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GEOMETRIC SUBGROUPS OF
SURFACE BRAID GROUPS

by L. PARIS and D. ROLFSEN

1. Introduction.

The classical braid groups B,, were introduced by Artin in 1926
(see [Arl], [Ar2]) and have played a remarkable role in topology, algebra,
analysis, and physics. A natural generalization to braids on surfaces was
introduced by Fox and Neuwirth [FoN] in 1962. The surface braid groups,
for closed surfaces, were calculated in terms of generators and relations
during the ensuing decade (see [Bil], [Sc], [Va], [FaV]). Since then, most
progress in this subject has been in its relation with mapping class groups
and the general theory of configuration spaces (see the surveys [Bi3], [Co]).
However, recently there is renewed interest in these fascinating groups in
their own right, in part because of the action of surface braid groups on
certain topological quantum field theories.

The purpose of this paper is to continue the study of the structure
of the surface braid groups, with emphasis on certain naturally-occuring
subgroups. A subsurface of a surface gives rise to inclusion maps between
their braid groups. We determine necessary and sufficient conditions that
these inclusion-induced maps are injective in Section 2. The remainder of
the paper is devoted to a detailed study of these “geometric” subgroups. In
particular, we calculate their centralizers, normalizers and commensurators
in the larger surface braid group. Commensurators, in infinite groups, are
of importance in their (unitary) representation theory. It is our hope that
these results will be useful in the further study of surface braid groups,

Keywords: Braid — Surface — Commensuration — Normalizer — Centralizer.
Math. classification: 20F36 — 57TM05 — 57M60.
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their representations and applications. In the remainder of this introductory
section we present definitions, basic properties of surface braid groups, and
a brief review of the literature.

1.1. Surface braids and configuration spaces.

Let M be a topological manifold and choose distinct points
Py,..., P, € M (later we will specialize to dim(M) = 2). A braid with m
strings on M based at (Pi, ..., Py) is an m-tuple b = (by, ..., by, of paths,
b;:[0,1] — M, such that

1) b;(0) = P, and b;(1) € {P1,..., Py} foralli e {1,...,m},
2) bi(t) # b;(¢) for i, 5 € {1,...,m}, i # j, and for ¢ € [0, 1].

There is a natural notion of homotopy of braids. The braid group with
m strings on M based at (P, ..., Pp) is the group

BmM = B, M(P,...,Ppn)

of homotopy classes of braids based at (Py,..., Py). The group operation
is concatenation of braids, generalizing the construction of the fundamental
group. Indeed, for the case m = 1 we clearly have By M (P;) = m (M, P).
For m > 1, it is useful to consider the class of pure braids, which have the
property b;(1) = P;. These form a subgroup of B,, which we will denote by

PBmwM = PB,,M(P,...,Py).

Let X,, be the group of permutations of {P,..., Py}. There is a natural
epimorphism o: B,, M — X,,; its kernel is the pure braid group, so we have
an exact sequence

1— PB,M — Bp,M - %,, — 1.

Note that, if M is a connected manifold of dimension at least two,
then B, M and PB,, M do not depend (up to isomorphism) on the choice
of Py,...,P,. An m-braid naturally gives rise to m different paths in M
under the map b — (by,...,by). In the case of pure braids these are loops,
so there is a natural homomorphism

PBmM S 71'1(M,P1) X oo X 7T1(M,Pm) gﬂ'l(Mm),

where M™ denotes the m-fold cartesian power.
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ProposiTION 1.1 (see [Bil]). — If M is a connected manifold with
dim(M) > 2, the above map is an isomorphism. For dim(M) = 2 it is
surjective.

The proof is straightforward when one views braids from the
configuration space point of view (see [FoN], [FaN].) Let F,, M denote the
space of (ordered) distinct points of M, in other words F,,, M = (M™)\V,
where V is the big diagonal, consisting of m-tuples z = (z1,...,Zm,) for
which z; = x; for some ¢ # j. Then we clearly have an isomorphism

PByM = my(FpnM).

Proof of Proposition 1.1. — The map in question is induced by the

inclusion Fry M = (M)™\V — (M)™. Noting that V.= |J {z; = z,}
1<i<j<m

is a union of submanifolds of codimension dim(M), the proposition follows

from well-known general position arguments. O

Because of Proposition 1.1, braid theory (as formulated here) is of
marginal interest for dimension > 3 and we concentrate on dimension two,
i.e. surface braid groups.

In the remainder of the paper, M will denote a connected surface,
possibly with boundary and possibly nonorientable. To avoid pathology, we
will assume M is either compact, or at least that it is a “punctured” compact
manifold, i.e. M is homeomorphic to a compact 2-manifold, possibly with
a finite set of points removed.

By permuting coordinates, there is a natural action of ¥,, upon F,, M
and we denote the orbit space, the space of unordered m-tuples, or
configuration space, by

FpuM = FpuM /S,
We may view the full braid group as its fundamental group

B M = my(FM).

The inclusion PB,,M C B,,M may thus be interpreted as the
mapping induced by the covering space map F,, M — ﬁ’mM , which has
fiber ¥,,. Fox and Neuwirth noted that B,,(D), the braid groups of the
disk D2, coincide with the Artin braid groups.
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One of the most useful tools in studying braid groups is the Fadell-
Neuwirth fibration and its generalizations. As observed in [FaN], if M is a
manifold and 1 < n < m the map p: F,,,M — F, M defined by

p(Z1, .y Tm) = (21, .., Tp)

is a (locally trivial) fibration which has the fiber Fy,,_,(M\{Py,..., P,}).
This gives rise to a long exact sequence of homotopy groups of these spaces.
For example, in the case n = m — 1 we have the exact sequence

s M — moFpy 1M — m (M\{Pl, cel, Pm_l})

— PBp,M — PB,,_1M — 1.

The punctured surface M\{Pi, ..., Pnh_1} has the homotopy type of
a one-dimensional complex, and we see immediately from the above long
exact sequence that

ﬂk(FmM)%’Wk(Fm_lM)E~-E7rk(M), kZ?)
and

mo(FrnM) C mo(Fp1 M) C - -+ C ma(M).

Because they are the only surfaces with nontrivial higher homotopy
groups, the sphere S? and the projective plane P? are exceptional cases in
the general theory.

PROPOSITION 1.2. — Suppose that M is a connected surface, M # S?
or P2, and k > 2. Then nF,, M and 7, F,, M are trivial groups.

Proof. — Since F,,, M — f‘mM is a covering map, it suffices to prove
the proposition for F,,M. But this follows from the observations made
above, since 7 (M) =1 for k > 2. a

Combining this with the Fadell-Neuwirth fibration:

PRrROPOSITION 1.3. — Suppose that M is a connected surface, M # S?
or P2, and 1 < n < m. There is an exact sequence

1 — PBp,_,M\{Py,...,P,} — PB,M > PB,M — 1. g
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Let X,, be the group of permutations of {P,...,P,} and let &,,_,,
be the group of permutations of { P,+1,. .., Pn}. The Fadell-Neuwirth map
gives rise to a (locally trivial) fibration

p:FM /(S X Bim_p) — FaM/S, = F,M

which has the fiber

(FreaM\{Py, ..., P.})/Sm-n = Fn_nM\{P\,..., P,}.

So:

PROPOSITION 1.4. — Suppose that M is a connected surface, M # 52
or P?, and 1 < n < m. There is an exact sequence

1— By nM\{Py,...,P,} — 0 Y2, xEpm_p) — B,M — 1. 0O

1.2. Torsion.

Except for M = S2, P2, the configuration space F,, M is an Eilenberg-
Maclane space, i.e. a classifying space for B,,M. As is well-known, a
group which has elements of finite order must have an infinite-dimensional
classifying space (see, e.g. [Br, Chap. VIII]). Since F,, M has dimension 2m,
we can then conclude.

PROPOSITION 1.5. — If M is a connected surface, M # S? or P2, then
its braid groups B,, M have no elements of finite order.

The braid groups of S? and P? do have torsion (with the exception
the trivial group B;(5?%)). We give a quick review of these, following [FaV]
and [Va]. For S? take all the basepoints to lie in a disk D? C S? and let
01,...,0m_1 be the standard braid generators of B,,(D?); o; exchanges P,
and P;y;. They satisfy the famous braid relations

™)

{Uia'j = 0;0i, i =4l > 2
030i410; = 04100541, 1<i<m-2.
The same o; can also be taken to be generators of B,,(S?) where they

still satisfy these relations. The word o102 0pm—10m—1 -+ 0207 may be
interpreted as the (pure) braid in which P; circles around P, ..., P, while
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those points stay fixed. This is clearly homotopic in S? to the identity
braid, so we have the additional relation

0102+ Om—10m—1"*0201 = L.

It is shown in [FaV] that this, together with (*) are defining relations
for B,,(S?). The element 7 = 0109+ 0m_1 has order 2m in B,,(S?); it
can be pictured as a simple braid which permutes the basepoints cyclically.

For the projective plane, take o; as above corresponding to a disk
engulfing the basepoints, and let p; to be a braid in which the basepoint
P; travels along a nontrivial loop in P? while the other basepoints sit still.
See [Va] for a more precise description and a proof that B,,(P?) is presented
by the 2m—1 generators oy, ...,0m_1,p1,- - -, Pm and relations (*) together
with

oipj = pjos, JFiLi+1,

Pi = 0iPi+104,

01‘2 = pi_-l—llpi—lpi+1piv

Pf =0102" " Om—-10m—1""°0201.

The element 7 as defined above, but considered an element of B,,(P?),
again has order 2m. Thus we have the theorem of Van Buskirk, that for
each m > 2, the surface braid group B,,M has elements of finite order
if and only if M = S2 or P2.

Some of these braid groups are actually finite:
o By(S?) = 7Z/27, B3(5?) has order 12,
. Bl(PQ) = Z/2Z and

o By(P?) is a group of order 16 whose subgroup PBy(P?) is
isomorphic with the quaternion group {+1, +%,+j, +k};

But B3(P?) is infinite, as are all the other higher braid groups of P?
and S2.

For the braid groups of higher genus closed surfaces, we refer the
reader to [Sc|], and only mention how to produce a generating set. After
removing a disk from a surface M of genus g, the remainder can be
modelled as a disk with g twisted bands attached, in the nonorientable
case, or 2g bands if the surface is orientable. Then B,,(M) is generated by
O1,...,0m—1 88 above, plus p;; which represents the basepoint P; running
once around the j;; band, while the others are fixed. A finite set of relations
can be found in [Sc].
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1.3. Centers and large surfaces.

The center Z(G) of a group G is the subgroup of elements which
commute with all elements of the group. Chow [Ch] proved that the groups
B, = B,,(D?) have infinite cyclic center, for m > 2. Some other surface
braid groups also have nontrivial centers: those of S? [GV], P2 [Va]. If T
is defined as in the preceding section, the element 7™ is central in B,,S2.
Birman stated in [Bi2] that the torus braid groups B,,T? have center which
is free abelian with two generators, but did not include a complete proof.
We will prove this, and also calculate the center of the braid groups of the
annulus S! x I in Section 4. However, apart from these and a few other
exceptions, most surface braid groups have no center. Our proof is the same
as given in [Bi2].

DEFINITION. — A compact surface M will be called large if
M+#S8% P2 D? S'xI, T?=8'xS",
Mébius strip S*XI, or Klein bottle S xS,

In other words, we call a surface large if its fundamental group has no finite
index abelian subgroup.

ProrosiTioN 1.6. — Let M be a large compact surface. Then the
center Z(Bm(M)) is a trivial group.

Proof. — First, we prove by induction on m that Z(PB,,M) = {1}.
The case m = 1 is well-known: the only surfaces whose fundamental groups
have nontrivial centers are P2, S! x I, T?, the Mobius strip, and Klein
bottle.

Let m > 1 and M large. We consider the following exact sequence:
1—m(M\{Py,...,Pn_1}) — PBuM -2 PB,,_1M — 1.

Since p is surjective, it takes center into center, and by induction,
Z(PBp—1M) = {1}. So

Z(PBmM) Q 7T1(M\{P1,...,Pm_1}).

But this latter group has trivial center, so Z(PB, M) = {1}. Now, let
g € Z(BmM). There exists an integer k > 0 such that ¢* € PB,,M.
Then ¢g* € Z(PB,,M), thus g* = 1. By Proposition 1.5, g = 1. a
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2. Subsurfaces.

A subsurface N of a surface M is the closure of an open subset
of M. For simplicity we make the extra assumption that every boundary

component of N either is a boundary component of M or lies in the interior
of M.

Let P, € N. The inclusion N C M induces a mdrphism
1,[)171'1(N, Pl) e T('l(M, Pl)

The following proposition is well-known.

ProPOSITION 2.1. — Let N be a connected subsurface of M such that
m(N,Py) # {1}. The morphism v:7(N,P\) — 7w (M,P,) is injective if
and only if none of the connected components of the closure ]\m of M\ N
is a disk. O

Let Py,...,P, € N, and let P,y1,...,P, € M\N. The inclusion
N C M induces a morphism

Y:B,N — B,,M.

ProrosiTion 2.2. — Let M be different from the sphere and from the
projective plane, and let N be such that none of the connected components
of M\ N is a disk. Then the morphism ¢: B,N — By, M is injective.

Remark. — Proposition 2.2 is proved in [Go| in the particular case
where N is a disk.

Proof. — Let Py,:PB,N — PB, M be the morphism induced by
the inclusion N C M. We prove that P, is injective by induction on n.
The case n = 1 is a consequence of Proposition 2.1.

Let n > 1. By Proposition 2.1, the inclusion
N\{Py,...,Po1} S M\{P1,...,Pp_1}
induces a monomorphism

a:m(N\{Pl,...,Pn_l}) e F](M\{Pl,...,Pn_l}).
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The following diagram commutes:

1 — m(N\{P,...,P,_1}) — PB,N %5 PB, ;N — 1

I [

1 = m(M\{Py,...,P,_1}) — PB,M £ PB,_ M — 1.

By induction, P, is injective. By the five lemma, P, is injective, too.

Let Py: PB,N — PB,, M be the morphism induced by the inclusion
N C M. The following diagram commutes:

PB,N 2, PB,.M

[ |
PB,N -2, pB,M.
The morphism P, is injective, thus P is injective, too.

Let ¢: 3, — X,, be the inclusion. The following diagram commutes:

1—- PBLN — B,N - %, —1

"

1 - PB,M — B,M - %, — 1.

Both P and ¢ are injective, so, by the five lemma, 1 is injective, too. 0O

Let Ni,...,N, be the connected components of M\N. For i =
1,...,r, we write

Pi:{Pn+17...,Pm}nNi.

THEOREM 2.3. — Let M be different from the sphere and from the
projective plane. The morphism : B,N — B,, M is injective if and only if
either N; is not a disk or P; # 0, foralli =1,...,r.

Proof. — We suppose that there exists ¢ € {1,...,r} such that N;
is a disk and such that P; = (). We consider the following commutative
diagram:

m(N\{P,,...,P,}) — B.N

! !

7T1(M\{P2,...,Pm}) e BmM
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By [FaN], the morphism m;(N\{Px,..., P,}) — B,N is injective. On the
other hand, the morphism ¢: 71 (N\{P,,..., P,}) = m(M\{P.,...,Pn})
is clearly not injective. Thus ¢: B, N — B,, M is not injective.

We suppose that either N; is not a disk or P; # 0, foralli =1,...,7.

We consider the following commutative diagram:

B.N % B.M\{Ppi1,..., P}

[ !

¥
B,.N —— B, M.

By Proposition 2.2, the morphism ¢:B,N — B,M\{Pp+1,...,Pn} is
injective. By [FaN], the morphism B,M\{Pnt1,...,Pn} — BnM
is injective. Thus ¢: B,N — B,, M is injective. O

3. Commensurator, normalizer, and
centralizer of w; N in 7w, M.
Let N be a subsurface of a connected surface M. We say that N is a
Mébius collarin M if N is a cylinder S* x I and M\ N has two components

Ny, Ny with one of them, say Nj, a Mobius strip (see Figure 3.1). Then
My = N U N7 will be called the Mobius strip collared by N in M.

ael
N
(/\ Na
l—-—\-/‘ll

Figure 3.1

Let G be a group, and let H be a subgroup of G. We denote by
o Cg(H) the commensurator of H in G, by

o Ng(H) the normalizer of H in G, and by

o Zg(H) the centralizer of H in G.
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That is,

Zg(H)={9€G: gh=hgforallhe H},

Ng(H)={g€G: gHg™' = H},

Cg(H) = {g € G: gHg™' N H has finite index in gHg~ ' and H}.

The goal of this section is to prove the following theorem.

THEOREM 3.1. — Let Py € N. We write
7I'1M = 7('1(M,P0) and 7T1N = 7T1(N,P0).

(i) If M is not large or if my N = {1}, then Cr,p(m1N) = mi M.

(ii) If M is large, if N # {1}, and if N is not a Mébius collar in M,
then C-,‘-IM(WlN) = 7T1N.

(iii) If M is large and if N is a Mébius collar in M, then Cr,p(m1N) =
w1 My, where My is the Mébius strip collared by N in M.

COROLLARY 3.2.

(i) If M is either a cylinder, or a torus, or a Mébius strip, then
C-,HM(Tr]N) = NmM(ﬂ'lN) = ZmM(ﬂ'lN) = 7T1M.

(ii) If M is large, if N is not a Mébius collar in M, if ;N # {1}, and if
N is not large, then

Crym(miN) = Ny, (miN) = Zp, u(miN) = Z(mN) = mN.
(iii) If M and N are both large, then
Crim(mN) = Np,p(miN) = mN,
Zmm(mN) = Z(mN) = {1}.
(iv) If M is large and if N is a Mobius collar in M, then
Crom(miN) = Np,pa(miN) = Zp pa(miN) = m My,

where M is the Mobius strip collared by N in M.

Before proving Theorem 3.1, we recall some well-known results on
graphs of groups.
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An (oriented) graph T is the following data:
1) A set V(') of vertices.
2) A set A(T) of arrows.

3) A map s: A(I') — V(I') called origin, and a map t: A(T') — V(I)
called end.

A graph of groups G(T') on T is the following data.
1) A group G, for all v € V(I').
2) A group G, for all a € A(T).

3) Two monomorphisms @q s: Ga — Gs(a) and ¢g,t: Gq — Gy(q) for all
a € A(D).

We refer to [Se] for a general exposition on graphs of groups.

Let T be a maximal tree of I. The fundamental group 71 (G(T),T) of
G(T') based at T is the (abstract) group given by the following presentation.
The generating set of 71 (G(T"), T) is

{ea; a€ A(F)} U ( EE/J(F) Gu),

where {e,;a € A(T')} is an abstract set in one-to-one correspondance
with A(T). The relations of 71 (G(T"), T) are

1) the relations of G, for all v € V(I),
2) eq = 1forall a € A(T),
3)es! tas(g) €a = ¢ai(g) forallae A(T) and for all g € G,.

There is a morphism ¢,,:G, — m1(G(I"),T) for all v € V(I'). By [Se],
this morphism is injective.

The fundamental group 71(T',T) of T’ based at T has the following
presentation. The generating set of m1(I',T) is {e,; a € A(T")}. The set of
relations of m1(T', T) is {eq = 1; a € A(T)}.

Let p: [' — T be the universal cover of I'. Let G(f‘) be the graph of
groups on I' defined as follows:

1) G5 = Gy for all & € V(I).
2) Gz = Gyp(a) for all @ € A(T).
3) a5 = bp(ay.s and Pa; = Ppay. for all @ € A(T).
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We fix a section S:T — T of p over T. We extend S to a section

S:A(T) — A(f) as follows. Let a € A(T"). Then S(a) is the unique lift of a
such that ¢(S(a)) = S(t(a)).

We define an action of m(T',T) on m(G(T),T) as follows. Let
9 € V(I'), let § € G, and let uw € 7y (', T). Then

u(g) = 9 € Gu)-

We consider the corresponding semidirect product m;(G(I'),T) x (T, 7).
By [Se], there is an isomorphism

m1(G(),T) — m (G(T),T) » m (T, T)

which sends G, isomorphically on Gg(,) for all v € V(I'), and which sends
€q 0n ¢, for all a € A(T). So, we can assume that

m(G(X),T) = m(G(T),T) xm(T,T),

that G, = Gg(v) for all v € V(I'), and that G, = Gg(q) for all a € A(T).

Let G = m(G(),T), and let G = m1(G(I'),T). The universal cover
of G(T) is the graph I' defined as follows:

V() = (V(T) x G)/ ~,
where ~ is the equivalence relation defined by
(91,§1) ~ (D2,§2) if 9, =02 =17 and g5 ‘51 € Gs.
We denote by [0, g] the equivalence class of (2, ).
AT) = (AT) x G)/ ~,
where ~ is the equivalence relation defined by
(G1,§1) ~ (@2,32) if @ =d;=a and §5'G € Ga.

We denote by [a,g] the equivalence class of (a,§). The origin map
5:A(T') — V(T') is defined by
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for @ € A(T) and for § € G. The end map t: A(T) — V(T') is defined by
t(la g]) = [t@),q]

for @ € A(T) and for § € G. By [Se], T is a tree.

The group G acts on T as follows. Let u € my (T, T), let h,§ € G, let
U € V(I'), and let a € A(T'). Then

gl) =5 hg), h([a,91) = [@hg],
w(®),ugu”'], u([a,g)) = [w(@),ugu""].

I
—_—

The isotropy subgroup of a vertex v € V(T') is
Isot(7) = {g € G; g(v) = v}.
The isotropy subgroup of an arrow a € A(T) is
Isot(a) = {g € G; g(a) = a}.
Let v € V(T') and let a € A(T"). By [Se],

Isot([S(v),1]) = Gy, Isot([S(a),1]) = Ga.

Now, we come back to our original assumptions. M is a surface (with
boundary) different from the sphere and from the projective plane. N is a
subsurface of M such that none of the connected components of J_\/I_\~N isa
disk. Without lost of generality, we can also assume that N is not a disk.
Let Ni,..., N, be the connected components of W .

We define a graph T as follows. Let
V() = {vo,v1,.--,0r}.

Fori € {1,...,7}, we fix an abstract set A;(I") in one-to-one correspondance
with the connected components of N N N;. We set

If a € A;(T'), then s(a) = vo and t(a) = v;.
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We define a graph of groups G(I') on I" as follows. Let ¢ € {1,...,7}.
We fix a point P; € N; and we set

Gy, = Gi = m1(N;, P).
We fix a point Py € N and we set
Gvo = GO = 7T1(N,P0).

Let a € A;(I"). We denote by C, the connected component of N N N; which
corresponds to a. The set C, is a boundary component of both N and N;.
We fix a point P, € C, and we set

Go =71 (Ca, Pa) ~ Z.

We fix a path 7,,5:(0,1] - N from Py to P,. This path induces a
monomorphism ¢, s:G, — Go. We fix a path v,¢:(0,1] — N; from P,
to P,. This path induces a monomorphism ¢, ¢:G4 — Gi.

We fix an arrow a; € A;(T") for all ¢ € {1,...,7}. We consider the
graph T defined as follows:

1) V(T) = {vo,v1,...,v-}.
2) A(T) ={a1,...,ar}.
3) s(a;) =vo and t(a;) =v; forallie{1,...,r}.

The graph T is a maximal tree of I'. We write
_ -1 1
Yo = Ya,sVa,t Ba = YaYa;
for all a € A;(T"). For i =1,...,r, the path 74, induces a morphism
Yi:Gi = m(N;, P) — m(M, P).

We denote by
Yo:Go = (N, Py) — m (M, Py)

the morphism induced by the inclusion N C M.

The following theorem is a well-known version of Van Kampen’s
theorem.
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THEOREM 3.3. — The map
{ea; a € A(F)} —_— Wl(M,Po)
€q [ ﬁa

and the morphisms v¥;:G; — m(M,Py) (i = 0,1,...,r) induce an
isomorphism

Y:m (G(D),T) — m (M, Pp).

Let T' be the universal cover of G(T'). Let ¢:T — I be the map defined
as follows. Let 9 € V(T'), let @ € A(T'), and let § € G. Then

q([0,9]) = p(9), q([a,g)) = p(a).
The following lemma is a preliminary result to the proof of

Theorem 3.1.

LEmMMA 3.4. — Leti € {1,...,r}. Let 5 € V(T) be such that q(7) = v;.
Let a,b € A(T') be such that t(a) = t(b) = v (see Figure 3.2):

(i) If g(a) = q(b) and Isot(a) NIsot(b) # {1}, then N; is a Mébius strip.

(ii) If q(@a) # q(b) and Isot(a) N Isot(b) # {1}, then N; is a cylinder and
both boundary components of N; are included in N N N;.

Figure 3.2

Proof. — (i) We suppose that ¢ = 1 and that @ = [S(a;), 1]. Then

Let b = [b, §]. Then

t() = [t(b),3] = [S(v1),1],

thus b = S(a;) (since ¢(@) = q(b) = a;), and § € G,, = G;. Note that
g € G, , otherwise

b= [S(a1),d] = [S(a1),1] =a.
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So,
Isot(@) = Go, and Isot(d) = §Gq, 5.
Let h; be a generator of G,,. There exist k;, k2 € Z\ {0} such that
Wit =GR

We suppose that N; is not a Mobius strip. Let F' be the subgroup
of G generated by h; and §. The subsurface N; has non-empty boundary,
thus G, is a free group, therefore F is a free group of rank either 1 or 2.
Since F is a hopfian group (see [LS, Prop. 3.4]) and since h¥* = ghk2g—1,
the group F has rank 1. By [Ep, Thm. 4.2], h; generates F. In particular,
there exists ¢ € Z such that

g=hteq,,.
This is a contradiction. So, N; is a Mobius strip.
(ii) We suppose that ¢ = 1 and that @ = [S(a4), 1]. Then
a) = [t(S(a1)),1] = [S(v1),1].
Let b = [b, §] and let b = ¢(b) # a;. Then
b)

t(%) = [t(5),9] = [S(v1), 1],
thus b = S(b) and § € G, = G1. So,

7 = 4

Isot(a) = G,, and Isot(b) = §Gpg '

Let h; be a generator of G,,, and let h be a generator of G,. There exist
k1, ke € Z\{0} such that

hf = GhkagTt,

Let F be the subgroup of G; generated by h; and ghg—!. Since G| is a free
group, F' is a free group of rank either 1 or 2. Since F' is a hopfian group
and since h¥* = (ghg—!)*2, the group F has rank 1. The subsurface N; has
at least two boundary components, C,, and Cp, thus N; is not a Mdbius
strip. By [Ep, Thm. 4.2], both h; and ghg~! generate F. So, we can assume
that

hi = ghg_l.

By |Ep, Lemma 2.4], it follows that N; is a cylinder and that C,, and C,
are the boundary components of Nj. O
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Proof of Theorem 3.1. — (i) It is obvious, as all the non-large surfaces
have abelian fundamental groups, except the Klein bottle, which has an
abelian subgroup of index 2.

(ii) We suppose that there exists g € Cy, pr(m1N) such that g € m N,
and we prove that either M is not large, or N is a M6bius collar in M.

Let 9o = [S(v),1] € V(T). We have g(%y) # ¥ since g ¢ mN =
Isot(%p). Let

ai'ay®---ay* (a; € A(T) and ¢; € {£1})

be the (unique) reduced path of T' from Ty to g(%,) (see Figure 3.3). For
j =1,...,¢ we denote by 7; the end of the path a3* - - -d;j. Note that £ > 2
since q(g(to)) = q(to) = vo. If h € Go N gGog~?, then h € Isot(Tp) and
h € Isot(g(%p)), thus h € Isot(7;) and h € Isot(a;) for all j € {1,...,1}. We

suppose that q(7;1) = v;.
{1} # Gy N gGog~! C Isot(a;) N Isot(as),

thus, by Lemma 3.4, either N; is a Moébius strip, or N; is a cylinder and
both boundary components of N; are included in N N N;.

Figure 3.3

The group Go N gGog~! has finite index in Gy = m N, it is included
in Isot(a;), and Isot(@;) is an infinite cyclic group. So, 71 N has an infinite
cyclic subgroup of finite index, thus either IV is a cylinder, or NV is a Mdbius
strip.

If N is a Mobius strip, then NV is also a Mobius strip and M = NUN;
is a Klein bottle (see Figure 3.4).

€D (D

Figure 3.4
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If N and N; are both cylinders, then M = N U N; is a torus (see

Figure 3.5).
N@ ) Nl

Figure 3.5

If N is a cylinder and if N; is a Mobius strip, then N is a Mobius
collar in M (see Figure 3.6).

Nl
N

Figure 3.6

(iii) We suppose that N is a cylinder, that N; is a Mdbius strip, and
that M is large (see Figure 3.6). Let My = N U N; be the Mobius strip
collared by N in M. The subsurface My is not a Mdbius collar in M, thus,
by (i),

C7r1M(7r1M0) = 7('1M0.

The group m; N has finite index in m; My, thus

Crim(miN) = Crym(m1 Mp) = m1 Mp. a

4. Centers.

The goal of this section is to describe the center of B,, M, where M is
either a cylinder or a torus.
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Let C be a cylinder. We assume that
C={zeC 1<z <2},
and that
1-",-=1+m—:_-——1— fori=1,...,m.

Let d;:[0,1] — C be the path defined by

1

di(t) = (1 + )ezi"t for t € [0,1].

m+1

Let o be the element of PB,,C represented by d = (di,...,dn) (see
Figure 4.1).

Figure 4.1

ProrosiTion 4.1. — With the above assumptions, the center of B,,C
is the infinite cyclic subgroup generated by «.

Proof. — Let
D={z€C; |2|] <2}.

Let Py = 0. The inclusion C C D\{P,} induces an isomorphism
Bn,C — B,(D\{Py}). Let ¥,,4+1 be the group of permutations of
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{Po, Py, ..., Py}, and let X, be the group of permutations of {Py,. .., Py,}.
We consider the morphism o: By, 1D — 2,,41. By Proposition 1.4, we have
the following exact sequence:

1 = By (D\{Ps}) — 07 *(Zm) —» m (D, Py) — 1.

Moreover, m (D, Py) = {1}. Thus the inclusion D\{Py} C D induces
an isomorphism B,,(D\{Po}) — o~ }(Z,). The image of a by this
isomorphism is the element of B,,;1D, denoted by a, represented by the
braid b = (Py,ds,...,dm). By [Ch], we have Z(Bmy1D) = Z(PBm41D),
and this group is the infinite cyclic subgroup generated by a. From the
inclusions

PBm+1D c U_I(Em) - Bm+1D7

it follows that the center of 0=1(%,,) is equal to the center of B, 1 D which
is the cyclic subgroup generated by &. Thus, by the preceding isomorphism,
the center of B,,C = B, (D\{Po}) is the infinite cyclic subgroup generated
by a. O

Now, we describe the center of B,,T, where T is a torus. We assume
that
T =R?/72.

We denote by (z,y) the equivalence class of (z,y). We assume that

P,»:(-l-—i_—l—»—z—-i_i) fori=1,...,m.
m+3 m+3

Let a;:[0,1] — T be the path defined by

1+ 1 ti+1
m+3 "m+3

ai(t) = (

and let b;:[0,1) — T be the path defined by

) for ¢ € [0,1],

i+1 1+1
bl(t) = (m,m—_’_g —t) fort € [0, 1]

Let a be the element of PB,,T represented by a = (ai,...,an) (see
Figure4.2), and let 8 be the element of of PB,,T represented by

b= (bi,...,bm).
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QAm
£
A}

. P,
az

£ Py
A}

aq P

Vi
Al

P

Figure 4.2

ProprosiTiON 4.2. — With the above assumptions, the center of B,,,T
is the subgroup generated by a and (3. It is a free abelian group of rank 2.

Proof. — The proof of Proposition 4.2 is divided into 4 steps. Let Z,,
denote the subgroup of PB,,T generated by o and 3.
Step 1. — Z,, is a free abelian group of rank 2.

By [Bil, Thm. 5], @ and 3 commute, thus Z,, is an abelian group. We
consider the following exact sequence:

1— PB,,_1T\{P\} — PB,,T 2 m (T, P,) — 1.

The group m1 (T, P1) is a free abelian group of rank 2 and {p(a), p(8)} is a
basis of w1 (T, P;), thus Z,, is also a free abelian group of rank 2.

Step 2. — Z,, C Z(BnT).

Let
[l ma L mi2) g
m+3 m+3 m+3 m+3

By Proposition 2.2, the inclusion D C T induces a monomorphism
B,.,D — B,,T. The following diagram commutes:

1 — PB,D — B,D -5 %, —1

| Lo L

1 - PB,T — B,T - %,, —» L

Thus B,,,T is generated by PB,,T U B, D.
By [Bil, Thm. 5], & commutes with all the elements of PB,,T.
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Let
1 m+ 2
o= (b [y )2 <
By Proposition 2.2, the inclusion C C T induces a monomorphism
B C — Bp,T. Moreover, a € B,,,C and B,,D C B,,C. By Proposition 4.1,
Z(By,,C) is the infinite cyclic subgroup generated by a. So, a commutes
with all the elements of B,,D.

This shows that a € Z(B,,T). Similarly, 8 € Z(B,,T).

Step 3. — Z(PB,,T) C Z,,.
We prove Step 3 by induction on m. Let m = 1. Then PBT =
71'1(T, Pl) = Zl, thus Z(PBlT) = Zl.
Let m > 1. Let g € Z(PB,,T). We consider the following exact
sequence:
1= m(T\{P,...,Pu-1}) — PByT -2 PB,, 1T — 1.

We have p(g) € Z(PB,,-1T). By induction, Z(PB,,-1T) C Z,,—1. Moreo-
ver, p(Zm) = Zm—1. Thus we can choose h € Z,, such that p(h) = p(g). We
write ¢’ = gh™!. Then ¢’ € Z(PB,T) and ¢’ € m(T\{P1,...,Pn-1})
(since p(¢’) = 1), thus ¢ € Z(m(T\{P1,...,Pm-1})) = {1}, thus
g’ = gh~! =1, therefore g = h € Z,,.

Step 4. — Z(B,,T) C PB,,T.

Let g € B,,T. We suppose that there exist i,5 € {1,...,m}, ¢ # j
such that o(g)(P;) = P;, and we prove that g € Z(Bn,T).

. .
P —H—@—)—a— P
° Py ,\ Py °
Pj e— oo . — p,
>~ .- > L —e

Figure 4.3
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Let o; € PB,T represented by (Pi,...,Pi—1,a;, Piy1,.--, Pn),
where Py denotes the constant path on P, for £k = 1,...,m and a; is
as above. We consider the following exact sequence:

1 — PB,_T\{P,} — PB,T 25 m(T,P,) — 1

Then p;(a;) # 1 and p;(ga;g™!) = 1 (see Figure 4.3), thus ga;g~ ! # o,
therefore g ¢ Z(B,,T). m]

5. Commensurator, normalizer, and
centralizer of B,,D in B,, M.

Let M be an oriented surface different from the sphere, and let
D C M be a disk embedded .in M. Let n > 2, let P;,...,P, € D, and
let Pyy1,...,Pn € M\D. The goal of this section is to describe the
commensurator, the normalizer, and the centralizer of B, D in B,, M. Note
that, if n = 1, then By D = {1}, thus

Cs, m(B1D) = Ng, m(B1D) = Zp, a(B1D) = By M.

This section is divided into two subsections. We state our results in
Subsection 5.1, and we prove them in Subsection 5.2.

5.1. Statements.
A tunnel on M based at (D; P41, ..., Py) is a map

H:DU{P,41,...,Pn} x[0,1] — M

such that
1) H(z,0) = H(z,1) =z for all z € D,

9) H(P,,0) = P, and H(P;,1) € {Pus1,...,Pn} for all P, €
{Pn+1)'-‘7Pm}7

3) H(z,t) # H(y,t) for z,y € DU {Py41,...,Pn}, = # y, and for
te0,1].

There is a natural notion of homotopy of tunnels. The tunnel group on
M based at (D;Pp41, ..., Pny) is the group

Tr—nM = Tm—nM(D;Pn-f—la .o -,Pm)
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of homotopy classes of tunnels on M based at (D;P,i1,...,Pn).
Multiplication is concatenation, as with braids.

We define a morphism
T:ToponM X B, D — B, M

as follows. Let h € T,,_,M and let f € B,D. Let H be a tunnel on M
based at (D;Pp41,...,Pn) which represents h, and let b = (by,...,b,)
be a braid on D based at (P,...,P,) which represents f. Let

b= (b1,...,bn,bny1,--.,bm) be the braid on M defined by
o bi(t) = H(bs(t),t) fori € {1,...,n} and for t € [0,1],
o bi(t) = H(P;,t) fori € {n+1,...,m} and for t € [0,1].
Then 7(h, f) is the element of B,, M represented by b.

Remark. — This is related to the tensor product operation for the
classical braid groups (see [Co]).

We denote by C, M the image of 7. Let h € Tj,,_,M and let
f,f' € BpD. Then

T(h f) - f - r(h, )T =1L = £

In particular,

CnmM C NBmM(BnD)~

THEOREM 5.1. — Let n > 2, and M be an orientable surface, M # S2.
Then

Cp,.11(BuD) = C M.

Let Zy mM denote the image by 7 of Tp,_nM x Z(B,D).

COROLLARY 5.2. — Let n > 2. Then
Cp,,m(BpnD) = Np, m(BnD) = Cp,mM,
ZB,m(BnD) = Zp mM.
Remarks.

(i) We do not know whether a similar result holds for non-orientable
surfaces.

(ii) Corollary 5.2 generalizes [FRZ, Thm. 4.2].
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Let

B pyiM =B M(Py;Pay1, ..., Pn)

denote the subgroup of By,—nt1M = By ny1 M(Py, Py, - - -, Py) consis-
ting of g € By,—n+1M such that o(g)(P;) = P;. We define a morphism

k:Tn-nM — B\ 1M

as follows. Let h € T,,_.M. Let H be a tunnel on M based at
(D;Ppt1,- .., Py) which represents h. Let b = (b1,bnt1,.-.,bm) be the
braid defined by

bi(t) = H(P;,t) for i € {1,n+1,...,m} and for ¢ € [0, 1].

Then x(h) is the element of BY,_,,,; M represented by b.

THEOREM 5.3. — Let n > 2. There exists a morphism 6:C,, n, M —

B} _...1M such that

m—n+

§(r(h,f)) = s(h)

for all h € Ty,,_,M and for all f € B, D. Moreover, we have the following
exact sequences:

1— ByD — CpmM -5 BL_ M —1,

1 — Z(B,D) — ZpmM 25 BL M — 1.

THEOREM 5.4. — Let n > 2. Let M be either with non-empty
boundary or a torus. There exists a morphism v:BL,_, . \M — Z, oM
such that 6 o v = id. In particular,

ComM ~BY_, ..M x B,D,

ZpmM ~ B}, .M x Z(B,D).

Remark. — Theorem 5.4 generalizes [FRZ, Thm. 4.3] and [Ro,
Thm. 3].
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5.2. Proofs.

LeEMMA 5.5. — We consider an exact sequence
1-G — G -5 G- 1.
Let Hy C G2 be a subgroup, let Hy = ¢(Hs), and let H; = H, N G;. Then
#(Ca,(Hz)) € Ca,(Hs),
Ce,(H2) NGy C Cg, (Hy).-
Proof. — Let g € Cg,(H2). We write
F, = HyNgHyg™ L.
Let hy,...,hx € Hs be such that
Hy =F,UhF,U...UhgF,.
Then
¢(Hz) = Hz = ¢(F2) U ¢(h1)p(F2) U ... U $(hi)$(F2).
So, ¢(F3) has finite index in H3. Moreover,
$(F) = ¢(H2 NgHag™") C ¢(Hz) N ¢(gH29™") = H3 N ¢(9)H3(9) ™",

thus HsN¢(g) Hzp(g9) ™! has finite index in Hs. Similarly, H3N¢(g) H3p(g) ~*
has finite index in ¢(g)Hs¢(g)™*. So, ¢(g) € Cq, (Hs).

Let g € Cg,(H2) N G1. We write
Fy = HyNgHyg™.
Let hy,...,hx € Hs be such that
Hy=F,UhiFoU...UhgF;.

We assume that

hiFoNHy #0 for i=1,...,¢,

hiFoNHy =0 for i=0+1,...,k.
We can also assume that h; € H; fori =1,...,¢. Then

Hy=(Fo,NH))Uhy(FoNHy)U...Uhy(FyN Hy).
Moreover,
F,NH, =HyNgHyg *NH, = H NgHg™ L.

Thus H; NgH;g~* has finite index in H;. Similarly, H; NgH,g~! has finite
index in gH,97 . So, g € Cg, (Hy). O
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LEMMA 5.6. — Let M be either with non-empty boundary or a torus.

There exists a morphism vo: B, _,, . ;M — T,,_, M such that ko o = id.

Proof. — Let TM be the tangent space of M. It is known that
TM = R? x M. We provide M with the flat Riemannian metric. Namely,
for all x € M, the metric (, ); on z is the standard scalar product
on R? (which does not depend on z). Furthermore, we set the following
assumptions:

1) There is no closed geodesic of length < 4.

2) D is the disk of radius 1 centred at P;.

3)d(P,P)>2forallie {n+1,...,m}.

4) Let Cy,...,Cq be the boundary components of M. Then
d(P1,C;) > 2forall j € {1,...,q}.

Now, let f € B},_,,1M. Let b = (b1,bn41,...,bm) be a braid based
at (Py, Pot1,- .., Pm) which represents f. For ¢ € [0, 1], we write

r(6) = inf { Zd(b1(2),bosa (1)) 5d(b1(8), b (),

%d(bl(t)vcl)’ s %d(bl(t),Cq), 1}~
Then 7:[0,1] — R is a continuous map and r(¢) > 0 for all ¢ € [0, 1]. Let
Do = {(X1,X2) € R*; X7 + X3 < 1}.
Let Hy: Do x [0,1] — M be the map defined by
Ho(X,t) = expy, 1) (r(t)X) for X € Dy and for t € [0,1].
Let F': Dg — D be the diffeomorphism defined by
F(X) =expp, X for X € Dy.
Let
H:DU{Py41,...,Pn} x[0,1] — M
be the map defined by
H(z,t) = Ho(F~*(z),t) for z € D and for t € [0, 1],
H(P;,t) =b;(t) for P, € {Pnt1,...,Pn} and for t € [0,1].

The map H is a tunnel on M based at (D;Pp41,. .., Py). We define ¢o(f)
to be the element of T,,,_, M represented by H.

One can easily verify that ¢y is well-defined, that ¢¢ is a morphism,
and that k o ¢y = id. O
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LEMMA 5.7. — The morphism k:Tpm—nM — Bl _, .1 M is surjective.

Remark. — We do not know whether a similar result holds for
non-orientable surfaces.

Proof. — We choose an open disk Ky embedded in M\ D and which
does not contain any P; for i = n + 1,...,m. The inclusion M\ Kq C M
induces an epimorphism ¢:B},_,.,1M\Ko — B} _, .M. The following
diagram commutes:

Tm—nM\KO i’ Byln—n+1M\K0

Lo b

TpnM —— B _ . M.

By Lemma 5.6, k:Tp—n M\ Ko — Bl,_,.1M\Kj is surjective. It follows
that k:Tp—nM — BL,_, .1 M is surjective, too. O

From now on, we fix a (set) section to:B},_, 1M — T M of k.
Moreover, we assume that ¢g is a morphism if M is either with non-empty
boundary or a torus, and that 1o(1) = 1.

Theorem 5.1 is a direct consequence of the following lemma.

LEMMA 58. — Let n > 2. Let g € Cp, m(BnD). There exist
u € BL,_, 1M and f € B,D such that

g= T(Lo(U),f).

The following lemmas 5.9 and 5.10 are preliminary results to the proof
of Lemma 5.8.

Recall that ¥, denotes the group of permutations of {P,..., Py},
that ¥,, denotes the group of permutations of { Py, ..., P,}, and that ¥,,_,
denotes the group of permutations of {P,41,..., Pn}. We write

Bl M = a_l(Em_n).

LemMA 59. — Let n > 1. Let g € CB%M(PB,,D). There exist
uw € B},_, ;1M and f € PB,D such that

g= T(’/O(“)»f)-



446 GEOMETRIC SUBGROUPS OF SURFACE BRAID GROUPS

Proof. — We prove Lemma 5.9 by induction on n. Let n = 1. Then
PB;D = {1}, thus

Cpr m(PB1D) = BL, M.
On the other hand, if u € BL, M, then
u=1(w0(u), P1),

where P; denotes the constant path on P;.

Let n > 1. Let g € Cpn m(PB, D). We write

MI :M\{Ph"-7Pn—1,Pn+la“'aPm}a

and D' = D\{Py,...,P,_1}. We consider the following commutative
diagram:

1—- mD — PB,D % PB, D — 1
1->mM — B*M £ B 1M — 1.
By Lemma 5.5, p(g) € CBn—_llM(PBn_lD). By induction, there exist
u € B,ln_n_HM and f; € PB,,_1D such that
p(g) = T(LO(u)v fl)
We choose f, € PB, D such that p(f2) = f1 and we write
-1
9' =g- T(bo(u),fz) .

We have g’ € m M’ (since p(g9') = 1) and ¢’ € Cpn m(PB,D), thus, by
Lemma, 5.5,

g' (S CwlM’(ﬂ'lD/)-

If either m # n or M is not a disk, then M’ is large and D’ is not a Mébius
collar in M’, thus, by Theorem 3.1,

Crymr(m D) =mD’.
If m = n and M is a disk, then m; M’ = 7, D’, thus
Crymr(mD’) =mD'.
If follows that
g = faemD C PB,D.
So,

g="Jfs- T(LO(U)7 f2) = T(Lo(u),fsfz)- O
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LEmMA 5.10. — Let n > 2. Let g € Cg,, m(BpD). Then o(g) is an
element of ¥, X Xp_p.

Proof. — Let g € Cp,, m(Bn D). We suppose that o(g)(Pnt1) = P1.
Let f € m(D\{P2,..., P}, P1), f # 1. The group PB,D has finite index
in B, D, thus Cp,, M(Bn,D) = Cg,,M(PB,D). Since w1 (D\{ P, ..., P,}) C
PB,D and since g € Cp,, mM(PB,D), there exists an integer k£ > 0 such
that

gffg~! € PB,D.
We consider the following exact sequence:
1— m(M\{P1,..., Py, Pat2,..., Pn}) — PBpM -2 PB,, 1M — 1.

The morphism p sends PB,, D isomorphically on PB,, D. On the other hand,
gfFg™! # 1 (since f # 1 and B,, M is torsion free) and p(gf*g~') = 1 (see
Figure 5.1). This is a contradiction.

This proves that o(g9) € Z,, X Zpp—n. O

g r* g!
Figure 5.1

Proof of Lemma 5.8. — Let g € Cp, p(BpD). By Lemma 5.10,

o(g) € n X Zpn_n. We choose fi € B,D such that o(gfi*) € Zim_n

and we write ¢ = gf;'. Then ¢’ € BAM, ¢’ € Cg,m(B,D), and
CBmM(BnD) = CBmM(PBnD), thus

g’ (S CB;M(PBHD).
By Lemma 5.9, there exist u € BY,_,.,1M and f, € PB, D such that

9" =1(w(w), f2).
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So,
g =7(to(u), f2) - fr = 7(0(u), f2f1). o
Proof of Theorem 5.3. — The proof is divided into five steps.

Step 1. — Definition of 6.

We consider the natural morphism
60:BLM — By, . M.

Let g € Cp,mM. By Lemma 5.10, o(g) € £,, X £,,—,,. We choose f € B,D
such that o(gf~!) € £,,_, and we set

6(9) = bo(gf ).

We prove that the definition of §(g) does not depend on the choice
of f. Let f1, f2 € B, D besuch that o(gf; ") € Spn and o(gf; ") € Zrn—n.
Then

60(9f5 ) Y6o(gfTt) = bo(fog ' gf ) = bo(fof 1Y) =1,
thus 6o(gfi ") = 6o(9f5 *)-

Step 2. — The map 6:Cy, ,, M — B},_,, .1 M is a morphism.

Let 91,92 € CnmM.Let fi1, fo € B, D be such that o(glfl'l) € Ymen
and o(g2f5 ) € Lm—n. By Corollary 5.2,

Cn,mM = NBmM(BnD)v
thus there exists f3 € B, D such that g5 ! f1g2 = f3. Moreover,

o((9192)(f2f3) ™) = o(91/7 ' 92£5") € Sinn.

So,
8(91)6(g2) = bo(g1fi "bo(g2f5 ") = bolgr fi 'g2f5")
=60((9192)(f2f3)"") = 6(g192)-

Step 3. — Let h € T},,_, M and let f € B, D. Then
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6(T(h, f)) = 6(7‘(h, 1)- T(].,f)) = 6(T(h, 1)) - 6(f) = K(h).
Step 4. — We have the following exact sequence:
1— ByD — CpyM 5 BL,_ . M — 1.
Let u € By, .1 M. Then
8(7(eo(u), 1)) = £(vo(u)) = u.

This shows that 6 is surjective.
Let g € CpmM. By Lemma 5.8, there exist v € B}, _, ;M and
f € ByD such that g = 7(¢o(u), f). If g € ker §, then

1=26(g9) = k(wo(w) =,
thus

9="(0(w),f) =7(1,f) = f € BaD.
Step 5. — We have the following exact sequence:

1 — Z(BpD) — ZnmM > BL_ . M — 1.

By Step 4, it suffices to show that §:Z, ,,M — B},_, 1M is surjective.
Let u € BY,_, .1 M. Then 7(to(u),1) € ZnmM and 6(7(to(u),1)) =u. O

Proof of Theorem 5.4. — The morphism ¢:B},_ . \M — Zp mM is
defined by

(u) = 7(to(u),1) foru € B} _, 1 M.
Clearly, 6 o = id. O

6. Commensurator, normalizer, and
centralizer of B, N in B, M.

Let M be a large surface, and let N be a subsurface of M such that N
is neither a disk, nor a Mobius collar in M, and such that none of the
connected components of ]\_4\—1\7 is a disk. Let Nq,..., N, be the connected
components of M\N. Let Py,...,P, € N, and let P,41,..., Py € M\N.
Fori=1,...,r we write

Pi ={Pot1,.--s Pu}NN;, Bp,N; = By, N;(P;),
where n; denotes the cardinality of P;. If n; = 0, we make the convention
that BoN; = {1}.

The goal of this section is to prove the following theorem.
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THEOREM 6.1. — One has

Cp,,m(ByN) = B,N x By, N; X -+ X By _Ny.

COROLLARY 6.2. — One has

Cp, m(BnN) = Np, p(BuN) = ByN x By, Ny X -+ X Bn, Ny,
25, m(BnN) = Z(ByN) X By, N1 X ... x By, N,.

The remains of this section are divided into two subsections. In
Subsection 6.1 we study an action of 73 N on some groupoid IT; (M \{Po}).
In Subsection 6.2 we apply the results of Subsection 6.1 to prove
Theorem 6.1.

6.1. Action of w1 N on IT; (M \{P,}).

Throughout this subsection, we fix a point Py € N and a point
P, € N; for all i = 1,...,r. Moreover, we do not assume that none of the
connected components of M\ N is a disk.

The fundamental groupoid of M\{Py} based at {Pi,...,P,} is the
groupoid IT; (M \{Ps}) defined by the following data:

1) The set of objects of IT; (M \{P,}) is {P1,..., Pr}.

2) Let P;, Pj € {Py,...,P.}. The set of morphisms from P; to P;
is the set II;(M\{Po})[P;, P;] of homotopy classes of paths in M\ {F}
from P; to P;.

Let P;, P;, P, € {Pi,...,P.}. For convenience, we assume that the
composition map goes from I (M\{Po})[P;, P;] x IIi(M\{Po})[P}, Px]
to IT (M \{Po})[P;, Px]. Note that

I (M\{Po})[Pi, P] = mi(M\{Po}, P,).
Moreover, if z € II; (M \{Po})[P;, P;], then the map
oz: st (M\{PO}, P’L) - Hl (M\{PO}) [Pi7 P]]
g — gx
is a bijection.

Let P, P; € {Pi,..., P.}. An interbraid on M based at (P, [P;, P;])
is a pair b = (bg, b1) of paths, bg:[0,1] — M, such that
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1) bo(O) = bo(l) = Po, bl(O) = P,', and bl(l) = .Pj,
2) bo(t) # ba1(t) for ¢t € [0,1].

There is a natural notion of homotopy of interbraids. The interbraid
groupoid on M based at (Py, {P, ..., P-}) is the groupoid

IB;M = IB;M(Po, {Py, ..., P,})

defined by the following data:
1) The set of objects of IBoM is { P, ..., P.}.

2) Let P, P; € {P1,...,P,}. The set of morphisms from P; to P;
is the set IB;M[P;, P;] of homotopy classes of interbraids on M based
at (Po, [P, By).

Let P;, Pj, P, € {Py,...,P.}. For convenience, we assume that the
composition map goes from I By M[P;, P;] x IB M[P;, Py to IB; M[P;, Py].
Note that

IB,M[P;, P;] = PBoM(Py, F;).

Moreover, if X € IB;M|[P;, P;], then the map
©x: PBM(Py, P;) — 1B M[P;, Py
g —  gX
is a bijection.
Let P;, P; € {Py,..., P.}. We consider the natural maps
a:1B;M|P;, Pj| — m (M, ),
B:IL (M\{Po})[P;, Pj] — IB2M[P;, Fj].

Let z € II; (M\{Po})[P;, P;], and let X = B(z). Then the following diagram
commutes:

1 - m(M\{Po},B) —— PByM(P,,P,) %> m(M,PR) — 1

10, lex lid
IL (M\{Po}) [P, ;) > IB;M[P:, P} —* m(M, Fy).

Thus, « is surjective, 8 is injective, and

a™H(1) = (L (M\{Po})[P;, Fj]).
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So, we can assume that
IL (M\{Po})[P;, Pj] = B(ILu(M\{Po})[P;, P;]) C IB;M[P;, Fj].

The inclusion N C M induces a morphism
Yi:m1(N, Py) — PBayM(Py, Px)

for all k = 1,...,7. We define an action of 71(N, Py) on IB;M[P;, P;] as
follows. Let u € m1(N, Py) and let X € IBoM[P;, P;]. Then

u(X) = i(u) - X o (w) ™

Let z € II; (M\{Po})[P;, P;] and let u € w1 (N, Py). Then a(u(z)) = 1, thus
’LL(IL‘) € Hl(M\{Po})[PZ,PJ] SO, the action of 71'1(N, Po) on IBQM[Pi,Pj]
induces an action of 71 (N, Py) on II; (M \{Po})[P;, P;].

We denote by Sn[F;, P;] the set of x € II; (M \{Po})[P;, P;] such that,
for all u € m;(N, Py) there exists an integer k > 0 such that u*(z) = .
The main result of Subsection 6.1 is the following proposition.

ProposiTION 6.3. — Let i,j € {1,...,r}. Then

m(N;,P) = m (N, Pj) if i = j,
SN[R,PJ] :{ J J

if i # j.
Lemmas 6.4 to 6.7 are preliminary results to the proof of Proposi-
tion 6.3.

From now on and till the end of the proof of Lemma 6.7, we set the
following assumptions (see Figure 6.1):

1) N is a sphere with g+ 1 holes (¢ > 1). We denote by Co, C1,...,Cq
the boundary components of N.

2) M\ N has two connected components, N; and No.
3) NNON; =C1U...UCq, and N N Ny = Cy.
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Cy

(&

N1 N2

Figure 6.1

We choose a point Pj € N different from P;. We choose a point
Qi €C;foralli=0,1,...,q. According to Figure 6.2,

1) we choose a path ~7:[0,1] —» N\{Py} from P} to Q; for all
1=0,1,...,q,

2) we choose a path 4{:{0,1] — Nj from P; to Q; foralli =1,...,q,
3) we choose a path v§:[0,1] — N; from P; to Q.

Figure 6.2
We write
yio= () fori=0,1,...,q,
Bi ="y € m(M\{Po}, P1) fori=1,...,q,

T =47 'y € Iy (M\{Ro}) [Py, P].
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Note that the path T induces a morphism

71(Na2, Py) — w1 (M\{Pp}, P1),
g — TgT~ 1.

The following lemma is a consequence of Van Kampen’s theorem.

LEMMA 6.4. — Let F be the subgroup of 71 (M\{Py},P;) generated
bYﬁZ) LR 7ﬂq7

7T1(M\{P()},P1) = 7T1(N1,P1) * (T . 71'1(N2,P2) . T_l) * F.
All these groups are free and {(32, ... ,B,} is a basis for F. 0O

According to Figure 6.3,

1) we choose a simple loop «;:[0,1] — C; based at Q; for all
1=0,1,...,q,

2) we choose a path §;:{0,1] — N from Py to Q; for alli =0,1,...,q.

Figure 6.3

We write
hi = viou(¥) Y € m(Ny, P)  fori=1,...,q,
ho = Y4a0(¥6) ™" € m1(N2, P2),
u; = 6;0;6; " € m (N, Py) fori=0,1,...,q.

According to Figure 6.4, we choose a loop p:[0,1] — N\{Py} based at P}
turning around Pj.
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Figure 6.4

‘We write
he =7 uv1 € m(M\{Po}, P1).

One can easily verify that

e =Thy'T™' k' Bahy By ... Boh ' B,

LEMMA 6.5. — One has
(i) uo(g) = g for all g € m1(N1,P1),
(ii) uo(g) = g for all g € 71 (N2, P2),
(iil) uo(B;) = B; for all B; € {B2, ... ,Bq},
(iv) uo(T) = hJ1T.
Proof. — (i) We choose a loop (:[0,1] — N; based at P; which

represents g. Then the image of ¢ and the image of ug are disjoint (see
Figure 6.5), thus ug(g) = g.

v{n—o— —6—

[\ 7\ ~ )

Figure 6.5
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(ii) We choose a loop ¢:[0,1] — N, based at P, which represents g.
The image of ¢ and the image of ug are disjoint, thus ug(g) = g.

(iii) The image of 3; and the image of ug are disjoint, thus ue(8;) = 5.

(iv) In Figure 6.6, the interbraid drawn in (a) is homotopic to the
interbraid drawn in (b), and the interbraid drawn in (b) is homotopic to
the interbraid drawn in (c). The interbraid drawn in (a) represents uo(T),
and the interbraid drawn in (c) represents

¥ e .
It follows that

w(T) =7 o =77 ' v - o = AT O

Figure 6.6.b

Figure 6.6.c
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LEMMA 6.6. — Let k € {2, ... ,q}. Then
(1) uk(g) = g for all g € m(N1,P1),
(ii) ux(g) = g for all g € m1 (N2, P2),
(ili) ue(T) =T,
(iv) ux(B:) =B foralli € {2,...,k—1},
(v) uk(Bk) = Behy By b Brhi,
(vi) uk(he) = Behy By heBehiBy .

Proof. — The statements (i) to (iv) can be proved with the same
arguments as those given in the proofs of the statements (i) to (iii) of
Lemma 6.5.

(v) In Figure 6.7, the braid drawn in (a) is homotopic to the braid
drawn in (b), and the braid drawn in (b) is homotopic to the braid drawn
in (c). The braid drawn in (a) represents uy(0x), and the braid drawn in (c)
represents

1Ry (R) T e ke (k)
It follows that
uk(Br) = 71 YR (%) T T ek () T
=9 ROk T ke (k) T k() Tt e
RO T ke (k) T

= Brhy ' By th ! Behi.

(vi) In Figure 6.8, the braid drawn in (a) is homotopic to the braid
drawn in (b), the braid drawn in (b) is homotopic to the braid drawn in (c),
and the braid drawn in (c) is homotopic to the braid drawn in (d). The
braid drawn in (a) represents uk(h.), and the braid drawn in (d) represents

e () T viak(v) .
It follows that
uk(he) =77 veer  (8) vk () T
=1 _ s t\—1 t -1/ .t\—1 tr.s\—1 -1
=y %) * VO ()™ (i) Y171 MM
AR T Abak() T () i
= Bhy ' By ' heBrhi By 0
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Figure 6.7.a

Figure 6.7.b

Figure 6.7.c
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Figure 6.8.a

Figure 6.8.b

Figure 6.8.c

459
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Figure 6.8.d

LEMMA 6.7. — SN[Pl,Pl] = 7!'1(N1,P1) and SN[P],Pz] = @

Proof. — The proof of Lemma 6.7 is divided into five steps.
Step 1. — 7T1(N1, Pl) Q SN[Pl, Pl]

Let g € w1 (N1, P1) and let u € w1 (N, Fy). Let ¢:[0,1] — N; be a
loop based at P; which represents g, and let £:[0,1] — N be a loop based
at Py which represents u. The image of ¢ and the image of £ are disjoint,
thus u(g) = g.

Step 2. — Sn|[Py1, P1] C (N1, Py) * F.
Let
hi = BgheBy" - ...  Bahaf3 " - hy.
Then
he =Thy'T~' - (h.)™!, h. € m(Ny, Pr)«F.

Let g € m(M\{Py}, P1). By Lemma 6.4, g can be (uniquely) written

g=zoTyi T zy - Ty T 'y,

where
z; € m (N1, P1) x F fori=0,1,...,¢,
z; #1 fori=1,...,—1,
y; € m1 (N2, P)\{1} fori=1,...,¢
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‘We suppose that £ > 1. By Lemma, 6.5,

uo(9) = zoh T Ty T hexy - - 7 Ty T hey
= xohy - T - hoyrhy ' - T71 - (hl) 'z ki,
cooo T - hoyehgt - T71 - (BL) ™ ay.

It follows that, for an integer k£ > 0,
ug(9) = zo(h)* - T - h§y1hg™ - T~ - (k) *z1 (R))*
v T hgyehak Tt (h;)—ka)g,

thus ug(g) # 9.

So, if g € Sn[Py, P1], then there exists an integer k > 0 such that
uk(g) = g, thus £ = 0, therefore g € m;(Ny, P;) * F.

For j = 2,...,q, we denote by F(fB2,...,0;) the subgroup of F
generated by {82, ...,0;}.

Step 3. — Sn[P1, P1] € m1(N1, Pr) * F(Bz, ..., Be-1)-
Let
h' = By-1hg-1 q_—ll oo Bohofyt - hy - TheT™L.

Then

hc — (hl)—l,@qhgl q_lﬁ

K € m(Ny, Py) * (T - w1 (N2, Ps) -T‘l) * F(B2,...,8q-1)

Let g € m(M\{Py}, P1). By Lemma 6.4, g can be (uniquely) written

E E
g = zoBy Ty By Te,
where

z; € T (N1, P1) % (T - 1 (No, P2) - T™ 1) x F(Ba, ..., Bg—-1)
fori=0,1,...,%,
g € {1} fori=1,...,¢,

x; #£1if gy =—¢; fori=1,...,£—1.
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We call this expression a relative reduced expression of g with respect to 3,
of length £ = £4(g).

We suppose that £ > 1. Let k£ > 0 be an integer. By Lemma 6.6,
ug(Bg) = Bahg ' By ' he Bahg = 1 Byhy,
ug(z;) =2; fori=0,1,... ¢
Ife; = €41 =1, then
ub (BgzifBy) = (W)* - By - hExi(W)F - By - b
Ife; =1and g;47 = —1, then
ug(ByziBy ) = (W)* - By - hgwih® - 574 - (W) 7F,
and h";mihq‘k # 1 (since z; # 1). If &; = —1 and €;41 = 1, then,
ul (87 @iBg) = hy® - By - () ~Fai(W)* - By - b,
and (h')"*z;(h')F # 1 (since z; # 1). If &; = ;41 = —1, then
ul;(ﬁ;lxzﬁq—l) — h;k ﬁq—l . (hl)_killih;k . ﬂq—l . (h')_k.
So, u’; (9) has a relative reduced expression with respect to 8, of length ¢, and

this expression begins with either zo(h')* (if &1 = 1) or Zoh * (if &y = —1).
In particular, u’; (9) #g.

So, if g € Sy[Py, P1], then there exists an integer k£ > 0 such that
“Z(g) = g, thus £4(g) = 0, therefore
g € m (N1, P) % (T - my(No, P) - T~ x F(Ba, ..., Bg-1)-

By Step 2, it follows that
g € 7T1(N1,P1) * F(ﬂ?a oo ,/Bq—l)‘

Step 4 —_— SN[Pl,Pl] Q 71'1(N1,P1).
By Step 3,

SN[P1, Pi] C m (N1, Py) % F(Ba,. .., Bq-1)-
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Let j € {2,...,9 — 1}. We suppose that Sy[P1,Pi] C m (N, Py) *
F(B,,...,B;) and we prove that Sy [Py, Pi] C m1 (N1, P1) * F(B2, ..., Bj-1)-

Let R be the set of g € m(M\{Py}, P1) which can be (uniquely)
written

& 15
g =xof; 21 B xy,
where

either z; € (N1, Py) * F(Ba,...,Bj-1) or z; € {he,h; '}
fori=0,1,...,¢,

i #1if g1 =—¢; fori=1,...,0-1,

xo,2s & {he,h;'},

eg=—-land ey =1if z; € {hc,hc‘l} fori=1,...,—1.

We write £ = £r(g).

In order to be able to choose j € {2,...,q—1}, we first have to assume
that ¢ > 3. In particular, neither Ny, nor N U N5 is a disk, thus h; # 1 for
all i = 1,...,q. The uniqueness of the expression of g comes from the fact
that h. can be written

he =Thg T~ byt Bohg ' Byt Bihy By Biprh 1By - - Bahg ' By
This kind of expression would not be necessarily unique if j = q.

We suppose that £ > 1. If ¢; = ;47 = 1, then, by Lemma 6.6,
. . . . — Y —1 . —1 . _1 . . . .. Y —1 . —1 . -—1 . Y .
u;(BziB;) = Bj hi™- B -he™ - Bj-hjxi- B -hy™ - B -he™ - B - hy.
Ife; =1 and €;41 = —1, then, by Lemma 6.6,
wj(BjziB;t) = By hyt - B bt By byt B he - B by - BT

and hj:rih]-‘l # 1 (since z; #1). If e; = =1, g541 = 1, and x; & {hc,h 1},
then, by Lemma 6.6,

uj(ﬁj'lxiﬁj) = hj‘l .51,-1 ~he-Bj - hj- gj—l -z - B -hj"l .gj—l -hZ-B; - hj.
If ; = €541 = —1, then, by Lemma 6.6,

wi(B; ey t) = hyt B he- B hy Byt - mihy Bt he - By by By
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If e, = =1, €,41 = 1 and x; = hZ (where € € {£1}), then, by Lemma 6.6,

u; (B T heBs) = by B heBihy Byt - BiRy B hEBshs 85
Bihy By h By
=h;1’/8j_1’h¢e;'ﬂj'hj-
It follows that u;(g) € R, that £r(u;(g)) > ¢, and that £r(u;(g)) > ¢
if none of the z; is included in {h., h; !} fori = 1,...,£— 1. This shows that

u?(g) # g if k > 0 is an integer, if g € (N1, P1) * F(Ba,...,0;), and if
¢r(g) > 1.

Let g € Sy[P1, P1]. By hypothesis, g € 71(N1, Py) * F(Ba,...,0;).
There exists an integer & > 0 such that uf (9) = g, thus Igr(g) = 0, therefore
g € M (N1, Pr) * F(fB2,...,B-1).

Step 5. — Sn[P1, P2] = 0.

Let g € II;(M\{Po})[P1, P2]. By Lemma 6.4, g can be (uniquely)
written

g =zoTy1 T 2y -+ Ty T 'x,T,

where
(L‘iEﬂ'l(Nl,Pl)*F fori:O,l,...,é,
x; #1 fori=1,...,-1,
yiE’ﬂ'l(NQ,Pg)\{l} fori=1,...,¢

By Lemma 6.5,

uo(9) = zoh ' Ty T hexy ... R Tye T hoxohJ1T
= Iligh,c -T- hoylhal . T_l . (h;)_lfblhlc
coo. T -hoyehg' - T7 - (AL)aohl - T - hy.

It follows that, for an integer k > 0;

ug(9) =zo(he)* - T - hgyrhg® - T71 - (he) " Fa1 (he)*
<o T hiyehg® - T (h) *ze(he)* - T - b,

thus ug(g) # 9. O

Now, the special assumptions on N that we made just before
Proposition 6.3 are dropped.
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Proof of Proposition 6.3. — We prove that Sy[Py, P,] = m1(N1, P1)
and that Sy[Py, P>] = 0. The same argument works for any P; and P;.

Let g € m (N1, P1) and let u € 71 (N, Py). Let ¢:[0,1] — Ny be a loop
based at P; which represents g, and let £:[0,1] — N be a loop based at Py

which represents u. The image of ¢ and the image of £ are disjoint, thus
u(g) = g. This shows that m;(Ny, P1) C Sy[P1, P1].

C

- 02
WA Pl.
Cq
Figure 6.9

Now, let Ci,...,Cq be the connected components of N N N;. We
choose a subsurface N’ C N (see Figure 6.9) such that

1) N' is a sphere with ¢ + 1 holes,

2) M\ N’ has two connected components, N; and

Nj = N\N'UN,U...UN;,,

3 NNN; =C1U...UCy,

4) N’ N N} has a unique connected component that we denote by Co,
5) Py € N'.

Moreover, in the case where r = 1, we pick some point P, € NJ.

Let Sn/[P1,P1] be the set of g € m(M\{Fo}, P1) such that, for
all u € m(N', Py), there exists an integer k > 0 such that u*(g) = g.
We have Sy[Py1, Pi] C Sn/[Py1, P1] (since N D N’), and, by Lemma 6.7,
Sn/[P1, 1] = m1(Ny, P1), thus Sy[Py, P1] C m1(Ny, Py). Tt is clear by

disjointness that w1 (N1, P1) C Sn[P1, P1], so w1 (N1, P1) = Sn[P1, P
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Now, we assume that r > 2. Let Sn/[Pi,P2] be the set of

g € I (M\{Po})[P1, P2] such that, for all u € m(N’, P), there exists
an integer k > 0-such that u*(g) = g. We have Sy[P1, P2] C Sn/[P1, P2)
(since N 2 N’), and, by Lemma 6.7, Sy/[P1, P2] = 0, thus Sy [Py, P2] = 0.
O

6.2. Proof of Theorem 6.1.

Lemmas 6.8 to 6.12 are preliminary results to the proof of
Theorem 6.1.

LEMMA 6.8. — Let m = 2 and let n = 1. Let i € {1,...,r} be such
that P, € N;. Then

CPB2M(PBlN) = CPB;M(T"IN) = 7T1(N,P1) X ﬂl(Ni,Pg).
Proof. — We assume that i = 1 (i.e. P, € Ny). The inclusion
71 (N, P1) x m1(N1, P2) € Cpp,m(m1N)

is obvious.

Let g € Cpp,pm(m1N). We consider the following exact sequence:

1-— 7T1(M\{P1}) — PBQM _p_’ 7'l'1M — 1.

The morphism p sends =1(N,P;) isomorphically on m(N,P;). By
Lemma5.5, p(g) € Cryp(m1N). By Theorem 3.1, p(g9) = f € mi(N, Py).
We write ¢’ = f~1g. We have ¢’ € m(M\{P1}, P2) (since p(¢’) = 1) and
g' € CPBZM(WIN)~

Let u € m (N, Py). Since ¢’ € Cpp,pm(m1N), there exists an integer
k > 0 such that

guk(g) 7t e m(N, Py).
The morphism p sends 71 (N, P;) isomorphically on 71 (N, P;), thus
gu*(g) 7t = pg"u*(g) ") = plg")p(u*)p(g) ! = ¥,
therefore
uk glu—k — g/.

We write Q; = P, and we choose a point Q; € N; for all i =2,... 7.
Let II;(M\{P1}) be the fundamental groupoid on M\{P;} based at
{Q1,Q2,...,Qr}. By the above considerations, ¢’ € Sy[Q1,Q1], thus, by
Proposition 6.3, ¢’ € w1 (N1, P»). So,

g=fg € m(N,P) x m1(Ny, P,). O
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LEMMA 6.9. — One has
Cpg,,M(PBy,N) = PB,N x PB, N; X --- x PB,_N,.

Proof. — The proof of Lemma, 6.9 is divided into two steps.

Step 1. — Let n = 1. We prove by induction on m that
CmeM(PBlN) = CPB,,,M(WIN) = 7T1N X PBnlNl X e X PBnrNr.

The case m = 1 is proved in Theorem 3.1, and the case m = 2 is
proved in Lemma 6.8. Let m > 3. The inclusion

mN X PB,,Ny X -+-- X PB, N, C Cpp, p(mN)
is obvious.
Let g € Cps,, M(7r1 N). We consider the following exact sequence:
1— m (M\{P1,Ps,...,Pn_1}) — PB,M % PB,,_1M — 1.
The morphism p sends (N, P;) isomorphically on mi(N,P;). By

Lemmab5.5, p(g) is an element of Cpg,_,m(mN). We assume that
P,, € N;. By induction,

CPBm_lM(Tl'lN) = 7T1N X PBn1—1N1 X PBn2N2 X - X PBnrNr.

Thus we can choose f € m1(N, Py), b} € PB,,_1Ny, and h; € PB,,N; for
alli=2,...,r such that

p(g) = fhiha -+ hy.

The morphism p sends PB,,N; isomorphically on PB,,N; for all
i =2,...,r, and sends PB,, N; surjectively on PB,, _1N;. We choose
hi € PB,, N; such that p(h1) = h} and we write

g =gh;t- by RN

We have ¢’ € m(M\{P,P2,...,Pmn_1},Pmn) (since p(¢’) = 1) and
g € Cpp,, m(m1N). We have the inclusions

T (M\{P, Ps,...,Pn-1}) C PBoM\{P,,...,Pp_1},
7T1N Q PBQM\{PQ, .. ,Pm—l}y
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where PBoM\{P,,...,Pn_1} denotes the pure braid group on
M\{PQ, ey Pm—l} based at (Pl, Pm) SO,

g € Cpp,m\(Ps,....P_1} (T1N),
thus, by Lemma 6.6,
gl € 71'1("\[7P1) X ﬂl(Nl\Piapm)v

where P} = P;\{Pn}. Let f € m (N, P1) and let hy € m;(N;\ P}, P,,) be
such that ¢’ = fh;. Then

thus ¢’ = hy € 11 (N1\ P}, Py). So,

g=9 - fhahg---h. = f(g'h1)hs .. b,
€ mN x PBp, Ny x PBn,Nz X -+ x PB,,_N,.

Step 2. — We prove by induction on n that

Cpp, v (PB,N) = PB,N x PB,, Ny X --- x PBy,_N,.

The case n = 1 is proved in Step 1. Let n > 1. The inclusion
PB,N x PB,,N; x ---x PB, N, C Cpp, m(PB,N)

is obvious.

Let g € Cpp, mM(PB,N). Let N' = N\{Py,...,P,_1} and let M’ =
M\{Py,...,Po_1,Pny1,...,Pn}. We consider the following commutative
diagram:

1—-» mN — PB,N % PB, 1N — 1

! ! |

1 - mM — PB,M -2 PB,, 1M — 1.

By Lemma 5.5, p(g9) € Cpp,,_, m(PBn_1N). By induction,

Cpp,_,m(PBn_1N) = PB,_1N x PB, Ny x --- x PB,, N,.
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Thus we can choose f' € PB,_1N and h; € PB, N, foralli =1,...,r
such that

p(g) = f/hl 0 'hr~

The morphism p sends PB,,N; isomorphically on PB,,N; for all
t = 1,...,r, and sends PB,N surjectively on PB,_1N. We choose
f € PB,N such that p(f) = f’ and we write

g =ght- RN

We have g’ € m1(M', P,) (since p(¢’) = 1) and ¢’ € Cpp,, m(PB,N), thus,
by Lemma 5.5, ¢’ € Cr,p(mN'). By Theorem 3.1, ¢’ is an element of
m(N', P,) C PB,N. So,

g=(g'f)h1---hy € PB,N x PB,,N; x --- x PB,,_N,. O

LEMMA 6.10. — Let m = n. Then

Cp,m(BnN) = B,N.
Proof. — The inclusion

B.N C Cp,m(BpN)
is obvious.

Let g € Cp,m(BnNN). We choose f € B,N such that o(f) = o(g)
and we write ¢ = gf~!. We have ¢’ € PB,M and ¢’ € Cp, pm(BnN) =
Cp,Mm(PBpN), thus ¢’ € Cpp,m(PB,N). By Lemma 6.9, ¢ € PB,N.
So,

g=g'f € B,N. o

Recall that X,, denotes the group of permutations of {Pi,..., Py},
that ¥, denotes the group of permutations of {Pi,...,P,}, and that
Y m—n denotes the group of permutations of { P,+1,. .., Py }. The following
lemma can be proved with the same arguments as those given in the proof
of Lemma 5.10. Note that, since 71 (N, P;) # {1}, we do not need to assume
that n > 2 in Lemma, 6.11.

LeEMMA 6.11. — Let g € Cp,, m(BnN). Then o(g9) € Zp, X Sy, O

Let X,,, denote the group of permutations of P; fori =1,...,r.
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LEmMMA 6.12. — Let g € Cp,, p(BnN). Then

0(g) €EXp X Ty, X - X X,y .

Proof. — Let g € Cp,,m(BnN). By Lemma 6.11, g € 0~ }(%, x
Y m-n). We consider the following exact sequence:

1= BpnM\{Py,...,P,} — 07 (Zp X Bmnn) == B, M — 1.

The morphism p sends B, N isomorphically on B,N. By Lemma 5.5,
p(g) € Cp,m(B,N). By Lemma 6.10, p(g) = f € B,N. We write
g = gf'. We have ¢’ € Bp,_nM\{P1,...,P,} (since p(g') = 1) and
g, € CBmM(BnN)'

Let h € B,N. Since ¢’ € Cg,, m(BnN), there exists an integer k > 0
such that

g'h¥(g)~! € B,N.

Since p is an isomorphism on B, N,

g'h* (gt = p(g'h*(g)™) = p(g)p(R*)p(g") ™" = KF,
therefore

hkg/h—k — g/.

We suppose that P,+1 € Ny, that P12 € Na, and that o(g)(Pr+1) =
Poi2. We also have 0(9')(Pot1) = Pnt2. We write Q1 = P,41 and
Q2 = Pp42. We choose a point Q; € N; foralli =3,...,r. Let II; (M\{P1})
be the fundamental groupoid on M\{P;} based at {Q1,...,Q,}. Let
b = (b,41,--.,b,,) beabraid on M\{Pi,...,P,} based at (Ppt1,...,Pm)
which represents ¢’. Let z € II;(M\{P1})[Q1,Q2] be represented by
n+1- By the above considerations, z € Sy[Q1,Q2]. This contradicts
Proposition 6.3.

So,

0(g) EXp XLy, X+ X By . a
Proof of Theorem 6.1. — The inclusion

BpN x B, Ny x -+ x B, N, C Cpg, m(BnN)
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is obvious.

Let g € Cp,, m(Bn,N). By Lemma 6.12,
0(g) €EXp XLy, X+ X L.

Thus we can choose f € B,N and h; € B,,N; for all i = 1,...,r such that

o(g) =a(flo(h1)---o(hs).
We write
g =ghst---hytfh

We have ¢’ € PB,M and ¢’ € Cp,_ m(BnN) = Cp,,m(PB,N), thus
g € Cpp, mM(PBp,N). By Lemma 6.9, there exist f' € PB,N and
h; € PBp,N; for all i =1,...,7 such that

g =fhi-h

re

So,

g=f'hy--hyfhi-he = (f'f)(hih1) - (hrhe)
eBnNXBnlNIX"'XBnTNr- O
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