with 7+ M’ and 7+ M.

Remark. 3.10. — If e is any meromorphic basis of M, the norm of
det e for the metric on det M|a- induced by k or k; is equal to |z|2£3 for
some ' € R and some choice of coordinate on A: indeed, this is true if e
is chosen so that the matrix of A, in the bases e’ and e has determinant
equal to 1 for all £ (see § 2.f); hence this is true for any meromorphic basis
after a suitable change of coordinate.
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3.e. Let us now come back to the global setting. In order to show that
the metric k satisfies (1.4), we will need the lemma below. Let £ be a
rank-one meromorphic bundle on X, with poles on D, equipped with a
connection V : £ — L ®o, Q. Let 2° € D and let e be a local section of
Lo for which, if z is a local coordinate at z°, one has Ve = e ® w, with
w = (ago + 2950 (2))dz/ 2, pgo € 271C[z71] and ayo € C. Let k be a metric
on L|x~ which satisfies, near any z° € D,

k(e €) = |z|*Re=)

LEmMMA 3.11. — With these assumptions, we have deg(L,x-,k) = 0.

Proof. — Let L be the rank-one Ox-submodule of £ which is equal
to Lx- on X* and which is generated by the section e near z°, for any
z° € D. The residue formula and the fact that deg L is an integer give

deg L = 2 Res, V = Z oy = Z Re(ayz).
zeD z€D z€D
Indeed, if L is trivial, this is the usual residue formula for meromorphic
differential forms; if L is not trivial, there exists on its dual L* a logarithmic
connection which satisfies the residue formula; the residue formulas for the
trivial bundle L ® L* and for L* give the formula for L.

On the other hand, in a punctured neighbourhood of z° € D, the
(1,1)-form 88 log k(e, €) is identically 0. The curvature of k exists as a (1, 1)-
current and the degree of L can be computed with this current. Taking into
account the Dirac currents at each = € D, one gets

degL = ) Re(ay) + deg(L;x-, k).
z€D
The lemma, follows. u}

According to Remark 3.10, the metric constructed in §3.d on
det M x~ satisfies the assumptions of the previous lemma. This shows that
deg(M,x~,k) = 0.

4. Proof of Theorem 1.2 (first part).

We will use polar coordinates (r,6) on [0,79[ x S, with ro < 1. We
put on ]0,7o[ x S! = A* the Poincaré metric and we denote by dvol its
volume form. We have



1280 CLAUDE SABBAH

(0) f € L%(dvol) & |logr|™" f € L2(df dr/r);
(1) w= fdr/r+gdf € L?(dvol) & f and g € L?(df dr/r);
(2) m=hdbdr/r € L*(dvol) & |logr|h € L?*(d0dr/r).

Let ¢(2) = — a—ﬁ(l + 21)(z)) with £ € N*, ay € C and 9 holomorphic
on A. Let B€R anfi k € Z (for the application we will take 8 = 0).

Let L be a flat bundle of rank one on A* equipped with a met-
ric such that a multivalued horizontal section € has norm [€]°> ~
28 |log r|* e=2Re@(2) Let L7,)(L) be the L? complex on [0, 7o[ x S': a local
section of sz)(L) on an open set Q of [0,79] x S can be written w ® €,
where w is a i-current on N A* such that the currents

? |log r|k/2 e Ree®y and rPllog 7"|k/2 e~ Rev(2) gy
are in L?(dvol) on any compact set of €.

LEMMA 4.1. — In this situation we have
(1) HY( t2)(L)) =0 fori >2;
(2) MM (LY (L)) =0 ifag#0 or B #0.

Remark. — In the proof we will assume that a; # 0. If a, = 0 (and
B # 0 in (2)), the proof is analogous and even simpler. When a, # 0 we
put —ap = |ae| €". We then have

—Re(p) = lad (cos(€f — 1) + rb,(r,0))
p) = rt e\

such that 6, is real analytic on [0,7¢[ x S!; hence there exists r, € ]0, 7]
such that, for any r € ]0, 7|, the sign of 9(— Re ¢)/080 is equal to the sign of
sin(7—£6) and the sign of d(— Re ¢)/dr is equal to the sign of — cos(T —£6).

The property that we will use in an essential way is that the map

(r,0) — e~ Re p(re'?)
has no critical point on ]0, 79[ x S, i.e. 8(— Re p)/dr and 8(— Re ¢)/d0 do
not both vanish as soon as rg is sufficiently small.

Proof. — Let Q = ]0,71[ x ]6o,6:[ with r; < 7,. Let " =]0,7][ X
16, 67[ containing Q N A*. We assume that ]6ly, 8/ contains at most one
zero of sin(r — £6) cos(T — €6) and, if it contains one, this zero belongs to

160, 611
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Let w = fdr + gdf (resp. n = hdf dr) be a one-form (resp. two-form)
on Q" such that w ® € € L2(Q"; L;dvol) and dw = 0 (resp...). We will
show that there exists a function u (resp. a one-form &) on Q such that
u® € € L?(; L; dvol) and du = w)q (resp...). This will give the vanishing
of H! (resp. H?).

By assumption, e~ ®¢¥ is monotonic with respect to r or to 6 on Q.

Choose ' = 10,71 [x]65, 01 with Q € ' € Q”. There exists then (see
e.g. [3, Prop. 12.2]) a sequence ¢, > 0 converging to 0 and a sequence of
one-forms wy, with coefficients in C3(Q2") (resp. of two-forms 7,, = h,df dr)
with support in [e,, ][ x 6, 87[ such that

Wy, ®€ > w®E€(resp. n, ®€ - n®e) and
dw, ®€—0 in L2(Q'; L;dvol).

First case: e~ R¢¥ is monotonic with respect to § on Q”. We
assume here that sin(r — £0) does not vanish on 6y, 67|.

Let us begin with H!. Let x = x(0) € C*®(S*), with x = 1 on [6p, 61]
and x = 0 outside )6, 0}[. Put w, = frdr + g,d6 and define

6
/ X (£)gn (7, t)dt if e~ Re¥ is decreasing,
0’
0 0;
- x(t)gn(r,t)dt if e~ Re¥ is increasing.
)

Un(r,8) =

We will consider the decreasing case for instance. One has a Hardy-type
inequality (see for instance (8, Th. 1.14])

’

0] ;
Un(r) ™ [ funr, ) 27wt dg
9/

0o

8 )
<Culr) [ I Outr0) e 2R a0 (1)t
with

A ) 9 )
Cn(r) =4 sup /16'2Re¢(re")dt./ e2Rew(re™) gy
0€(65,011 /0 0

< 4Supe—2Re<p(rew)62Rew(reie)(ell _ 0)(0 _ 06)
[}

= (0 - )
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because e~ R¢¥ is decreasing on [0}, 6;]. We hence have
2 o k—2
llun ® €llL2(q; Lsavor) =/0 Un(r)r®®~* logr|*~* dr
To
< (0'1 - 96)2/0 Gn(’")rzﬁ_l [log 7”|k dr = 4|xgndf ® E1|2L2(Q/;L;atvo1) :
We thus deduce the existence of u on Q' such that

rP-1/2 |10g1"l’°/2“l e Rev .y e L2(V;dfdr) and g—g = xg on .

Remark. — At this step, we can repeat the proof for H? and get the
vanishing of H? except maybe at points where sin(7 — £) vanishes. Up to
now we did not use the assumption ag; # 0 or 8 # 0. As indicated above,
we will now assume that a; # 0, and leave the regular case a; = 0 to the
reader.

On the other hand we have

O ®  Ogn
o - /(,6%?‘”

_ ’ ° (3 _ un
= X(0)fa(r,6) — /% X' (t) fu(r ) dit — /% X (W - E«‘) .

We deduce as above that the sequence r8+1/2 |log r|*/? e~ Re©.5uy,, /or
has a limit in L2(';d6 dr). Therefore, we have u ® € € L%(Q; L; dvol) and
w — du = £(r)dr since dw = 0.

We are hence reduced to the case where w = f(r)dr with w® € €
L?(§; L; dvol).

01 )
Put (r) = / e~2Rev(re) g,
6o

LEMMA 4.2. — Assume that cos(£0 — ) does not vanish on 16{, 6.
Then there exists, for all N € Z, a number rn(p,6p,61) > 0 such that the
function rV1)(r) is monotonic, as v is, on |0,7n (¢, 60, 61)].

Let us keep this lemma for granted and let us end the proof of
Lemma 4.1. if cos(¢6 — 7) and sin(¢f — 7) do not vanish on [fp, 6;]. Then
728 |log rlk ¥(r) and r?? |log r|k“2 ¥(r) are monotonic, as 9 is, on |0, 7| for
a suitable N. We may assume in the following that r < rn(¢p, 6o,01) by



HARMONIC METRICS AND IRREGULAR SINGULARITIES 1283

choosing Q2 smaller. Define

/ flp)dp if 1 is decreasing,
u(r) =< 70

T1
— / f(p)dp if 9 is increasing.

We then have, using a Hardy-type inequality as above,
luwal? = [ ()1 og " y(r) dr
<C /0 |F()* 1+ logr|* y(r) dr = C |lw @ 2]
with
-1

" k-2 d k
C=4 sup / 2P jlog 7|* % 4(r) dr-/ (r2ﬁ+1 |log 7| 1/)(1")) dr,
P 0

pe[O/"l[

if for instance v is decreasing. But we then have
m _ dr —
/ r llog r|*~*y(r) — < p* [log p|* > %(p),
p
P -1 dr -1
[ nogri* win) ™ T < (5 togal*v(0)
0 ’r‘

hence C <4 sup p(ry —p)|logp| 2 < +oo.
pe[07r1[

The case where v is increasing is analogous.
Assume now that cos(£§ — 7) vanishes at 61,2 € [0, 6:]; from the

assumption made at the beginning of the proof, we may even suppose that
01/2 (S ]00,91[.

Consider the case where cos(£60 —7) > 0 on |6y, 0; /2 (the other case is
treated in a similar way). We then have sin(¢6 — ) ~ 1 near 6, /5, so e~ Re¥
is decreasing with respect to 6 on ]y, 6;[. Let € > 0 be small enough and
put

91/2 —E&
Yy(r) = / e Reeds.

6o

It is decreasing with respect to r. Moreover, there exists «(g) > 0 such that

Y4(r) <P(r) < K(e)P4(r).



1284 CLAUDE SABBAH

It will be clear from the proof of Lemma 4.2 that we may apply it to ¥ (r)
(using there 6; /5 — ¢ instead of ;). We may conclude the proof in this case,
defining u(r) by the formula

ur) = [ " 1(o)dp.

The constant C is now bounded by 4x(¢) sup p(r; — p) Jlog p| % < +o0.
[2S] [077'1[

Proof of Lemma 4.2. — We have
9(=Rey)

N
+r g

|ae|
= (N - 227 cos(€0 — T)(1 47 - p(r,0))
with  real analytic on [0,7;[ x S* depending only on (. Since |cos(£6 — T)|
is bounded from below on [, 6], there exists rn(p, 6o,61) such that, for
r < rn(p,00,61), the sign of

61
r% (er(r)) =N /90 [N - 28":—2" cos(40 — 7)(1 + 7 - u(r, g))] e—2Re¢ gg

is equal to the sign of — cos(£0 — 7). a

Second case: e~ ¢ is monotonic with respect to r on Q. We
assume now that cos(¢6 — 7) does not vanish on €’ but sin(¢6 — 1) vanishes
at one point of |6y, 64].

Choose x € Cg°([0,71[) with x = 1 on [0,r;[. Consider the same
sequence w, as above and put

/ fn(p,6)dp if e~ Re¢ is decreasing,
h"l(r7 6) = 0 r;

—/ x(p)fn(p,0) dp if e~ Re¥ is increasing.

ka

Le us consider the second case for instance. For a fixed 8 we have

’

1
/ |hn|2 e 2Rep 26-1 |log rlk—2 dr
0
™
< C(O)/ l)(fn|2 e~ 2Rew 2841 Ilogr|’c dr
0
with

p U -1 4
C(6) =4 sup /e'ZRe“’rw |logr|’°_2 ﬂ/ (e"2p‘e“’r2ﬁ |logr|k) o
pelo,r[Jo T Jp r
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As cos(#0 — 1) does not vanish in [6g,6;], we may apply an argument
similar to that of Lemma 4.2 to find ry (¢, 6o, 6:1). We conclude that C(6)
is bounded by a constant independent of 8, hence ||k, ® €]| < C || fadr @ €||
and therefore h,, ® € tends to h ® € in L2(Q’; L; dvol).

At this step, we can repeat the proof for H? and thus get the proof
of part (1) of Lemma 4.1. Let us end the proof of part (2). We have

Ohn " n (9 Ogn
50 = Xgn (T, 0) —[ X' (P)gn(p,0) dp+/7: X ( 00 Op ap

and one gets in the same way the convergence of Oh,, /86 in L2($; L; dvol).

This shows that h ® € and dh ® € are in L%(Q; L; dvol).

We thus have w — dh = £(0)df with £(6)df ® € € L?(Q2; L;dvol) and
we are reduced to the case where w = £(0)df. Then w = 0 if cos(¢6 —7) > 0
on |64,6/[, since e~ ¥ — 0o exponentially when r — 0, 8 being fixed. We
may thus assume that cos(¢6 —7) < 0 on |6, 67[. Let 6,2 € 6o, 61[ be such
that sin(1 — £6,/3) = 0, so e~ Re¢ is increasing on |6, 61 /o[ and decreasing
on ]01/2, 91 [

Put then
6
w(6) = / e(t)dt.
01/2
We have, using once more Hardy-type inequalities,
01/2 2 i0 01/2 2 0
/ lu(6)| e~2Re#(")dp < C |6(6)[* e2Re @< dp
00 00
with

4 $ 61/2 it
C=4 sup / e~2Rew(re) gt . / e?Ree(re™) g < (612 — 6o)*
96[00,91/2] 6o 6

and analogously
0, 2 i0 6, 9 ‘0
/ u(9)|® e 2Re?eNd < (8172 — 01)° [ 1€(6)]" 72PN,
0172 01/2

We hence get

01 ) 0, -
/ |U(0)|2 e—ZRetp(‘rezo)de < C/ |£(9)|2 6_2 Re¢(re1e)d0
6o 0
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with C independent of r. Therefore we have
luee|? = / / fuf? 2 Rer28=1 llog 7 [*~2 dg dr
< C// |€)? e=2Reer26—1 |log r|*~2 gf dr

< C’// 10)? e=2Rer26-1 llog r|* df dr

=C'le®e)”.

5. Proof of Theorem 1.2 (continued).

5.a. By the notation M, or M\, etc., we now understand the D-module
structure, so that the connection is included. We will use the decomposition

M = M® @ M (cf. §2.a).

We have H([)D] M) = H?D] (./\7) and we have seen that My, is the
kernel of the surjective morphism

M—oM-—T=T.

Moreover, we have T = 7/'(7), where the last term is computed with MO,
Thus DR(M pin) is isomorphic to the cone (shifted by —1) of the composed
morphism (viewing DR(M) etc. as a complex supported at the origin):

DR(M) — DR(M) — DR(T) — DR(T®).

Assume now (§§ 5.b-5.¢) that M has a formal decomposition M~ M
with M’ = ®,(EY®R,,). It will be easier to work with the metric k; instead
of k (the L? complexes are the same).

5.b. For simplicity, we will first consider the case where M has no regular
component. We thus have Mp,;, = M and 7 = 0. We have to show that
the natural morphism £f,) (M) — Db% ® M is a quasi-isomorphism.

As explained in § 2.d, it is enough to prove that the natural inclusion
morphism

Ligy(M) = DHZ* @4 M
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is an isomorphism in D"(C ). This is a local problem on A, so we may
assume, by the Hukuhara—’I‘urrlttln theorem recalled in §2.e, that M is
elementary, as M and M’ are locally isomorphic on A.

It is easy to see that this morphism induces ‘an isomorphism on
HO. Moreover, it is known that Hi(©b§°d0" Q4. M) =0 for i > 1:
A
indeed, this cohomology sheaf is equal to H"(Ag"do ® 4~ DR(M)), with
A

Am°d° Ker [23— bm°d0 — Db%“’d 0] , and the latter group is zero, as
1nd1cated in [7, p. 211).

Therefore, it is enough to show that H* (£(2)(M)) =0fori> 1.
This follows from Lemma 4.1 in §4 by an easy extension argument, taking

B =0.

5.c. Recall that (Remark 1.3-(2)), for regular connections, the theorem
is proved by Zucker. Hence it follows from § 5.b that the theorem is true
for elementary connections M’. It remains to show it for connections M
having a regular part in their elementary local model M’.

LEMMA 5.1. — Let §° € S'. Any morphism p : //\\4/90 — MV‘(;,,) lifting
the projection M — M) induces the same morphism

T HY (Lo (M))go — H (L (MD))go

Proof. — Let us fix a decomposition Mgo = MY @ M(“) lifting
the formal decomposition, and let p; be the first pI‘OJeCtIOIl. One may
write p = p + p() where p() : J\A/fg,) — .A,;t/g,) is asymptotic to Id, and
plin) . /\75,‘: ) Mgro) is asymptotic to 0.

Then p(® is equal to Id, because p*) — Id is a horizontal section of
the meromorphic connection Homo(M®, M®) 0+ as Home(M®, M®))
has a regular singularity, any horizontal section in a sector which is
asymptotically equal to 0 vanishes identically.

On the other hand, Lemma 4.1 of § 4 shows that HI(EEQ) (M(i’)))o =
Consequently, p and p; induce the same morphism ¢. o

This lemma implies that there exists a globally well-defined isomor-
phism

& H (Ligy (M) =M (L35)(M®)).
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Consider the following exact sequences of complexes:
0 —Lip(M) — DB @M C — 0
0 — L) (M) — DB @ M®) — T — 0.

By Zucker we have Re,C® = 7™ Moreover, Db%“’do” ® M has cohomo-
logy in degree 0 only and the morphism H%(L?,, (M)) - H'(D bg"d YY)

is an isomorphism: indeed, this is a local statement on A which is true for
elementary local models as M’, so is also true for M. It follows that C

has cohomology in degree 0 only, this cohomology being isomorphic to
HH (L (M)

_ Consequently, the morphism ¢ above induces an isomorphism ¢ : C—
C® in Db(C3 ).

We will now use the sheaves A<? and ONi'* defined on S* = ~1(0)
in [7, p. 61], and denote the de Rham complexes with coefficients in these
sheaves by DR<°(M) and DR@(./T/!\).

The natural morphism DR<®(M) — (Db'zmdo" ® ﬂ)| st is a quasi-
isomorphism (cf. loc. cit.) because it induces an isomorphism of H°® and
the H* vanishes for ¢ > 1.

The left part of the following diagram of complexes defines the
morphism b:

DROM) —> @5 eMys o @

l

DR<°(M)

v

DR<*(M®)

l

DRM®D) —— (D" @ MO)er — ¢
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Up to a shift by —1, the complex DR(Mmin) is identified with the
cone of Re,b and the complex L7, (M) with the cone of Re,a.

To end the proof of the theorem under the assumption on the existence
of a formal decomposition, it is therefore enough to show that b = ¢oa. This
is now a local problem on S! and we may use a local morphism M- MO
lifting the projection M — M to define ¢ at the level of complexes and
not only at the level of the derived category. With this definition of ¢ the
diagram clearly commutes.

5.d. Let us now consider the general case. Let m : A; — A be a cyclic
covering of degree ¢ such that the meromorphic connection 7+ M has a
formal decomposition. Fix the metric k as in § 3.d. The theorem is thus
true for 7t M.

First, one shows that Lf, (M) is a direct factor of m.L,) (7" M).
Indeed, one can write each section of ﬂ*£f2)(ﬂ+M) as a sum of terms
w ® 7*e, where € is a horizontal multivalued section of M on A* and
where w is expressed with the forms dz/z and dz/Z; the composition of
the coeflicients of w with 7 is seen to induce an inclusion E’@(M) C
7&[222) (mt M), if the metric on 77 M, Ay is the inverse image of the metric
k1 on Ma- (it is comparable to the metric used in § 5.c, hence induces
the same L? spaces); the projection on L{, (M) is given by the trace map
1/q - tr.

The complex L{y (M) is therefore a direct factor of m, Lty (mt M).
According to the theorem applied to m* M, the complex LEZ)(WJFM) is
perverse on A,, being isomorphic to the perverse complex DR((7 M) min).
The map 7 being finite, the complex w*ﬁzz)(ﬂ’LM) is perverse on A, as
well as the direct factor L3, (M).

Let ¢ = €%™/9 and let o be the automorphism of A, sending t to (t.
We have 7 o 0 = 7. It induces an automorphism & of 1r,,£z2)(1r+M):

roLip (T M) = (0 0).Liy) (00 M)
~ M0 Ly (0 Tt M) = (00071 Ligy (7T M)
= W*;sz)(ﬂ_,—M).

The perverse subsheaf £{, (M) is then identified with Ker(¢ —Id) (the
kernel is taken in the perverse sense).
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We may argue in a similar way with the terms appearing in the
following diagram:

Ly (@tM) — m@R°ertM) —  mC(rtM)
&) le
DR(("* M)min) — m.DR(rt M) — T DR(Tr+ p)-

The theorem for M will follow from the result for 7t M and from the
fact that m.c,+ ¢ is compatible with &. Let us show this last statement: the
decomposition 7+ M = (1 M)® @ (x+ M) s invariant under the action
of o; taking the mean of any local liftings T+ M — 1+ MO of the projection
M- (7r+/TA\)(‘) at the points 6° + 2ikn/q gives thus another such local
lifting, which is invariant under the action of o; as ¢ does not depend on the
choice of the local lifting, we conclude that m,c,+ 4 is compatible with o.

(m]
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