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BOUNDARY PROPERTIES OF FUNCTIONS
WITH FINITE DIRICHLET INTEGRALS

by J. L. DOOB (Urbana)

1. Introduction.

Let Rbe a Green space (Brelot-Choquet [4]) of dimension > 2.
Denote by D(u, ¢) the Dirichlet bilinear functional of the
pair (u, ¢) of functions on R, computed on the set R of finite
points of R. Denote by D(u) (= D(u, u)) the Dirichlet
integral of u on R. We shall as usual write « quasi-every-
where » for «except on a subset of R of outer capacity
zero ». Here capacity 1s defined using the Green function
of R. Note that if the dimensionality of R 1s at least 3 a
set of outer capacity zero can contain no infinite point. Let
u be a function defined quasi-everywhere on R, and let {u,,
n>1} be a sequence of infinitely differentiable functions
on R, with finite Dirichlet integrals. Suppose that

() im D(u, —u,) =0

m, n»w®

and that (b)lim u, = u quasi-everywhere on R. Then u is

fine-continuous (continuous in the Cartan fine topology
on R) quasi-everywhere on R. If (¢) u is even fine-continuous
quasi-everywhere on R we shall call u a « BLD function »
(Beppo Levi-Deny) following Brelot. The class of BLD
functions was introduced by Deny. (See also Aronszajn [2]).
We refer to Deny [5], Deny-Lions [6], where such a function
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is called a « BL function made precise », and Brelot [3] for
the fundamental properties of these functions.

If wis a BLD function, gradu is defined almost everywhere
on R, and D(u) is finite. If {u, n>1} is a sequence of
BLD functions satisfying (a) above, and if there is a pointwise
limit quasi-everywhere on R, then the limit u necessarily
exists quasi-everywhere on R, is a BLD function, and

D(u —u,) - 0.

The sequence will be said to converge « in the BLD sense ».
If only (a) is satisfied, there is a subqequence of the u, sequence
which, when centered by suitable additive constants, converges
in the BLD sense. Thus the condition (b) 1s not so stringent
as it appears to be at first sight. Finally, if u is ¢ BLD

function locally on R, and if D(u) is finite, then u can be
extended to be a BLD function on R.
The BLD harmonic functions on R are simply the harmonic

functions with finite Dirichlet integrals over R. At the
other extreme are the BLD functions which we shall call
those « of potential type». A BLD function will be said
to be of potential type if it 1s the BLD limit of a sequence of
infinitely differentiable (on R) functions with compact sup-
ports.

In this paper, H will denote the Hilbert space of BLD
functions with inner product D(u, ¢), two functions being
identified if the restriction of their difference to the comple-
ment of some set of zero capacity is.a constant function.
The class of BLD harmonic functions corresponds to a closed
linear manifold H, of H, and the class of functionals of poten-
tial type corresponds to the orthogonal complement H, of H,.

Brelot showed that every BLD function u has a limit in a
certain L, sense along almost every Green line (orthogonal tra-
Jectory of level manifolds of the Green function with a preassi-
gned -pole) defining the « radial » of u, a function on the set
of Green lines, and Godefroid [10] showed that u even has
the radlal ‘as an ordmary limit .along almost. every Green
hne. Here ‘the limit is to be taken along the Green line as
the point on the line recedes. to o, that is as the Green func-
tion decreases to. 0, and the measure of a set of Green lines
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is the measure of the solid angle of their initial directions at
the pole, normalized to have maximum value 1. In this
paper the Brelot theorem just quoted will be strengthened
to L, convergence, if the function is harmonic. Brelot also
proved that BLD convergence of a sequence of functions
implies L; convergence of the sequence of radials, and it
will be shown that there 1s even L, convergence of the latter
sequence.

Let RY be the Martin boundary of R. In this paper it
i1s shown that every BLD function has a fine topology limit
at almost every (harmonic measure) point of RY. Thus
there 1s always a « fine boundary function ». The fine boun-
dary function is in Ly(R™), and 1t is shown that BLD conver-
gence of a sequence of functions implies L, convergence of
the sequence of boundary functions. Moreover, if u is BLD
harmonie, with fine boundary function u’, D(u) is evaluated
in terms of u’. This evaluation reduces to that of Douglas [9]
when R 1s a dise. It is known that when R is a domain in
Euclidean N-space with a sufficiently smooth boundary, the
boundary function of a sufficiently smooth BLD function is
in L, relative to ordinary boundary « area » (Sobolev [14],
Aronszajn [2]) The interest of the present version of this
result lies in the absence of any smoothness hypothe51s on
either the space or the function.

These results are used in treating the first, second, mixed,
and an unusual form of the third boundary value problem.
Only in treating the latter problem (Sections 18 and 19)
1s any condition imposed on the Green space. The boundary
of R i1s always taken as RY, and it is accordingly necessary
to define a generalized normal derivative, denoted by du/og,
on R™. There is always a Green function of R, by definition
of a Green space (except in Doob [7] where the nomenclature
was poorly chosen). It i1s shown that there is always a Green
function of the second kind, with the usual properties, as
well as a mixed Green function. Let u be a BLD harmonic
function with fine boundary function u’. . The characteristic
value problem dufog = const. su’ is solved, for s a positive
(but not necessarily strictly positive) bounded function on: RM,
The solution involves a complete orthogonal sequence in H,,
corresponding to a sequence of BLD harmonic functions



576 J. L. DOOB

whose fine boundary functions form an orthonormal sequence
on R" (relative to a measure determined by ¢ and harmonic
measure). Series expansions in terms of these orthogonal
sequences are found for the kernels involved in the various
Green functions studied.

2. Harmonic measure on RM.

In the following we shall write ®(§, A) for the harmonic
measure of a subset A of R™ relative to the point & of R.
The class of sets on R of harmonic measure 0 is independent
of the reference point &, and we write « almost everywhere
on R™» to mean « except for a set of w(§, .) measure 0». The
class of functions on R™ which are measurable and whose
absolute values have integrable p-th powers with respect to
i(§, .) on a measurable subset A of R™ is independent of &
and will be denoted by L,(A). The property of mean conver-
gence with specified index of a sequence of functions on R
relative to (&, .) is also independent of &, so there is no need
to mention the reference point in discussing mean conver-
gence. We choose a point & of R once and for all as a refe-
rence point, and any otherwise unspecified concepts involving
a measure on R™ will always be relative to the measure (%, .).

Let {R,, n=> 1} be an increasing sequence of open subsets
of R, with union R, containing no infinite points on their
boundaries, whose closures are compact subsets of R. In
the following such a sequence of sets will be called a « stan-
dard nested sequence of subsets of R ». In fact, somewhat
more generally, we shall even allow R, not to have its full
closure in R, as long as its relative boundary R, has harmonic
measure 1 relative to points in it. For example, we can
choose R, as the set of points where the Green function of R,
with specified pole, is greater than «, where a, is chosen so

that R, has no infinite point on its boundary a, < 1 and
n

a, is supposed less than the value of the Green fonction
at the pole, if the pole is an infinite point. Harmonic measure
of subsets of R, relative to & will be denoted by w,(, .).
It is well known that ,(§, .) = (§, .) in the weak (vague)
sense.



BOUNDARY PROPERTIES OF FUNCTIONS 577

 If a function on R has a limit at a point of Rn R" on
approach to the point in the fine topology of Cartan-Brelot-
Naim, it is said to have a fine limit at the point, denoted
by « flim ». If the function has a fine limit at almost every
point of RY, it will be said to have a fine boundary function on
R™. In generalwe shall use primes to denote fine boundary func-
tions, so that u’ will denote the fine boundary function of u.

It 1s known (Doob [7], [8]) that a superharmonic function
on R, under suitable restrictions, for example if positive, has
a finite fine boundary function, in L;(R™). We shall use
the following related fact. Let {R,, n>1{ be a standard
nested sequence of subsets of R, and let & be a point of R.
Let u be a function harmonic on R. If the sequence of
restrictions of u to {R;, n>1} is uniformly integrable
with respect to the sequence of measures {u,(&,.), n>1{,
then u has a fine boundary function ' and

(2.1) u(f) = fuwu, d.)

for all £ in R. Conversely if v’ is any function in L;(RY)
and if u 1s defined by (2. 1), u has the above uniform inte-
grability property and has fine boundary function u’. Moreo-
ver u 1s then the solution to the Dirichlet problem correspon-
ding to the assigned boundary function u’ as derived using
the Perron-Wiener-Brelot method. A function u defined by
(2. 1) will be called a Dirichlet solution for the boundary
function u'.

We shall also use the following fact, a slight extension of a
well-known one, which we state as a lemma for ease in reference.

Lemma 2.1. — Let f be a bounded function on R u R™ with
the following properties. (a) The restriction of f to R is a Baire
function. (b) The restriction of f to R™ is measurable. (c) f
has the fine limit f(n) at almost every point v of R™, on approach
from R. Then if {R,, n>1} is a standard nested sequence
of subsets of R,

(2.2 lim [ fed.) = fufuld).

If fine limits are interpreted as limits along probability
paths, this lemma is proved by an elementary transition to a
37
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limit under the sign of integration. In particular, if f is
continuous on R u R™ this lemma expresses the convergence
#, = ¢ already noted. An easy corollary of the lemma,
the only case we shall use, is that if u is a harmonic function
which is a Dirichlet solution for the fine boundary function u’,
and 1if ¢ is a continuous bounded function from the reals to the
reals, then

(2.3)  lim fo(um@ d.) = [up@)pE d.).

3. Decomposition of u?.

All potentials, unless specifically described otherwise, will
be defined by means of the Green function g of R as kernel.
The potentials of positive measures are positive superharmo-
nic functions and are characterized among these functions
by the fact that they have fine boundary function 0 (almost
everywhere) and enjoy [the uniform integrability property
described in the preceding section.

Throughout this paper we denote by ¢ either 2r if R has
dimension N = 2 or the product of N — 2 and the unit ball
boundary « area » if N > 2.

Tueorem 3.1. — Let u be a function harmonic on R. (1)
Suppose that u is the Dirichlet solution corresponding to the
fine boundary function u' and that u’ eL,(RY). Then we
can write u® in the form

3. 1) u? = u — u

where ,u is harmonic, the Dirichlet solution corresponding to
the fine boundary function u'?, and ,u is the potential of a positive
measure. Moreover the total value M(< ) of this measure
is 2D(u)/q. (i1) Conversely if u?® is dominated by a harmonic
function, the hypothesis of (i) is satisfied.

Proof of (i) Under the hypotheses of (), let ,u be the Dirichlet
solution corresponding to u'?,

(3.2) ) = fuupEd ),

and define ,u = ,u — u?. An application of Schwarz’s ine-
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quality shows that u?<,u. Then ,u is a positive super-
harmonic function with fine boundary function 0. Since ,u
is a Dirichlet solution, it has the uniform integrability property
described in the preceding section, so that the smaller
function ,u also has the property. Then ,u is the potential of
a positive measure. The evaluation of M is obvious from the
fact that

— Aju = A(u?) = 2|grad u|?.

Proof of (11) Conversely if u? is dominated by some harmonic
function, ,u, and if {R,, n > 1} is a standard nested sequence
of subsets of R, with compact closures, omitting the members
of the sequence not containing a preassigned point &, then

sup o up, (8, d.) < sup /;,'. ain (&, d.) < qu(§) < .

Thus u has the uniform integrability property described
in Section 2, so u is a Dirichlet solution corresponding to a
fine boundary function u’. Since u'? is dominated by the
fine boundary function of ,u, u’ is in the class Ly(RM), as was
to be proved.

As an application of the decomposition of u? in Theorem 3.1
we strengthen a theorem of Brelot. Let u be a BLD function,
let £ be a point of R, and let u,(l) be the value of u at the
point of the Green line ! from £, where the Green function
with pole & has value «. Then Brelot [3] proved that, if
dl refers to the measure of Green lines (see Section 1),
u, has a mean limit @ of index 1,

(3. 3) lim [ |ug(l) — a(D)] dl = 0.

a>0

The following theorem strengthens Brelot’s result by increasing
the index to 2, under the added hypothesis that u is harmonic.

Tueorem 3.2. — Let u be a BLD harmonic function on R.
Then
(3. 4) lim [ |uy(l) — @())|2 di = 0.

We use Theorem 3.1. Since ,u is a Dirichlet solution,
its restriction to the boundary S, of the set S, where g(&y, &) > a
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defines a family uniformly integrable with respect to harmonic
measures relative to & on the members of {S;, « > 0} contai-
ning no infinite points. Since u? <,u, u? has this same uniform
integrability property. Now (Brelot-Choquet [4]) Green line
measure dl determines a measure on S, a Green line correspon-
ding to the point in which it meets S;, which is precisely harmo-
nic measure relative to &. Hence the family of integrands in
(3.4)1s uniformly integrable. Since the integrand converges to
0 when a — 0, almost everywhere, (3.4) must be true.

4. The fine boundary functions of BLD harmonic functions.

Tueorem 4.1. — Let u be a BLD harmonic funciion on
R. Then the hypotheses of Theorem 3.1 (i1) are satisfied, so
that u has a fine boundary function u' in Ly(R™), u ts the Dirichlet
solution corresponding to u’, and D(u) = qM/2.

To prove the theorem we first remark that — u? is super-
harmonic, with corresponding measure of total value 2D(u)/q.
The Riesz decomposition of — u? therefore yields (3.1),
where now ,u is the potential of a measure of the above
total value and ,u is a harmonic function. Since u?<,u
the hypotheéses of Theorem 3.1 (ii) are satisfied, as was to
be proved.

Thus each BLD harmonic function w has both a radial @
and a fine boundary function w'. (The radial is defined
relative to a specified initial point of Green lines). The
functions @ and u’ are each defined on a measure space of
total value 1. We shall now prove that the distributions of
these measurable functions are the same, that is, that if f
is a continuous bounded function from the reals to the reals,
and if the Green lines start at &),

(4. 1) S Taldl = fof@)pE, d ).

To see this we use the notation of Theorem 3.2. Obviously

(4. 2) lim S flua()dl = [ fla

Moreover, since the measure on S, induced by dl measure
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by way of the transformation from ! into the point in which [
meets S, is harmonic measure relative to &,

(4. 3) S flua()dl = [, fw)pa(d.),

where @, is harmonic measure on S; relative to &,. Finally,
as we remarked in discussing Lemma 2.1 the integral on the
right in (4. 3) has as limit (« — 0) that on the right in (4. 1).
Combining this fact with (4. 2) and (4. 3) we see that (4. 1)
is true. Since this equation is true for bounded continuous f
it 1s true for every Baire function f for which either integral
exists, and we shall use this fact without further discussion
in the next section.

We can obtain a stronger result in exactly the same way.
If f1s a continuous bounded function from n-space to the reals,
and if u,, ..., u, are BLD harmonic functions, then

G 1) [T, aD)dl = fuf(, - u)p, ).

That is, the joint distribution of @, ..., @, is the same as that
of uy, ..., u.

Tueorem 4.2. — Let u be a BLD harmonic function on R,
with radial 4 and fine boundary function u'. Let &, be a point
of R. Then there s a constant c, depending on R and &, but
not on u such that

(6.4 [la@—u@)rd= [, |u—uG)?uE,d.) < cD(w).

We can and shall suppose in the following that u(§,) = 0.
Since @ and u’ have the same distribution, we need only prove
the inequality involving u’. Using the notation of (3. 1)
this inequality takes the form

(4. 5) wu(8o) = pu(8o) < eD(u) = cgMJ2.

Unless the theorem is true, there is a sequence {u,, n > 1{
for which in the obvious notation

(4 6) aa(&o) = pua(8) =1,  D(u,) = gM,[2 < g2+
But then Y ,u, is the potential of a measure of total value 1

or less. Hence the series converges and ,u,—> 0 except
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possibly on a set of zero capacity. Since D(u,) >0 and
u,(%) = 0, u, = 0 uniformly on compact subsets of R. Com-
bining these facts we obtain at once that ,u, >0 except
possibly on a set of zero capacity. Since ,u, is positive the
Harnack inequality yields the fact that ,u, — 0 uniformly
on compact subsets of R, contradicting (4.6). The theorem
is therefore true.

The normalization by an additive constant in (4. 4) is
not essential. In fact, for example, if A is a measurable
subset of R™, of strictly positive measure, and if we consider
the class of BLD harmonic functions v with v’ = 0 almost
everywhere on A, then there is a constant y for which

(4. &)  [a@rd= [.uu,d.) <yDu)

for every w in the class. The constant y depends on A. If
there were no such constant, there would be a sequence
fu, n>1} of functions in the class such that

(4. 7) JoutitoEoyd.) =1,  D(u,) > 0.

But then u, — u,(§,) — 0 in the mean, according to Theorem
4.2, contradicting the fact that u, vanishes almost everywhere
on A and that (4. 7) is true.

We observe that (Brelot [3]) if u is an arbitrary BLD func-
tion it is the sum of a uniquely determined harmonic BLD
function and an orthogonal (in H) function of potential type
with radial vanishing almost everywhere. It will be shown
in Section 6 that the fine boundary function of a function
of potential type exists and vanishes almost everywhere on
R™. It is therefore obvious that (4. 4) remains true if u is
merely supposed a BLD function, at the price of replacing
u(&y) by the value at & of the harmonic component of u. Ine-
quality (4. 4') is true with no change for general BLD functions
vanishing almost everywhere on A. Since the constant a,
replacing u(&,) in (4. 4) is the average of the radial, as well
as the @(&, .) average of the fine boundary function of u,
the constant a, is the constant minimizing

[Ta0) — al dl = [ou[uw' — a]® u(, .)

(%

for all a.
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Suppose that u, and u are BLD functions with radials #,,
# and fine boundary functions u,, u’ respectively, and that
u, —u in the BLD sense. Brelot proved that then @, — @ in
the mean, index 1. We shall improve this result by showing
that there is mean convergence of index, 2 for both {#,, n>1}
and {u,, n>1{. This result, together with our earlier
results, illustrate the central role of L, spaces in the study of
the Dirichlet integral. For analogous results in a somewhat
more classical framework, involving domains in Euclidean
space with smooth boundaries see Sobolev [1].

Taeorem 4.3. — Let u,, u be BLD functions on R, with
radials i,, & and fine boundary functions u,, u'. Then if
u, —> u in the BLD sense,

8) lim [|a,(l |"dl=hmf luy— [ (B, d.) =
Since the nth integrals involved are equal, we need discuss
only the u, sequence. By our extension of (4. 4) there is a
sequence of constants {a,, n > 1} such that u, —u' —a, >0
in the mean of order 2. Since u, - u quasi-everywhere
on R, a, - 0, so that we can take a, = 0. Then (4. 8) is
true.

An alternative statement of this theorem 1is that if
D(u, — u) - 0 then

(4. 8) lim [i,0) — () — uE) + u)F dl
= lim [Llun — v — u,(8) + u(E)P po, d.) =0,

n>» o

for quasi-all &, all £ if the functions involved are harmonic.
We omit the easy proof.

This theorem means that the transformation form H,
into Ly(R™) representing an element of H, by a harmonic
function vanishing at a preassigned point, the image being
the fine boundary function of this harmonic function, is
continuous.
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5. .Some results involving capacity.

TreorEM 5.1. — Let u be a BLD function of potential type
on R. Then if >0,

(5. 1) cap {&: [u(f)] > «} < D(u)/(«q).

Here the capacity is that relative to the whole space R,
the Green function capacity. This theorem was proved by
Deny and Lions [6] for R-Euclidean space of dimensionality
> 2. Their proof is applicable to the more general case
stated here, with the help of the decomposition technique
used by Brelot [3, pp. 390-391].

We shall need the following rather trivial lemma.

Lemma 5.2. — Let A be a Borel subset of R, of finite capacity.
Then A has almost no point of R™ as fine limit point.

In fact if uw i1s the equilibrium potential of A, u, like any
potential, has fine limit 0 at almost every point of R™. Since
u has the value 1 quasi-everywhere on A, almost no point
of R™ can be a fine limit point of A.

6. The fine boundary function of a BLD function.

In this section we shall prove that every BLD function u
has a fine boundary function. Since u can be written as the
sum of a BLD harmonic function and a BLD function of poten-
tial type, and since we have already proved the theorem
for u harmonic, all that remains is to deal with functions of
potential type.

If R is a bounded domain in N-dimensional Euclidean
space, satisfying certain restrictive hypotheses, Deny [5]
proved that a BLD function u can be extended to a BLD
function ¢ on the whole space. Since ¢ 1s fine continuous
quasi-everywhere, Deny concluded that u has a fine limit
quasi-everywhere on the relative boundary of R. Here
« fine limit » refers to the fine topology on the entire N-space.
One can also conclude that at almost every (harmonic measure)
point of R* u has a fine limit in our sense, in which the fine
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topology is relative to Ru RM. [Since this conclusion is
only incidental here, the argument will only be sketched.
The continuity properties of BLD functions imply that such
a function is continuous on almost all Brownian stochastic
process paths in its domain, excluding the initial path point
if the function is not fine-continuous there. Then ¢ is conti-
nuous on almost every Brownian stochastic process path from
a fine-continuity point § of R. Hence w has a limit at the
relative boundary points of R on almost every Brownian
path from £ to the first point at which the path hits the rela-
tive boundary, that is, u has a limit on almost every Brownian
path from § to R™ (the paths involved are identical). This
property is equivalent (Doob [7]) to the property that u have
a fine limit at almost every point of R™.]

Deny and Lions [6] proved that if R is any domain in
N-dimensional Euclidean space (we take N> 3 to simplify
the discussion) then a BLD function u on R is of potential
type if and only if its extension by 0 is a BLD function on
the entire space, also if and only if w has fine limit 0 (fine
topology relative to the entire space) at quasi-every point
of the relative boundary of R. Here oo is a point of the
relative boundary if R is unbounded. This theorem implies
that u is of potential type if and only if u has fine limt 0
in our sense at almost every point of RY. [If uis of potential
type the argument used in the preceding paragraph shows
that u has limit 0 on almost every Brownian path from a
point of R to R and so fine limit 0 almost everywhere on R™.
Conversely if u has fine limit 0 almost everywhere on RM
write u as the sum u, + u,, where u; is a BLD harmonic
function on R and u, is of potential type on R (see Deny-
Lions [6] or Brelot [3]). We have already shown that u,
has fine limit 0 almost everywhere on R™ so u, must have the
same property. But u, is a Dirichlet solution, as such is
the harmonic average of its fine boundary function, and hence
must vanish identically. Thus u = u,, as was to be proved.]
The corresponding result for radials is due to Brelot [3] who
proved that a BLD function is of potential type if and only
if it has radial 0.

The Deny-Lions results are extended to Green spaces in the
following theorem.
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Taeorem 6. 1. — If u is a BLD function on R, it has an
almost-everywhere finite fine boundary function. Moreover u
is of potential type if and only if its fine boundary function
vanishes almost everywhere on RM.

Suppose first that u is of potential type. Then according
to Theorem 5. 1 the set B, where u(§) > 1/n has finite capacity.
Now a set of finite capacity has almost no fine limit points
on RY, according to Lemma 5. 2. Hence if A is the union
of the set of non-minimal points of R™ and of the union over
n of the set of fine limit points of B, on R™, A has harmonic
measure 0 and R — B, 1s a deleted fine neighborhood of
every point of R — A for every value of n. Then u has
fine limit 0 at every point of R® — A, and therefore almost
everywhere on R™. If w is a BLD function on R, it is the
sum of a uniquely determined BLD harmonic function u,
and a BLD function u, of potential type (see Deny-Lions [6]
or Brelot [3]). Theorem 4.1 and the result just obtained
combine to show that u has a fine boundary function u'.
Moreover u, is the Dirichlet solution for the boundary func-
tion u’. Then u is of potential type if and only if its fine
boundary function vanishes almost everywhere. The proof
of the theorem is complete.

7. The 0-potentials of Naim.

Let R be a domain in N-dimensional Euclidean space, with
relative boundary R’ so smooth that the following heuristic
unrigorous reasoning looks plausible. We denote by w©(,.)
the harmonic measure relative to £ in R of subsets of R’
and by g the Green function of R. The following directional
derivatives are with respect to the second arguments, when
there is any ambiguity in the notation, along inner normals.
It 1s classical that

(7.1) B nds, = qulE, dn), EeR, neR.

Thus if u is harmonic in a neighborhood of RuR’, with
boundary function ',

1 1/ A0
(7. 2) um=;ﬁyw£¢n
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and

—f UL ——f St o
Jon bn,,

Since the integral of each side in (7. 1) is ¢, for all £, we can
differentiate the integral to get O,

62
(7. 4) L £ gs. = 0.

bng bn,,

Combining (7. 3) with (7. 4) we «derive »

(7.5) D) =g f f o bnndSE ds,.

See Osborn [13] for a justification of (7. 5) under suitable
hypotheses on u, when N = 2 and R 1is sufficiently regular.
The evaluation was given by Douglas [9] for N =2 and R
a disc.

Now let R be more generally a Green space, with Martin
boundary RY, and denote harmonic measure on R™ relative
to £ by w(§, .). Let & be a specified point of R, to serve
as a reference point, and to be held fast throughout the
discussion. Let R, = R — {&}. Naim [11] has defined
a kernel 6 on (R, v R")? which on the direct product of the
boundaries is a generalization of the one appearing in (7. 5)

2
(7. 6) O, ) b(Ear dE) plEe, dn) ~ 5 28

q® on: dn,

¢ ds,.

Let u’ be a function on R™ measurable with respect to
harmonic measure, and define D’(u’) by

(7 7)
) ﬁuﬁu 1)]20(&, ) (5o, dE) (&, dn).

n Section 9 it will be shown, as suggested by (7. 5), that if
u is a BLD harmonic function on R, with fine boundary
function u’, then D(u) = D’(u).

We now recall a few facts about 0 and related matters

(see Naim [11]). Naim defines § on R{ by

—__8&&m) c
@8 0= e 1R
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The domain of definition is then extended to R, X (R, u RY)
on which 0 is continuous, and

(7.9) kL—(EE_‘,——(!:E.Q)) =0, 1) (&, dn), EeRy, neRyuRM
The domain of 6 is then enlarged to (R, u R")2? in such a way
that 6 is lower semicontinuous as well as continuous in the
fine topology in each variable. This function can be used
to define «0-potentials » of Radon measures on R, u R
A 0-potential is fine-continuous if the measure assigned to
the class of nonminimal boundary points is 0. Itis convenient
to define the function K by

K, &) =0¢ ) g, &), &R, neRY

and K(v, &) = 1. The function K is continuous.

8. Fine normal derivatives on R™.

Let u be a function on R u RY, and let v be a point of R™.
Suppose that the fine limit

u(§) — u(n)
f i &,

exists. The point &, is a fixed reference point in R. Then u
will be said to have this fine limit as « fine normal derivative »
at . We use the notation dufog for this derivative, the ana-
logue of the classical inner normal derivative. Its value,
but not its existence or finiteness or vanishing, depends on
the choice of reference point.

If u is any strictly positive superharmonic function on R,
and if v is a minimal point of R, Naim [11] has proved that
u/g(%, .) has a strictly positive not necessarily finite fine
limit at . Thus u has a fine normal derivative at that point,
if u is defined as 0 at 7.

Let u be the potential of a measure ., with w({%})=0.
Then wu has fine boundary function vamshmg almost
everywhere, and we define v on R™ as 0 in discussing the
fine normal derivative. We can write u in the form

(8. 1) u(E)=g(Eo,E)fn9(Em)Mdn), t(dn) = (%o, M)ix(dn).
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The function u/g(,, .) is a 8-potential, and Naim’s continuity
theorem for these potentials implies that, if £ is a minimal
point of RY, at which we define u to be 0 in computing the
normal derivative at the boundary,

Uy
8.2) o0 = [ 0 nm () < o
Tueorem 8. 1. — Let ¢ be a Dirichlet solution in R, with

ne boundary function ¢, and let u be the potential of a positive
Yy s P p

measure .. Then if dufog is the fine normal derivative of u
on RY,

(8. 3) [ vtntan) = [ T out do)

whenever either integral is well-defined (in which case the other
is also). In particular

®3) R = [ ud) (< ).

If one writes Green’s first formula in the present context
one obtains formally

(8. 4) D(u, ¢ =—qf91‘v'uio,d.)+qﬁvv~(d)

Since u is a potential and ¢ is harmonic, D(u, ¢v) = 0 if u and ¢
are both BLD functions. Thus in that case (8. 4) reduces
to (8.3). In other words this theorem extends Green’s
first formula to the present context. According to (8. 3),
dufdg must be finite almost everywhere on R™ if w(R) << oo.

Equation (8. 3) to be derived is trivially true if i+ has support
{&}. In view of the linearity here we can and shall suppose
from now on that n(§) =0. If v>0 we find, using (8. 2)
and reversing the order of an integration,

8.5) [ B ()l &

= [ 8 o, @) [ 805, ) paldn) = [ o(n) wlan).

If ¢ is not positive, we can write ¢’ as the difference between
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two positive functions on RY, ¢ = ¢{ 4 ¢;, where ¢; has
Dirichlet solution ¢;, and the result already obtained for
positive ¢ can be applied to ¢; and ¢,.

9. The evaluation of D(u) in terms of u'.

We shall now put (7.5) into a precise form, using the
following lemma.

Lemma 9.1. — Let u be a BLD harmonic function on R,
with fine boundary function u'. Let yu be the potential compo-
nent of u® ((see (3. 1)) and let & be a minimal point of R™ at
which u' is defined. Then

© 1) flim = — [ ) —w @) 0 ) e, dn).

t> g(&o, €)
If this limit is finite,
W) — u(Q)]
©-2) &

Note that if £ is in the set of almost all boundary points at
which ,u has fine limit O, the left side of (9. 1) can properly
be interpreted as the fine normal derivative of ,u at . Define
the function ¢ by

9. 3) 9k, &) = [ [w(n) — u()]20CEs, 1) wl, dn)

= [l ) — u(E)]? lEs, dn)fgCer %)

The right side of (9. 1) is then ¢(, §). Applying elementary
manipulations,

9. 5 &) w2n) — w0, gy = oL, ¢

-4 gt 0)  Jme (8, 0 w(C, dn) = 9(5, 0)

U ()
ol 1) — f (<R

According to the fine limit theorem of Naim quoted in
Section 8, the fine limit of the left side of (9. 4) exists. Hence,
applying Fatou’s lemma,

(9. 5) flime(C, 8 = 9(&, &).
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For fixed &, ¢(&, .) is a 6-potential and as such is fine continuous,
so that '

(. 6) flime(s, ) = 5(&, ).

Applying (9.5) and (9. 6) to (9. 4) we find that (9.1) is
true, and that (9. 2) is true if the left side of (9. 1) is finite.

We recall that the functional D’ in the following theorem
was defined in (7. 7).

Tueorem 9. 2. — Let u be a harmonic function on the
Green space R. Then if D(u) << w, u has a fine boundary
function u' and D(u) = D'(u’). Conversely if u' is an arbi-
trary measurable function on R™ with D'(u') < oo, then

u’ e Ly(RY)
and, if u us the Dirichlet solution for the boundary function u',
D(u) = D'(u').

If u1s a BLD harmonic function on R and if we decompose
u? as in (3.1), D(u) = ¢gM/2, according to Theorem 3.1,
where M is the total mass corresponding to the potential u.
According to Theorem 8.1 and Lemma 9.1 this total mass
1s the integral of the right side of (9. 1) with respect to the
measure WK(&, .), so that D(u) = D'(v).

Suppose conversely that u' is a measurable function on R™
for which D’ is finite. Then ¢(§, &) is finite for almost every &
on RM™. Choose some £ at which this function value is finite.
Then ¢(§, .), a 0-potential which has ¢(§, ) as limit at & in
the fine topology, is finite at some point § ==§&,. Hence
[u" — u(f;)] e Ly(RM) so u’ e Ly(RY) also. Let u be the Diri-
chlet solution for u’. To prove the theorem we prove that
D(u) < . We decompose u? as in Theorem 3.1. All we
need show is that the total mass M for ,u is finite. Just
as above (9. 4) is true, so that

im 248 < flimo(, ) =
©D I, gt 0 =00

Applying Theorem 8.1 we find that
9.8) D(w=qM2<1 ﬂ 9, E)r(Eo, d) = D'(w) < o,

as was to be proved.
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From now on we shall.call a function on R™ which is measu-
rable and makes D’ finite a « BLD boundary function ».
Then a function is a BLD boundary function if and only if
it coincides almost everywhere with the fine boundary func-
tion of a BLD harmonic function. If two BLD boundary
functions are considered identical when their difference coin-
cides almost everywhere with a constant function and if
the bilinear functional D'(u’, ¢') (defined in the obvious way
from our definition of D’ in (7. 7)) is accepted as the inner
product function, the space obtained is a Hilbert space Hj.
The transformatlon from a BLD harmonic function to its
fine boundary function defines a unitary operator from H,
onto Hj.

10. Linear functionals on L,(A).

Let & be a fixed reference point of R, as usual, and let A
be a measurable subset of R™. Let L*(A) be the class of
functions ¢ on A satisfying the following two conditions:

(i) ¢eLy(A) and, if p(&,A)=1, ¢ is orthogonal to 1,

[ ot d.) = 0;

(i1) The integral in the following inequality is defined and
the inequality is satisfied for some constant ¢, and every

BLD harmonic function ¢ with ¢ = 0 almost everywhere
on R — A,

(10. 1) lf?VHEo, -|<c? (#)-
If (%, A)<<1, and if ¢ € Ly(A), ¢ can be extended to R™ in

such a way that the extended function is in L,(RY) and is
orthogonal to 1. Then, using Theorem 4. 2, if ¢’ vanishes
almost everywhere on RM— A, the left side of (10. 1) can be
written in the form

(10.2) | fls — o) oo, d.) e [, 1¢u(E 4.)D(),

so that L*(A) o Lg(A). If w(&, A) =1 the obvious contrac-
tion of this reasoning shows that L*(R™) includes all functions
in L,(R™) orthogonal to 1.
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11. The generalized normal derivative on RM,

The class of BLD harmonic functions, and hence the class
of BLLD boundary functions, may be small. For example,
if R is finite: N-dimensional Euclidean space, with N > 2,
the only BLD harmonic functions are the constant functions.
This 1s a degenerate case in which R™ contains only one point.
Ahlfors and Royden [1] have given an example of a Riemann
surface with a Green function but supporting no non-constant
BLD harmonic functions even though harmonic measure on
the boundary is not atomic. Because of such examples, we
make the following definition. Let B be a measurable subset
of R™. A function ¢ in L*(B) which is orthogonal to every
BLD boundary function ¢’ vanishing almost everywhere on
R™ — B, in the sense that

(1. 1) [ o0'uE, d) =0,

will be called « negligible on B ». The class of these functions
is an invariant of the space. Thus the fact that this class
consists of the almost everywhere on B vanishing functions
when R is a plane disc implies that the class consists of the
almost everywhere on B vanishing functions when R is any
simply connected hyperbolic Riemann surface.

Let u, be a function on R, and let B be a measurable subset
of R™. Let u be a function on R with the following properties.

(@) w is the sum of a BLD harmonic function u, and the
potential u, of a not necessarily positive measure .

(b) If v i1s a BLD harmonic function and if ¢’ vanishes
almost everywhere on A = R™ — B, then ¢ is integrable
(finite-valued integral) on R relative to the absolute variation
of .

(c) The restrictions of u and u, to R less some compact
subset of R are identical.

We now make the following definition of an analogue of the
classical inner normal derivative at the boundary, suggested
by Green’s first formula (8. 4). We shall say that « u, has

a generalized normal derivative » ¢ on B if _/; ¢v' (%, d.)
38
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is well-defined and finite for every BLD harmonic function
¢ whose fine boundary function vanishes almost everywhere
on A, and if there is a function u with properties (a), (b), (c)
above for which

(11.2) Diwsy 9) = — g [,59'p(bor d.) + ¢ [op(d.),

for every ¢ as just described. Note that if g has finite energy,
so that u is a BLD function, the left side of (11. 2) is equal
to D(u, ¢).

We denote the generalized normal derivative on RY, as
well as the fine normal derivative there, by d—/og leaving
it to subsidiary notation or explicit statement to distinguish
between the two.

It is clear that if u; has generalized normal derivatrice ¢,
on B then cu, + cyu; has generalized normal derivative
191 + ¢9, on B. If u; has generalized normal derivative ¢
on B and if B, 1s a measurable subset of B, then , has a genera-
lized normal derivative on B,, the restriction of ¢ to B,.

The function ¢ on B is generalized normal derivative of the
function 0 if and only if 9 is negligible on B. Then if u,
has generalized normal derivative ¢ on B, the class of all
generalized normal derivatives of u; on B is the class of all
functions on B differing from ¢ by negligible functions on B.
In the classical applications, the negligible functions on B
are those vanishing almost everywhere on B, and functions
then have essentially unique generalized normal derivatives.

Using Theorem 8.1, (11. 2) can be written in the form

(11.2) Dl o) = —g [ [o—(52) | vl ),

where (du,/dg); is the fine normal derivative on R™ of u,.
Note that if @i is an arbitrary function satisfying the conditions
(a), (b), (c) imposed on u, then, in the obvious notation, u, = i,.
Moreover the potentials u,, @, are identical outside some
compact subset of R, and these potentials therefore have the
same fine normal derivatives on RY. Thus the condition
(11. 27) is satisfied, if at all, independently of the choice of u.
In particular, if u, itself has properties (a) and (b), (11. 2)
and (11.2') are satisfied with u replaced by u;.
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Applying Schwarz’s inequality to the left side of (11. 2%
we see that ¢ — (du,/dg); (on B) is in the class L*(B).

If v is a BLD harmonic function, it has a generalized normal
derivative ¢ on B if and only if ¢ e L*(B) and

(11.3)  D(w,9) = — g [ 9'ule, )

for every ¢ with the properties listed in (b) above.

If u 1s the potential of a measure w satisfying the conditions
listed in (b) above, u has the restriction of its fine normal
derivative to B as generalized normal derivative on B. For
example, every potential of a (not necessarily positive) mea-
sure with compact support has a generalized normal deriva-
tive on every set B, the restriction to B of its fine normal
derivative. In particular, g(§,.) has generalized normal
derivative K(.,&) on R™.

Finally, if u is the sum of a BLD harmonic function u,
and of the potential u, of a measure i with the properties
listed in (b), then u has generalized normal derivative ¢
on B if and only if wu, has generalized normal derivative

¢ — (du,fo8); on B.

Tueorem 11.1. — Let B be a measurable subset of RM,
0 <, B)y<1. Let f be the restriction to A =R™ —B
of a BLD boundary function, and let ¢ be a function in the
class L*(B). Then there its a BLD harmonic function, unique
if (8, B) <1, unique up to an additive constant if (&, B) =1,
with fine boundary function coinciding almost everywhere on
A with f and with generalized normal derivative ¢ on B.

Let 3 be the class of BLD harmonic functions whose fine
boundary functions coincide with f almost everywhere on A.
Then M corresponds to an affine manifold IM°® in H, linear
if f=0. Moreover M® is closed, by Theorem 4.3. Let
RN° be the closed linear manifold of differences between pairs
of elements of M?, corresponding to the class N of BLD har-
monic functions whose fine boundary functions vanish almost
everywhere on A. The functional of ¢ defined by

— QL?V’H(Eo, d) _ D(“o, V); v e %y

where u, 1s a fixed BLD harmonic function in IR, defines



596 J. L. DOOB

a bounded linear funetional on RN°. It follows that there is
a unique element in N° corresponding to a function ¢, in N
such that

(11. 4)
Do, #) =—q [.¢9'nl, d.)—D(o, #), if veR

That is, there is a function u = u, + ¢, In I, unique or
unique up to an additive constant, as stated in the theorem,
such that

(11, 5) D(u, o) =—q [ go'ulle, d.), i ved.

We shall indicate an alternative proof of this theorem in Sec-
tion 13.

12. Weak convergence.

Let §u,, n> 1} be a sequence of BLD harmonic functions
on R. Suppose that the fine boundary function sequence
fun, n> 1} converges weakly in L,(R™) to some function u.,.
Such convergence is independent of the reference point for
harmonic measure. We now show that the function u.
is the fine boundary function of a harmonic function u,
and that u, - u, uniformly on compact subsets of R. Choos-
ing some reference point &, our hypothesis is that

(12. 1)
lim [ s’ o d.) = froiks'uli d), it 0@ Ly(RY)

Since u, € Ly(R"), wu, is the fine boundary function of its
Dirichlet solution w,. If we choose ¢ = K(., ), the limit
equation (12.1) states that wu,(§) - u,(§). Since the L,
norm of u, i1s bounded independently of n, and since K is
uniformly continuous on any direct product of R and of
a compact subset of R, there 1s uniform convergence of the u,
sequence on compact subsets of R.

Now suppose that the sequence {u,, n>>1}{ of BLD har-
monic functions converges weakly as a sequence of elements
of H to some u,. Then the sequence of L, norms of the



BOUNDARY PROPERTIES OF FUNCTIONS 597

boundary functions is bounded, according to Theorem 4. 2
if the sequence is normalized by the proper additive constants.
From now on we suppose that this has been done, supposing
that every u, and also u_, vanishes at our reference point &),
and we show that u, — u, weakly in Ly(R™). Now if ¢ is
a BLD harmonic function with generalized normal derivative
on RY, this derivative in Ly(R™), then D(u,, ¢) = D(u,, ¢),
so that '

. ;0 , 0
(12.2) lLm u,,é‘u.(‘éo,d.)=L-uwb—§p.(‘éo,d.).

n>»w RM

Since the generalized normal derivative can be any function
in Ly(RM) orthogonal to 1, and since the limit equation (12. 2)
1s trivially true when the generalized normal derivative is
replaced by 1, we have proved that u, — u,, weakly.

In terms of fine boundary functions, u, — u, weakly in
H if and only if D'(u,, ¢') — D’(u.,, ¢') for every fine boundary
function ¢’ of a BLD harmonic function, but this condition
1s not easy to use.

In many applications, that is, for many spaces R, whenever
u, —> u, weakly in H, u, — u,, strongly in L,(R™), if suitable
additive constants are adjoined. In other words in many
applications the continuous transformation from H into
L,(RY) defined at the end of Section 4 takes the closed unit
ball into a compact set. When this is true we shall say
that « R satisfies the complete continuity condition ». This
condition will be imposed only in Sections 18-19.

Tueorem 12. 1. — If g(&,.) has limit 0 at every point of
R, that is if {&: g(%, &) =<} is a compact subset of R for
every € > 0, then R satisfies the complete continuity condition.

We observe that the hypothesis is independent of the refe-
rence point &, and that it is an intrinsic condition on a Green
space. For example it is a conformally invariant property,
so that every simply connected hyperbolic Riemann surface
enjoys it. If R is a domain in Euclidean N-space, the hypo-
thesis is satisfied if and only if every relative boundary point
1s regular for the Dirichlet problem.

To prove the theorem suppose that there is a sequence
fu,, n>1} of BLD harmonic functions vanishing at &,
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the sequence being weakly convergent in H to the function 0.
Then we have proved that u, — 0 weakly in Ly(RY) so that
u, = 0 pointwise, uniformly on compact subsets of R. We
write u, as in (3. 1),

(12. 3) Un = plUy — plUp, D(u,) = qM,/2,

where we recall that M, is the mass associated with the poten-
tial ,u,. Since the sequence of L; norms of the ,u, sequence
is bounded, the ,u, sequence is locally uniformly bounded on R
and therefore (going to a subsequence if necessary) we can
suppose that this sequence of positive harmonic functions
converges uniformly ou compact subsets of R to a function ,u.
Then ,u, — ,u also. There is strong convergence in L,(R™)
of the u, sequence if and only if ,u =0. Suppose that ,u,
is the potential of the measure @,. Since A,u, — 0 uniformly
on compact subsets of R, the p, measure recedes to R™.
Our hypothesis implies that g(§, .), extended by 0 to RY,
is continuous on Ru RY, aside from the infinity at &, if &
is a finite point. Hence ,u, — 0 = ,u as was to be proved.

13. A mixed boundary value problem.

If wis a BLD harmonic function with fine boundary function
0 almost everywhere on A and with generalized normal
derivative dufog on B = R™ — A, then the classical formula
expressing D(u) in terms of its boundary function and boundary
normal derivative becomes in our context

(1. 1) D(w) = —g [ vt ulE,d.)

This evaluation, simply an application of the definition of the
generalized normal derivative, implies the uniqueness assertion
of Theorem 11.1. We now take up again the problem treated
in Theorem 11.1, using the notation of the proof of
that theorem.

If v is a BLD harmonic function with generalized normal
derivative ¢ on B, and if ¢ is a BLD harmonic function whose
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fine boundary function, as well as that of u, coincides with f
almost everywhere on A, then from (13. 1)

(13. 2)
D() + 2q [, "5, d-) = D(u) + 2q [, 9w’ 5o, d-) + Dio— ).

Hence u is the element of I, unique if w(§, B) << 1, unique
up to an additive constant if w(§,, B) = 1, minimizing the left
side of (13. 2). The class I is a closed affine manifold in H
and the integral on the left in (13. 2) defines a bounded
functional on IM? so the existence of a minimum of the left
side of (13. 2) also follows from the classical Beppo-Levi
reasoning in accordance with which a minimizing sequence
converges in H to the solution. We observe that the left
side of (13. 2) is only increased if we add a function of poten-
tial type to ¢, so that u minimizes the left side for all BLD
functions with fine boundary functions equal to f almost
everywhere on A, determining in H a closed affine superspace
of I°.

If f=0 (in particular if B has harmonic measure 1) the
problem becomes homogeneous. In that case

(13.3) D(v) +2q [, o'oir(Eod.) = — D(w) = g [, w'pps(lo, d.)

for every BLD harmonic function ¢ in # = N and, multi-
plying ¢ by a suitable constant, this inequality becomes

(13.4) all ;t(i “f D(w).

Thus D(u) 1s the maximum of the ratio on the left for all ¢
in M. Then w is the unique up to a multiplicative constant
BLD harmonic function, vanishing at & if @&, B) =1,
with fine boundary function equal to 0 almost everywhere
on A, maximizing the left side of (13. 4).

As an application of the minimal property embodied in
(13. 2) we prove the following intuitively obvious theorem.
By « ess sup » we mean the supremum neglecting sets of mea-
sure 0. We always write « strictly » positive or negative if
zero is to be excluded.
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Taeorem 13. 1. — Let u be a subharmonic function on R,
u = u, + u,, where w, is a BLD harmonic function and u,
is the potential of a negative measure. Let B be a measurable
subset of RM, and suppose that (&, B) < 1. Then if u has a
generalized normal derivative on B, which is positive, it follows

that u < ess sup u "(8), where A = R™ — B.

If B has harmonic measure 0, so that in effect A =R",
u is the Dirichlet solution for its fine boundary function and
as such is bounded from above by the essential supremum
of ' on A. If B has strictly positive harmonic measure, let
¢ be the essential supremum in the theorem. It is sufficient
to prove the theorem for u harmonic, u = u,. In fact if
the theorem is known to be true for u harmonic, the theorem
is applicable to the component u,, because ¢ is the essential
supremum of u, on A and u, has a positive generalized normal
derivative on B. Then u<u,<¢ as was to be proved.
Thus in the following we can and shall assume that u = u,,
u,=0. Let u, = min [u/, ¢], and let u; be the Dirichlet
solution for the boundary function u;. Then u, < ¢ and the
restrictions of ¥’ and u; to A are identical. Hence according
to the discussion centering around (13. 2),

(13 5)
D(u,) 4 2¢q [—uluio, )= D(u +2qj ‘“uf‘-Emd-)

.,B

and there is equality only when wu; = u. Since (trivially)
D’(u;) < D’(u') and since the integral on the left must be
at most equal to the one on the right, there must be equality
in (13. 5) and we conclude that u = u, <&, as was to be
proved.

We shall use the following remarks in later sections. Sup-
pose that B (of strictly positive harmonic measure) and f
are specified, and that u; is the BLD harmonic function with
fine boundary equal to f almost everywhere on A, with genera-
lized normal derivative ¢; in Ly(B) on B. If A has harmonic
measure 0 we take uy§) = 0 to ensure uniqueness. Then

(13.6) Dl —up) =—0 [ (52— ) (1 — w)p(Ens ..



BOUNDARY PROPERTIES OF FUNCTIONS 601

Hence if || ||s denotes the Ly(B) norm, and if either Theorem 4. 2
or the discussion following the proof is applied, depending
on the harmonic measure of B,

(13.7)  (1y®)lJun — wal[s < Dy — uy)
< gl — Fallslln — wafls < gvllor — palleD (g — ua)®,

where v is a constant independent of the choice of u, and u,.
It follows that

(13. 8) [Jug — ualls < ¥*D(uy — u,) < 22|91 — @alfb-

These inequalities imply that the transformations from ¢
in L,(B) into u and u’ are continuous.

14. Application to the geometry of various function classes.

A measurable subset A of RM is supposed chosen, and various
concepts will be defined relative to A. The point &, is a fixed
reference point and we suppose that 0 < (5, A) < 1. Let f
be a measurable function on A and let M (f, A) be the class
of BLD harmonic functions with fine boundary functions equal

o f almost everywhere on A. Then M (f, A) is an affine
possibly empty manifold which determines a closed affine
submanifold of H (Theorem 4. 3); I (f, A) is the class of all
BLD harmonic functions if A “has harmonic measure 0.
Let N(f, A) be the subclass of M (f, A) whose functions have
generalized normal derivatives on B = R" — A, in L,(B).
Then N(f, A) 1s affine. Let M'(f, A), N'(f, A) be the classes
of restrictions to B of the fine boundary functions of the
members of M (f, A), N(f, A) respectively. The following
theorem 1s phrased for f= 0. Corresponding results in the
general case can be obtained by differencing.

Traeorem 14. 1. — (a) (H topology) N(0, A) is a dense subset
of M0, A); (b) The class of negligible functions on B, in
Ly(B), is the orthogonal complement of N'(0, A) in Ly(B).
If R'(0, A) ts dense (Ly(B) topology) in Ly(B), a function on
B is negligible on B if and only if it vanishes almost everywhere
on B

To prove (a), let u be a BLD harmonic function in IR(0, A),
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orthogonal to N(0, A). We shall prove that u mnust be a
constant function, corresponding to the zero function in H.
By definition of generalized normal derivative, if ¢ is in R(0, A)

(14.1) 0= D(u,¢) = — qfu' % (s, d.).
. B bg

If A has strictly positive harmonic measure, ¢ can be chosen
to make d¢/dg equal to u’ almost everywhere on B. Then '
must vanish almost everywhere on RY, so u =0. If A has
zero harmonic measure, ¢ can be chosen to make d¢/dog any
function in Ly(R™) orthogonal to 1. Hence u' must be a
constant almost everywhere, so u is a constant function, as
was to be proved. To prove (b), let ¢ be a function in L,(B)
orthogonal to N'(0, A), that is

(14.2) [ ov'u(E,d)=0 if  0<R(O,A).

This is precisely the condition that ¢ be negligible. Conver-
sely if ¢ 1s in Ly(B) and is negligible on B (14. 2) 1s satisfied,
so ¢ is orthogonal to R'(0, A). Finally, if N'(0, A) is dense
in Ly(B), that is if there is no not almost ‘everywhere 0 negli-
gible function on B in Ly(B), let ¢ be any negligible function
on B. Then (14. 2) is true, that is this equation is true for
functions ¢" whose restrictions to B constitute a certain linear
class dense in L,(B). Since this class contains the functions
max [0, ¢'], min [1, ¢'] when it contains ¢’, the class contains
a sequence of functions, with values between 0 and 1, converg-
ing almost everywhere on B to the indicator function
of any preassigned measurable subset C of B. But then

f: o5, d.) = 0, so that ¢ vanishes almost everywhere on B,

as.was to be proved.

We now investigate the the infinities of Naim’s 0-kernel
discussed in section 7. The measure used on R™ X RY is
the product measure @(&), .) X w(&, .)-

Tueorem 14.2. — Let &, &,, ..., be the poinis on R™ of
strictly positive harmonic measure, if any. Then8(,,&,) = o,
n>1 and, if every negligible function on R™ vanishes almost
everywhere, 0 is finite almost everywhere on RM X RM— v ,§(§,,&,)4.

The minimal harmonic function corresponding to &, is
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KE.,.) = (., $8.1)/(0, §5.1). This function has fine limit
/2%, §843) at £, and the Green function with an arbitrary
pole has ordinary limit O at &, because it has ordinary limit
0 almost everywhere on RY, by a theorem of Naim [11].

It follows that

(15.3) 05, 5) =flm0(%5) fhmﬁe—@—

k>t § (Eo:E)
If every negligible function on R™ vanishes almost everywhere,
suppose, contrary to the assertion of the theorem, that 0
is infinite on a set A, c R™ X RM of strictly positive harmo-
nic measure, containing no point either of whose coordinates
is a &. Let u be any BLD harmonic function. Then
D'(u') < o, so that u'(§) = u'(n) almost everywhere on A,,
say on the subset A,(u) of the same measure as A,. Let
fu, n> 1} be a sequence of BLD harmonic functions
chosen, as is possible according to Theorem 14.1, in such
a way that the corresponding sequence of boundary functlons
is dense in Ly(R™) and let A, =n7A,(u,). Then there is a
point v, of R¥, not of strictly positive harmonic measure,
such that the set A; of points v with (v, 1) in A, has strictly
positive measure. Clearly every u, is constant on A;, and
hence every function in L,(RY) is constant almost everywhere
on A;. This situation is impossible, however, because A,
contains no point of strictly positive measure. Hence the
theorem is true.

I5. Green functions of the second kind.

Let & be a fixed reference point for the kernels 6 and K
defined in Section 7 and let £ be any point of R. The func-
tion ¢ = 1 — K{(., &) is continuous on R™ and, if u is a BLD
harmonic function,

(5. 1) [LewnE d.) = ulf) — u).

Then ¢ is in the class L*(R™) defined in Section 10. Let
a(%, .) be the BLD harmonic function with generalized normal
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derivative 9 on R™, vanishing at §,. The function g, = a 4+ g
is our version of the Green function of the second kind. It
has and 1s uniquely determined by the following two proper-
ties, once &, is specified.

(1) gs(&, .) — g(&, .) can be defined at & to be continuous
there, and is then a BLD harmonic function, vanishing at &,.

(i) gs(§, .) has generalized normal derivative 1 on RM.

We shall write «'(§, .) and g,(§, .) respectively for the
(almost everywhere equal) fine boundary functions of «(§, .)
and g,(§, .). Using the defining property of generalized
normal derivatives, if u is any BLD harmonic function,

(15.2) D(a, .))=qaE, ), D(«(, .), u) = q(u(d) —u()).
From (13. 4),

(15. 3) '3@5”(7’;@'—2-3 «(8, €)/q,

with equality if and only if u — u(§,) is a multiple of «(§, .).
From (15. 2,)

(15. 4) D(«(E, .), «(n, .)) = qa(n, §).

Hence o« and g, are symmetric functions. According to
(13. 8), a(%, .) as an element of H depends continuously on
its normal derivative viewed as an element of L,(RY). We
conclude that « is a continuous function on R X R.

The function «(§, .) is bounded, and in fact is bounded
uniformly for § restricted to a compact subset of R. We only
sketch the proof. Fix & and consider the function

u= g .) — g, .)-

This function is harmonic on R except at & and & and has
generalized normal derivative 0 on R™. Let R, be R less a
compact neighborhood of {£} u {&}{. Then it can be shown
that the restriction of u to R, is a BLD harmonic function,
with generalized normal derivative 0 on RY considered as
a subset of R}, with a bounded boundary function at the
set B (the rest of RY') of boundary points of R, in R. This
presupposes that B is sufficiently smooth. It follows from
Theorem 13.1 that u is bounded in R, by the bounds of
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u on B. Hence «(§, .) is bounded as stated above. - It
follows readily that for almost all points v of R™ f %im (&, ¢)
=1

exists, uniformly on compact &-sets. The limit harmonic
function will be denoted by a(., v); a(n, .) 1s defined similarly.

Theorems 15. 1 and 15. 2 are our versions of the representa-
tions of a harmonic function using the second Green function.
Note that in these theorems only the fine boundary function

g(&, .) 1s involved, which can be replaced by the almost
everywhere equal «'(§, .).

Tueorem 15. 1. — Let u be a BLD harmonic function.
Then

(15. 5) u(€) — u(&) = D'(&(E, .), w)lg.

This theorem is a trivial consequence of (15. 2).

Tueorem 15. 2. — Let u be a BLD harmonic function with
generalized normal derivative on RY. Then

(15. 6)  w(f) — (k) =~—f g )0, d.).

The representation (15. 6) is derived from (15.2) with
the help of the defining property of generalized normal deri-
vatives.

Let . be a (positive) measure on R with compact support
and define the a-potential u by

(15. 7) u(®) = [, a(t, n)u(dn).

Since a(., ) is harmonic, the function is, in small open sets,
the harmonic average of its boundary values. Hence u has
the same property, so u is harmonic. Obviously u(§,) = 0.
A similar argument shows that differentiation under the inte-
gral sign 1s admissible and we obtain, if ¢ is any BLD harmonic
function,

(15 8)
fDe(aE n), o)r(dn) = g [, [o(n) — o(E)]p(dn).
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In particular u is itself BLD harmonic and has a generalized
normal derivative on R™,

(15.9) (W) =g [, [, an) (@) @ (dn),

ou
@®=ﬁm—xammm
If ¢ 1s the a-potential of the measure v with compact support

(15. 8) becomes

(15.10)  D(u, ) = q [, [; a(t, n)p(dE)v(dn).

Now let i be any measure for which the double integral
in (15. 9) exists as an absolutely convergent integral. Then
if R=u_,A,, where A, 1s a set whose closure is a compact
subset of R, with A;cA,c ..., if w,(B) =®BnA,), and
if u, 1s the a-potential of the measure @, D(u, — u,) >0
so that hm u, exists, pointwise locally uniformly and also

n>oo

in the BLD sense. Hence the a-potential u of p is defined
and BLD harmonic. If p is a signed measure whose absolute
variation makes the double integral in (15. 9) converge abso-
tely, we define the potential of 1 in the obvious way. In
all cases the potential v is BLD harmonic, has a generalized
normal derivative on RY given by (15. 9), and (15. 10) 1s
valid if v satisfies the same conditions as .

Now let = be a measure of finite energy for whose absolute
variation the double integral in (15. 9) converges absolutely,
and let u be the g,-potential of u,

(15. 11) u(f) = /. ga(&, )s(dn).

Then u is the sum of the g-potential (ordinary Green potential)
of u and of the a-potential. The function is therefore a BLD
function. If w(R) is finite, the generalized normal derivative
of u on R™ exists and 1s .(R). This potentialis the unique (up
to an additive constant) BLD function which has constant
generalized normal derivative on R™ and whose component
of potential type is a Green potential with an assigned measure,
corresponding to the classical problem of finding a function u
with constant normal derivative at the boundary and assigned
Laplacian Au.
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16. Mixed Green functions.

We have used two Green functions, g and g,. The func-
tion g(&, .) has fine boundary function (and even ordinary
boundary function) 0 almost everywhere; the function
g,(%, .) has generalized normal derivative 1. The two func-
tions have the same singularity at £&. The classical idea of
a mixed Green function is the following. Let A be a boundary
set. Then g4(§, .) is to be a function which is harmonic except
at &, where it has the same singularity as g(§, .), and is to
have the boundary function 0 on A, boundary normal deri-
vative 0 on R — A = B. When A i1s the whole boundary,
ga 1s then g 'When is the empty set, a change must be made
because the integral of the normal derivative is the mass due
to the singularity, so that the boundary normal derivative
is required to be 1 instead of 0. This leads to g,. We
accordingly can and shall restrict A by the inequality
0 < (&, A) < 1 below.

Since the argument developing the properties of gi 1is
similar to that for g,, it will only be sketched. Let &, be a
fixed reference point and suppose that both A and its comple-
ment B on the Martin boundary have strictly positive harmonic
measure. Let ax(§, .) be the BLD harmonic function whose
fine boundary function vanishes almost everywhere on A,
and which has generalized normal derivative — K(., &) on B.
Define g = ax + g. Then g4 has and 1s uniquely determined
by the following two properties, when &, and A are specified.

(1) ga(§, .) — g, .) can be defined at £ to be continuous
there, and 1s then a BLD harmonic function.

(1) The fine boundary function of ga(§, .) vanishes almost
everywhere on A; ga(§, .) has the generalized normal deriva-
tive 0 on B.

The same kind of reasoning as that used to prove the
boundedness of «(§, .) can be applied here to prove the posi-
tivity of gi(§, .) and the fact that a,(€, .) is uniformly bounded
for £ in a compact subset of R. Since g, .) is dominated
by every positive superharmonic function with the same
singularity at §, «x(§, .) must be positive.
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If u is any BLD harmonic function whose fine boundary
function vanishes almost everywhere on A,

(16. 1) D(aa(E, .), u) = quE).
Then
(16. 2) D(aa(E, .), @a(n, .)) = gqaa(n, E).

We conclude as in Section 15 that a, 1s symmetric and is
continuous on R X R.

Following the reasoning in Section 15, for almost every y
on RM there i1s a harmonic function which we denote by
ar(.,n) and ax(v, .) such that ax(.,%) = aa(.,n) uniformly
on compact subsets of R when £ — v in the fine topology.
We denote by a3 (%, .) and gi(, .) the fine boundary functions
of the functions denoted without primes.

The difference aa,(§, .)—a4,(§, .) is BLD harmonic, and, if
A, > A,, this function has a fine boundary function <0 on
A,, vanishing generalized normal derivative on RM™ — A,.
Applymg Theorem 13. 1 we deduce that the difference 1is
negative: a, decreases when A increases. We now prove
that ga, | gis A,} R™. In fact if £ is a point of R and if a, (§)|u
say, u is a positive harmonic function, which we show vanishes
identically. In the first place it is a BLD harmonic function,
because

D(u) <lim D(as, (8, ) = g lim ey, (8, &) = qufE).
In the second place, since u<Cay, (£, .), the fine boundary
function of u must vanish almost everywhere. Hence u = 0,
and we have proved more than we stated, since we have
proved that a, (%, .) =0 in the BLD sense. A slight extension
of the reasoning shows that a,(§, .) =0 when (%, A) > 1.

Going in the other direction we can only show that if A, |0
then there is a symmetric continuous function ¢ on R X R
such that

(16. 3) oa, (8 +) — @, o, &) > 0§, ),

uniformly on compact subsets of R, for each point £ in R and
that

(16. 4) ar, (& ) — an (G, ) >0, )
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in the BLD sense. ‘Moreover «(§, .) — ¢(§; .) has generalized
normal derivative 0 on A, for every n, and"

(16.5) ¢, .) =0, D(e .)) = ¢o(§ &)

We would of course like to identify ¢ with «, but this seems
impossible without further hypotheses. These results can
be deduced using standard Hilbert space reasoning based
on the following facts. Let va(§, .) = an(§, .) — au(bo, ).
Then (H — geometry) a(§, .) — va(§, .) is orthogonal to every
ve(E, .) with Co A and ¢a(§, .) — v¢(§, .) is orthogonal to
every ¢g(§, .) with EoC>A. We omit the details.

If v i1s a BLD harmonic function whose fine boundary
function vanishes almost everywhere on A, and if neither A
nor its complement B with respect to R has harmonic measure
0, u can be expressed in terms of its fine boundary function,

using (16. 1),
(16. 6) u(f) = D'(aA(E, .), w)lg = D'(ga, .), u)lq.

If in addition uw has a generalized normal derivative on B
we can manipulate (16. 1) to obtain

(16.7) .
u(z>=—f°“'(z,. (Epyd.) = — f"“' Do, d.)-

Geometrically the integral (16. 7) represents a pr0]ect10n.
The classes of BLD harmonic functions with fine boundary
functions vanishing on A and with generalized normal deri-
vatives existing and 0 on B are images of closed linear manifolds
in H which are orthogonal and span H,. If uis a BLD har-
monic function with a generalized normal derivative on B,
the integral in (16. 7) represents the projection of u on the
first class. It thus solves the problem of minimizing D(u)
for the generalized normal derivative assigned on B, the dual
of a minimum problem considered in Section 13.

We shall now find the projection of u on the second of the
above classes and then combine the two results to obtain an
expression for u. We make an extra, undesirable, hypothesis.
Suppose that a,(§, .) has a generalized normal derivative on

39
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RY. - Then if u is a BLD harmonic function with a generalized
derivative on R™ which vanishes on B,

(16. 8) D(a Ju) = —g [ ot ) 37wl ) =0
=—qﬁub————a“§2 Jwute, d.)
=—qf B, 4) + qu.
Hence
(16. 9) )= . j’—g"—gi—"—)uw&o, a.).

Combining our results, and making use of the decomposition
of u into the sum of its prolectlons on the two classes des-
cribed above we find that if u is @ BLD harmonic function
with a generalized normal derivative on B, then (under our
extra hypothesis that ax(§, .) has a genemlized normal derivative

on RY),
" (16. 10)

Mﬁﬁﬁﬁ' (o, d.) fa% M&w)

This is the desired representation of w in terms of the mixed
Green function.

17. The third boundary value problem.

Let & be a reference point of R and let ¢ be a posi-
tive bounded measurable function on RY, not vanishing
almost everywhere. Let A be the set of zeros of o, and
define the measure v of subsets of B = R" — A by setting
v(dE) = (&, dB)[a(E). Let Ly(v) be the L, — space of functions
on B relative to the measure v with inner product denoted
by (, ). Then Ly(v) e Ly(B). Let L be the subclass of Ly(v)
satisfying the condition (¢, 5) = 0. If ¢ eL define S¢ as the
restriction to B of osu’, where u is the unique BLD harmonic
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function’ with generalized normal - derivative on: ‘R, and
satisfying

b—l—"=OonA,
0g

=¢onB

ocu’ e L.

The last condition is always possible, with the help of an
additive constant in u. Then S¢ = 0 if and only if the exten-
sion by 0 of ¢ to R™ is negligible on R™. (See Section 11 for
the definition of negligibility.) If u; is determined by ¢,
as u is by ¢ above,

(17 1) (S?l’ ?2) = D(u’l, uz)/q

Thus S is a negative definite symmetric linear transformation
from L into itself. It is therefore bounded and selfadjoint.
We shall use below the fact that 1 is in the resolvent set of S.

We now consider the following boundary value problem.
Let f be a function in the class L*(R™) defined in Section
10 or at least a function differing by a constant multiple of &
from such a function. For example f may be any function
in Ly(R™). The problem is to find a BLD harmonic function -
u, with generalized normal derivative on RY, one of whose
generalized normal derivatives satisfies the boundary condi-
tion :

ou ’

(17. 2) g su' + f.
Note that the solution to (17. 2), if there is one, is unique,
since 1 1s not a characteristic value of S. An application of
Theorem 13. 1 shows that if u is a solution of our boundary
value problem ' ‘

(17. 3) inf (— flo) < u < u sup (— flo)
where the extremes are on the set where of does not vanish.
Thus u is a bounded function if these extremes are finite.

If a is any constant, it is sufficient to solve the problem
with the boundary condition

’ ou . ' .
(17. 3") v su’ + (f — ao)
instead of (17. 2), because if u.is a solution of (17. 2') u — a
is a solution of (17. 2) and conversely. Hence it is no restric-
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tion to solve (17. 2) under the restriction that fe L*(RY)
and we shall do so. Let f; be the restriction to B of ouy,
whre u,is the BLD harmonic function with generalized normal
derivative f on RM, and whith cu;in L. Since 1 is in the resol-
vent set of S, there is a unique function ¢ in L satisfying the
equation S¢ —¢ = —f;. By definition of §, q)——fl)/c
coincides on B with a certain BLD boundary functlon u'.
The function u + u, is the desired solutlon of (17. 2).

The functions u(H-topology) and u’ (L,(R™)-topology)
depend continuously on f(Ly(R™)-topology) if f i1s supposed
in L,(RY).

We now define a Green function for our boundary value
problem. For each point & of R let §(§, .) be the BLD
harmonic function with generalized normal derivative
aB(, .)—K(.,§) on R™. Let gg=0 4 g. Then g, has and
is uniquely characterized by the following properties.
(i) gs(8, .) — g(&, .) can be defined at § to be continuous
there and if so defined is a BLD harmonic function.

(i1) gs(%, .) has generalized normal derivative agy(§, .) on R™.

“‘Let B'(8, .) and g(&, .) be the almost everywhere equal
fine boundary functions of the functions denoted without
the primes. By defintion of the generalized normal deriva-
tive, if u is a BLD harmonic function,

(17. 4) D(BG, u) qu(§)—q | W oB'E, Ju'p, d.)

H‘,‘ence
- (17. 5)
D(B(E: -)s B(n" ) = qB(n, &) —gq R.“B’(E’ -)F"(m (B, d.).

From which it follows, as in the analogous discussions in
previous sections, that 3 and g, are symmetric continuous
functions.

Tusorem 17. 1. — If u is @ BLD harmonic function satis-
fying (17. 2), with f and o as described, u can be represented
in the form

(7. 6) u@)=— [ fB'E Julord.)=— [ feiE (B, d.).

This representation follows from an elementary mampula-

tion of (17. 4).
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If fis a negligible function on RY, the corresponding solution
u vanishes identically. More generally, different choices of f
will lead to the same solution if and only if the difference
between the choices is a negligible function on R™.

The gs-potential of a signed measure on R,

(17. 7) u(®) = [, ga(&, n)uldn),

is, at least formally, a function which is the sum of a harmonic
function and the Green potential of @, and satisfies the
boundary condition dufog = su’. It is easy to verify that
u is in fact a BLD function for which these assertions are true
if w is a signed measure of finite energy for which the integrals

q /. J; BE ) (d8)a(dn),
9 fr S BE OB, O (dB)a(dn) o, dX)

converge absolutely when p is replaced by its absolute varia-
tion. Under this condition D(u) is equal to the first of these
integrals less the second.

18. A characteristic value problem.

The characteristic value problem treated in this section
goes back to Pleijel (1951). See Odhnoff [12] for references and
a more recent treatment. ,

In this and the next section we suppose that R satisfies the
complete continuity condition discussed in Section 12. The
transformation S of the preceding section is accordingly
completely continuous. There is therefore a sequence {¢,,n>1}
of characteristic functions of S, corresponding to the non-
vanishing characteristic values of S, an orthonormal sequence
in L, complete in the orthogonal complement of the charac-
teristic manifold for the characteristic value 0. If U, 1is
the BLD harmonic function in terms of which S¢, = oU,
1s defined (see the beginning of Section 17),

oW, _ 8,aU,
0

(18. 1) p
8mn = D(Um’ Un)/qsn = (GU:M GU;I),
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where 8;, 8,, ..., are the negative reciprocals of the non-
vanishing characteristic values of S. We can suppose that
0< 3, <3 <.... Thus the U, and oU, sequences are
both orthogonal in their respective spaces H and L. The
sequence {oU,, n<{1} together with the class of functions ¢
in L,(v) whose extensions by 0 to R™ are negligible on R™,
and with the constant multiples of o, span Ly(v).

Instead of relying on the general theory of completely
continuous selfadjoint transformations on a Hilbert space
we could also have proceeded using extremal procedures.
In fact there is a BLD harmonic function u; minimizing D(u)

for u a BLD harmonic function with /;cu’zy.(‘éo, d.)=1and the

usual argument yields the fact that du,/og = — ou,[/qD(u,).
Thus u, is a solution of our characteristic value problem,
and ¢, = 1/¢D(w,). The function u, is a linear combination
of the members of the U; sequence with ¢; =¢,. At the
next step we would minimize D(u) for v a BLD harmonic

function with fcu (&, d.) =1 and D(u, u;) = 0, and so on.

The formulation of the results becomes more elegant after

a change in the reference measure. Define the measure v,
of subsets of R™ by v,(dt) = o (§)i(&o, d), and denote by Ly(v,)

the L, space for thismeasure. Define Uy= 1/[/;.. o (§y,d. )]1/2.

Then {U,, n>> 0} is an orthogonal sequence in Ly(v,) and the
orthogonal complement is the class of functions ¢ in Ly(v,)
for which o is negligible on R™. Then any function in
Ly(v;) can be expressed as the sum of its Fourier series
(convergent in the mean with the weighting v;) and a function
¢ in the class just described. In particular, let u’ be a BLD
boundary function. Then u' is orthogonal in Ly(v,) to the
class of functions ¢ and we obtain the following Fourier
expansion

(18.2) w=3aU, a=[, uwUsu,d.)
nzo0 R
convergent in the mean with weighting v,.
The sequence {U,, n> 1} corresponds to an orthogonal

sequence in H,, and the orthogonal complement of the latter
sequence corresponds to the family of BL.LD harmonic functions
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¢ for which o¢’ is negligible on R™.  For such a function ¢’ must

vanish almost everywhere on B because /B L9 2o, d.) =0,

and conversely this vanishing of ¢’ characterizes the family.
We thus obtain the representation ‘

(18. 3) u= Y a,U,+ U,

n>0

where U i1s a BLD harmonic function whose fine boundary
function vanishes almost everywhere on B. The coefficient
a, is the same as the nth coefficient in (18. 2). The series
converges in H,, and the term a,Uj, i1s of course equivalent to
0 in considering the representation as one in H,. If the
representation is to be made into a functional representation,
additive constants can be adjoined, say to make each summand
vanish at &;, which will make the series converge pointwise, that
is, in the BLD sense. But then the corresponding sequence
of fine boundary functions converges in the mean relative to
harmonic measure, and so in the mean relative to v,-measure.
On comparing this conclusion with the representation (18. 2)
we see that the series in (18. 3) itself converges in the BLD
sense and that the representation of u can be taken as an
ordinary representation of the function.

Applying Bessel’s inequality to (18. 3) we find

(18. 4) S aid, < o,

n>o

and an application of the Riesz-Fischer theorem then completes
the proof of the following theorem.

Taeorem 18. 1. — A function in the class Ly(vy) coincides
almost everywhere (harmonic measure) on B with a BLD
boundary function if and only if (a) it is orthogonal in Ly(v,)
to every ¢ for which c¢ is negligible on R™ and if (b) its Fourier
coefficients relative to the U; sequence satisfy (18. 4).

The condition (a) is equivalent to the following: (a’) it
is orthogonal in Ly(B) to every function in Ly(B) whose extension
by 0 to R™ is negligible on R™. ‘

The complete continuity hypothesis we have imposed is
necessary to obtain our results. In fact if ¢ = 1 the complete
continuity condition on R follows from (18.'3) and (18. 4)
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knowing that 8, — oo if there are infinitely many characte-
ristic values.
For R a disc of radius 1, central angle A, with center &,

if o =1,

Usiea(A) = V2 cos kA, L(A) = V2 sin kA,
azk—l = 321: = k, k> 1.

Every negligible function on R" vanishes almost everywhere.

Tueorewm 18. 2. — If u is a BLD harmonic function, given
by (18. 3), and if u has a generalized normal derivative on
R™ which vanishes on A and whose restriction to B is in the

class Lg(v), then U =0 and
(18. 5) ' Y axdh < 0.

Conversely, zf (18. B) s true 2 a,U, has generalized normal
derwatwe — o Y a,5,U, which has the two stated properties.

n>1

If the generalized normal derivative of u vanishes on A,
u is orthogonal (H) to every BLD harmonic function whose
fine boundary function vanishes almost everywhere on B.
Hence U =0 in (18. 3). Moreover, using the other stated
property of dufog, there is a constant y for which

(18. 6) D(u, ) <y [, #™(d.)

for every‘BLD boundary function ¢’. If (18. 6) is true, choose
k

¢ = 3 .a,0,U,. Then (18. 6) becomes
1

[Sam]'<vSan

and we conclude that (18. b) is true. Conversely if (18. b)

is true Y, a,3,U, converges in Ly(v,), that is in the mean with
n>1
weighting v;. The sum multiplied by — o can be verified
directly to be a generalized normal derivative of ), a,U, and to
n>0
have the two properties stated in the theorem.

It is convenient for some purposes to modify the charac-
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teristic value problem we have treated in this section when,
as we shall suppose in the remainder of this section, A has
strictly positive harmonic measure. Define the transforma-
tion T on Ly(v) by Tg =ou’ where u is the BLD harmonic
function defined by

ou

—=¢ onB
og
u'= 0 almost everywhere on A.

Then (17. 1) is true for T as well as S; T is a bounded self-
adjoint negative definite transformation from L,(v) into itself,
and Te = 0 if and only if ¢ is negligible on B.

Just as in the discussion at the beginning of this section
we find that there is a sequence {V,, n > 1} of BLD harmonic
functions (a sequence which may be empty or finite) satis-
fying

18.1) r— _ 35V, onB

og

V.= 0 almost everywhere on A,
8mn = D(Vy,, V.)/q0, = (6 Vn, aV5),

where 0 << 8; < 3, < ... and these numbers are the negative
reciprocals of the nonvanishing characteristic values of T,
repeated according to their multiplicity. The ¢,-sequence here
is not the same as that in (18.1). The sequence {V;,n>1}
is orthonormal in L,(v;) and, together with the functions ¢
with o¢ negligible on B, span Ly(v;). If uis a BLD harmonic
function for which u’ vanishes almost everywhere on A, u'
has the Fourier expansion

(18.2) w' =3 aVh &=, uVion(,d.)

n>1
and
(18. 3") u=73 a,V,

n>1

The first series converges in the Ly(v,) topology, the second in
the BLD sense. The function U in (18. 3) has no counter-
part in this development. Theorem 18. 1 becomes the
following.
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Taeorem 18. 1'. — A function in the class Ly(v,) which
vanishes almost everywhere (harmonic measure) on A coincides
almost everywhere on R™ with a BLD harmonic function if and
only if (a) it is orthogonal in Ly(v;) to every ¢ for which c¢
is negligible on B and if (b) tts Fourter coefficients relative to
the V, sequence satisfy (18. 4).

The condition (a) is equivalent to the following: (a’) it is
orthogonal in Ly(B) to every function tn Ly(B) which is negligible
on B.

Theorem 18.2 becomes Theorem 18. 2" which we do not
state explicitly but which differs from the former theorem
only in that U, is replaced by V, that u' is to vanish almost
everywhere on A, and that the generalized normal derivative
is on B rather than on RM.

19. Series expansions.

Under the hypotheses of Section 18, namely the complete
continuity hypothesis for R and the positivity and bounded-

ness of o, we can express our fundamental kernels in Fourier
series.

If o is strictly positive,

(19. 1)
af, m) = [, @€ Jowlho, d)su + 3 [U,E) — UG)]Uul)/3n
= 3 [U® — L&) — UG5,
 EneR, o= [op(d.)

The series converge in the BLD sense for fixed &, and uniformly
on compact subsets of R X R. The representation is also
valid for v in RY, if we use the relevant boundary functions.
For fixed £ in R the series obtained in this way converge
in the mean, weighting v; on R™.

If ¢ is strictly positive,

(19. 2)
K, &) == a(n)/5y + a(n) X Uy(&)Ua(n)

n

21+°’()2[Un) Us(%)]Un(n), &<R,neR"
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where « =~ » means that, for fixed &, there is equality up to
a function negligible on RM.
Still supposing that o is strictly positive,

(19.3) BE m) = 1fss + 3 VEUM/L + &), & neR,

where the series converges in the BLD sense for fixed &, and
uniformly on compact subsets of R X R. The representation
1s also valid for vy in RY, if we use the relevant boundary
functions, and is then convergent in the mean, weighting v;,
for fixed &.

If the set A of zeros of o has strictly positive harmonic
measure,

(19 1’) aA(E) 7]) =n§l VH(E)Vn(n)/Sm Ea nNe R'
We recall that the characteristic values here are not the same
as those in the preceding series. The series converges in the
BLD sense for each & and converges uniformly on compact
subsets of R X R. With the same conventions as above,
the representation is also valid for one argument on the
boundary.

APPENDIX

Since the theory of uniform integrability of function families
is less well known than it should be, the following outline
of that part of the theory most useful in studying boundary
value problems is appended. Let f, be a function from a
measure space X, to the reals, for ¢ in an index set I.
The measure on X, will be denoted by . It is supposed
that this measure is positive and that sup p, (X;) <. The

t

function family is called uniformly intégrable if
lim [, |fi dy =0

uniformly on the index set I, where A, , is the set where the
integrand exceeds a. For proofs of the following facts see
the fundamental papers by C. de la Vallée Poussin [Trans.
Amer. Math. Soc. 16 (1915), 435-501] and S. Saks [Trans.
Amer. Math. Soc., 35 (1933), 549-556, 965-970].
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(1) If the set I is finite, the family is uniformly integrable
if and only if each member has a finite integral.

(2) The family is uniformly integrable if and only if the
following two conditions are satisfied :

@ sup [, Ifil din < oo
(b) - lim sup| [, fi dw|=0

where the supremum is taken for all £ in I and measurable
subsets A, of X, with p,(A,)<3.

(3) The family is uniformly integrable if and only if there
is a Baire function @ from the positive reals to the positive
reals such that,

r>o0

- (b) S‘,‘Pfx,q)(lft )dy.,< ©.

Moreover in this case there exists a ® which is even monotone
increasing and convex.

In (4) and (B) it is supposed that the index set I is the set of
positive integers that there is only a single measure space,
Xi=X, =, and that f, - f in measure.

(4) There 1s L;-convergence if and only if the sequence is
uniformly lntegrable

(5) The sequence is uniformly integrable if and only if f is

integrable and f fo dp. — J fdu for every measurable A
(or for A = X if the functions are all positive).
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