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ON COMPACT KAHLER SURFACES

by Nicholas BUCHDAHL

0. Introduction.

As a consequence of the Hodge identities [GH], a compact complex
manifold which admits a Kahler metric must have all of its odd-dimensional
Betti numbers even. In [MK], p. 85, Kodaira conjectured that for complex
surfaces the converse is true; i.e., that every compact complex surface X
with b^(X) even admits a Kahler metric.

By virtue ofKodaira's own classification of compact complex surfaces,
many special cases of the conjecture automatically follow, leaving only the
cases of elliptic surfaces and K3 surfaces. Miyaoka [M] proved that the
conjecture holds for elliptic surfaces, and this was reproved by Harvey and
Lawson [HL] using the theory of currents; this left only the K3 surfaces.

In [T], Todorov presented a proof that every K3 surface admits a
Kahler metric using Yau's then recently-proved results [Y] on the Cal-
abi conjecture. Unfortunately, as pointed out by Siu in his review [S2],
Todorov's proof contained some serious errors. In his own paper [S3], Siu
was able to overcome the difficulties in Todorov's proof to finally prove
that every K3 surface is Kahler, thereby completing the proof of Kodaira's
conjecture.

A unified proof of the conjecture which does not invoke the classi-
fication of compact complex surfaces has hitherto remained lacking. Fur-
thermore, if a given surface X does admit a Kahler metric, in general it is
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not known how many such metrics there are; i.e., which classes in H^^X)
can be represented by positive closed (1, l)-forms. The well-known Nakai-
Moishezon criterion provides an answer in the case of integral cohomology
classes: a class p e H^^{X) D -^(X, Z) can be represented by such a form
if and only if it satisfies p ' p > 0 and p ' [D] > 0 for every effective divisor
D on X; (see e.g., [BPV]). Campana and Peternell [CP] have generalised
this result to the case of real cohomology classes on projective algebraic
varieties, but a general characterisation remains lacking.

In this paper, the following results are proved, respectively given in
Theorem 11, Corollary 15 and Theorem 16 of §4:

THEOREM. — A compact complex surface X with b\ {X) = 0(mod 2)
admits a Kahler metric.

THEOREM. — Let X be a compact complex surface with b\(X) =
0 (mod 2) and let p € ^^(X) be a class satisfying p ' p > 0, p ' [D] > 0
and p • [uj\ > 0 for every effective divisor [D] on X and some positive
closed (1, l)-form uj on X. Then p can be represented by a positive closed
(l,l)-form.

THEOREM. — Suppose b^(X) is even and uj e Aj^X) is 99-
closed and positive. If <p € A^' (X) is Q9-closed and satisfies fv^p2 > 0,
fy uj A (p > 0 and fp y? > 0 for every effective divisor D C X , then (p is
homologous to a smooth 99-closed positive (1, l)-form modulo the image
of 99.

The key ingredients in the proofs are Gauduchon's results [G] on
the existence of 99-closed positive (1, l)-forms on compact surfaces, Siu's
theorem [Sl] on the analyticity of the sets associated with the Leiong
numbers of closed positive currents, and Demailly's results [Dl], [D2] on
the smoothing of positive closed (1,1)-currents.

1. Preliminaries.

The purpose of this section is to establish notation, review some well-
known facts concerning Kahler metrics (details of which can be found in
[GH] §7 Chapter 0) and to establish some basic results.

Let X be a compact complex manifold. Denote by A^'9 the sheaf of
germs of smooth (p, g)-forms on X, and set A^X) := F(X, A^9).
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A hermitian metric h on X corresponds to a positive (l,l)-form
uj € Aj^' (X), where the subscript denotes invariance under complex
conjugation. In local holomorphic coordinates {^a}, uj is given by uj =
_habdzaAdzb if h = h^dza^)dzb. The form u is the Kahler form associated
Z
to the metric, and the metric itself is Kahler if duj = 0.

The Kahler form uj determines a volume form on X given by dV =
—cc^ where n is the dimension of X. The adjoint of the map A23'9 3 / i-̂
it'.

ci; A / € A^1'9"1"1 is denoted by A; up to a combinatorial factor, A is
contraction with the inverse h^ of h^. If dw == 0, the formal adjoints
of the operators 9 and 9 on AP^ are found to be 9* = iA9 — i9K
and <9* = —iA9 + i9A, from which it follows that the 9 Laplacian
A" = 9y +9*9 agrees with the 9 Laplacian A', each being one half
of the full Laplacian A = dd* + d*d. As a consequence, there is an R-linear
isomorphism between HP^X^^) and Hq(X,fl,p) determined by complex
conjugation of harmonic representatives, and the decomposition of r-forms
into forms of type (p,r — p), which is preserved by the Laplacian, shows
that the Betti numbers of X of odd degree must be even.

Although X need not admit a Kahler metric, Gauduchon [G] has
shown that there is a conformal rescaling of the metric h, unique up to
a positive constant, such that the associated form satisfies ^((^n-l) = 0.
Given such a form, the Maximum Principle implies the adjoint of the elliptic
operator P := ^(uj71'1 /\i99) on functions (i.e., P* : f \—> ^^99(^n~lf)) has
only the constants as kernel since P* annihilates the constants. It follows
from standard -L2 harmonic theory that for each / e L^^X) satisfying
f^fdV = 0 there is a function u € L^(X) satisfying Pu = /, with u
unique up the addition of a constant; here L^(X) denotes the functions in
LP(X) with weak derivatives up to and including order k also in LP(X).
Moreover, standard regularity arguments apply to P, so for example u is
smooth if / is smooth.

In the case of a compact complex surface, the splitting of 2-forms into
types is compatible with the splitting of forms into self-dual and anti-self-
dual parts from the underlying Riemannian metric induced by h; namely,
A^_ 0 C = A°'1 C A°^ C A1'0 and A2_0C= kero;A : A1'1 -^ A2'2. Hence
for a real (1, l)-form '0,

uj /\if} = (A-?/^2^

*^ = (A^)o; — ̂
|^|2 dV = ̂  A *^ = (A^)2 cc;2/^ - ̂ 2.



290 NICHOLAS BUCHDAHL

The Hilbert space of (p,^)-forms on X with coefficients in L2 is
denoted throughout by AP'q^)L2(X). Unless otherwise indicated, || • || always
denotes the L2 norm induced by uj on this space.

Let d1'1 be the composition of d: A1 —^ A2 with the projection
A2-.A1-1.

LEMMA 1. — Let X be a compact complex surface equipped with
a smooth positive 99-closed (1, l)-form uj. Then d1'1: A^ 0 L^X) —>•
A^' 0 Z/^X) has closed range.

Proof. — Let {vi} be a sequence of real 1-forms on X with coef-
ficients in L^ such that '0^ := d1'1^ is converging in L2 to some ^ G
A^' (^Z/^X). Write ̂  = ̂  -\-Ui for some (0, l)-form z^, so ̂  = ch^ -\-9ui.

By smoothing and diagonalising, it can be assumed without loss of
generality that HI is smooth for each i. Using Stokes5 Theorem,

||̂ ||2 == f (A^)V - / ^2

Jx Jx

= /* (A^,)2^2 + 2 /* ̂  A 9^ = 2||A^||2 + 2\\9u,\\2
Jx Jx

so it follows that dvi = d1'1^ + <9z^ + ̂ i is bounded in L2.

Let {^ be the L2 projection of Vi perpendicular to the kernel of
d, so d*Vi = 0 and Vi is perpendicular to the harmonic 1-forms. Hence
there is a constant C such that H^H^ 2 <: ^(11^11 + 11^*^11) ^ Const.,
so a subsequence of the sequence {vi} converges weakly in L\ to some
v € A^ 0 L^(X). Since d1'1^ = ^ it follows d1'1'?) = '0, proving the
claim. D

LEMMA 2. — If-0€ A^'1 0 ̂ (X) is wealcjy 99-closed there exists
u € A°'1 (g) ^^(X) such that ^ -[- 9u-\-9u is smooth.

Proof. — Let '0 be the L2 projection of '0 perpendicular to the image
of d1'1, so -0 = ^ -{- 9u -}- 9u for some n € A°'1 0 Z^(X) by Lemma 1.
Then f^ ^ A *(9v 4- cte) = 0 = f^ ^ A *(z<9^ — %(9v) for every (0, l)-form
v with coefficients in L2, implying 9(*'0) = 0 = 3(*^) weakly. Hence
99{^) = 0 = 99'0 weakly, so <99((A'0)c^) == 0 in the sense of distributions.
Standard regularity theorems imply that A^i is constant, and then the
equations d*^ = 0, d^ = (A^) dci; together with elliptic regularity imply ^
is smooth. D
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Remark. — Note that this argument shows that any weakly d-closed
X ^ A^51 (g) L2{X) satisfying uj A \ = cuj2 for some constant c is in fact
smooth.

LEMMA 3. — If ̂  e A^51 0 ̂ (X) is weaMy 99-closed there is a
sequence of smooth 99-closed real (1, l)-forms ̂  converging to ̂  in L2.

Proof. — By Lemma 2, '0 = '0 - 9u - 9u for some smooth ^ and
some (0, l)-form u with coefficients in L2. Approximating u by smooth
(0, l)-forms then gives the desired result. D

2. The intersection form on the kernel of 99.

If h(X) is even and h € H^^X) satisfies h2 > 0, the intersection
form on ̂ (X, R) restricted to H^^X) is negative definite on the subspace
{v € H^\X) | ft . v = 0} (Corollary IV.2.14 [BPV]). Interestingly, on an
arbitrary compact complex surface X a similar statement applies to the
induced form on the 99-closed (1, l)-forms modulo the 99-exact forms, as
shown in Proposition 5 below.

LEMMA 4. — If^ e A^^L^X) is weakly 99-closed, (J^A'0)2 >
(fx ̂ KJx ^2) with ̂ "^V if and only if^ = cuj-\-i99g for some constant
c and some g € L|(X).

Proof. — Let c := (f^u; A '0)/(J^o;2). If ^ is smooth there is
a smooth solution g to the equation uj A ('0 — ouj — i99g) = 0, and
\^-(^-i99g\\2=-f^-cu;-i99g)2=-f^^2+(f^^^^2/f^^2.

If '0 is not smooth, the inequality follows from the smooth case after
approximating -0 using Lemma 3.

If (J^o; A ^)2 = (J^2)^^2)^ choose a sequence of smooth 99-
closed forms {^j} converging to '0 in L2, and let gj satisfy uj A (^ - CjUj -
i99gj) = 0 where Cj is defined as above. Then ||̂  - cju - i99gj\\2 =
~ fx ^] + c] fx LJ2 is converging to - f^ ^2 + c2 f^ uj2 = 0. The sequence
{i99gj} is therefore uniformly bounded in L2, so after normalising gj so
that f^gjdV = 0, a subsequence of {gj} can be found which converges
weakly in Lj to some g G ^J(X). By semi-continuity of || • || under weak
limits, ||0 - ojj - i99g\\ < lim||^ - cjuj - i99gj\\ = 0, completing the
proof. Q
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PROPOSITION 5. — Let ^1^2 € A^51 (S)L\X) be weakly 99-closed
and satisfy f^ ̂  > 0 and J^ a; A ̂  ^ 0 for ^ = 1,2. Then

/^^(/^n/^r
with equality if and only if ̂  and ̂  are linearly dependent modulo the
image of i99.

Proof. — By Lemma 4 it can be assumed that dj := f uj A ̂  is
strictly positive for j = 1, 2 else ̂  is (99-exact.

To prove the inequality, after replacing ̂  by ̂  + ecj and taking the
limit as e \ 0 it can be assumed that f^ ̂  > 0 for j = 1, 2, and then by
Lemma 3 it can be assumed without loss of generality that these forms are
both smooth.

Since f^ ^ A (02^1 - ai^) = 0, it follows that 02^1 - a^ + z99^ is
anti-self-dual for some function g e A^(X), so

0 ^ / (02(^1 - ai^)2 =al I yi+al [ ^- 2ai02 / ^i A (^2
l/x -'X JX Jx

> 2 a i a 2 ( y ( ^) 2 ( / ^i)2-2^!^/ ^ i A < ^ 2 ,

giving the desired inequality.

Now suppose J^ ^i A ^2 = (J^ ̂ ^'^(^ ̂ |)1/2 (no longer assuming
smoothness or J^ ̂  > 0). Take sequences {^i,;J, {^,/,} of smooth 99-
closed (l,l)-forms converging to ̂  ̂  respectively in L2 and solve the
equations a; A (a^^i j - a^^j + z99gk) = 0 for ̂  e A^(X) satisfying
Jjc ̂  dv = ° (with ̂ ^ = f^ ^A^/,). Arguing as in the proof of Lemma 4
then yields a weakly convergent subsequence whose limit g e L^(X)
satisfies 02^1 — ai^2 + %<9<9^ =0. Q

COROLLARY 6. — Jf (^ e A^ 0 L2(X) is wealcjy aO-closed and
satisfies f^ ̂  > 0 and f^ y A ̂  > 0, ^Aen J^ y A ̂  > 0 for any other such
form \ satisfying f^ ̂  ^ 0 and f^ \ A ^ > 0. D

LEMMA 7. — Suppose ^ ^ A^51 0 L2(X) is weaiciy 99-closed and
satisfies f^ ̂  >_ 0 and f^ ^ A ^ ^ 0. For each e > 0 there is a positive
(1, l)-form ^ aad a function ̂  such that ||̂  + z99^ - Pe\\L^{x^} < e.
Moreover, p^ and g^ can be assumed to be smooth.
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Proof. — If Fy ^Ao; = 0 it follows from Lemma 4 that \ is 99-exact,
in which case the result follows from the denseness of the smooth functions
in L|(X). Assume therefore that Fy \ A uj > 0, and after rescaling \ if
necessary, it can be supposed that fy \ A uj == 1.

Let

7?:= LeA^X^L^X) |p>0a.e., [ ujf\p=l\,

p, := [p e A^(X) 0 L^X) | \\p -p\\ < e for some? C P},

and ^ := {x + i99g \ g € I/KX)}.

Then 'Pe is an open convex subset of the Hilbert space H := A '̂ 0 L^X)
and 7< is a closed convex subset. If Pe ̂  ̂  = 0? the Hahn-Banach Theorem
implies there exists ^p € H and a constant c € R such that fy y? A h <_ c
and Jy y? A p > c for every h ET~i and every p G Pe. It follows immediately
that y? is weakly <9<9-closed.

Let (po := (^ — cuj. Then (po is weakly <9<9-closed, J ^ ^ o A ^ ^ c — c = 0
and f^(^Q /\ po > 0 for every po ^ ^5 so (^o is strictly positive almost
everywhere. Hence f^ ̂  > 0 and f^(po /\ uj > 0, so it follows from
Corollary 6 that f^ (po A \ > 0, a contradiction.

Therefore Pg Ft ?Y cannot be empty proving the existence of pe and
pc. The last statement of the lemma follows from the denseness of the
smooth positive (l,l)-forms in the L2 positive (l,l)-forms and of the
smooth functions in L|(X). D

3. Surfaces with even first Betti number.

Throughout this section, uj will be a fixed smooth positive <9(9-closed
(1, l)-form on the compact complex surface X. All norms and adjoints are
computed using the corresponding hermitian metric.

LEMMA 8. — Let X be a compact complex surface. Then &i(X) is
even if and only for each ^ € A^^X) satisfying 99^ = 0 the equation
9^ = 99u can be solved for u e A0'^).

Proof. — Suppose ^ C A^^X) satisfies 99^ = 0. The equation
9^ = 99u has a solution u € A^^X) if and only if 9^ is perpendicular
to the kernel of the adjoint of QQ\ that is, if and only if f^ w A *^ == 0
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for every w e A^(X) such that 99(*w) = 0; equivalently, if and only if
f^ v A 9^ = 0 for every v (= *w) e A^°(X) satisfying 9Qv = 0. By Stokes5

Theorem, such_a v must satisfy 0 = J^ v A 99-y = f^9v/\9v = ||9^||2, so
the kernel of 99 on A150^) is the same as that of 9. If b^(X) is even,
Theorem IV.2.9 of [BPV] implies any such v is ^-homologous to a d-
closed (l,0)-form, so if d(v + 9g) = 0 for some function g e A°'°(X) it
follows Sx v A 9^ = Jx(^ + ̂ ) A 9^ = 0; hence 9V; is in the image of
99:AO-1(X)^A1-2(X).

Conversely, given v e A^°(X) satisfying 9v = 0, the equation
0 =_d{v + 9^) = 9v + 99^ can be solved for g e A°'°(X) if and only if
f^ 9v A ^ = 0 for every ^ e A^^X) satisfying 99^ = 0. If 9-0 = 99^
it follows f^ 9v A ^ = f^ v A 9^_= J^ v A 99tA = 0. Thus if the equation
9^ = 99^ can be solved for each 99-closed -0 it follows that every 9-closed
v C Alfo(X) is 9-homologous to a d-closed (l,0)-form; this implies that the
natural R-linear map H°{X^1) 3 h ̂  h e H^X.O) is an isomorphism.
Hence h°^(X) = h^°(X) implying that &i(X) = h°^(X) + h^°(X) is
even. r-,

If ^i(X) is even, complex conjugation of the above argument shows
that for each 99-closed ^ G A^(X) there exists u' e A.^°(X) such that
9^ = 9Qu'\ i f^= '0, ZA' can be taken to be u. The (1, l)-form ^-}-9u-^9u/ is
d-closed, as is the 2-form ̂ -9u-9u/, with ^ being the (1,1) component of
the latter. It follows from the proof of Lemma 8 that the form 9u e A°'2(X)
is uniquely determined by -0, whereas the form ^/;-^9u+9uf is determined up
to the addition of a 99-exact term which can be uniquely fixed by requiring
(for example) that uj A (-0 + 9u + 9u') be a constant multiple of cj2.

Lemma 8 combined with Lemma 2 yields the following useful result:

COROLLARY 9. — Ifb^X) is even and ^ e A^ (g) L^X) is weaMy
99-closed, there exists u € A°'1 0 L^X) such that ^ 4- 9^ + 9n is d-closed
and smooth. Q

Globally, 99-exactness of d-closed forms holds in the same way that
it does on any Kahler manifold:

LEMMA 10. — Ifb^(X) is even and if^ e A1'1 (g) L^X) is d-exact
then y? = 99^ for some g e L^(X).

Proof. — Suppose ^ = dv for some v e A1 0 2^(X). Then the (1,0)
component of v is 9-closed and the (0,1) component is 9-closed. From the
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second paragraph of the proof of Lemma 8 it follows f^ uj A ^ = 0, so
uj A (dv + 99g) = 0 for some g e ^J(X). The (l,l)-form d(v + 9^) is
therefore anti^self-dual, so \\d{v + Og)\\2 = - f^ d(v + <9p) A d(v + 9^) = 0,
giving -0 = -9<9^. n

Suppose &i(X) is even and u e A0'^) is such that uj = uj + 9u + <9n
is d-closed and satisfies cj A uj = cuj2 for some constant c. Then fy a; A 9u =
- J^ 9a; A_n = f^99u/\u = -f^QQu^u = ^x 9uf\Qu= \\9u\\2, so
c = 1 + II^IP/y for V := J^a;2^. Furthermore, J^2 = f^uj A a; =
J^ A cc; + 2||̂ ||2. Thus uj defines a d-closed element of H^(X) which
satisfies [cj] • [^] > 0 in ff2(X, R) and [Cj\' [D] > 0 for every effective divisor
D C X; such a form is a very natural candidate to be 99-homologous to a
positive closed (1, l)-form on X.

4. The main results.

Suppose X is a compact complex surface with b^(X) even, and let
<jj be a fixed smooth positive 99-closed (1, l)-form on X, normalised so
that f^uj2 = 2. As in §3, let UQ be a smooth (0, l)-form on X such that
Cj = uj + B-^o + cteo is d-closed, with J^2 = 2(1 + ||^o||2) =: 2(1 + ao)
and (jj A Quo = OQ a;2^.

Let \ be a smooth real 99-closed (1, l)-form satisfying f^ \2 > 0 and
f^ ^f\uj > 0, and assume that ^ has been normalised so that Fy ^2 = 2. In
addition, let u be a (0, l)-form on X such that ^ = \ + 9zt + 9u is d-closed.
Since J^ \2 = 2 + 2||̂ ||2 =: 2(1 + a), it follows from Proposition 5 that
the number b := (1/2) f^ ^ A \ = (1/2) f^ uj A \ is positive and satisfies
&2 > (1 + a)(l + ao) with equality iff ^ is 99-homologous to a multiple of
UJ.

For to := b - ̂ b2 - (1 +a), the form y? := \ - to^ satisfies 99(p = 0,
J^ y?2 = 0 and f^ uj A (p = 2(6 - to) = 2^/b2 - (1+a) > 0, with equality
iff c<; is d-closed and \ is 59-homologous to a multiple of uj.

Assume that b - to = ̂ b2 - (1 + a) is strictly positive. By Lemma 7,
for each n € N there is a smooth positive (1, l)-form pn and a smooth
function g^ such that ||̂  + z99gn — pn\\ < l/^-

Since f^pn A u; is converging to 2(b - to) the positive functions
(Apn)1/2 are uniformly bounded in L2 so a subsequence can be found
converging weakly in L2. The forms pn/^Pn are bounded in L°° so a
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subsequence of these Jforms can also be found converging weakly in L4

say. The sequence {iQQgn} is uniformly bounded in L1 so after adding
a constant so that f^ g^ dV = 0, by the Sobolev embedding theorem a
subsequence of {g^} can be assumed to converge weakly in L473 D L2

and strongly in V for some fixed q e (1,2) to some function g. Thus
the subsequence of positive forms pn converges in the sense of currents to
define a positive (1, l)-current p with ̂  + iQ9g = p, and it follows that the
current P := p-^-touj = x-}-i09g is a closed positive (1, l)-current satisfying
P > touj. Note that since Ap € L1 and p/\Ap\ e L°°, the current P lies in
L1.

Let v{P,x) denote the Leiong number of P at x\ ([GH], p. 391).
For c > 0, the sublevel set E^P) = [x e X \ v{P,x) ^ c} is a proper
analytic subset o fXby ShTs Theorem [Sl]. By Lemmas 6.2 and 6.3 of that
same paper, if D is an irreducible 1-dimensional component of Ec(P) and
VQ := inf{^(P, x) | x e D}, ;/(?, x) = VQ for almost all x e D and P- ̂ o[D]
is positive. (Although Siu's lemmas consider the case of smooth D, upper
semicontinuity of the Leiong number implies the same results even if D has
singularities.)

Fix a number K ^ 0 such that the curvature 9 of the Chern
connection on Tx induced by uj satisfies 8 ^ -KUJ (g) Id^ and let
c > 0 be such that to - cK > 0. If Di, . . . ,L^ are the irreducible 1-
dimensional components of ^c(P) and y, := inf{;/(P,a;) | x e A}, the
closed (U)-current T := P - ̂ ^[D,] is positive and the c-sublevel
set Ec(T) of this current is 0-dimensional. By Theorem 6.1 of [D2] (see
also [Dl] for more complete results), there is a 1-parameter family Tee of
closed almost positive (1,1)-currents in the same cohomology class as T
which is converging weakly to T as 6 \ 0, with T^e smooth off ^c(T),
Tc,e ^ {to - mm{^,c}K - 6^)uj for some continuous functions v^ on X
and constants ^ satisfying ^(x) \ v(T,x) for each x C X and ^ \ 0
as e \ 0. Moreover, y{T^x) = (v(T,x) - c)+ at each point of x. For e
sufficiently small therefore, T^e >. t^ for some t^ > 0, where t^ can be
chosen arbitrarily close to to if c and e are small enough.

The current T^e is smooth off the 0-dimensional set Ec(T)', that is,
off a finite set of points. In a neighbourhood of any such point XQ, T^ can
be represented by a strictly plurisubharmonic function / say: T^e = i99f
with / smooth off .z-o. Using a standard mollifying function as in [GT],
p. 147, / can be smoothed in a neighbourhood of XQ to a family ft of
strictly plurisubharmonic functions converging to /, and on an annular
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region surrounding XQ the convergence of this sequence is uniform in C^ for
any k (by Lemma 4.1 and the accompanying discussion in [GT]). If p is a
standard cutoff function which is 1 on the exterior of the annulus and 0 on
the interior region, pf + (1 — p)ft is a smooth plurisubharmonic function
for t sufficiently small which agrees with / outside the annulus.

Hence the current Tc^e is 99-homologous to a smooth positive closed
form Tc,e for e > 0 sufficiently small; moreover for any i\ < to 5 there is some
c and e such that Tc,e ^ t\uj. Thus:

THEOREM 11 . — A compact complex surface X with &i(X) even
admits a Kahler metric. D

Suppose now that \ = uj, so ^ = uj, b = 1 + a o and to =
______ i——\—i

1 4- CLQ — \/ao(l + ao) = 1 + \ /~rSj~ ] ' ^ssume tnat ^ ls not a-closed,
so ao 7^ 0 and therefore to < 1.

The cohomology class of Tc,e is the same as that of T which is in
turn the same as that of uj - D for D := ̂  Vz[Di\. Here and subsequently
the notation is abused in the standard way by identifying a d-closed (1,1)-
form with its image in H^-^^X) and vice versa; unless otherwise stated, the
(l,l)-form representing a given class will always be that which has self-
dual component a constant multiple of uj. In the same vein, the notation
^ • \ will be used to denote f^ ^ A \ for d-closed (1, l)-forms '0, \\ thus
H^\X) 3 ̂  ̂  2(a;^)2^^)-1 -^ = (1+ao)-1^)2-^ ̂  Ml
defines a norm on H^^X) since the cup-product pairing is negative definite
on the orthogonal complement of (2).

If ti < to is such that Tc,e ^ ^i<^ a short calculation using the fact
that Tc,e = ^ - D in H^^X) yields

0 < / (re,, - ̂ )2 = [2(1 + ao) - 4^i (1 + ao) + 2^] + D ' D - 2(uj -1^) • D.
J x

Here uj ' D :== f^uj A D = ̂ ^J*?.^, a non-negative term which is 0 iff
i

D = 0 in H^^X). Since D is d-closed, uj ' D = (j ' D^ so the last term on
the right of the inequality is —2(1 — t^)u} • D.

Since D • D = -||̂ ||̂  + (^ • ̂ (l + ao)"1, the inequality can be
rewritten
\\D\\i^ [2(l+ao)-4ti(l+ao)+2^]+^-^-[a;.D-2(l+ao)(l-ti)].

By Proposition 5, 0 < uj • {r^e - t^) = 2(1 + ao)(l -1\) - cj • D, implying
\\D\\l ^ 2(1 + ao) - 4ti(l + ao) + 2^ = 2(to - ̂ i)[2(l + ao) + to + ti];



298 NICHOLAS BUCHDAHL

(equality will hold only if D is homologous to a multiple of a;).

Now choose a sequence of constants ^ increasing to to and corre-
sponding constants ci and e^ so that 7-c^ez >. ̂ S with 7-0^1 == ^ — ^(i) say
in ^^(X). It follows immediately from the last inequality above that the
corresponding sequence of classes D(^ is converging to 0 in H^^X) and
therefore the corresponding representative (l,l)-forms (which have self-
dual component a constant multiple of a;) are converging to 0 in L^X); by
elliptic regularity and choice of representatives, these forms are converging
to 0 in C°(X). Since Tc^a ^ ti^j it follows that for i large enough the form
Tc^a +-^(i) ls positive; i.e., uj is 99-homologous to a smooth positive closed
form. This proves:

THEOREM 12. — IfX is a compact complex surface with b\ (X) even
and u} is a positive 99-closed (1, l)-form on X , there exists u € A°^(X)
such that Cj = uj -h Qu -h 9u is d-closed and positive. D

COROLLARY 13. — I f X i s a compact complex surface with bi(X)
even and P is a 99-closed positive (1, l)-current, there is a (0, l)-current U
on X such that P + 9U + 9U is a d-closed positive current.

Proof. — The (2,1)-current 9P is (9-closed. By smoothing of coho-
mology ([GH], p. 385), there is a (2,0)-current V on X such that 9P-9V is
a smooth 9-closed (2, l)-form. Then V is a 9-closed current on X so by the
same result there is a (1,0)-current W such that V—9W is a smooth (2,0)-
form. Then 9P — 99W is a smooth 9-closed (2, l)-form. As in the proof of
Lemma 8, the fact that ^i(X) is even implies that 9P — 99W = 99w for
some smooth (l,0)-form w, so for some (0, l)-current U the (1, l)-current
P :== P + 9U + 9U is d-closed.

If there is no real (0,0)-current G such that P 4- i99G is positive,
then as in the proof of Theorem 14 of [HL], there is a smooth positive 99-
closed (1, l)-form i/} with P('0) < 0. But by Theorem 12, '0 is homologous
to a positive closed (1, l)-form ^ modulo the image of c?1'1 so 0 < P(^) =
P(^i) = P(^) < 0, a contradiction. D

THEOREM 14. — Suppose &i(X) is even and uj e A^{X) is 99-
closed and positive. I f ^ p e A^1(X) is 99-closed and satisfies f^y2 > 0,
f^ uj A (p > 0 and f^ (p > 0 for every irreducible divisor D C X, then (p
is homologous to a smooth closed positive (1, l)-form modulo the image of
9+9.
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Remark. — The hypothesis f^ uj A (p > 0 can not be omitted in
general even if X has at least one curve D. For example, if Y is a K3
surface with no divisors at all and yo € V, let X be the blowup of Y at yo
with blowing down map TT : X —> Y and exceptional divisor D = 7^~l(yo).
If c<;o is a positive closed (1, l)-form and p is a smooth closed (1, l)-form
on X with [p] = [D] in H^^X), <p := —7r*o;o — ep satisfies f^ (p2 > 0 for
e > 0 sufficiently small and f^ (p > 0, but (/? can never be homologous to a
positive (1, l)-form modulo the image of 9 + 0 since f^ 7r*o;o A (p < 0.

Proof of Theorem 14. — If y? is not homologous to a positive (1,1)-
form modulo the image of 9 + 9 (i.e., tp -\- 9u -\- Qu \s not positive for
any u 6 A^^X)), by the Hahn-Banach theorem there is a positive closed
(1, l)-current P such that P(y?) < 0.

Arguing as in the proof of Theorem 11, for any e > 0 there is a
real effective divisor D = ̂  VzDi such that P — D is homologous modulo
the image of 99 to a smooth real closed (1, l)-form r with r > —euj. By
Corollary 6, 0 < f^ ^ A (r + eccQ = P((^) - ̂ >z J^ + ej^ (^ A uj. If
P(y?) < 0, a contradiction results by choosing e sufficiently small so it may
be assumed that P(<^) = 0.

Now choose a sequence ei \ 0 and smooth forms r^ ^ —e^ with r^
homologous to P—D(J\ for some real effective divisor D^. By Proposition 5,
0 < (ri + e^) • y? = -D^ ' ip + CzCc; • </?, so (/? • P(,) \ 0.

If (a; • D^)2 — D^ ' D^ = ||D^)||2 is not bounded independent of
z, a subsequence can be found with H^^)!! —^ oo. The cohomology classes
jD^.)/||jD(^.)|| can be assumed to converge to some D € H^^X) of norm
1, with (^ ' D == 0; hence D ' D < 0 by Proposition 5 since D is non-zero in
Jf2(X,R). But since (P - D^ + e^uj) • (P - D^ + e^.o;) > 0, it follows
that D ' D > 0, a contradiction. Therefore {||-D(^)||} is bounded, and by
passing to a subsequence it can be assumed that D^ converges to some
D with D ' D < O , U J ' D > ^ O and ^ ' D = 0. By Proposition 5 again, the
inequality (P - D) ' (P - D) > 0 and identity ^ ' (P - D) = 0 now imply
P=DmH2(X,R).

Recall now that the real divisor D^ is of the form D^ = ̂  VijD^j
3

where D^\j is the j-th irreducible 1-dimensional component of the Cz-
sublevel set of z/(P,—), with vij the Leiong number of P at the generic
point of D(j\j. As e^ tends to 0, corresponding constants Ci can also be
assumed to converge monotonically to 0, so D^ C D^ for i < j and the
constants v^ appearing in D^ also appear as the coefficients in D^. Since
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(p • E > 0 for every effective divisor E, it follows (p • D^ < (p • D^) for i < j
with equality iff D^\ = D(j\.

Since <p ' D = 0, it therefore follows that D^\ is homologous to 0 for
every %, as is the limit D. Therefore P = 0 in H2^^ R) implying uj • P = 0, a
contradiction. It therefore follows that (p is homologous to a positive (1,1)-
form modulo the image of 9 -+- 9, so from Theorem 12 it follows that the
form is actually homologous to a closed positive (1, l)-form. D

Theorem 14 thus yields the following real version of the classical Nakai
criterion, and indeed gives an independent proof of that result:

COROLLARY 15. — A class a € H^^X) can be represented by a
smooth positive (1, l)-form iff a • a > 0, uj • a > 0 and a • D > 0 for every
effective divisor D C X. D

Remarks. — A canonical choice for the representative of a is given
by a smooth closed (1, l)-form p with [p\ = a and with p A p == Oi;2, where
c = a • a I Fy cj2. For if po is some positive representative of <r, the complex
Monge-Ampere equation (po + i99g)2 = cjj1 can be solved by following
Yau's proof in [Y], which is an equation of precisely this kind.

More generally, the techniques for solving the Monge-Ampere equa-
tion (po+iOag)2 = e^p2 where f^ eup^ = f^ p^ for g are easily adapted to
the case when po is <9<9-closed and positive. Considerable effort was put into
attempting to solve the equation ((1 — t)uj -\-tuj + i99gt)2 = c^2 (for the
appropriate constant Cf) where t G [0,1] but the requisite a priori estimates
on the solution gi eluded the author. It would be interesting to be able to
find a direct analytical proof of Theorem 12.

Hitherto, the full strength of Demailly^s results have not be used
in that they apply to almost positive closed (1,1)-currents (i.e., positive
modulo the addition of smooth forms), not just positive currents. Using
this fact, the following strengthening of Theorem 14 is obtained:

THEOREM 16. — Suppose &i(X) is even and uj e A^(X) is QQ-
closed and positive. I f ( p e Aj^X) is 99-closed and satisfies f^ (p2 > 0,
f^ uj A (/? > 0 and Jp (p > 0 for every irreducible divisor D C X, then (p is
homologous to a smooth 99-closed positive (1, l)-form modulo the image
of 99.

Proof. — If d^p = 0, the result follows from Theorem 14 and
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Lemma 10, so assume d(p ̂  0.

Let u^ UQ G A051^) be such that a) = u + c^o + Quo and (^ =
<p -}- 9u-\- 9u are both d-closed; by Theorem 12 it can be assumed that u
is positive. Since f^ (p2 = f^ (p2 + 2||9zt||2 > 0 and fj^ (p = J^ (p > 0 for
every effective divisor D C X and J ^ ( ^ A c < ; = J ^ ( ^ A d ; > 0 , i t follows from
Theorem 14 that u can be chosen so that (p is positive; this is henceforth
assumed.

For ^ o = l — \/1 — J^- ^P2/ fx ^2 ̂  ^orm ^ := ^ ~ ^o^ satisfies
^ '02 == 0 and J .̂ (^ A ^ > 0 so by the same arguments as those leading

to Theorem 11 there is a sequence of smooth functions Qn and positive
(1, l)-forms pn such that \\^-\-i99gn -Pn\\ — ^ 0 , with gn converging weakly
in L^3 H L2 and strongly in Lq for some q € (1,2) to a function g and
with pn converging in the sense of currents to some positive (1, l)-current
p € A151 (g)!/1^). The current P := i99g = p—^ is then closed and almost
positive with P >. —^.

L

Arguing exactly as in the proof of Theorem 11, for some constant K
depending on the curvature of (^, given c > 0 with to — cK > 0 there is an
M-linear combination Dc of effective divisors on X with positive coefficients
and a family of smooth functions gc,e with i99gc,e — Dc>. —^ — (cK + 6^)(f>
such that 6e \ 0 as e \ 0; (as before Dc is here identified with a
representative smooth closed (1, l)-form).

Since

( (^ + i99g^ - Dc)2 = Dc • Dc - 2(1 - to)Dc ' ^
J xIx

= -Pell2, - 2^-^ (p • (^ - Dc + {cK + W

+2(cJC+^)

is converging to a non-negative number as c, e —> 0, it follows exactly as
in the proof of Theorem 12 that (representative (1,1) forms for) Dc must
be converging to 0 in C°(X). Consequently the inequality (p + z99gc,e ^
{to — cK — 6e)(p + Dc implies (p + i99gc,e is positive for c, e sufficiently
small. D
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