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180 M. FAIRON

RESUME. — Les algebres de (quasi-)Poisson doubles ont été introduites par Van den Bergh
comme des analogues non-commutatifs d’algébres munies d’'un crochet de (quasi-)Poisson.
Dans ce travail, nous produisons une étude des morphismes d’algébres de (quasi-)Poisson
doubles, que nous relions aux structures Hy-Poisson de Crawley—Boevey. Nous prouvons en
particulier que la structure d’algebre de (quasi-)Poisson double définie par Van den Bergh
pour un carquois arbitraire dépend seulement du carquois vu comme un graphe non-dirigé,
a isomorphisme pres. Nous dérivons de nos résultats une description issue de la théorie des
représentations de la dualité action-angle pour plusieurs systémes intégrables classiques.
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1. Introduction

In the seminal paper [VdB08a], Van den Bergh laid the foundation of a noncom-
mutative theory of Poisson geometry based on double brackets. Starting with an
algebra A over a field of characteristic zero k, he introduced the concept of a double
bracket as an operation Ax A — A® A satisfying noncommutative rules of derivation
and antisymmetry; this is done in such a way that the corresponding affine scheme
of representations Rep(A,n) carries an antisymmetric biderivation for each n > 1.
An interesting class of those structures are double Poisson brackets, which satisfy a
version of Jacobi identity valued in A®® so that Rep(A,n) is now endowed with a
Poisson bracket, in agreement with the “non-commutative principle” of Kontsevich
and Rosenberg [Kon93, KR00]. In fact, pushing this principle even further, Van den
Bergh pointed out that the existence of a distinguished element on A permits to
understand the process of Hamiltonian reduction of Rep(A,n) with respect to the
natural action of GL,, (k) directly at the level of the algebra A. Due to this represen-
tation theoretic perspective, it seems interesting to examine the algebras endowed
with a double Poisson bracket, which are called double Poisson algebras. They have
been the object of several studies [Biel3, ORS13, ORS14, Pow16, PVdW08, VAW08],
and our aim is to explore morphisms between double Poisson algebras. Noting that
Van den Bergh also introduced the analogous notion of double quasi-Poisson brack-
ets [VdBO08a, VABO8b], it is natural to extend our investigation to morphisms between
the corresponding algebras, called double quasi-Poisson algebras, which currently
attract attention [Art18, CF17, CF20, Fail9a, Fail9b, Fai2l, FH21, MT14].
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Morphisms of double (quasi-)Poisson algebras and action-angle duality 181

A rich family of double (quasi-)Poisson algebras is associated with quivers [VdB08a]
and encodes the Poisson geometry of quiver varieties [Nak94] as well as their mul-
tiplicative analogues [CBS06]. These varieties possess ramifications in numerous
branches of mathematics (see e.g. [Ginl2, Kirl6, Sch08] for quiver varieties), in
particular in the field of integrable systems. Indeed, in the complex setting it is
known since 1998 and the work of Wilson [Wil98] that the phase space of the
Calogero—Moser system can be realised as a quiver variety. Moreover, similar con-
structions of phase spaces as quiver varieties have been obtained for other related
systems [BP11, CS17, Tac15], and they have been extended to Ruijsenaars—Schneider
systems using multiplicative quiver varieties [CF17, CF20, Fail9a, Fail9b]. Some of
these papers used the formalism of double brackets to grasp features of integrability
directly on the path algebra of the relevant quivers. Thus, it raises the question
of determining if additional properties of these integrable systems can be realised
at the level of the quivers. This issue constitutes the main motivation behind our
work, as we want to present a novel interpretation of action-angle duality, which we
explain now.

Let M and M’ be two manifolds of dimension 2n endowed with non-degenerate Pois-
son brackets such that the n functions H, H on M, M’ define (Liouville) integrable
systems, i.e. H and H' form sets of n functionally independent Poisson-commuting
elements. Let us furthermore assume that on a dense open subset of each manifold,
there exist canonical Darboux coordinates (¢, p) or (¢/,p’), and that there exists a
Poisson diffeomorphism W : M — M’ such that (after restriction to dense subspaces)
H' o U only depends on the coordinates ¢, while H o ¥~! only depends on the coor-
dinates ¢’. Due to the assumptions, we get action-angle variables™" as follows. The
coordinates ¢’ become the action coordinates of H while the coordinates p’ become
the angle coordinates of H, and the same is true for ¢, p and H’. We thus say that
the pairs (M, H) and (M’, H'") are action-angle duals. This construction has been
largely investigated for systems of Calogero-Moser and Ruijsenaars—Schneider type
following the pioneering work of Ruijsenaars [Rui88|. A widespread method used to
unearth action-angle duality is the existence of two different slices in a suitable orbit
space defined by Hamiltonian reduction, such that each slice provides one of the
two sets of Darboux coordinates. This approach is inspired by the work of Kazhdan,
Kostant and Sternberg [KKS78|, and it has been considered both in the complex
and the real settings, see [FM19, FGNROO, Pus12, Res16] and references therein.

One of the aims of this work is to obtain a different point of view on duality where
representation theoretic considerations yield the action-angle map. Indeed, in view
of the previous paragraphs, many classical integrable systems for which action-angle
duality is known are defined on (multiplicative) quiver varieties. This leads us to the
following natural question®:

1) By action-angle variables, we mean the existence of a set of 2n Darboux coordinates on a dense
subspace of the manifold such that the integrable system only depends on the first n coordinates,
the action variables. This ensures that the Hamiltonian flows are linearised with respect to the last
n coordinates, the angle variables.

(2) This formulation is close to the original question posed to the author by V. Rubtsov at the
conference Geometric aspects of momentum maps and integrability in Ascona, April 2018.
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182 M. FAIRON

Is it possible to understand action-angle duality in terms of relevant quivers?

We end this work by answering this question positively in Section 6, as we note
that action-angle duality can be realised at the level of quivers simply as a map
“reversing arrows”. This is, for example, the case for the well-known duality between
the hyperbolic Calogero-Moser system and the rational Ruijsenaars—Schneider sys-
tem (see §6.2), or the self-duality of the hyperbolic Ruijsenaars—Schneider system
(see §6.4). Note that this simple point of view also allows to derive new instances
of action-angle duality for a generalisation of the rational Calogero-Moser system
due to Chalykh and Silantyev [CS17] (see §6.1), or a modification of the hyperbolic
Ruijsenaars—Schneider system obtained jointly with Chalykh in [CF17] (see §6.3).

The main tool needed to provide a precise construction of the action-angle duality
maps is a study of morphisms of double (quasi-)Poisson algebras, which forms the
core of this text. We will deduce from this formalism the following important result.

THEOREM 1.1 (See Theorems 3.12 and 4.12). — Up to isomorphism, the double
(quasi-)Poisson algebra associated with a quiver by Van den Bergh [VdB08a| only
depends on the underlying quiver seen as an undirected graph.

There exists a different notion of non-commutative Poisson structures due to
Crawley—Boevey [CB11], called Hy-Poisson structure, and we will show that mor-
phisms of double (quasi-)Poisson algebras induce morphisms of Hy-Poisson structures.
If we work over an algebraically closed field of characteristic zero, we will note as part
of Proposition 5.9 that a morphism of Hy-Poisson structures induces a Poisson mor-
phism between the rings of invariant functions on the corresponding moduli spaces
of representations. Using the latter result for the Hy-Poisson structures induced by
the double Poisson algebra structures considered in Theorem 1.1, we obtain the
well-known statement that a quiver variety only depends on the quiver seen as an
undirected graph (for fized dimension vector and parameter of the moment map).
Using the double quasi-Poisson algebra structures of Van den Bergh instead, we get
the same statement for multiplicative quiver varieties, which can be attributed to
Yamakawa [Yam08]. Therefore, such Poisson isomorphisms of (multiplicative) quiver
varieties have a non-commutative origin given by Theorem 1.1. This will be the key
observation that we shall need to construct explicitly the Poisson isomorphisms that
yield the action-angle duality maps that were mentioned earlier.

Let us finish by remarking a side result of the present work, which relates to the
study of noncommutative algebras in their own right. We will establish that all the
automorphisms of the first Weyl algebra A; and the quantum torus C§ (see §5.2 for
definitions) are induced by isomorphisms of double (quasi-)Hamiltonian algebras.

Outline of the paper

In Section 2, we introduce double brackets [VdB08a] and their morphisms. We
also review the notion of fusion, which allows to identify idempotents in an algebra
and which preserves double brackets. In Section 3, we study morphisms of double
Poisson algebras, and their relation to fusion. This investigation ends up with Theo-
rem 3.12 where we obtain that Van den Bergh’s double Poisson algebras associated
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with quivers are independent of the orientation of the underlying quivers. The lat-
ter section sets the stage for Section 4 where we provide a non-trivial adaptation
of the previous results to the case of double quasi-Poisson algebras, and to a sub-
class of these algebras associated with quivers, see Theorem 4.12. In Section 5, we
introduce Hy-Poisson structures following Crawley—Boevey [CB11], and we explain
how morphisms of double (quasi-)Poisson algebras yield morphisms of Hy-Poisson
structures. We describe how they induce Poisson morphisms on moduli spaces of
representations. Finally, we deal with the action-angle duality of various integrable
systems in Section 6 using several results that are derived throughout the paper.
There are three appendices containing ancillary statements and proofs.

Acknowledgements

I thank V. Rubtsov for raising the question that motivated this work, and L. Fehér
for useful comments. I am grateful to the reviewers for their numerous suggestions
and questions which helped to improve the presentation of this paper.

2. Basic definitions

Throughout the paper, k is a field of characteristic 0, and we write ® = ®j.
A k-algebra is always assumed to be associative, unital and finitely generated. We
use d=d ®d" € A® A as a shorthand way for Sweedler’s notation d = Y, d, ® d.

If A, B are k-algebras, we say that A is a B-algebra if there is a morphism of
k-algebras B — A. We only consider the following special case throughout the
text: if the unit in A admits a decomposition in terms of a finite set of orthogonal
idempotents (e;)se 1, i.e.

(2.1) 12265, esey = Ogies, |I] € N,

sel

we view A as a B-algebra for

<22) B:@Se[kes.

2.1. Double brackets

We closely follow the exposition [Fai21] of the work of Van den Bergh [VdB08a]. Let
A be a k-algebra. A double bracket on A is a k-bilinear map {—, —}: AxA - A® A
satisfying

(2.3) {a, 0} = —{b,a}}° foralla,be A, (cyclic antisymmetry)
where (—)° denotes the permutation of factors in A ® A, together with

(2.4) {a,boc} = {a,b}c+b{a,c} foralla,bce A. (right derivation rule)
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184 M. FAIRON

Here, the multiplication refers to the outer A-bimodule structure on A ® A, that is
if d € A®?, then we have adb = (ad') ® (d"b). Assuming that (2.3) holds, one can
easily check that (2.4) is equivalent to

(2.5) {bc,al} ={b,a} xc+bx{c,a}y foralla,b,ce A, (left derivation rule)

where we use the inner A-bimodule structure on A® A, i.e. axd*b= (d'b) ® (ad").
As a consequence of the derivation rules, it suffices to define double brackets on
generators of A.

Given a double bracket, we can define an operation A*3 — A®3 by setting

fla.b,c} ={a, £b,c} | ® {b,c}”
(2.6) + T(123) {{ba {c a}’}} ® {c,a}”

+ T(i2s) {{07 fa, b}}/}} ® {a,b}" foralla,b,c€ A.

(Here, we define 7(123) : A®* — A% by 7(123)(a1 ® a2 ® a3) = a3 ® a1 ® as.) The
map (2.6) is an instance of triple bracket, that is a k-trilinear map, which satisfies a
generalisation of the cyclic antisymmetry (2.3)

(2.7) Tazsy o {— — —}o 7(153) ={---1.

and which is a derivation in its last argument for the outer A-bimodule structure
of A®3,

When we see A as a B-algebra for B given as in (2.2), it is convenient to work
in the relative setting. In such a case, we assume that the double bracket {—, —}
vanishes whenever one of its entries is taken in B. We then say that the double
bracket is B-linear. Equivalently, B-linearity can be stated as having a morphism
of B-bimodules {a,—} : A - A® A for any a € A, where we use the outer B-
bimodule structure on A ® A. Note that if a = e, aes, € A and b = e,,be,, € A for
Ta, Ty Say Sp € I, the derivation rules and B-linearity yield

(2.8) {a, b} € e, Aes, @ e,, Aes, .

2.1.1. Morphisms of double brackets

Let A;,A; be B-algebras endowed with B-linear double brackets {—, —},.{—, — }-
We say that ¢ : Ay — A, is a morphism of double brackets if it is a B-algebra
homomorphism such that for any a,b € A,

(2.9) fola), 6(0)}, = (¢ © ¢) fa, b}, .

We say that ¢ is an isomorphism (of double brackets) if it is also an isomorphism
of B-algebras. In that case, the inverse ¢! : Ay — A; is a morphism of double
brackets.

Example 2.1. — The algebra A = k(x, y) can be endowed with two k-linear double
brackets, denoted {—, =}, , {—, —}},, which are defined on generators by

{z, 2}, =0={z,2},, {y.v},=0={v.y},,
{z,y}, =11, fz,y},=-101.
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The automorphism x — y,y — x defines an isomorphism of double brackets
(A, {—,-}) — (A4, {—.—},). More generally, assume that A; is equipped with a
B-linear double bracket {—, —}}, and fix an isomorphism of B-algebras ¢ : A; — As.
Then we get a B-linear double bracket on A, defined by

{{_7 _}}2 = ((b ® (b) ° {{_7 _}}1 o (Qbil X (bil) )

and ¢ naturally becomes an isomorphism of double brackets.

2.2. Morphisms and fusion
2.2.1. Fusion

Following Van den Bergh [VAB08a, § 2.5, we assume that A is a B-algebra such that
there exist orthogonal idempotents ey, es € B, and we construct the fusion algebra
Al _, ., obtained by fusing e, onto e; as follows. (When the choice of idempotents is

clear from the context, we simply write A/, as A7)
First, we extend the algebra A along the pair (e, e;) by adjoining generators

€12, €21 satisfying the usual matrix relations. Namely,

(210) A = A *kel Dkes ke (Maf@(k) ) ké) s

where € = 1 — e; — e9, and Maty(k) is seen as the k-algebra generated by e; =
€11, €12, €21, €2 = €99 With ege,, = dpes,. Applying the same construction to B, we
can introduce B which is such that A = A x5 B.

Second, we consider the algebra A/ constructed from A by dismissing elements of
es A + Aey. We call Af the fusion algebra of A obtained by fusing e, onto e;. It is
explicitly given by

(2.11) Al = €Ae, fore=1—¢,.
By construction, A/ is a Bf-algebra for B/ = eBe. Using the map
(2.12) A— A a— af = eae + epaey + eppac + eaes

we can get a convenient set of generators in A/, as observed in [VdB08a, § 5.3].

LEMMA 2.2. — Generators of A/ can be chosen to be of the following four types:
(2.13a) (first type)  t/ =t, t € €Ae,
(2.13b) (second type)  ul = ejyu, u € exAe,
(2.13c¢) (third type) v/ = ey , v € eAey,
(2.13d) (fourth type) w' = epwes, w € eyAey.
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2.2.2. Fusion and quivers

We fix some terminology related to quivers, i.e. directed graphs, which will be
used throughout the text. A quiver () consists of a vertex set I and an arrow set
{a € Q}. We define the head and tail maps h,t : ) — [ which assign to any
arrow a its head (ending vertex) h(a) and its tail (starting vertex) t(a). In other
words, a : t(a) — h(a). The double Q of @ is obtained by adding to @ the arrows
a* : h(a) — t(a) for each a € Q. We then extend ¢, to Q and, if we extend the
map a — a* defined on Q C Q to Q by setting (a*)* = a for a* € Q \ @, we see that
h(a) = t(a*) for each a € Q. The path algebra kQ of a quiver Q is generated by
symbols e, for s € I, and a € @, subject to the relations e,e;, = dg e, a = eyq)aeh(q)
(this implies that we read paths from left to right), where the multiplication is given
by concatenation of paths.

Let us now see what is the meaning of fusion on a quiver. Fix a quiver () with
vertex set I = {1, ..., k} for some k > 2. The path algebra k@ of @ is an algebra
over B = @, /ke,, where e, denotes the idempotent attached to the s vertex. We
can form the algebra (kQ)/ as in §2.2.1 obtained by fusing e; onto e;. We can see
that (kQ)/ is an algebra over BY = @, ¢ 1\ {21ke, generated by the following elements

a with a €@ such that ¢(a), h(a) # 2,
€120 with @€ @ suchthat t(a) =2, h(a)#2,
aes with  a€ @ suchthat t(a)#2, h(a)=2,
epaey; with  a €@  such that  t(a), h(a) =2,

which are images of the arrows in ), of the four types given in Lemma 2.2. At the
same time, we can form the quiver Q7 with vertex set I/ = I'\ {2} by fusing together
the vertices 1 and 2 in Q. The corresponding path algebra k(Q7) is easily identified
with (kQ)/, so that the fusion operation is the analogue at the level of the path
algebras of identifying two vertices in a quiver.

Remark 2.3. — By repeatedly using the construction from §2.2.1, we can obtain
an algebra from A by identification of several idempotents. Note that there is a direct
way to define this algebra using quivers (with relations), see [Brii01, § 2.1]. We will
not follow this more general approach due to technicalities arising when performing
fusion in double quasi-Poisson algebras, see Proposition 4.5.

2.2.3. Fusion and double brackets

We now assume that A is endowed with a B-linear double bracket. As noted
in [VdB08a, § 2.5], the double bracket uniquely extends from A to A by requiring it
to be B-linear, and it can then be restricted to Af. If o/, b/ € Af are two generators
as in Lemma 2.2, there exists a,b € A and ey, e, € {€,e12}, fo, fo € {€, €21}, such
that a/ = eqaf,, b/ = epbf,. We can then define the double bracket induced by A
onto A/ using the following identity

(2.14) {{af, bf}} =ep fa,b} fo®e, fa, b} fp.
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In (2.14), the double bracket on the left-hand side is the one induced in A7, while
the double bracket on the right-hand side is the original one defined in A.

The next result shows that, up to isomorphism, the fusion algebra and its induced
double bracket only depend on the unordered choice of idempotents {e;, es}.

LEMMA 2.4. — Let Ay = A _, .. be the fusion algebra obtained by fusing e, onto

e1, and let Ay = A{;_WQ be the fusion algebra obtained by fusing e; onto es. Then,
the identity map on A induces an isomorphism of double brackets A; — As.

Proof. — We let € = 1 — e; — ey and note that A; = (1 — eg)A(1 — e3) and

Ay = (1 —e1)A(1 — e1). We can define a map ¢ : A; — Ay which is given on
generators of first type (2.13a) as

o(t)=t,  if teeAe; o(t) = ent,  if t€ e Ae;

qb(t) = t612, if t € §A61 3 ¢<t> == 621t€12, if ¢t S €1A€1 X

on generators of second type (2.13b) as
d(ergu) =u, if u € exAe; ¢ (e12u) = uepn, if u € egdeq;
on generators of third type (2.13c) as
d(vear) = v, if v € edey; o@(vey) =eqv, if v €Eedes;
on generators of fourth type (2.13d) as
¢ (ejpweg) = w, if w € egAes.

The map ¢ is easily seen to be the image of the identity under the two projections
m A — Ay, mt A — Ay given by (2.12), i.e. pom = me 0idy. Moreover, swapping
the labels 1,2 provides the inverse of ¢. Thus, we only need to check that it is a
morphism of double brackets.

We can decompose A as @; j_o,1,2 ¢;A¢; if we set ej = € and €] = ¢; for i =1, 2.
Without loss of generality, take a,b € A belonging to one of these subsets. Then,
there exists el e} € {e19,e1,¢}, f1, f} € {ea,e1, €}, such that under the projection
7 the elements elaf! and elbf} are generators of A;, see Lemma 2.2.

In the same way, there exists €2, e? € {ea,e9,¢}, f2, fZ € {e19,¢2, €}, such that
the elements e2af? and e2bfZ obtained from the projection 7y are generators of As.
In particular, ¢ o m; = w5 implies that

o(es) =c2 o(er) =t o(f2) =12 o () =1

Using the identity (2.14) for the double bracket {—, —}, induced by {—,—} in
Ay for k =1,2, we get

fekark ckoft ) = e fa. 0} 15 @ ek {a. b} £

where the double bracket on the right-hand side is taken in A. We can then directly
see that (2.9) is satisfied. O

Fusion also preserves morphisms of double brackets.
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LEMMA 2.5. — Let ¢ : Ay — Ay be a morphism of double brackets over B.
Let A] = (AL .. A = (A2){ ... be the fusion algebras with double brackets
obtained by fusing e, onto e;. Then ¢ induces a morphism of double brackets ¢/ :

Al — Al

Proof. — Recall that A{ is generated by elements a/ = e,af, for a € A; and
eq € {€,e12}, fo € {€,e21}. We can then set

(2.15) oAl = AL df = epaf, ¢ (af> =e.P(a)f,.

Fork=1,2,let {—, -}, and {—, —}},J: be respectively the double bracket on Ay and
its induced double bracket on A£ . We have for any two generators a/ = e,af,, b/ =
eobf, € Al as described above that

{6f (af) .o () )] = e {0la), SOy fa @ cafd(a), GBIV fi
= ey ({a,0})) fo @ eat (. B})) o
= (¢/ @ ¢’ ) er fa, b}, fo ® €a fa, B} fi

= (¢ o) {' ¥},

Here, we used formula (2.14) in A}/AJ for the first/last equality, the morphism
property (2.9) in the second equality, and the definition of ¢/ for the remaining
equality. 0

In Lemma 2.5, it is clear that if ¢ is an isomorphism, then so is ¢/. For the
remainder of this text, we omit to mention such an extension to the case of an
isomorphism in analogous results.

2.2.4. Identification of idempotents in different algebras

Let A; and A, be algebras endowed with double brackets respectively over B; and
By, and consider A; @ Ay as a (By @ Bsy)-algebra. It is easy to see that there exists
a unique (B; @ By)-linear double bracket {—, —} on A; @ A, extending {—, —},
and {—, —},, while it is such that {c;,co}“= 0 whenever ¢; = (a1,0), c; = (0, ay),
with ay € Al, as € AQ.

For any idempotents e; € B; and es € By, we can form the fusion algebra
(A} @ Ay)/ by fusing e, onto e;. This algebra inherits a (B; ® Bs)/ -linear

e — el ey — el

double bracket as noted in §2.2.3.

Example 2.6 (Extension by a central element). — Let A be a k-algebra equipped
with a double bracket {—, —}. Let k(y) be equipped with the trivial double bracket
{y, vy} = 0. If we identify the units of these two algebras embedded as (1,0), (0,1)
inside A @ k(y), the fusion algebra A, := A %, k(y) hence obtained is endowed with
the double bracket {—, —}, given for any a,b € A by {a,b}, = {a,b}, {a,y},=0
and {y,y} = 0. (Note that if {—, —J} is Poisson in the sense of Section 3, then
(A4, {—,—}_) is a double Poisson algebra.)
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3. Morphisms of double Poisson algebras

As in Section 2, all algebras are over B = @, ¢ r ke;. We will frequently identify /
with {1, ..., |[I|} C N.

3.1. Basic definitions and properties
3.1.1. Definitions

Following Van den Bergh [VdB08a|, a double Poisson bracket {—,—} on A is a
double bracket for which the associated triple bracket {—, —, —} defined by (2.6)
identically vanishes. In such a case, we say that (A,{—,—}) (or simply A) is a
double Poisson algebra. An element ps € esAey is said to satisfy the additive property
for e if, for any a € A, we have

(3.1) {us,alf = aes @ ey — es ® esa.

Then, we define a moment map as an element pu = Y, pus with us € e;Aeg such
that for all s € I we have that u, satisfies the additive property for e; (3.1). Note in
particular that espe; = dgpus for each s,t € I. We call the triple (A, {—, —}, u) (or
simply A if no confusion can arise) a Hamiltonian algebra.

Let Ay, A, be B-algebras with B-linear double brackets {—,—},, {—, -}, If
¢ : Ay — Ay is a morphism of double brackets and A;, A, are double Poisson
algebras, we say that ¢ is a morphism of double Poisson algebras. If furthermore
Aq, Ay are Hamiltonian algebras with respective moment maps uq, pus satisfying
(1) = po, we say that ¢ is a morphism of Hamiltonian algebras.

Example 3.1. — Consider the quiver @) with vertices {1,2} and one arrow a : 1 —
2. Let @ be its double obtained by adding the arrow a* : 2 — 1. Put B = ke; @ kes.
Following Van den Bergh [VAB08a, § 6.3], the path algebra k@ is a Hamiltonian
algebra for the B-linear double bracket given on generators by

(3.2) {a,a}, =0, {a",a'}, =0, {a,a'}, =e®e, {a' a}, =—-e1®es,
and the moment map p = [a, a*]. The moment map can be decomposed as p; = aa*,
pe = —a*a. (See §2.2.2 for the conventions that we follow with respect to quivers.)
Similarly, consider the quiver Q% with vertices {1,2} and one arrow b : 2 — 1,
and let Q° be its double with new arrow b* : 1 — 2. We can also consider Van

den Bergh’s Hamiltonian structure on kQ% which is given by the B-linear double
bracket

(33) {{b> b}}2 = 07 {{b*7 b*}}z = 07 {{b> b*}}2 = €2, {{b*v b}}z = —ex®eq 5

with moment map p' = [b, b*]. We can see that ¢ : kQ — kQ given by ¢(a) = b*,
¢(a*) = —b, is an isomorphism of B-algebras. One readily checks that

0®* {a,a}, = 0= {5, 0"}, , 2 {a*,a*}, =0={b,b},,
¢®2 {{a7 a*}}l =e®e = {{b*7 _b}2 )

and ¢(u) = /. Hence, ¢ is an isomorphism of Hamiltonian algebras.
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3.1.2. First properties

The next result shows how injectivity or surjectivity of a morphism of double
brackets can guarantee that it is a morphism of double Poisson (resp. Hamiltonian)
algebras.

LEMMA 3.2. — Let ¢ : Ay — Ay be a morphism of double brackets.
(1) Assume that ¢ is surjective as a B-algebra homomorphism.
(a) If Ay is a double Poisson algebra, then A, is a double Poisson algebra.
(b) If Ay is a Hamiltonian algebra, then Ay admits a structure of Hamiltonian
algebra such that ¢ is a morphism of Hamiltonian algebras.
(2) Assume that ¢ is injective as a B-algebra homomorphism.
(a) If Ay is a double Poisson algebra, then A; is a double Poisson algebra.
(b) If As is a Hamiltonian algebra with moment map p’ such that p’ € Im(¢),
then A; admits a structure of Hamiltonian algebra such that ¢ is a
morphism of Hamiltonian algebras.
(3) All the structures obtained in (1)—(2) are unique.

Proof. — First, let us consider for 1 < 7 < 3 the element a; ; € Ay, with image
as,; = ¢(a1,;) € As. If we denote by o the permutation (123), we get by (2.6)
and (2.9)

{{az, 1,02, 2, G2,3}}2

=27 {{¢ (a10m): o (a100) 0 (awi(i’)))}};}h@{{@é (11.00) (00,

1€ 73
. / "

= Z TOZ' (¢ QPR ¢> {{al,ai(l)a {{al,oi@)a al,ai(3)}}1}}1 ® {{al,ai@), ay,oi(3) }}1

1€ Z3
=(0®o®¢) far1, ai 2, a3}, -
This yields in particular the identity of associated triple brackets
(34) (¢®¢®¢)O{{—7—7—}: {{_7_7_}}0(¢X ¢X¢)

(La) If {—,—} is Poisson, {—, —, —}} vanishes and (3.4) yields that {—, —} is

Poisson.

(L.b) Since A; has a moment map p = Y, pus, the element ¢(u) = 3, d(us) is a
moment map. Indeed, for any s € I

folus), az 1}y =(0 @ @) {15, a1}y
:(gb & ¢) (al,les X €s — €5 X 6sal,l) = aQ,les ® €s — €5 ® esa2,1 )
where we have used that u, satisfies the additive property for e, with respect

to {—, -}

(2.a-b) This is similar, and we need the fact that ¢®%, ¢®3 are injective.

(3) The uniqueness of the structures is a consequence of the constructions. [

Given a double Poisson algebra (A, {—,—}), we introduce the set of Casimir
elements of A by

(3.5) Cas(A) ={a € Al{a,b} =0 forallbe A} .
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In the case of a B-linear double bracket, we have that B C Cas(A).

LEMMA 3.3. — Let ¢ : Ay — Ay be an isomorphism of double Poisson algebras.
If Ay, Ay are Hamiltonian algebras with moment maps ji1, pi2, then ps — ¢(p1) € B
and Cas(A,) = Cas(Ay) = B. In particular, a moment map is unique up to the
addition of an element of B.

Proof. — Let us decompose p; € A; with the idempotents as >, 1,5 and do
the same for s € Ay. We first note that for any s € I, due to the additive property
for es (3.1), we have for any a € A, that

fze— 0 (m,0) 0l = Lo, — 622 i 007 (@) ), = 0.

Thus, 12,5 — ¢(11,s) € Cas(Az) by definition.

Let us now show that Cas(A;) C B, since we already know the opposite inclusion
(the case of A, is obtained in the same way). If ¢ € Cas(A;), we have for any s € I
that

0= {1 ch=ces®@es —es® ces,
where we used in the first equality that {—, c};= 0 because c is a Casimir element,
while in the second we use the property (3.1) of the moment map. This equality
implies that ce, = A\se; = egc for some A\; € k, thus ¢ =Y, o1 \ses € B.

For the second part of the statement, it suffices to consider ¢ =idy4, : Ay — A;. O

Note that, in general B C Cas(A). For example, any B-algebra A can be endowed
with the zero double bracket, which is Poisson and such that Cas(A) = A. This does
not contradict Lemma 3.3 since the zero double Poisson bracket does not admit a
moment map (except if A = B).

3.1.3. Sum of double Poisson algebras

Recall that we considered the sum of two double brackets in §2.2.4. The following
result holds in the presence of double Poisson brackets.

LEMMA 3.4 ([VdB08a]). — If A; and Ay are endowed with double Poisson brack-
ets, then the double bracket {—, —}}EB on A; @ A, defined in §2.2.4 is Poisson. If y;
and pp are moment maps in Ay and A,, then Ay @ Ay is Hamiltonian with (puq, u2)
as moment map.

3.2. Double Poisson brackets and fusion

We assume that the index set I of B is such that |I| > 1.

3.2.1. Fusion in an algebra

Recall the fusion algebra A/ = Af defined in §2.2.1. We noted in §2.2.3 that

e — el

if A is endowed with a double bracket, then A/ has an induced double bracket.
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PRrROPOSITION 3.5 ([VdBO08a, Corollary 2.5.6, Proposition 2.6.6]). — If A is a
double Poisson algebra over B, then A’ equipped with the induced double bracket
is a double Poisson algebra over B/ = @D; c n\(2) kes. Furthermore, if pi is a moment
map for A, then its projection i/ under the map (2.12) is a moment map for A7,

Example 3.6. — Consider the path algebra A = kQ analysed in Example 3.1 with
its Hamiltonian algebra structure. Fusing e; onto ey, we get a Hamiltonian algebra
structure on A/ which can be identified with the free algebra k{a, a*). The induced
double bracket is determined by the first two identities of (3.2) and {a,a*}=1® 1.
The moment map is p = [a, a*|. The algebra is the path algebra of the double of the
one-loop quiver, and the Hamiltonian structure obtained by fusion is just the one
defined by Van den Bergh [VdB08a, § 6.3].

LEMMA 3.7. — Let A be a double Poisson algebra over B. Consider the algebra
Ay = Al . obtained by fusing e, onto ey, and the algebra Ay = Al _ . obtained
by fusing e; onto es. Then, the identity map on A induces an isomorphism of double
Poisson algebras ¢ : Ay — As. If A is a Hamiltonian algebra, then ¢ is an isomorphism

of Hamiltonian algebras.

Proof. — The first part directly follows from Lemma 2.4 and Proposition 3.5. In
the Hamiltonian case, the morphism ¢ constructed in the proof of Lemma 2.4 satisfies

O (uV) = u® . for u) =+ erapzen + Y p,

s#1,2
1@ = eqpmers +pn+ Yy
s#1,2
But x4, 4? are the moment maps of A; and A, by Proposition 3.5. U

In Lemma 3.7, the map ¢ : A; — A, hence obtained is a morphism of B’-algebras,
where B’ = ke ® @, \(1,2) kes. Here, the base maps satisfy €+ e; € Ay, € ey €
Ay and are given in an obvious way on the other idempotents e, s € I\ {1,2}.

3.2.2. Fusion of several idempotents

LEMMA 3.8. — Let A be a double Poisson algebra over B, and let ey, e5,e3 € B
be orthogonal idempotents. Let Ay = (Af, | ){ . (resp. Ay := (AL, )] .)

be the algebra obtained by fusing e3 onto ey, then ey onto ey (resp. ey onto ey, then
es onto ey ). Then the identity map on A induces an isomorphism of double Poisson
algebras ¢ : Ay — Ay over B’ = @, ¢\ y2,3) ke,. Furthermore, if A is a Hamiltonian
algebra, then 1 is an isomorphism of Hamiltonian algebras.

Proof. — Using Lemma 2.2 twice, we can write generators of A; and A, as

eqaf,, forae A e, € {1 —e5— ey, e1a,e12e},
fo € {1 —e3—ea,e91,e30e01}, (in Ay);
eafl, forae A, e, €{l—e3— ey e e},

fre{l—e3— e, ea,€31}, (in A,).
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We can then define ¢ : Ay — Ay on generators as ¢(eqaf,) = e af, with €/, = e,
if e, # eize3 or €, = ey3 if e, = eipep3, while fi = f, if f, # eszear or f, = e3
if f, = esgeq1. This is easily seen to be an isomorphism and, using (2.14) twice to
induce the double bracket from A to A; or Ay, we remark that it is also a morphism
of double brackets. Hence, we have an isomorphism of double Poisson algebras.

In the Hamiltonian case, Proposition 3.5 yields that the moment maps are given by

(1)

7 = €12/l2€21 T €12€23[13€32€21 + Z ps € Ag,
$#2,3
1 = erapzen + erzpzes + Z ps € Az,
s#2,3
so that ¢(uV) = u®. O

Let us note the following interesting result. By gathering Lemmas 3.7 and 3.8, the
double Poisson algebra structure obtained by fusion of three orthogonal idempotents
does not depend on the order with respect to which we perform fusion, up to
isomorphism. For example,

(o) (Him) 5 (Am0),

e2 —e1 e3 — e e3 — e

€3 — el ex — el €] — €2
~ f ~ (Af !
= (Af ) = (A ) .
€ — el er —r e € el ex — el

Next, we establish that the order in which we perform fusion is not important if
the idempotents are not related.

LEMMA 3.9. — Let A be a double Poisson algebra over B, and let e, e5,e3,e4 € B
be orthogonal idempotents. Let Ay := (A! _ )], . (resp. Ay := (AL, ,.)! _..)

be the algebra obtained by fusing e, onto es, then ey onto ey (resp. ey onto ey, then
e4 onto ez). Then the identity map on A induces an isomorphism of double Poisson
algebras 1 : Ay — Ay over B' = @, ¢ 1\ (2, 4y kes. Furthermore, if A is a Hamiltonian
algebra, then 1 is an isomorphism of Hamiltonian algebras.

Proof. — Using Lemma 2.2 twice, we can write both generators of A; and A, as
eaafaa fOr GGA, €q € {1_64_6276127634}7 fae {1_64_6276217643} .

In terms of these generators, the identity map provides the desired morphism. [

By gathering these results, we obtain that the double Poisson (or Hamiltonian)
algebra structure of an algebra obtained by successive fusions is independent of the
precise order in which we identify idempotents. To state the result, fix a double
Poisson algebra A over B = @, ; ke,, and consider a partition I = U ¢ ;1;. We say
that A, is a fusion algebra respecting the partition U;c ;1; if Ay is obtained by a
finite number of fusions starting from A, so that all the idempotents (e,)s e, end up
being identified together for each j € J. Equivalently, there exists s; € I; for each
j € J and a map m : A — A; obtained by composing the morphisms (2.12) induced
by a finite number of fusions such that

(3.6) mi(es) =e;, foreach secl; and jelJ.

Note that if A is a double Poisson algebra, then so too is A; by repeated use of
Proposition 3.5.
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THEOREM 3.10. — Let A be a double Poisson algebra over B = @, ; ke;. As-
sume that Ay, Ay are fusion algebras respecting a partition I = U;c jI;. Then, there
is a double Poisson algebra isomorphism ¢ : Ay — As. If A is Hamiltonian, ¢ is an
isomorphism of Hamiltonian algebras.

Proof. — We prove the result by induction on |J|. The base case corresponds to
the partition

which amounts to define A; and A, by fusing all the idempotents of B together. In
that case, the result follows from Lemmas 3.7, 3.8 and 3.9 (see also the observation
made right after Lemma 3.8).

Next, we prove that there exists an isomorphism between Ay and a fusion algebra
A respecting the partition, such that Ay is defined by first performing fusion of all
the elements in ;. If |I};| = 1 there is nothing to prove. Assuming |I);| > 1, we
have that A; is obtained from A by a chain of fusions

(3.8) e, — €, then e, —e,, then ... e, —e,., k:=|I—]J|.

(Here e,, — e;, means that we fuse e,, onto e, .) Note that ry, ..., r, are distinct,
and there exists k such that rj, € I; (or equivalently ¢; € ;) by assumption. Let
kv € {1, ..., Kk} be the smallest such integer for which 4, € I|;. This means that all
the fusions that are performed before are done by fusing idempotents corresponding
to subsets distinct from 1) ;. we can thus use Lemma 3.9 to get that A; is isomorphic
as a double Poisson algebra to the algebra which is obtained by the chain of fusions

Cry, 7 €ty s then e,, = ey, ..., e = et

k1 k-1

then e, ., — ey ..., o — €,

We then run this argument again on the last x — 1 fusions of this chain. By a repeated
use of this argument involving Lemma 3.9 only, we have that A; is isomorphic as a
double Poisson algebra to A; obtained by a chain of fusion as (3.8), where this time
iy Tny, € 1y In particular, vy & 1)) for k > |1);].

We now do the same with A to get an isomorphism of double Poisson algebras
with some Ay, where the latter is obtained by a chain of fusion as (3.8), where
1y -y M1y € Iig- In particular, up to using the argument for |J| = 1, we can
assume that the first |/);| fusions performed in A; and A, are precisely the same.

Since A;, A, only differ by fusions of the idempotents corresponding to the partition
I\1; = 1U... Ul -1, we have by induction that /All and ;12 are isomorphic. Thus
A; and A, are also isomorphic as double Poisson algebras.

We can conclude since the isomorphisms involved are isomorphisms of Hamiltonian
algebras if A admits a moment map. 0J

3.2.3. Fusion of morphisms
LEMMA 3.11. — Let ¢ : Ay — Ay be a morphism of double Poisson algebras

over B. Let A] = (A)! ... Al = (A2)!. ... be the fusion algebras with double
brackets obtained by fusion of es onto e;. Then ¢ induces a morphism of double
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Poisson algebras ¢ : A{ — A§ . Furthermore if ¢ is a morphism of Hamiltonian
algebras, then so is ¢/ .

Proof. — The map ¢/ given by (2.15) is a morphism of double Poisson algebras
by Lemma 2.5 and Lemma 3.2. In the Hamiltonian case, we can check from (2.15)
that ¢/ maps the moment map of A{ to that of Ag . Hence, it is a morphism of
Hamiltonian algebras. O

3.3. Application: Van den Bergh’s Hamiltonian structure for quivers

Following Van den Bergh [VdB08a, § 6.3|, we can endow the path algebras of
quivers with a Hamiltonian algebra structure. More precisely, given a quiver (), we
define on k@ the double Poisson bracket given by

(3.9) fa,a"} =enn) ey forac @, {fa,a"} =—epo®@eye forac Q\Q,

and such that {a,b} = 0if a € Q and b € Q \ {a,a*}. The algebra admits the
moment map

(3.10) p= > (aa*—a*a) or p=Y p, forp,= > ad*— > da.

a€Q sel a€@ acqQ
t(a)=s h(a)=s

This was considered in a simple case in Example 3.1.

THEOREM 3.12. — The Hamiltonian algebra (kQ, {—, =}, i) only depends on
@ seen as an undirected graph, up to isomorphism.

Proof. — As in the proof of [VdB08a, Theorem 6.7.1], we begin with the “separated”
quiver QQ*? which has vertex and arrow sets given by

(3.11) 7 = {uy, v b € QY QP = {b: vy — vp-|b € Q)

We form the double Q*? of Q*®, which amounts to add the arrows {b* : vpr —
v, | b € Q}. We define on it the involution * given by b — b* and b* — b. By
combining Example 3.1 (with a = b for each b € Q*?) and Lemma 3.4, A%? = kQ*°P
is Hamiltonian for the double Poisson bracket given by

(3.12) {0.0°} = ey, ® ey, ,

for all b € QQ*°P and which is zero on each other pair of generators, while the moment
map is defined as

p= Y s e =i bE Q™
(3.13) beqQeer

OF fuy, = —bb* if bEQP\ Q.

To get a Hamiltonian structure on k@, it remains to fuse all these disjoint quivers of
Q*? to form Q. We can easily see that the Hamiltonian algebra structure induced by
fusion coincides with (3.9)-(3.10). The independence of order in which we identify
the vertices is obvious from the notations, and in fact it follows from Theorem 3.10.
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It remains to see that this structure is independent of the directions of the arrows
in @, up to isomorphism. To do so, we first use the isomorphism from Example 3.1
to get that we can reverse the direction of any arrow b € Q*? and obtain a Hamil-
tonian algebra isomorphic to A*®. But Lemma 3.11 guarantees that fusion preserves
isomorphisms of Hamiltonian algebras, so we are done. 0]

4. Morphisms of double quasi-Poisson algebras

As in Section 2, all algebras are over B = @,crkes. With the exception of
Remark 4.13, all the statements from this section have a counterpart in Section 3.

4.1. Basic definitions and properties
4.1.1. Definitions

Following Van den Bergh [VdBO08a|, we say that a double quasi-Poisson bracket
{—,—} on A is a double bracket for which the associated triple bracket {—, —, —}
defined by (2.6) satisfies

(4.1) {a,b,c} =
1

1 Z <cesa ®Reb®es, —cesa®@es @be, — ces ® aeb ® e, + cey ® aeg @ beg

sel

—esa®esb®esc+esa®es®besc+es®aesb®esc—es®aes®besc),

on any a,b,c € A. In such a case, we say that (A, {—, —}) (or simply A) is a double
quasi-Poisson algebra. An element &, € e Ae, is said to satisfy the multiplicative
property for e, if, for any a € A, we have

1
(4.2) {Ps,a}} = 5 (aes @ Py — 65 @ Psa + adP, ® ey — Py @ esa) .

Then, we define a multiplicative moment map as an invertible element ® = >, . ; ®;
for &, € e Ae, which is such that for all s € I, ®, satisfies the multiplicative
property for es (4.2). The decomposition of ¢ yields e;Pe; = 65 P for each s,t € I,
hence the invertibility condition implies that @' := e,® e, is an inverse for @, in
esAes. We call the triple (A, {—, =}, ®) (or simply A if no confusion can arise) a
quasi-Hamiltonian algebra.

Let A;, Ay be B-algebras with B-linear double brackets {—,—},, {—, =}, If
1 Ay — Ay is a morphism of double brackets and A, Ay are double quasi-Poisson
algebras, we say that ¢ is a morphism of double quasi-Poisson algebras. If furthermore
Aq, Ay are quasi-Hamiltonian algebras with respective multiplicative moment maps
®y, O, satisfying 1p(P1) = Po, we say that ¢ is a morphism of quasi-Hamiltonian
algebras.
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Example 4.1. — Consider the quiver @) with vertices {1,2} and one arrow a : 1 —
2. Let Q be its double obtained by adding the arrow a* : 2 — 1. Put B = ke; @ kes.
Following Van den Bergh [VdB08a, § 6.5], the path algebra k@ is a double quasi-
Poisson algebra for the B-linear double bracket given on generators by

fa,a}, =0, {a",a"}, =0,

(4.3) i 1, .
{a,a }1:€2®€1—|—§(a a® e +e®aa) .

(We get {a*, a}, by cyclic antisymmetry (2.3).) To have a quasi-Hamiltonian algebra
structure, we work in the localised algebra A; = (kQ)s, for S; = {1+ aa*, 1+ a*a},
where we introduce the multiplicative moment map ® = (1+aa*)(1+a*a)!. It can be
decomposed as ® = &+, for &) = e;+aa* and Py = (ex+a*a)™ = ey(1+a*a) Les.

Similarly, consider the quiver Q° with vertices {1,2} and one arrow b : 2 — 1, and
let Q? be its double with new arrow b* : 1 — 2. We can also use Van den Bergh’s
quasi-Hamiltonian structure on Ay = (kQ)sg,, S2 = {14 bb*, 1+b*b}, which is given
by the B-linear double bracket

{b,08, =0, {o*, 0"}, =0,

(4.4) i 1, §
{{b,b }2:€1®€2+§<b b®€2+€1®bb).

The multiplicative moment map ® = (1 4 bb*)(1 + b*b)~! can be decomposed as
O = (e +b*b)" + (ex + bb*) as above.

Following Crawley—Boevey and Shaw [CBS06, Section 2|, we introduce the isomor-
phism of B-algebras ¢ : Ay — A, given by

(4.5) Yla) =b*, P(a*) = —(1+bb*)"'b.

It is indeed a morphism since

(46) Y(1+a*a) =1 — (1+bb")'0b" = (1 +bb*) ",
V(14 aa*) =1 —b*(1+bb")"'b=(14b"b)",

are both invertible. It is an isomorphism since the map 6 : Ay — A; given by

0(b) = —a*(1 4+ aa*)™, O(b*) =a,

is its inverse. We have, in fact, that ¢ : A; — A, is an isomorphism of quasi-
Hamiltonian algebras. Using (4.6), we easily see that ¢(®,) = ®| and ¢(Py) = 5,
so that we only need to show that ¢ is a morphism of double brackets. By (2.9), this
would follow from the identities

¢®2 {{aa a}}1 = {{b*v b*}}z )
(4.7) v ", '}y = {(e2+ )b, (e2 +007) 0]
U U TR N CE T

The first equality in (4.7) is trivial as both sides vanish. We leave the proof of the
second identity in (4.7) to the reader since it is similar to the third one which we
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check now. Combining (4.3) and the definition of ¢ (4.5), we have that

1 1
w@{mf}ﬁﬂh®ﬁ—*(Q+%w4Mf®ﬁ—§@@WW1+%ﬂqb

5 (
x\—1 1 *\—1 7% 1 * \—1
:(€2+bb) ®€1—|—§(€2+bb) bb ®€1—§€2®b (€2+bb) b.

Since ®’ is a multiplicative moment map, we have from the multiplicative prop-
erty (4.2) for ey that

for. (e + bb*‘)‘l}}; — (@) b7, DL (@) = (@) ({0, 57 ))° ()7
(@4) 1 () @ bren— Dhb* @ eates @ b Ph—exb”™ @ Bh) (D))~

M\»—t[\:)\r—t

== (@b (®y) " + () @),
where (®})7! := ey(P')Leg = (e3 + bb*) ™! and we used that b* € e; Ases. We thus
get

_ {{b*7(€2 +bb*)_1b}}2 _ (@/2)—1 1, by — {{b*, (<I>’2)_1}}'b
= (@) @e 5 (@) B e — e @b (8) ',

which coincides with ¢®* {a,a*},.
4.1.2. First properties

The following result can be proved in the same way as Lemma 3.2.

LEMMA 4.2. — Let ¢ : Ay — Ay be a morphism of double brackets.

(1) Assume that v is surjective as a B-algebra homomorphism.

(a) If Ay is a double quasi-Poisson algebra, then A, is a double quasi-Poisson
algebra.

(b) If Ay is a quasi-Hamiltonian algebra, then A, admits a structure of quasi-
Hamiltonian algebra such that v is a morphism of quasi-Hamiltonian
algebras.

(2) Assume that v is injective as a B-algebra homomorphism.

(a) If Ay is a double quasi-Poisson algebra, then A; is a double quasi-Poisson
algebra.

(b) If As is a quasi-Hamiltonian algebra with multiplicative moment map
@’ such that @' (®')~! € Im(v)), then A; admits a structure of quasi-
Hamiltonian algebra such that v is a morphism of quasi-Hamiltonian
algebras.

(3) All the structures obtained in (1)—(2) are unique.

In analogy with the Hamiltonian case, a morphism of double brackets between
two quasi-Hamiltonian algebras may fail to be a morphism of quasi-Hamiltonian
algebras: we can rescale multiplicative moment maps. In fact, such a rescaling always
exists if the morphism of double brackets is an isomorphism.
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LEMMA 4.3. — Let ¢ : Ay — Ay be an isomorphism of double quasi-Poisson
algebras. If Ay, Ay are quasi-Hamiltonian algebras with multiplicative moment maps
Oy, Oy, then Oy = v )(Py) for some v € B*. In particular, a multiplicative moment
map is unique up to multiplication by an element of B*.

Proof. — Let us decompose ®; € A; with the idempotents as > ,.; ®; s and do
the same for @5 € A,. We first note that, for any As € k, the element @ s — As10(Py )
satisfies the multiplicative property for e (4.2) because for any a € A,,

@2 — A0 (D1,) 0}, = {0l — A0 {@1 v (@) ]

and we can use (4.2) for the two double brackets on the right-hand side since ®;, @,
are multiplicative moment maps. For any A = >, Ase; € B, introduce the element
PN .= &y — \P;. Thus, for any \, k € B, we get

0y for00),
1

=S (00 00— e, 0 1 400 6 e, 0 6 0l)

sel

1
:5 Z (—@g"i) ® @y‘) _|_ @gﬁ)q)g)\) ® €s — €4 ® q)g)\)q)gn) 4 (Pg)\) ® q)gn)) ’
sel

where we used for the first (resp. second) equality that ®) (resp. ®(*) satisfies the
multiplicative property for e (4.2). By decomposing (4.8) in terms of idempotents,
we get that @) @ &M = &N @ &M for all s € I, which by definition of these
elements is equivalent to

(As = ﬁ8>(¢<q)1,s) ® Py s — Py s ® 1/)(@1,3)> =0.

Multiplying on both side with ®, li=e,®5'e,, this is equivalent when \ — k € B>
to
¢277]:3 ((I)l,s) Re;, =65 1?(@1,5)@27}3 € 63A2€s & 65A2€s .
Thus, ® s = vs1)(Py ) for some vy € k*.
For the second part of the statement, it suffices to consider ¢ =idy, : A1 — A4;. O

4.1.3. Sum of double quasi-Poisson algebras

LEmMMA 4.4 ([VdBO08al]). — If Ay and A, are endowed with double quasi-Poisson
brackets, then the double bracket {—,—}% on A, ® Ay defined in §2.2.4 is quasi-
Poisson. If ®;, ®y are multiplicative moment maps in Ay and As, then A; & A, is
quasi-Hamiltonian with (®1, ®3) as multiplicative moment map.

4.2. Double quasi-Poisson brackets and fusion

We assume that the index set I of B is such that |I| > 1. Our aim is to adapt the
results from § 3.2 to the quasi-Hamiltonian setting. The main difficulty that we will
encounter is that the double bracket given by (2.14) obtained by fusion from a double
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quasi-Poisson algebra is not a double quasi-Poisson bracket in general, because the
associated triple bracket does not satisfy (4.1). To overcome this issue, one needs to
add a corrective term to the double bracket after fusion, see Proposition 4.5.

4.2.1. Fusion in an algebra

Recall the fusion algebra A = Aé; ¢, defined in §2.2.1. The following Proposi-

tion was first observed by Van den Bergh under mild assumptions [VdB08a, Theo-
rems 5.3.1, 5.3.2] and is proved in full generalities in [Fai2l, Theorems 2.14, 2.15].

PROPOSITION 4.5. — If A is a double quasi-Poisson algebra over B, then A/ is
a double quasi-Poisson algebra over Bf = @, 1\{2y kes. The double quasi-Poisson

bracket in A’ is given by

(4'9) {{_7_}}f = {_’_}}ind+{{_7_}}fus )

where the first double bracket on the right-hand side is induced in A’ by the one of
A (see (2.14)), and the second double bracket {—, —} ,, is defined in Appendix A.
Furthermore, if ® is a multiplicative moment map for A and ®! denotes the projection
of the element ®, = e ,®e, under the map (2.12) for each s € I, then ®/ =
@{Q)£ + 25 21,2 ®/ is a multiplicative moment map for A’.

For the remainder of this section, if A is a double quasi-Poisson algebra and Ais
an algebra obtained from A by performing a finite number of fusions, we will see A
as a double quasi-Poisson algebra using this last result. More precisely, if we define
A using the following chain of algebras obtained by fusion

AO 5 AW 5 AW 5 A where
4.10 _
W0 Jo 4 A — 4 a® = (A1) fork=1,...,n,
e]-k—>eik

each algebra A%*) in the chain (4.10) is a double quasi-Poisson algebra whose double
quasi-Poisson bracket is obtained from A%*~Y by using Proposition 4.5. If A is a
quasi-Hamiltonian algebra, we see A as a quasi-Hamiltonian algebra using the same
argument.

Example 4.6. — Consider the localised path algebra A = kQg considered in
Example 4.1 with its quasi-Hamiltonian algebra structure. Fusing e; onto ey, we
get a quasi-Hamiltonian algebra structure on A/ which can be identified with the
localised free algebra k(a,a*)s, S = {1 + aa*,1 + a*a}. The double bracket is
determined by
(4.11)

fa,a} = ; (@01-10d), {a.a} = —; (@)Pe1-10@@)?),

1
{{a,a*}}f:eg®el+§(a*a®el+eg®aa*+a*®a—a®a*),

while the multiplicative moment map is ® = (1 + aa*)(1 + a*a)~'. Indeed, to get
the double brackets (4.11) we add to (4.3) the terms given by {—, —},,,, so we
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add (A.3c) to {a,a}, (A.2b) to {a*,a*}, and (A.3b) to {a,a*}. The algebra Af
is the localised path algebra of the double of the one-loop quiver, and the quasi-
Hamiltonian structure obtained by fusion is the one of Van den Bergh [VdB08a,
§ 6.5].

LeEmMA 4.7. — Let (A, {—,—}}) be a double quasi-Poisson algebra over B. Con-
sider the algebra A, = Al obtained by fusing e, onto e; and the algebra

ey — el

Ay, = AS obtained by fusing e, onto ey, which are endowed with a double

er — e

quasi-Poisson bracket by Proposition 4.5.

Assume that there exists an element 5 € ey Aey invertible in ey Aey which satisfies
the multiplicative property (4.2) for e5. Then there exists an isomorphism of double
quasi-Poisson algebras A, — As. If furthermore A is quasi-Hamiltonian, then the
isomorphism Ay — As is an isomorphism of quasi-Hamiltonian algebras.

The last part of this statement was announced in [Fai2l, Proposition 3.8] as a
non-commutative version of [AKSM02, Proposition 5.7].

Proof of Lemma 4.7. We first define an isomorphism ¢ : A; — As. (This is
a morphism over the common base B’ = ke © @, ¢ 1\j1,2) kes, see the remark after
Lemma 3.7.) As in Lemma 2.4, we define 1) on a specialisation of the set of generators
of Ay, i.e. on a suitably chosen subset of the generators given in Lemma 2.2. For
€ =1—e; — ey, 1 is given on generators of first type (2.13a) as

Y(t) =t, if e eAe; P(t) = Doeat, if te€ e Ae
Y(t) = tep®y !, if ¢ € éAey; V(t) = Dgegten®yt, if t € ejdey;
on generators of second type (2.13b) as
Ylepou) = u, if u € eaA8;  P(epu) = uen®yt, if u € eyAey;
on generators of third type (2.13¢c) as
Y(vegr) = v, if v € eAey; W(vey) = Poegiv, if v € egAes;
on generators of fourth type (2.13d) as
Y(epwes) = w, if w € eyAes.

Similarly, we define a morphism 6 : A — A; on a specialisation of the set of
generators of As, which is given on generators of first type (2.13a) as

o) =1, it ¢ eede; (') = et if ' €eyAe;
O(t") =t'ey, if t €€hey; O(t') =ept'en, if t' € eydes;
on generators of second type (2.13b) as
O(enu’) = e19®y eart, if u € e Ae;
Olent) = e1o®yleat'esy, if U € ejAey;
on generators of third type (2.13c) as
O(v'ers) = v'e1aPaeay, if o € edey;

9(1)/(312) = 612'11/612(1)2621, if ’U/ € 621461;
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on generators of fourth type (2.13d) as
0(621’[1)/612) = 612(132_162111]/612(1)2621, if U), S 61A€1.

It is then a straightforward exercise to show that 1) o6 = Id4, and 8 oy = Idy,. For
example, if w’ € e Aeq,

o b (eqw'ers) = <612<I>2_1@21) (W' )i (e15Poe01)
= o, (‘13262170’612@51) Dy =e9w'e19.

We easily see that in the quasi-Hamiltonian case we get ¢¥(Pre12Pqe01) = Paea; Preqo,
so the only property that remains to be shown is that ¢ : Ay — Ay is a morphism
of double quasi-Poisson algebras.

We note from Proposition 4.5 that the double quasi-Poisson bracket on A; is
given by
(4'12) {{_’_}}1 = {{_7_}?n31+{{_’_}}§1:;1 )
where {—, =327 is induced by the double bracket {—, —} in A, using (2.14), while

ind

{-, _}}?12 ! is the double bracket defined in Appendix A for i = 1, j = 2: the double

quasi-Poisson bracket on A, is given by
(4.13) e e R T e
where {—, =} % is induced by the double bracket {—, —} in A, using (2.14), while

ind
{-, —}}};;2 is the double bracket defined in Appendix A for i = 2,7 = 1. Hence, we
need to check that
(4.14) (Y @) {e,d}y = (), v(d)},

on each pair (c¢,d) of specialisations of generators of A; described above. There
are 9 such specialisations, so making use of the cyclic antisymmetry we need to
check (4.14) in 45 cases. Let us explain how to carry out the computations in
one case; the remaining cases are treated in a similar way, and the corresponding
double brackets that must be computed are gathered in Appendix B for the reader’s
convenience.

Consider ¢ = a, d = b, where a,b € e; Ae. We have that ¢, d are generators of first
type (2.13a) in Ay, so that {c, d}}fcu_;l =0 by (A.la) (for i =1, j = 2). Also, we have
by (2.14) that

{c, d}}?nzl =e;*xe; fa,b}éexe={a, b},
since {a,b} = e; {a,b} € and the same holds for {a,b}”. Hence, by definition

of (4.12) we can simply write the left-hand side of (4.14) as ¢®? {a,b}}. Meanwhile,
we have that ¥(c) = ®ges1a and Y(d) = Poeqrb. Therefore, we get

{(e), w(d)]}};f =+ {Pq, ‘132}}}722 eab * eg1a + @o * {eaa, @2}}}122 ea1b

<4'15) 1—2 1—2
—+ (IDQ {{(I)Q, eglb}fus * €914 + (I)Q * (I)Q {{621@, 621b}}f’us s

using the derivation rules of the double bracket {—, —}}u_; ?. We now use the explicit

form of this double bracket given in Appendix A (for ¢ = 2,5 = 1). To do so, note
that in As, @5 is a generator of first type (2.13a) while esja, e2;b are generators of
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second type (2.13b). Hence the double bracket appearing in the first term of (4.15)
is given by (A.la), the one in the second term by (A.2a), the one in the third term
by (A.1b), and the one in the fourth term by (A.2b). Therefore,

(00 BN = + 5B % (00 ® B, — Dreia ® e3) end

1
(416) —+ 5(132 (62 (059 @26211) — q)g &® 621b> * €210
1
+ §<D2 * CI)Q (62 X 621@621[) — €21b€21& X 62) .

Noting that aes = 0 = beq, we get that the last two terms of (4.16) vanish, and since
the second and third terms cancel out this yields

(417) {{1/1(6) ( )}}};:2 = (621a X (I) 621b — (I) 2€210 X €21b)
Finally, we compute that

fo(0), () Ying* =+ (o, P}y e1b # €10+ Py 5 fenna, B} 5 @215
+ CI)Q {CI)Q, eglb}}md * €910 + (I)Q * (I)Q {{6210, eglb}

(418) znd
= 4 {{(I)Q, @2} €21b * €910 + @2621 * {{Cl, @2} 621[9
+ Doepr { o, b} * €210 + Poeay * Poeay fa, b}
where we have used the derivation rules of the double bracket {—, —}37132 for the

first equality, and its definition (2.14) using {—, —}} for the second equality. By
assumption, ®, satisfies the multiplicative property (4.2) for e; in A, hence we can
compute the double brackets in the first three terms of (4.18). We get that (since
eaa = 0 = aey and the same holds for b, {a, P2} = 0 = {2, b} in this case)

(4.19)  f(e), v(d)}.

/\

= ; <<I> €210 ® €91b — €910 ® (IDQeglb) + ®oeq1 fa, b} @ Poeoy fa, b} .
Combining (4.17) and (4.19), we get that
(4.20) fv(o). v(d)}, = Prenn {a, b} ® Poear fa, b} = %% {a, 0} ,
by definition of 1, so this is precisely ¥** {c, d},. O

4.2.2. Fusion of several idempotents

LEMMA 4.8. — Let A be a double quasi-Poisson algebra over B, and let e, eo, e3 €
B be orthogonal idempotents. Let Ay := (A, _, )], . (resp. Ay := (AL )L ...)
be the algebra obtained by fusing es onto e, then ey onto e; (resp. ey onto ey,
then es onto ey). Then the identity map on A induces an isomorphism of double
quasi-Poisson algebras 1 : Ay — Ay over B' = @, ¢\ (2,31 kes. If furthermore A is

quasi-Hamiltonian, then 1 is an isomorphism of quasi-Hamiltonian algebras.
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Proof. — The map v : A1 — A, induced by the identity is explicitly spelled out
in the proof of Lemma 3.8. In particular, if {—, —} k.ina denotes the double bracket
from A induced in Ay, k = 1,2, the above-mentioned proof also implies that

(121) QD) Yy g = @ O ) fe,d}, g forall cd € Ay

By construction A; and A, are obtained by the following composition of fusions

(4.22) P/l ST i Pl (TR =i L

e3 — ez €3 — el

Thus, using Proposition 4.5 twice, the double quasi-Poisson bracket on A; is given by
32 251
(423) {{_ _}}1 = {_’ _}}17ind + {{_7 _}}1,?us + {_7 _}}1,?115 :

Here, {—, }}3%2 denotes the double bracket from Appendix A which is added after

the fus1on es — e to get a double quasi-Poisson bracket on A/, . and is then
induced in Ay; {—, —}}f?uls denotes the double bracket from Appendix A which is
added after the fusion es — e; to get a double quasi-Poisson bracket on A;. In the

same way, the double quasi-Poisson bracket on A, is given by

(424> {{_7 _}2 = {{_7 _}}Q,ind + {{_7 _}}3,7135 + {{_7 _}g,_]:uls ’
where the double brackets are defined in analogy to the case of A;. In particular, we

get from (4.21) that the map ¢ : A; — A, is an isomorphism of double quasi-Poisson
algebras provided that for all ¢,d € Ay,

(4.25)  f(c), v(d) 5 oy + £0(0), V(DB Ju
=@ @) fe,d}; 72+ W @v) fe,d} ., -

This is proved in Appendix C. If A is quasi-Hamiltonian with multiplicative moment
map ¢ = >, &, where &, = e,P,e,, then using Proposition 4.5 the multiplicative
moment map transforms under the morphisms (4.22) as

ZCD = ea®Poeo3P3esn + Z Qs > e1Pre12Prea3Paesaear + Z o, € Ay,

s#2,3 s#1,2,3
Z D, > e1PreaPoes + Z D, > e1DPre19Poes1e13P3e31 + Z b, € A,y
s#1,2 s#1,2,3

We can see that ¢ sends the multiplicative moment map of A; to the one of A,. [

LEMMA 4.9. — Let A be a double Poisson algebra over B, and let ey, e5,e3,e4 € B
be orthogonal idempotents. Let Ay := (Af _.){ . (resp Ay = (AL L ) S .)

be the algebra obtained by fusing e4 onto es, then ey onto e; (resp. ey onto ey,
then ey onto e3). Then the identity map on A induces an isomorphism of double
quasi-Poisson algebras ¢ : Ay — Ay over B’ = @, ¢ (2,43 kes. If furthermore A is
quasi-Hamiltonian, then v is an isomorphism of quasi-Hamiltonian algebras.

Proof. — As in Lemma 3.9, we note that we can write generators of A; and A, in
the form
(4.26) eaafy, for a€ A, e, €{l—es—eae12,€3},
' Ja€{l —es —eg,€01, €43} .
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Let us prove that the morphism ¢ : A; — A, that we seek is simply the identity
when written in terms of these elements. Using Proposition 4.5 twice, the double
quasi-Poisson bracket on A; is given by

(4'27) {_7 _}}1 = {{_’ _}}Lind + {_7 _}}éllj”is + {_7 _}}?;is :

Here, {—, =}, ;4 denotes the double bracket from A induced in A;; {—, —}}i}’fs
denotes the double bracket from Appendix A which is added after the fusion e; —

e3 to get a double quasi-Poisson bracket on A/ _ .. and is then induced in Aj;

{-, —}??uls denotes the double bracket from Appendix A which is added after the
fusion es — €1 to get a double quasi-Poisson bracket on A;. In the same way, we can
write

(428) {_7 _}2 = {_7 _}27ind + {_7 _}37?11,15 + {{—? _}}37?53 .
By Lemma 3.9, we directly have that
(4.29) {v(e), v D}y g = W @) {c,d}) 40, forall cde A,

and we note that if we can show for all ¢,d € A,

{w(0). (@ i = ®¥) {e. d}i 7, and

{00, v} fu =0 @) e d} e

then ¢ : A; — A, will be a morphism of double quasi-Poisson algebras. It suffices
to prove one of the two equalities in (4.30) since the other follows by symmetry.
Checking that such an equality holds is easy on generators of the form (4.26). For

example, if we take ¢ = egsaé and d = ejabeyz where € = 1 — eg — e4, we have in Ay
that

fe. d} 7., = {(esaa)  erz (beas) }7 7,
1 1
= 5 (61 X (634&) €12 (b643) — €1 (634&) X €12 (b€43) ) = 5 €1 X Cd,

after using (A.1b) since ezqaé € A; is a generator of first type, while e15(beys) € Ay
is a generator of second type. Meanwhile, we have in A, that

{(0), W(d) 3 7L = s+ fa,e1b}a 1 eas

1 1
= 5634 * (€1 @ aepeb — e1a @ eq9b) €43 = B e1 @ P(c)y(d),

(4.30)

where we used that the double bracket {—, —}gjuls is induced in Ay from the double

bracket in (Ae, ¢, )’ given in Appendix A with j =2, i = 1.
If A is quasi-Hamiltonian, the multiplicative moment map in A; and A, can be
written as
O = PrepPoenr + PyezsPyeys + Z o, ,
s#1,2,3,4
so 1 is obviously a morphism of quasi-Hamiltonian algebras. 0

We can now derive the quasi-Poisson version of Theorem 3.10 by reproducing its
proof with Lemmas 3.7, 3.8 and 3.9 replaced by Lemmas 4.7, 4.8 and 4.9 respec-
tively. We use the notion of fusion algebra respecting a partition defined before
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Theorem 3.10. Such an algebra inherits a double quasi-Poisson bracket by repeated
use of Proposition 4.5.

THEOREM 4.10. — Let A be a double quasi-Poisson algebra over B = @, ¢ r ke;.
Assume that A, Ay are fusion algebras respecting a partition I = U;¢ j1;.

Let J' = {j € J | |I;| > 1}, and assume that for each j' € J and k € I; there
exists @y, € e Aey, invertible in e, Aey, which satisfies the multiplicative property (4.2)
for ej. Then, there is a double quasi-Poisson algebra isomorphism v : A; — As.
If furthermore A is quasi-Hamiltonian, then the morphism ¢ : Ay — A, is an
isomorphism of quasi-Hamiltonian algebras.

In the statement, the set J' corresponds to the idempotents in B C A which
are involved in the fusions defining A; and Ay. The extra assumption requiring the
existence of ®;, k € J', is then sufficient to use Lemma 4.7. In particular, given
specific A; and As, it is possible to construct the isomorphism with the existence of
such elements ®; in a proper subset of .J’, which can be empty as is easily seen from
the case of Lemma 4.8.

4.2.3. Fusion of morphisms

LEMMA 4.11. — Let v : Ay — Ay be a morphism of double quasi-Poisson algebras
over B. Let A] = (A)! ... Al = (A2)!. .., be the fusion algebras with double

brackets obtained by fusion of e; onto e;. Then 1) induces a morphism of double quasi-
Poisson algebras 17 : A{ — Ag . If furthermore v is a morphism of quasi-Hamiltonian
algebras, then so is 1.

Proof. — By Proposition 4.5, the algebra A£ with £ = 1,2 has a double quasi-
Poisson bracket given by

(43]‘) {{_’_}}IJ: = {_’_}}k,ind+{{_7_}}k,fus :
We claim that the map ¢f : Al — AJ obtained from v by (2.15) is the morphism
that we seek. By Lemma 2.5, we have that

(¢ @ v ) fe.dby na = (¥ (0,07 (@)

-, forall c,dGA{.
2,in
Moreover, 1)/ preserves the type of generators in A{ , Ag as defined in Lemma 2.2, and

the double brackets {—, —}, ;,, are defined in terms of these types of generators.
Therefore

(¢ @v!) fe,dby s = {¢/(0), 07 (d) f

, for all c,dEA{.
2, fus
Thus ¥/ : A{ — Ag is a morphism of double quasi-Poisson algebras.

In the quasi-Hamiltonian case, we can check that ¢/ maps the multiplicative
moment map of A{ to that of A§ . Hence, it is a morphism of quasi-Hamiltonian
algebras. O

ANNALES HENRI LEBESGUE



Morphisms of double (quasi-)Poisson algebras and action-angle duality 207

4.3. Application: Van den Bergh’s quasi-Hamiltonian structure for
quivers

We can endow specific localisations of the path algebras of quivers with a quasi-
Hamiltonian algebra structure defined by Van den Bergh [VdB08a, § 6.7]. The
double bracket was explicitly spelled out first in [CF17, Proposition 2.6], then in full
generalities in [Fai2l, Theorem 3.3]. To define this structure, we fix a quiver ), and
consider the path algebra of its double k(@ following the conventions given in §2.2.2.
We consider the algebra Ag obtained by universal localisation of kQ from the set
S = {1+ aa* | a € Q}. This localisation can be understood as adding local inverses
€t(a) + aa* € et(a)AQet(a).

For each vertex s € I, consider a total ordering <, on the set T, = {a € Q | t(a)
= s}. This induces an ordering function at the vertex s

0s(—, =) :Q x Q — {—1,0,1},

which is defined on arrows a,b € Q by o4(a,b) = +1if a <, b, 05(a,b) = —1if b <, a,
while it is zero otherwise, i.e. if a = b € T, if a ¢ T, or if b ¢ T. The algebra Ag
has a double quasi-Poisson bracket defined by

1 _
(4.32a) {a,a} = 501@) (a,a”) (a2 ® €t(a) — €n(a) @ a2) : fora e @,

{{a, a } = €n(a) @ €ta) + 5& a @ eyq) + §6h(a) ® aa
1
(4.32b) + 50 (a,a") (a*®@a—a®a"), fora € @,

and for b, c € Q such that ¢ # b, b*

fb.ch = — Loy(b.0) (b ) — Lony (") (c® D)

(4.33) 2 !
+ §0t(b) (b, C*) ch® et(b) + §Oh(b) (b*, C) Enb) & be.

Moreover, Ag is quasi-Hamiltonian for the multiplicative moment map

-
(4.34) o=, & = [] (es+aa*) .
sel a€Ts

THEOREM 4.12. — The quasi-Hamiltonian algebra (Ag,{—,—},®) only de-
pends on () seen as an undirected graph, up to isomorphism.

Proof. — We first prove that the structure is independent of the direction of the
arrow in a one-arrow quiver. If @) is the quiver 1 — 2, the quasi-Hamiltonian algebra
structure on Ay defined above is nothing else than the structure defined on A,
in Example 4.1. The same is true for the opposite quiver: the quasi-Hamiltonian
structure on Agor for Q° given by 2 — 1 is the structure on A, given in Example 4.1.
In that same example, it was proved that there exists an isomorphism v : A; — A,
of quasi-Hamiltonian algebras, thus the structures on Ag and Age» are isomorphic,
as claimed.
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Consider now an arbitrary quiver ). As in the proof of Theorem 3.12, we note
that @ can be obtained by identifying vertices in the double Q*® of the separated
quiver Q*. The algebra Agser is quasi-Hamiltonian by combining Lemma 4.4 and
the case of a one-arrow quiver described at the beginning of this proof. In particular,
the double quasi-Poisson bracket is given by

1
(4.35) £b,0"} = ey, ® ey, + 5 (bb* @ ey, + €y, @b*D)

for all b € Q*P and it is zero on every other pair of generators. The multiplicative
moment map is defined as

o= > @,,9, =e,+bb* ifbeQ?,
(4.36) beQeer
or &, = (e, +0b")"" ifbe QP \ Q.

Fusing idempotents in Agse» according to the identification of vertices from Q**
to @ gives us Ag. It is proved in [Fai2l, Theorem 3.3] that the quasi-Hamiltonian
algebra structure obtained on Ag by fusion using Proposition 4.5 is precisely the
one given above. In particular, it does not depend on the order in which we fuse the
idempotents by Theorem 4.10.

It remains to see that this structure is independent of the directions of the arrows
in @), up to isomorphism. This follows from Lemma 4.11 and the isomorphism that
exists for a one-arrow quiver which was given at the beginning of the proof. U

Remark 4.13. — 1In [Fai2l, § 3.2], modifications of the algebra Ag and its quasi-
Hamiltonian algebra structure were considered. Namely, fixing a choice of coefficients
7. €k, a € Q, satisfying v, = 7,+, introduce the algebra Ag ., obtained by universal
localisation of k@ from the set S, = {1 + (v, — 1)esq) + aa* | @ € Q}. The double
quasi-Poisson bracket is given by (4.32a), (4.33), while we consider (4.32b) with its
first term multiplied by 7,. The multiplicative moment map ® = >, .; ®; is such
that

—

o, = H (Va€s + aa*)e(a) )

CLGT@

The proof of Theorem 4.12 can then be adapted to Ag . If 7, # 0 for all a € Q, we
have furthermore an isomorphism of double quasi-Poisson algebras ¢ : Ag — Ag
given on generators by

(4.37) Y(a) =~ 'a, () =a*, foral a€Q.

Since ¥ ((eq(a) + aa*)@) = 774D (yeq0) + aa*)4@ for all a € Q due to the condition
Yo = Yar, ¥ is in fact an isomorphism of quasi-Hamiltonian algebras if a is a loop
whenever v, # 1.
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5. Hy-Poisson structures
5.1. Definition and general results

Let A be a k-algebra. Let [A, A] be the vector space spanned by commutators in
A, from which we can define Hy(A) := A/[A, A], the zeroth Hochschild homology
of A. Denote by a — a the map which sends an element of A to its image in
A/[A, A]. Remark that any derivation 0 € Der(A) induces a linear map on Hy(A)
since J([a,b]) € [A, A] for any a,b € A. Following Crawley—Boevey [CB11], we say
that a k-bilinear map (—, —) : Ho(A) x Ho(A) — Hy(A) is a Hy-Poisson structure
on A if it is a Lie bracket, i.e.

(5.1) (a,b) = —(b,a), (a(be))+ (b (ca))+(c(ab))=0,
and each linear map (a, —) : Ho(A) — Hy(A) is induced by a derivation 9, € Der(A).
We will write (A, (—, —)) when we want to emphasise the Hy-Poisson structure on A.

In the relative setting where A is a B-algebra (following the convention of Section 2),
we require that the map (e, —) is induced by the trivial derivation 9, = 04 for each
e € B. In that case, we say that the Hy-Poisson structure (—, —) is B-linear.

Let (A, (—,—)1) and (A, (—, —)2) be two B-algebras with Hy-Poisson structures.
Note that if ¢ : A} — Ay is a morphism of B-algebras, then ¢([a,b]) = [¢(a), #(D)]
for any a,b € A so ¢ induces a morphism ¢ : Hy(A;) — Hy(Ay). We say that
¢ : Ay — Ay is a Hy-Poisson morphism if it is a morphism of B-algebras such that
the induced map ¢ : Hy(A1) — Hy(As) is a morphism of Lie algebras, i.e. for any
a,b e Hy(Ar),

(5.2) (6(a), () = 6 ((a,b)) -

We say that it is an Hy-Poisson isomorphism if it is an isomorphism of B-algebras
(hence ¢ is an isomorphism of Lie algebras).
Let A be a B-algebra with double bracket {—, —}. Consider the bilinear map

(5.3) {—,—}t=mof{—,-} : AxA— A,

obtained by composing the double bracket with the multiplication m of A. It inherits
the B-linearity of {—, —}} in the following form: for any e € B, {e,—} and {—, e}
are identically zero. Then, as noticed in [VdB08a, Lemma 2.4.1], we have that the
operation (5.3) induces well-defined maps

(54)  {— =)} :Hy(A)x A— A, {—,—}:Hy(A) x Hy(A) — Hy(A).

The first operation is such that for any a € Hy(A) we have {a, —} € Der(A), while
the second operation is antisymmetric. By construction, this second linear map is
given by

(5.5) {a,b} = {a,b} = {a, b},

for any a,b € Hy(A) and lifts a,b € A. We have a B-linear Hy-Poisson structure on
A provided that the operation {—, —} on Hy(A) satisfies Jacobi identity.
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LEMMA 5.1 ([VdB08a, Lemma 2.6.2]). — Let A be a B-algebra with double

bracket {—,—}, and write {—,—,—}3 = m o {—,—, =} for the map obtained
by composing the triple bracket {—,—, —} given by (2.6) with the multiplication
m : A*® — A. Then the induced map {—,—} : Ho(A) x Hy(A) — Hy(A) is a
Hy-Poisson structure if {—, —, —}3 vanishes identically.

In particular, we get a Hy-Poisson structure if {—, —}} is a double (quasi-)Poisson
bracket.

Proof. — From [VdB08a, Corollary 2.4.4], we have the following identity in A

(5.6) {a,{b,c}} —{b,{a,c}} — {{a,b},c} = {a,b,c}3 — {b,a,c}s.
Hence if the right-hand side vanishes, this equality induced in Hy(A) is just Jacobi
identity.

The second part of the statement is obvious for a double Poisson bracket, since
{—,—,—} = 0 identically. For a double quasi-Poisson bracket, {—, — —}3 = 0
because applying the multiplication map to (4.1) gives zero. 0

5.1.1. Structures induced by Hamiltonian algebras

We assume that (A, {—, —}, p) is a Hamiltonian algebra over B = @, ¢ ; ke,. Fix
(As) € kf or equivalently \ := ¥, ., A\.e; € B, and note that by definition of the
moment map, (3.1) implies that for any a € A

{{a,u—)\}}:Z(esa@)es—eS@aes) )
In particular, {a, p — A} = 0 after multiplication. This yields that, if (z — A) denotes
the vector subspace of Hy(A) spanned by the image of the ideal (1 — A) under
the map A — A/[A, A], we have {a,(x—\)} € (u—A) for any a € Hy(A). In
particular, the Hy-Poisson structure descends from Hy(A) to a Lie bracket {—, —}*

on Hy(A)* := Hy(A)/(pn — \) given by
(5.7) {a+ =00+ -V} = ({a,b) + [A,A)+{u—A), foranyabe A.
Set A = A/(n — )), and remark that we can identify Hy(A)» with Hp(AY)
= A*/[A*, AY]. Under this identification, the Lie bracket {—, —}* is given by
{a+(u—>\),l_)+ (,u—)\)}A ={a, b} +(p—N).

(Here, the bar in the right-hand side denotes the map A* — Hy(A*).) We get that
A* is endowed with a Hy-Poisson structure since the linear map {a+ (u — \), —} on
Hy(A*) is induced by 9, € Der(A*) given by

Oa(b+ (1= A)) = {a, b} + (= A),

for any lifts a,b € A. Note that the induced linear map on Hy(A") is independent of
the lift, though 0y, 9ut - € Der(A*Y) are not the same in general. Indeed {u—\, b} =
> s(bes — esb) may be nonzero, but it vanishes modulo commutators. Combining this
discussion with Lemma 5.1, we have obtained the following result.
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PROPOSITION 5.2 ([VdB08a, Proposition 2.6.5]). — Let (A,{—,—},u) be a
Hamiltonian algebra. Then for any A\ € B, the Hy-Poisson structure {—,—} on
A descends to a Hy-Poisson structure {—, —}* on A*.

PROPOSITION 5.3. — Let ¢ : (A1, {—,—},) — (A2, {—, —},) be a morphism of
double Poisson algebras. Then ¢ : (Ay,{—,—}1) — (A2,{—,—}2) is a Hy-Poisson
morphism.

If ¢ is a morphism of Hamiltonian algebras, then for any A € B, ¢ induces a
Hy-Poisson morphism ¢* : (A1/(u1 — ), {—, = }1) = (Aa/ (2 — N), {—, —1}3).

Proof. — In the first case, we just have to show that ¢ is a morphism of Lie
algebras. For any a,b € Ay, (2.9) yields ¢({a,b}1) = {#(a), ¢(b)}2. Hence, we get
from (5.5) that for any a,b € Hy(A;) with arbitrary lifts a,b € A,

{6(@),60)}, = {6(a), 6(0)}, = {6(a), 6(0)}>
= 6({a,bh) = 6 ({a,0}1) = ¢ ({a,bh) .

In the second case, note that ¢((111 — A)) C (2 — A) so ¢ induces a morphism

¢* : A} — A3 hence a morphism ¢* : Hy(A}) — Ho(A3) where A} = A/(u; — A). In
the same way, since ¢((p1 — A)) C (p2 — A), we have that ¢ induces a map

6" Ho (A}) ~ Ho(A1) /(1 — A) — Ho(As) /(2 — N) = Ho (43)

which coincides with the map ¢* induced by ¢*. We can thus use (5.7) to conclude.
O

Example 5.4. — Consider the Hamiltonian algebra structure on the path algebra
of a double quiver Q given in §3.3. By Lemma 5.1, we get a Hy-Poisson structure on
kQ, and its associated Lie bracket on Hy(kQ) is the necklace Lie bracket [BLB02,
Gin01]. By Proposition 5.2, the double bracket on k@ descends to a Hy-Poisson
structure on ITNQ) = kQ/(1 — ) [CB11, VdB08a]. The algebra IT*(Q) is called
a deformed preprojective algebra [CBH98, Section 2|. It was proved by Crawley—
Boevey and Holland in [CBH98, Lemma 2.2] that deformed preprojective algebras
are independent of the orientation chosen on (). Using Theorem 3.12, we obtain that
the Hy-Poisson structure hence defined is independent of the orientation chosen on
(2 up to isomorphism, and we can easily check that these isomorphisms are realised
by the maps considered by Crawley-Boevey and Holland.

5.1.2. Structures induced by quasi-Hamiltonian algebras

We assume that (A, {—, —} , ®) is a quasi-Hamiltonian algebra over B = @, ; kes.
Fix (c,) € (k*)! or equivalently ¢ := >, ce, € B*. By definition of the multi-
plicative moment map, for any a € A we have

1
{{a,@—c}}:—iz(<I>s®aes—<I>sa®es+es®a<l>s—esa®®s),

sel

so that {a,® — ¢} = 0 after multiplication. We can thus adapt the discussion
from §5.1.1 to the quasi-Hamiltonian setting with A° = A/(® — ¢) and get the
following results.
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PRrROPOSITION 5.5 ([VdBO08a, Proposition 5.1.5]). — Let (A, {—,—},®) be a
quasi-Hamiltonian algebra. Then for any ¢ € B*, the Hy-Poisson structure {—, —}
on A descends to a Hy-Poisson structure {—, —}¢ on A°.

PROPOSITION 5.6. — Let ¢ : (A1, {—,—},) = (A2, {—,—},) be a morphism
of double quasi-Poisson algebras. Then ¢ : (A1, {—, —}) — (A2, {—, —}2) is a Hp-
Poisson morphism.

If ¢ is a morphism of quasi-Hamiltonian algebras, then for any ¢ € B>, ¢ induces
a Hy-Poisson morphism ¢° : (A1/(®1 —¢), {—, —}]) = (As/(P2 — ¢),{—, —}5).

Example 5.7. — Consider the quasi-Hamiltonian algebra structure on the local-
isation Ag of the path algebra of a double quiver @ given in §4.3, which depends
on an ordering of the arrows. The algebra A°(Q) := Ag/(® — ¢) is called a mul-
tiplicative preprojective algebra [CBS06]. As noticed by Van den Bergh [VdBO08a,
Proposition 6.8.1], the double bracket on Ag descends to a Hy-Poisson structure on
A°(Q), see Proposition 5.5. It was proved by Crawley—Boevey and Shaw [CBH98,
Theorem 1.4] that multiplicative preprojective algebras are independent of the ori-
entation chosen on (), and of the ordering of the arrows. Using Theorem 4.12, we
obtain that the Hy-Poisson structure on a multiplicative preprojective algebra is in-
dependent of the orientation and the ordering of the arrows up to isomorphism, and
we can check that such isomorphisms are precisely realised by the maps considered
by Crawley—Boevey and Shaw.

5.1.3. Relation to the affine moduli space of representations

We assume that the base field k is an algebraically closed field of characteristic
zero. Consider an algebra A over B = @, ; kes. We denote the affine representation
space (relative to B) of A with dimension vector a € NI by Rep(A, o). Explicitly,
Rep(A, o) parametrises representations p of A on kv, N = ¥, ay, such that the

idempotent matrix p(e;) is given by diag(0a,, - -+, Oa, ;s Iday, Oayyys -+ -5 gy ) after
identification of I with {1, ..., |I|}. In other words, under the decomposition

(5.8) KV =k k2@ ... ki,

p(es) projects an element (vq, ..., v)y) onto (0, ..., 0,v,,0, ..., 0), where for all

r € I we have v, € k.

There is a natural action of GL,, := [], GL,, (k) by change of basis with respect
to the decomposition (5.8). For any a € A, we denote by X'(a) the function on
Rep(A, a) which returns the matrix representing a at each point, i.e. X(a)(p) = p(a).
Following [CB11, VdB08a|, we note that the map

(5.9) tr: A—k[Rep(4, )], tr(a)= > X(a)y,

1<i<N

has its image which generates k[Rep(A, a)]%Le. Furthermore, given a € Hy(A) and
two lifts a1, a2 € A, we note that tr(a;) = tr(ay) since the trace vanishes on commu-
tators of matrices.
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THEOREM 5.8 ([CB11, Theorem 4.5]). — Let (—,—) be a Hy-Poisson structure
on A. Then, for any dimension vector «, there is a unique Poisson bracket {—, —}
on O[Rep(A, a)]Y such that for any a,b € A

(5.10) (tr(a), tr(b)} = tr <<a, B>’) ,

where (a,b)! € A is an arbitrary lift of (a,b) € Hy(A).

PROPOSITION 5.9. — If ¢ : (A, (—, —)1) = (As, (=, —)2) is a Hy-Poisson mor-
phism, then the morphism ¢, : O[Rep(Ay, a)]% — O[Rep(Asz, )]t uniquely
defined by ¢, (tr(a)) = tr(¢(a)) for any a € Ay, is a Poisson morphism.

Proof. — Denote by {—, —}x the Poisson bracket on O[Rep(Ay, a)]%" induced by
Theorem 5.8 for k = 1,2. Then, on generators tr(a), tr(b) of O[Rep(A;, )]t we
have that

(5.11a)  {da(tr(a)), galtr(h)}, = { tr(d(a)), tr(6(b)) },

=t ({6, 60)) = tr ({9(@). 61},
(5.11b) Ga({tr(a), tr(®)}1) = ba( 2 (<a b>l1> ) =tr (¢ <<a b>ll) )

= ((6(ab),)).

For (5.11a), we used the definition of ¢, in the first equality, the definition (5.10) of
the Poisson bracket in the second, the fact that ¢ : Hy(A;) — Hy(Asy) is induced by
¢ in the third; we used these results similarly in (5.11b). As the final terms in (5.11a)
and (5.11b) are equal due to (5.2) since ¢ is a Hy-Poisson morphism, we get that ¢,
is a Poisson morphism. If ¢ is an isomorphism with inverse ¢~ : Ay — A, then the
inverse of ¢, is given by tr(a) — tr(¢~'(a)) for any a € A,. O

5.2. Some applications

We have obtained in § 5.1 that morphisms of double (quasi-)Poisson algebras induce
morphisms of quotients of these algebras obtained by fixing the (multiplicative)
moment maps to a linear combination of idempotents. In particular, the induced
morphisms define morphisms of coordinate rings of moduli spaces of representations.
We investigate these constructions in the rest of this section. We will study several
basic examples and their relation to the first Weyl algebra and quantum tori, as well
as the morphisms that they induce on (g-)Calogero-Moser spaces which will appear
in Section 6.

In this subsection, all algebras are B-algebras for the convention of Section 2. In
that case, a B-linear morphism is a morphism satisfying ¢(e) = e for all e € B.
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5.2.1. Using Hamiltonian algebras

Given a Hamiltonian algebra (A, {—, —}, n) over B, let us denote by Aut(A) :=
Autg(A) its group of B-linear automorphisms, and HAut(A) the subgroup of auto-
morphisms which are morphisms of Hamiltonian algebras. Following [BP11], let us
also introduce Aut(A; p) as the subgroup of automorphisms of A preserving p. It is
clear that we have the inclusions

(5.12) HAut(A) C Aut(A; ) C Aut(A).

Remark 5.10. — The inclusions in (5.12) are not necessarily equalities. Consider
A =k(z,y, z) with double Poisson bracket given on generators by

foyh =101 {z}=201-1®2 {z2}=0={y.2},
and moment map p = [x,y] + z. Consider the automorphisms ¢, 1 : A — A defined
on generators by
1 1
o(z) =gz, oY) =y, o(z) =2+ glryl, D) =—w, D) =y, ¥(z) =2

Then ¢ preserves p but it is not a morphism of double brackets, while ¢/ does not
preserve fi.

The first inclusion from (5.12) descends to an inclusion HAut(A) C Aut(A4; )
in the quotient A* = A/(u — \) for any A € B. Moreover, the automorphisms in

HAut(A) preserve the induced Hy-Poisson structure by Proposition 5.3.

Example 5.11. — Consider the Jordan quiver (), consisting of the vertex set
I = {0} and a single arrow which is a loop a : 0 — 0. Its double @, contains an
additional arrow a* : 0 — 0. The path algebra of @, has a Hamiltonian algebra
structure constructed in §3.3. Under a — z,a* — y we can induce the Hamiltonian
algebra structure on the free algebra Fy = k(x,y) by taking the double Poisson
bracket

(5.13) fouh =101, {o,2} =0={y v},

with the moment map p = [z, y]. Meanwhile, we can start with the opposite quiver
Q% given by b : 0 — 0, and the isomorphism b — x,b* — y induces the same
Hamiltonian algebra structure on Fy ~ kQ%. By Theorem 3.12, we have isomorphic
Hamiltonian algebras if we start with (), or Q%, and the isomorphism can be
computed from Example 3.1 to be

(5.14) Y kQo = kQP,  (a) =", ¢(a) = ~b.
Under the identifications with Fs, ¢ induces an isomorphism of Hamiltonian algebras
given by

(5.15) F:Fy—=Fy, Flx)=y, Fly) = —=x.

The automorphism F satisfies F* = id and is sometimes called the formal Fourier
transform. We can also easily check that for all v € k and £ > 0 the automorphism

(5.16) Ok Fo > Fo, o (2)=2+9" éi,y) =y,
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defines an isomorphism of Hamiltonian algebras as it preserves (5.13) and the moment
map. Hence, we also get the isomorphism of Hamiltonian algebras

(5.17)  ¢p,=F ooy yoF :Fya=Fy, ¢ (v)=w, ¢ (y)=y+yz".

Imposing the relation g = 1, the automorphisms (5.16) and (5.17) descend to
automorphisms of the first Weyl algebra A = k(x,y)/(xy — yz — 1).

It is a result of Dixmier [Dix68, Théoreme 8.10] that the images in A; of the
automorphisms (5.16) and (5.17) generate the whole group of automorphisms.

COROLLARY 5.12. — Let Fy be the free algebra on two generators and Ay be the
first Weyl algebra. Then HAut(Fy) surjects onto Aut(A,).

Remark 5.13. — Using Proposition 5.3, any automorphism of the first Weyl
algebra preserves the Hy-Poisson structure induced by (5.13). However, this result
is not interesting as Hy(A;) is trivial. If we set instead the moment map p to 0 in
Example 5.11, we get that the Hy-Poisson structure induced by (5.13) on k[z, y| is
the canonical Poisson bracket defined by {z,y} =1 and {z,2} =0 = {y, y}.

Let us now assume that k is of characteristic zero and algebraically closed. The
elements of Hy(A*) induce generators of representation spaces using the trace map
as in §5.1.3, and we can obtain the following diagram for any dimension vector
a e N

HAut(A) —— Aut(A; p)

J |

HAut(A) —— Aut(A; u) —— Aut(AY)

l |

HAut(A), — Aut(4; p), —— Aut(AY)

Aut(A)

where A} = O[Rep(4*, a)]“t denotes the coordinate ring of X' (1)1 (A\1d,)// GL4
for Ald, = (As1da,)s. The automorphisms in HAut(A), are Poisson by Proposi-
tion 5.9.

For a quiver @, consider the Hamiltonian algebra structure on kQ given in §3.3.
We get that HAut(kQ) induces Poisson automorphisms on the corresponding quiver
varieties by the above argument. It is an interesting question to understand what
are the properties of these morphisms.

Example 5.14. — We work over k = C. Consider the quiver (); formed by the
vertices I = {0,000} and arrows z : 0 — 0, v = 0 — oco. The Hamiltonian automor-
phisms on C(z,y) from Example 5.11 can be extended to CQ; using z + z, y — 2*
and acting as the identity on v, v*. Fix n € N*. If we take (A, A\ss) = (1, —n) and
(v, (o) = (n,1) and denote the corresponding quiver variety as C,, the elements
of HAut(CQ;) descend to Poisson automorphisms on C,. As the group of auto-
morphisms generated by the images of ¢y, , ¢, ., acts transitively on C, by [BW00,
Theorems 1.2,1.3], the same result holds for the image of HAut(CQ);). The variety
C, is the n™® Calogero-Moser space [Wil98], see §6.1.
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If ()5 is the quiver obtained from ) by adding an arrow oo — 0, we can reproduce
the same construction with the same parameters to get a quiver variety C, o. It is
proved in [BP11] that a subgroup of Aut(CQs; ) acts transitively on C, o when
induced onto this space, see also [MT13]. It is not known if the subgroup of Poisson
automorphisms induced by HAut(CQs) also acts transitively.

5.2.2. Using quasi-Hamiltonian algebras

Given a quasi-Hamiltonian algebra (A, {—, —}, ®) over B, we can reproduce the
construction from §5.2.1. Namely, we can define the group of B-linear automorphisms
Aut(A), the subgroup of quasi-Hamiltonian automorphisms qHAut(A), and the
subgroup Aut(A; ®) of automorphisms of A preserving ®. We get the inclusions

(5.18) qHAut(A) C Aut(A; @) C Aut(A).

The first inclusion descends to an inclusion of automorphisms of the quotient A° =
A/(® — ¢) for any ¢ € B* such that the image of qHAut(A) preserves the H-
Poisson structure obtained from Proposition 5.6. If k is of characteristic zero and
algebraically closed, they furthermore descend to automorphisms of affine moduli
spaces of representations, for which the elements in the image of qHAut(A) are
Poisson isomorphisms by Proposition 5.9.

Example 5.15. — Consider the Jordan quiver ), as in Example 5.11. The local-
isation Ag, of the path algebra of Q. has a quasi-Hamiltonian algebra structure
constructed in §4.3. Let Fy s = k(x,y)s be the universal localisation of k(z,y)
with respect to the set S = {1 4+ zy,1 + yx}. Under a — y,a* — x we can induce
the quasi-Hamiltonian algebra structure on Fy g >~ Ag.  with double quasi-Poisson
bracket

1 1
{{x,x}lz—ﬁ(ﬁ@l—l@xz), {y,y}1:+§(y2®1—1®y2),
(5.19)

1
{{y,x}}l:1®1+§(:ﬁy®1+1®yw+m®y—y®x),

and the multiplicative moment map ® = (1 + yx)(1 + xy)~!. This corresponds to
taking the ordering a < a*. If we consider the other ordering a* < a, we get the
double quasi-Poisson bracket

1

{x,x}}2=+; (Fo1-102%), {yyh=—5Fo1-1047).

(5.20) )
{{y,x}}z:1®1+§($y®1+1®yx—x®y+y®x),

and the multiplicative moment map @ = (1 + zy)~'(1 + yz). We can read from
the proof of Lemma 4.7 that the isomorphism of quasi-Hamiltonian algebras from

(Fo 5, {—, =}, @) to (Fo, 5, {—, =}, D) is given by
(5.21) V:Fy 5= Fag, W) =x(1+ay), vy)=1+zy)y.

As in Example 5.11, we can start with the opposite quiver Q% given by b: 0 — 0,
and considering the ordering b* < b we get a quasi-Hamiltonian algebra structure
on Ager. Under the identification Fy ¢ ~ Agor given by b+ y,b* — x, we again get
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a quasi-Hamiltonian algebra structure on Fy g, which is given by {—, —}, and &,
defined above. By Theorem 4.12; we have isomorphic quasi-Hamiltonian algebras if
we start with Q. or Q%, and the isomorphism® can be computed from Example 4.1
to be

a b, a s —(14+0b") b,

Hence it gives an isomorphism of quasi-Hamiltonian algebras from (Fy g, {—, —},, ®)
to (Fo,s,{— —},, %) as
(5.22) §iFas o Fag, @)=—(+yx) 'y, &)=z,

Note that oy~ € qHAut(Fy, g) when Fy g is endowed with {—, —}}, and ¢’. Finally,
we note that the automorphism

(5.23) ¢p:Fos— Fag, ¢p(x) =02, ¢s(y) =Py, Bek,

is such that ¢3 € qHAut(F,, g) for both quasi-Hamiltonian algebra structures. After
imposing the relations ® = ¢™!, & = ¢! for ¢ € k*, the automorphisms v, £, ¢5

descend to automorphisms 1, €, qgﬁ of the localised first quantised Weyl algebra B
defined as

621 B = ()i, A=k y)/(1+y — (14 ).
They can be used to define the following elements of Aut(BY),

(2,9) = (1L +yo)z,y(L+ye) ™), (2,9) = (~(L+ye) 'y o),

(w,9) = (872, 8y), Bek”.

Alev and Dumas classified the automorphisms of Bf in [AD96, Théoreme 1.7],
and they obtained that for ¢ # +1, Aut(B§) is generated by the three automor-
phisms (5.25).

COROLLARY 5.16. — Fixc € k\ {0, £1}. Let Fo s = k(z,y)s for S = {1+ zy, 1+
yx} and B be the localisation of the first quantised Weyl algebra defined by (5.24).
Then, the automorphisms of B are all induced by isomorphisms of quasi-Hamiltonian
algebras on Fy ¢ (possibly for different structures).

(5.25)

Contrary to the case of the first Weyl algebra obtained in Corollary 5.12, we do
not have a surjection qHAut(Fo g) — Aut(BY) since ¢ : Fo ¢ — Fy g given by (5.21)
does not preserve the double bracket (5.19) or its multiplicative moment map ®.
This illustrates the key difference between Lemma 3.7 and Lemma 4.7 : in the quasi-
Hamiltonian setting, performing fusion in the opposite order induces a non-trivial
isomorphism.

Example 5.17. — Let Ly = k(z*!, y*1) denote the (non-commutative) algebra of

Laurent polynomials in two variables. There is a quasi-Hamiltonian algebra structure
on Ly with double quasi-Poisson bracket

1 1
fra} =15 (Po1-102"), {yyh=—75(@el-104),
(5.26) )
fey=5eltliowy —roytyor),

(3)We take a < a* and b* < b to define the quasi-Hamiltonian structures.
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and multiplicative moment map ® = xyx~'y~!. This quasi-Hamiltonian algebra
was considered in [CF17] after localisation of Ag,. It can also be obtained from an
intersection pairing on the fundamental group 7 of a punctured torus as we have

L, ~k <xﬂ, yt <I>ﬂ> / <<I) — xya:’lyfl) =7,
see the work of Massuyeau-Turaev [MT14]. Elements of Aut(m) which are not acting
by conjugation can be found in [Gol03, Appendix|, and they include the Dehn twists
T:Lo = Ly, 7(x)=2y, 7(y) =y,
(5.27) 7:L =L ~( ) =y ~(y) y
T:Ly =Ly, T(z)=2z, 7T(y) =yz.

We have 7,7 € Aut(Ls, ®), and we can prove that both automorphisms preserve the
double bracket (5.26), hence these elements belong to qHAut(Ls). We also get that

(5.28) o:Ly =Ly, o@)=y"" oly) =yry*,

belongs to qHAut(Ly) in view of ¢ = 77! o 7 o 771, Finally, we note that the
automorphism

(5.29) Gap:Lo— Lo, ¢aplx) =0z, ¢asly) =Py, «,beck”,

is such that ¢, 3 € qHAut(Ly). Imposing the relation ® = ¢ for ¢ € k*, all these
automorphisms descend to automorphisms of the quantum torus

(5.30) ci =k <xil, yi1> /(zy — cyx).
They can be used to define the following elements of Aut(CS),

(5:31)  (x,9) = (@y,y), (wy)~ (v he), (2y) = (o, By), a Bk’

We get from [KPS94, Theorem 1.5] or [AD96, Proposition 1.6] that for ¢ # +1,
the automorphisms (5.31) generate Aut(C{). The first two automorphisms in (5.31)

generate a subgroup isomorphic to SLy(Z), and we have in particular Aut(CY)
~ SLy(Z) x (k*)2.

COROLLARY 5.18. — Fix ¢ € k\ {0,+1}. Let Ly = k(z*!, y*!) and CS be the
quantum torus defined by (5.30). Then qHAut(Ly) surjects onto Aut(C5).

Remark 5.19. — Similarly to the case of the first Weyl algebra discussed in
Remark 5.13, the Hy-Poisson structure on Cf is trivial for ¢ # +1. For ¢ = +1, we
get that the Hy-Poisson structure induced by (5.26) on k[z*!, y*!] is the Poisson
bracket defined by {z,y} = 2y and {z,z2} =0 = {y,y}.

Example 5.20. — We work over k = C. Consider the quasi-Hamiltonian algebras
Ly from Example 5.17 and Ag from §4.3, where () consists of a unique arrow
v : 0 — oo. After fusion of the idempotent ey € Ag onto the unit of Ly, we get
an algebra A’ which is quasi-Hamiltonian by Proposition 4.5. Fix n € N* and
g € C* not a root of unity. Taking (co, ) = (¢,¢ ") and (ag, ) = (n,1), the
corresponding affine moduli space of representations C¢ is the g-Calogero-Moser
space [CF17, Obl04]. Since qHAut(L;) C qHAut(A’) descends to an algebra acting
by Poisson automorphisms on representation spaces, we get an action of SLy(Z) by
Poisson automorphisms on C{.
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6. Dual integrable systems from quivers

We have seen as part of Theorems 3.12 and 4.12 that the (quasi-)Hamiltonian
algebra associated with a quiver only depends on the underlying undirected graph,
up to isomorphism. In particular, we obtain from Proposition 5.9 an isomorphism of
Poisson varieties after considering the orbit spaces obtained by (quasi-)Hamiltonian
reduction of the representation spaces of these algebras. We will investigate this
observation using a family of quivers denoted @),,, and their opposites Q% obtained
by reversing all the arrows in each quiver ),,. The motivation underlying this inves-
tigation is that the quiver should also dictate a particular choice of local coordinates
on a subset of the associated Poisson variety, such that the isomorphism described
above will lead us to dual integrable systems. When the quiver is a cyclic quiver
extended by one arrow, the choice of local coordinates that we consider on the
associated space will satisfy the principle (P) stated as follows

e the matrices representing the arrows in the cyclic quiver are diagonal matrices,
which are either equal or related through the moment map equations;

e the matrix representing the additional arrow is a (co)vector with all entries
equal to +1.

These two rules will serve us to fix the choice of representatives, up to a residual finite
action. Furthermore, we will see that this choice naturally ensures that we obtain
Lax matrices for integrable systems in the Calogero-Moser (CM) and Ruijsenaars—
Schneider (RS) families [Cal71, Mos75, RS86, Sut71]. By following this general idea,
we will see that the reversing of arrows @), ~ Q7 yields

(1) self-duality of the generalised rational CM systems from [CS17] in §6.1;

(2) the standard duality of the hyperbolic CM and rational RS systems in §6.2;
(3) the new dual integrable system of a modified hyperbolic RS system in §6.3;
(4) the standard self-duality of the hyperbolic RS system in §6.4.

For the interested reader which has only a limited background on integrable systems,
we recommend to consult [Eti07, Lectures 1-2] for an introduction to the subject of
CM systems using the perspective of Hamiltonian reduction.

Remark 6.1. — Below, we work over k = C, we fix m > 1 and we let I = Z/mZ.
All the computations provided are given under the assumption that m > 2 to simplify
the presentation. The statements regarding the local coordinates and their Poisson
brackets also hold in the case m = 1, and the computations in that case can be easily
adapted by the reader.

6.1. Self-duality of rational CM systems

We consider the quiver Q,, with vertex set I = I U {oc}, and m + 1 arrows given
by z,: s — s+ 1 for each s € I, and v : 0o — 0. In the double Q,,, we denote the
opposite arrows by x% : s+ 1 — s, v* : 0 — oo. We also consider the quiver Q%
with the same vertex set but with arrows y; : s +1 — s, w : 0 — oco. The double
Q? has additional arrows y* : s — s+ 1, w* : co — 0. These quivers are depicted in
Figure 6.1.
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Figure 6.1. On the left : the double quiver Q,, whose continuous arrows belong
to the original quiver ),,,. On the right : the double quiver Q% whose continuous
arrows belong to the original quiver Q.

Using § 3.3, the path algebra of each quiver has a Hamiltonian algebra structure,
and by Theorem 3.12 and Example 3.1 we have an isomorphism of Hamiltonian
algebras given by

(6.1) ¥ :CQm—CQY, ¥(xy) =ys, Y(a) = —ys, Y(v) =w", Y()=—w.

Denote the moment maps by g and p. In view of Proposition 5.9, the map
induces a Poisson isomorphism

(6.2) W:Rep (CQm/ (u — 5\) ,a) // GL, — Rep ((CQ%’/ (,u"” - 5\) ,oz) // GL,,

for any oo € N™*! and \ = Yse1 As€s T Aooboo With A, Ao € C. We will consider the
cases where the dimension vector « is such that for some n > 1 we put a, =n for
each s € I and a,, = 1, while the parameters defining A are subject to Ayo = —n|A|
for |A] := 34 A\s. Moreover the ()\g) are assumed to satisfy the following regularity
conditions

(6.3) STANA0, Y N AN A A,
sel sel

for all k € Z and 1 < r <1’ <m — 1. Under these conditions, the spaces appearing
in (6.2) are smooth and irreducible of dimension 2n [CS17].

6.1.1. Space associated with @,,

Denote the reduced space Rep(CQyn/ (1t — A), @) // GLqg by Cp. By construction it
can be described as the set of matrices

(6.4) X5, X7 € Mat,»n(C), V € Maty,(C), V* € Mat,»1(C),
satisfying the m relations
(6.5) XX — X7 1 X1 —0:0V*V =X 1d,,

where we identify the elements in the same orbit of the action

g (X X3,V V) = (9:Xeg001, 051 X020, Vg ' goV7)

(6.6)
g = (gs) € GL,(C)™.
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In view of the principle (P), we consider the subspace C, C C, where there exists a
representative with

(6.7) X =diag(q1, ..., qn), s€l, V=(1,...,1),

where g; # 0 and ¢* # ¢}* for all i # j. Solving the constraint (6.5), we see that we
can take

m—s—1 _s

1 q; q;
X)) =0ipj +0ij— (M + ...+ ) =y NP pe—
Gy K= 0k o O ) e W it

V=1, ..., )T,

sel,

where the (p;) € C™ are free, and we recall |\| = >, ;. This choice is unique up to
the action by the generalised symmetric group Z,,15,, where S,, acts by simultaneous
permutation of the (g;, p;), while (k;) € Z" acts by (g, pi) = (¥, p;) where p,, is
a fixed primitive m'™ root of unity.

LEMMA 6.2. — The reduced Poisson bracket is such that {g;,q;} = 0= {p;,p;}
and {¢;,p;} = +,0i;.

Proof. — By construction, the double bracket on CQ,, is such that {z,,z*} =
OrsCri1 @ €ry {xr 25} = 0 and {z7, 25} = 0. Denote by {—, —}* the Hy-Poisson
structure on A* := CQ,,/(n — A) and @ € Hy(A») the image of an element a € A*.
We can compute from these results that for z :== 2y ... x,,,_1 and any k,l € N,

) Y _
{xk,xl} =0, {xk,xjn_lmm_lxl} = kaktl

A
{:L’;fn_la:m,lxk, xfn_lxm,lxl} =(k—=0z _qxp,_qxrtt.

Hence by Theorem 5.8, if we let X . = Xy ... X,,—1 we get on C,

{ext Xl b =0, {orXE o0 X0 X XD} = ke XE!

cyc
{tr X5, X XB tr X0 X XD} = (k= D0 X, X g XEI

cyc

(6.9)

It remains to use these identities and the local coordinates as in the proof of [Eti07,
Proposition 2.7]. O

The above description of C,, was essentially given by Chalykh and Silantyev [CS17,
Section V.

6.1.2. Space associated with Q%

Denote the reduced space Rep(CQ% /(1 — \), @) // GLq4 by C?. As in the previous
case, it can be described as the set of matrices

(6.10) Y, Y € Mat,«,,(C), W™ € Maty,(C), W € Mat,,»:(C),
satisfying
(6.11) Yo Y =YY+ 0,0WW™ = X\, 1d,,
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under identifications of the elements of each orbit for the action

g (Yo, Y2, WoW7) = (ge1Yag, ' 9sY5 05t 90V, Wi ')

(6.12)
g = (gs) € GL,(C)™.

Following the principle (P), we consider the subspace (C2)" C C% where there exists
a representative with

(6.13) Y, =diag (¢, ..., Gn), s€l, W=(1,...,1)",

where ¢; # 0 and ¢ # ;" for all ¢ # j. We can then take

os om—s—1

1 i
ng* 1:5113—517 A —|—...—{—)\s _51' . )\01370’
(6.14) (Y)y; = 0 qu( 1 ) = OGizs)| \q;n_qm

J
W* = |A[(L,...,1).

sel,

This choice is unique up to the action of Z,,0.5,.

LEMMA 6.3. — The reduced Poisson bracket is such that {¢;,q;} =0 = {p;,p;}
and {Gi, p;} = 7,05

Proof. — By construction, the double bracket on CQ® is such that {y,,y*} =
drser @ ery1, {yr,ys} = 0 and {yf,yi} = 0. It then suffices to adapt the proof of
Lemma 6.2. U

6.1.3. Duality

After rescaling the Poisson brackets on C,,C% by a factor m, we have a set of
Darboux coordinates on a dense subset of each space. Let X, = X, ... X1,
Xeye = X1 oo Xgsand Yoye = Yion .02 Yo, Y. = Y5 .. Y. Tt is clear that
the Poisson isomorphism (6.2) is such that

tr YCIZC oW = (—1)""tr (X:yc)k , tr Xﬁyc oW ! =tr (Yc’;c)k .
In particular, these identities expressed in terms of Darboux coordinates yield that
(tr(Yz.)*)r, form an integrable system on C7?, and the same holds for (tr(X},.)")i_,
on C,. Moreover, they are action-angle dual by definition. In the coordinates (g;, p;),
the functions (tr(X7,)*);_, define a generalisation of the CM system which was
introduced by Chalykh and Silantyev [CS17]. The same holds for the functions
(tr(Yz.)*)r_, in the coordinates (i, p;), so that we get self-duality for CM systems

having Z,,15,, symmetry.

Remark 6.4. — 1In the case m = 1, we recover the well-known duality of the CM
system of type A,_1 [KKS78, Rui88, Wil98|. For m = 2 we get the duality of type
B, in view of [CS17, Example 5.6].
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Figure 6.2. Representation as quivers with relations of the algebras obtained
from CQ,, and CQY by localisation.

6.2. Duality of hyperbolic CM - rational RS systems

We modify §6.1 as follows. Consider the algebra R,, obtained by adding to CQ,,
local inverses ;! = e 127 e, satisfying

(6.15) T, =6, T, Ty =e€sq, forall scl.

Introducing zs = 2,27 and v = v* Em is the path algebra of the quiver @m with
relations (6.15) deplcted on the left of Figure 6.2. The double bracket on CQm
uniquely extend to R, by the derivation rule [VdB08a, Proposition 2.5.3], hence R,
is a Hamiltonian algebra.

Reproducing this construction, we can form the algebra ﬁfﬁ by adding local inverses
(y5)™" = esp1 () e, to the path algebra CQ? of the double of the quiver Q%. (Note
that the superscript op indicates that we work with the opposite quiver, not that we
take the opposite multiplication in Rm) Taking z, = yiys, 25 = i, and w = w*, é;’,f
is the path algebra of the quiver Q;ﬁf with relation depicted on the right of Figure 6.2.
We also obtain a Hamiltonian algebra structure on R% such that the map ¢ (6.1)
extends to an isomorphism of Hamiltonian algebras

(616) VZ : ém — R(r)g? QZ('TS) = Zs, &(fs) = —Zs, 77Z<U) = w, QZ(T}) =-w.

The map QZ induces a Poisson isomorphism T on associated Poisson varieties as
in §6.1. We consider the same dimension vector o and regular parameter A\ as
in §6.1 for the rest of this subsection.

6.2.1. Space associated with Q,,

Denote the reduced space Rep(Ry,/ (1t — A), @) // GLa by C,. It is the subset of C,
where each X is invertible, and where we use the elements X = X, X} V V*. To
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follow the principle (P) with the matrices (X, V'), we consider again the subspace
C/ C C, C C, where there exists a representative with

(6.17) X =diag(zy, ..., x,), sel, V=(1,...,1),

where z; # 0 and @7 # z7* for all ¢ # j, and where we take
(R)is = 85+ 0O 4+ As) — Bisp M- e
s)ij = 0ijPj + 045 c T As) =0 Al S €L,
(6.18) j D j\A1 (i#£7) x{”—x}"
V=—{, ..., D7,

for free parameters (p;) € C™. This choice is unique up to the action by Z,,1S,,. The
variables (z,p) correspond to (g, ¢p) in the choice associated with @,, in §6.1, so
that we get the following result from Lemma 6.2.

LEMMA 6.5. — The reduced Poisson bracket is such that {x;,x;} =0 = {p;,p;}
and {xi,pj} = %l’ldw

In particular, on a dense subspace of C/, we have Darboux coordinates (g;, p;) for
1
T, = emdi,

6.2.2. Space associated with @g{j

Denote the reduced space Rep(R% /(% — ), &) // GLq by C%. The space C% C C%
can be described as the set of matrices

(6.19)  Z, € Matnun(C), Z, € GL,(C), W € Matyx,(C), W € Mat,x1(C),
satisfying

(6.20) Z NI\ Ty — Zo+ 6oWW = A\, 1d,,

under identification of the elements in each orbit for the action

g- (Zsa Z&W W) - (95289;1798259;—&1’90‘% ) I//i//g()_l) )

(6.21)
g = (g9s) € GL,(C)™.

To apply the principle (P) to the matrices (Zs, W) representing the continuous
arrows of N?ff , we need the Z to be related diagonal matrices. In view of (6.20) with
s#0, Z,_1 and Z, + A\, 1d,, share the same spectrum. So we consider the subspace
(CoP) C C% where there exists a representative with

(6.22) Z,=diag (g1, ..., Gn) — (M +...+X)Id,, se€l, W=(1,...,1)",
and we assume that

(6.23) @ #0, ¢#q, G#qg=E[A, foral i7j.
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LEMMA 6.6. — The subspace (C%)" can be parametrised by (§;) € C" satisfy-
ing (6.23) and (w;) € (C*)™ where the matrices (Zs, W) are given by (6.22), together
with
Al

2=y s #m=1, (Zna)s =N &%
9 — 45 — |/\|k;7£j 9k — 45

— A

Wy = T 2=

k£j Qk - QJ

Moreover, this choice is unique up to S, action by simultaneous permutation of
entries.

Proof. — Let us start with a representative such that (6.22) holds. By assumption
on (g;) and using (6.20) with s # 0, Z, is diagonal, and we can fix the gauge (up to

a residual permutation action) so that 7, =1d,,. If we set w; = (Zm W), we get
from (6.20) with s = 0 that

( ) ( 1)] Qi_Q'_|/\| J

Using again the same equation in the form Z 1L 1Zm 1= Zo+ X 1d, —WW we
get that Z,, 1 has the same spectrum as the rlght hand side. Since the elgenvalues
of Z,,_1 are distinct, we must have the equality of characteristic polynomials in n

. k=1

= det (Z() + ()\0 - 77) Idn —WW) .

The right-hand side of (6.25) is a rank one deformation of a generically invertible
matrix, so

det (Zo + (Ao — 1) Id, ~WW)
=det (Zo + (Mo — ) Idy) [1 = W(Zo + (Ao — ) 1d,,) ' W]
:ﬁ(§k+A0—U)_zn:WlH<§k+Ao—n> .
k=1 =1 k£l

Using this expression and evaluating (6.25) at 7 = §; + Ao, we get the claimed entries
for W hence for Z m—1. 1t is then easy to check that w; = (Z m—1W);. By invertibility
of Z,,_1 we get w; # 0 for all 1. O

LEMMA 6.7. — The reduced Poisson bracket is such that {q;,q;} = 0 = {w;,w;}
and {q;,w;} = 0;;w;

Proof. — The double bracket on ﬁffj is obtained by extending the one on CQ% as
explained at the beginning of this subsection. We can obtain in that way

{723 =0, {20,Z:} =000 ® 20, 20,20} =e0®20—20®ep.
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Denote by {—, —}* the Hy-Poisson structure on A* := R%? /(1 — X) and a € Hy(A")
the image of an element a € A*. We can compute from the above double brackets
that for 2 : =2 ... Z,,_1 and any k,[ € N,

— — ) IS - k—1 — -
{25,23} =0, {zé“,izé} = kzzt {zzo,zzo} [Z Z] ZobHlr—lzar
Hence by Theorem 5.8, if we let chc = Zo...Zm_1 we get on CNZP
{wzbwzi} =0, {0z 0z} =kuZzi,

{tr ZoyoZ8, tr Zoyo Z)} = rzl i] 0 (Zeye 257 Zeye Zy)

It remains to use these identities and the local coordinates to get the reduced Poisson
structure. U

(6.26)

As a corollary, on a dense subspace of C~$Lp we have Darboux coordinates (¢;, p;) for
w; = ePi.

6.2.3. Duality

So far, we have obtained Darboux coordinates on dense subsets of C,,, C"p Denoting
chc =X ... X,—1and chc = Zo o Zm 1, we can use the Poisson diffeomorphism
:C, — COp to obtain that

tr Z8 o U = (—1)F tr XF | trX(’fyc o U = tr(Zuye)* .

Hence, we can conclude that (tr X*)7_, and (t1(Zeye)®)p_, form integrable systems
on C, and C"p respectively, which are in action-angle duality. In the coordinates
(¢;, pi) we can write the functions (tr X*)n_, as hyperbolic CM Hamiltonians of type
A,_1 of order km in the momenta (p;). In the coordinates (g;, p;), the functions
tr(Z )’ are all defining Hamiltonians of the rational RS system of type A,_1. The
dependence on m of this second family is only visible in the coupling A

The construction of this subsection using two quivers and their representation

spaces is similar to the choice of two slices inside one phase space outlined by Gorsky
and Rubtsov [GRO1, § 4.5].

Remark 6.8. — The duality of the hyperbolic CM system and rational RS system
in the real case goes back to Ruijsenaars [Rui88]. Since we work over C, we do not
distinguish the hyperbolic and trigonometric CM systems which are equivalent up
to making the change of coordinates ¢; — v/—1¢;. Another consequence of the fact
that we work in the complex setting is that the second integrable system is written
in the coordinates (g;, p;) as rational RS Hamiltonians in MacDonald form. In that
case, the Lax matrix and the Hamiltonians do not involve square roots contrary to
the original real case [RS86]. We also use the MacDonald form for the hyperbolic
RS system and its variants presented in the next subsections.
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6.3. Modified hyperbolic RS systems and their duals

We consider the quivers @), and Q% as in §6.1. We construct the path algebras over
C of their doubles, depicted in Figure 6.1, then we define the algebras A,, := Ag,,,
AP := Ager by universal localisation as in §4.3. To avoid confusion with the results
in §6.1, we will denote the elements of the double with a hat instead of a star, e.g.
x% will be denoted ;. We fix the following ordering <, on the elements a of the
doubles such that t(a) = s,

Ts <g fs—la sel \ {O}, and  xy <g Tm_1 <o ’17,
:’73 <s Ys—1, S € I \ {0}7 and @\0 <o Ym—1 <o Ww.

(For m = 1, we only have xy <o Zop <o U or Jo <o Yo <o w.) By §4.3, this
defines a quasi-Hamiltonian algebra structure on A,, and A%. Using Theorem 4.12
and Example 4.1, the choice of orderings gives the following isomorphism of quasi-
Hamiltonian algebras

IE DAy, — Ag: 1;(%5) = Us, IZ(QS) = - (es+1 =+ ysgS)_l Ys,
V() =@, V(D) = — (eo + wd) ' w.

(6.27)

(6.28)

Denote the multiplicative moment maps by ® and ®°. In view of Proposition 5.9,
the map v induces a Poisson isomorphism
(6:29)  W:Rep(Ay/(®—7),a)//GLy = Rep (A/ (#7 —T),a) // GLa,

for any a € N and ¢ = 3, ¢ 1 Cs€s + Cooloo With ¢y, ¢ € C*. We will consider the
cases where oy = n for each s € I with n > 1, a,, = 1, while ¢, = ([I;¢s)™™ and
the (cs) are subject to the regularity conditions

(6.30) [Mes#1, J[E# I e,
sel sel r<p<r

for all k € Z and 1 < r <1’ <m — 1. Under these conditions, the spaces appearing
in (6.29) are smooth and irreducible of dimension 2n [BEF20, CF17].

6.3.1. Space associated with @,

Denote the reduced space Rep(A,,/(® —¢), a)// GL4 by C,. By construction it can
be described as the set of matrices

(6.31) X,, X, € Matuxn(C), V€ Matyy,(C), V € Mat,x1(C),
satisfying the m relations
(6.32) (14, +X,X.,) (1d, + X1 X,01) (1, +60VV) " = ,1d, |

where all the factors appearing in (6.32) are invertible, and we identify the elements
in the same orbit of the action

g- (Xsa 5(\57 ‘/7 ‘7) = (ngsg;jlags+15(\sggl7 Vg()_lvgov) )

(6.33)
g = (gs) € GL,(C)™.
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In view of the principle (P), we consider the subspace CAT’Z C C, where there exists a
representative with

(6.34) X, =diag(xy, ...,2,), se€l, V=(1,...,1),
where the (z;) € C" satisfy the following conditions with ¢ := [], ¢ s cs,
(6.35) vy #0, ' #Faf, xf' Fta', forall i#j.

LEMMA 6.9. — The subspace C:’z can be parametrised by (x;) € C" satisfy-
ing (6.35) and (p;) € (C*)™ where the matrices (X, V') are given by (6.34), together
with®

_ 1 A )t —t
Xo=—08;—+c...c(1—t71)p,— J L i
b=y e e (U i

- i am —t g™

m m
1#4i LU T X

Moreover, this choice is unique up to Z,,1S,, action by simultaneous permutation of
entries for S, and rescaling x; v prix; for (k;) € Z", with p,, a fixed primitive m'
root of unity.

Proof. — In C!,, we can rewrite the moment map conditions (6.32) as
—~ —~ -1 L -1
(6.36) Xo (X4 X)X (X + X7Y) 0 (1d+00VV) - =coId, .
Taking a representative such that (6.34) holds, we can use these identities to get

()?8 +X;1>¢j =cy ... Cow; T (5(\0 +Xo_1)ij , ()?0 +X0_1)ij - t%’
where we have set

(6.37) pi= (VD™ (Xo+ X, ') D™) , for D =diag(xy, ..., o).

i
From this, we obtain that if V has the form claimed in the statement, then it will

follow that it is true also for the matrices X s. In particular, it can then be checked
that (6.37) is satisfied for these particular matrices.

To determine the entries of V for a representative with (6.34), we note that the
moment map condition implies

(6.38) (Ko +X.") D (Ko +X,Y) =D+ DV VD T

The matrices on both sides of this equality share the same spectrum hence, as in the
proof of Lemma 6.6, equality of their characteristic polynomials in 7 yields

(6.39) f[ (t_lx,;m - 17) = f[ (I];m - 17) + Z‘Afﬂl—m 1;[ ([E,;m — n) .

Evaluating this identity at n = x; ™, we get the desired V..

(9)In the local form of X s, we consider that ¢y ...cs for s = 0 is the empty product equal to +1.
Hereafter, we follow this convention.
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Finally, we note that p; # 0 because the matrices X, +X -1 are invertible. The
uniqueness of the representative up to Z,,05,, action is easily obtained. O

LEMMA 6.10. — The reduced Poisson bracket is such that {z;,z;} =0 = {p;, p; }
and {z;, p;j} = 513%03
Proof. — Due to the choice of ordering, we get from §4.3 that the double bracket

on A,, satisfies

1 1 PO
{{m& xr} = §5s,r+1 TpLpyl ® €pp1 — 55571”—1 er @ Lp_ 1Ty, {$05 $0}} = 0)

{3337 i'\0}} = 53,0

1. 1 .
e1 ®eg + 5960560 ® ey + 561 & 330950]

1 1 .
- 553,1 r1 ® Zo + §5s,m—1 To® Typp—1-
Introducing x := xg ... 2,1 and Tg := ey + 1oy, We can then get
1 .
{z, 2} =5 (x2 ®ey—eg® a:Q) . { &0, To}} = (:co ® ey — ey ® x%) ;
(6.40) 1
{{Q?,i’o}} 25 (:c®5:0+5:0®x+550x®60 —60@1’570) .

Denote by {—, —}¢ the Hy-Poisson structure on A¢ := A,,/(®—¢) and a € Hy(A°) the
image of an element a € A°. In a way similar to the proof of [CF17, Proposition 4.4],
we can compute from (6.40) that for any k,l € N,

e e -
{xk,xl} =0, {x’“ xoxl} = k Zoxktt
{moxk’ :iox} [Z Z] Toxkti—r—Foz".

Hence by Theorem 5.8, if we let Xy := Xy ... X,,—1 and XO = 1d,, —i—Xof(\o, we get
on C,

tr X X!

cyc

{ter tr X }:O {trX

cyc’ cyc cyer

} — ktr X X+

cyc
(6.41) {trf(o Xk Cyc} lz Z] tr (Xonytl—rXoXZyc).

We can then derive the reduced Poisson structure by writing these identities in local
coordinates, which can be done e.g. by adapting [CF17, § 3.1]. Il

As an application of this lemma, we can get Darboux coordinates (g;,p;) on a
dense subset of C, by considering x; = em% and pi = ePi.

Remark 6.11. — As part of the local computations needed to prove Lemma 6.10,
we can get that
(6.42)
o+ 2l (tt = 1)z L A
{vi,vj} = vy, - , Vi=p ||
’ T — x; (xzm — t—lxg"> (x;” — t—la:zm) ll;li Ty — &

The Poisson bracket of the elements (z;, ;) was first obtained in this form by Fock and
Rosly [FR99], see also [Obl04, § 2.4]. Note that the Poisson bracket (6.42) is invariant
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under replacing ¢! by t. This explains the difference between our parametrisation in
Lemma 6.9 and the one in [CF17, Sections 3,4]. There are another two ways to obtain
Darboux coordinates, namely using the Ruijsenaars form as in [FR99, Appendix], or
a form related to the ¢gKP hierarchy [I1i00, Section 6]. We refer to [Fail9a, § 4.2.1] for
a review of these different possibilities in the case m = 1, which are easily adapted
to any m > 1.

6.3.2. Space associated with Qo

Denote the reduced space Rep(A%/(®% —¢),a)// GLg by C%. It can be given as
the set of matrices

(6.43) Y,,Y,s € Matyxn(C), W € Matyyn(C), W € Maty,x;(C),
satisfying the m relations
(6.44) (1d, +7.Y)) " (1d, 1Yo V1) (I, +80WTW) = ¢, 1d,

where all the factors appearing in (6.44) are invertible, and we identify the elements
in the same orbit for the action

g (Y Vo W,W) = (900105 9V 50500 oW, Wgg ')
9= (9s) € GL,(C)™.

In analogy with the space associated with (),,,, we consider the subspace (CATOLP)’ cCr
where there exists a representative with

(6.46) Y, = diag(y1,...,yn), s€ I, W=(1,...,1)",
where the (y;) € C" satisfy the conditions (6.35), and we set again ¢ := [], ¢ Cs.

(6.45)

LEMMA 6.12. — The subspace (CA,‘;”)/ can be parametrised by (y;) € C" satisfy-
ing (6.35) and (1;) € (C*)™ where the matrices (Ys, W) are given by (6.46), together
with

m—s—1

_ 1 ety
N RTTE S () L By | (LR
v; Uit =Y e Yk Y
_ yi' — tyi"
W;=—(1-t)]] %—"L.
ki Yk Y

Moreover, this choice is unique up to Z,,1.S, action.

Proof.i The result can be derived in the same way as Lemma 6.9. To obtain the
form of W, we remark that the moment map (6.44) implies the following identity :

(Yo+ Vo) D7 (Yot Vo) =t'D™ + ' D""WWD™, D
(6.47) 0 0 0 0 | )
= diag(y1, .-, Yn) -
It then suffices to equal both characteristic polynomials to determine w. O

LEMMA 6.13. — The reduced Poisson bracket is such that {y;,y;} =0 = {7, 7;}
and {yl, Tj} = %dijyﬂ—j-
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Proof. — Due to the choice of ordering, the double bracket on A% is such that

1 1 o~
{yS) yr}} :iés,r—&-l ert1 O Yr+1Yr — 565,7’—1 YrYr—1 @ €er, {yO; yO} =0 ,

{{ys,ﬂo} :55,0 9

1. 1 N
eo®er+ -Yoyo ®er + 560 & yoyo]

1 R 1 ~
- 553,1 Yo ®y1 + i(ss,m—l Ym—1 @ Yo -

Introducing vy := ¥m_1 ... yo and 7y := eg + YoYo, We can then get

1 I o
v} =5 (0o’ ~v*oe). {d}=; (0@ it o).
1

v, 90} :§(Z/®?]o+§o®y+€o®y§o—?Joy®€0).

If we let Yoy := Y1 ... ¥y and % = 1d, +}70YO, we get on CA? the following
identities
{tr YCIZC, tr Yclyc} =0, {tr Yclzc,tr %Y’Clyc} =ktr }V/OYC';;LZ ,
(6.48) > vk vl a : o vkl =y
{tl‘ }/E)}/;yca tr }/(]Kyc} = [Z - Z] tr (YE))/cyj:_ _TYE)YZ:;C) )
r=1 r=1

which can be derived as in Lemma 6.10. Notice that (6.41) and (6.48) are the
same equations if we replace Xgye, Xo by Yeye, Yo, or vice-versa. If we also remark
that the functions tr X* tr X, X!

. . . . A/ .
e eye Written in coordinates in C,, and the functions

trY) . tr %ngc written in coordinates in (C%)' are exactly the same when we replace

(z;,pj,t) by (y;,7;,t"), the statement follows from Lemma 6.10. O
As a corollary, we can get Darboux coordinates (g;, p;) on a dense subset of C:‘;p by
considering y; = em% and 7, = eP'.

6.3.3. Duality

We have obtained Darboux coordinates on dense subsets of CAn,CATOLp, which we
now use to get integrable systems in action-angle duality. Introducing X.,. =
Xoo o X1, Yoge = Yoy 0. Yo, Yeye = Yo ... Yoy and Leye = Ly ... Lo for
Ly = (Id, +)/(\SXS)_1)/(\S, we can use the Poisson diffeomorphism U - C, — (?;;p to
obtain that

trY* oW =trX*, trLF o@_lz(—l)kmtrYk

cyc cyc cyc
Hence, we can conclude that
k’ n ~ kJ n
(tr L ) _ and (tr Y )k:l

cye ) —q cyc

form integrable systems on C, and (i‘ip respectively, which are in action-angle duality.

In the coordinates (§;, p;) we can write the functions (tr ?ﬁyc)zzl as deformations of
the hyperbolic (or trigonometric, see Remark 6.8) RS Hamiltonians of type A,_;.
They are written explicitly as the family (tr Y7) for m = 1, and the family (H,, ;)

for m > 2 in [CF17], and their relation to other integrable systems is discussed.
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In order to write the functions (tr L* )7_, in the coordinates (g;, p;), we note that

cyc
on C,
(6.49) Id, +X, X, =c; ... ¢, (1 —t) TFCTE  where
L — §p TS 1 xk i x R 8+1 e 1 _
(T)'j_ i H zm (Ts)y_(;”pjj ’ C”_:Uzm—ta:;”'
As C'is a Cauchy matrlx, its inverse can be computed to be
xta o —t g™ = talt
650 Cjl=-n(1-t) s [ T
Therefore, the entries of Ly = (Id,, +X SXS)”X\ s are given by
1—¢! " o — tal
651 Ls i = — .71 v J ! L
(6.51) Loy = =0 m xlm—t—lx;ngx{”—x?
m—s—1_m,.s m —1,.m
z; it — ta! —1
+A-t (1=t kY PJH% tay" )
(2t =ty (x? —tay’ ) Piti T8 oy Ta T Tk

In the simplest case m = 1, the first element in the family (tr L* )?_, can be written

cyc
as

(6.52) trLy=

$+(1_t_1> Z QHZEl tx; Hl‘a—tflxk‘

— . 1 —
i I#i L Li i,k ([L’Z —t- xk — T a#k Lq Tk

In terms of the Darboux coordinates (g;,p;) and t = e¢*', v € C*, this can be
transformed into

B L sinh (% - 7)
089 ko= 2 = ey

sinh? (y) e sinh (% — 7) sinh (% + 7)
+ Z inh? (L= , Q=i ; Qa—qk
ik sinh ( Sk ’y) 14 smh( ) ath smh( 5 )

The duality between the families (tr L¥ .)7_, and (tr Y’gyc)gzl seem to be new.

6.4. Self-duality of hyperbolic RS systems

We modify §6.3 as follows. Consider the algebra A,, obtained by adding to A,,
local inverses 7! = ey 17 'es, i.e. these elements satisfy (6.15). We let ;Es = e+ TTs
and ¥ = 0. Note that z,,v,¥,, 0, the idempotents and the inverses z;1, 771, (es +
v0) 7Y (eg + Uv) ™t generate A Moreover, A, is a quasi-Hamiltonian algebra if we
extend the double bracket from Ag,, described in §6.3 by localisation.

In the same way, we introduce the algebra /vlfﬁf obtained by adding to A% defined
in §6.3 local inverses y; ' = ey, tesi1. We use 2, = €5 + Us¥s, 25 = Us, W = W and
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w together with the idempotents and the inverses belonging to /Vlgf as generators of
this algebra. It is also a quasi-Hamiltonian algebra by localisation. By construction,
the map QZ (6.28) extends to an isomorphism of quasi-Hamiltonian algebras which
can be written as

(6.54) v A, — A% zﬁgxs) = Z,, E
) =w, () = —(eo +ww) tw.

The map 1Z induces a Poisson isomorphism ¥ on associated Poisson varieties as
in §6.3. We consider the same dimension vector o and regular parameter ¢ as in §6.3
for the rest of this subsection.

To use the principle (P) in order to find dual integrable systems, we will see
A,, and AOp as algebras attached to the quivers with relations Q,,, Q"p depicted in
Figure 6.2. (We use T instead of T, and do the same for v, Z,, W to avoid confusion
with the cases considered in §6.2.)

6.4.1. Space associated with Q,,

Denote the reduced space Rep(A,,/(® — ¢),a)// GLy by C,. It is the subset of
C,, described in §6 3 where each X is invertible, and where we use the elements
X, =1d, +X,X,, V =V. To follow the principle (P) with the matrices (X, V), w
consider again the subspace C;L C C, C C, where there exists a representative With
X,V satisfying (6.34). The diagonal entries (x;) of the X satisfy (6.35), and we
have

V Ly, T !
X3:C1---Cs(1_tl)pjxj tljxlg lxlm—l’;n ’
(6.55) T
Vi=—(1-¢" l :

for t :=[], cs. The (p;) € (C*)™ are free, and this choice is unique up to the action
by Zm1S,. The Poisson bracket between the variables (z, p) is given in Lemma 6.10.
In particular, on a dense subspace of C, we have Darboux coordinates (g, pi) for
T; = emd% and pi = ePi.

6.4.2. Space associated with @%j

Denote the reduced space Rep(A%/(® — ¢), «)// GL, by C%. It can be given as
the set of matrices

(6.56) Ze, Zy € GL,(C), W € Mat;4,(C), W € Mat,,(C),
satisfying the m relations

(6.57) 27 2N 21 Zoy (1 +00WW) = ¢, 1d,,,
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where all the factors appearing in (6.57) are invertible, and we identify the elements
in the same orbit of the action

9 (26 2 WW) = (9:2.9,", 95259521, W, Wi )
9= (gs) € GL,(C)™.

To apply the principle (P) to the matrices (Zs, W) representing the continuous
arrows of Q% we need the Z; to be related diagonal matrices. In view of (6.57)

with s # 0, Z,_1 and c,Z share the same spectrum. So we consider the subspace
(CoP)" C C where there exists a representative with

(6.58)

(6.59) Zy=ci' ...t diag(zy, ..y 2n), se€l, W=(1,...,1)",
and we assume that for ¢ := [, < cs,
(6.60) 2z #0, 2z #z, zF#tz;, forall i#7j.

LEMMA 6.14. — The subspace (C%)' can be parametrised by (z;) € C" satisfy-
ing (6.60) and (0;) € (C*)™ where the matrices (Zs, W) are given by (6.59), together
with
Z; zp — tz;

Z,=1d,, s #m—1, (Zm,l)“ = (1 —1t)o;

)
J zl-—tzjk#zk—zj

v — {2z,
Wy =— -t

k#j
Moreover, this choice is unique up to S, action by simultaneous permutation of
entries.

2k — 2

Proof. — Let us start with a representative such that (6.59) holds. By assumption
on (z;) and using (6.57) with s # 0, Z, is diagonal, and we can fix the gauge (up to
a finite action) so that Z; = Id,,. Using the case s = 0 in (6.57), we get that

v

(6.61) (Zna),, = _%

where we have set 0; = (Z,,_1W);. The equation that we have just used can also be
written as

6.62 tZ 2D Z,  =D'4+W (WD), D=diag(z, ..., z).
m—1

Using that the two sides of (6.62) share the same spectrum, we get as in the proof
of Lemma 6.6 the following equality of characteristic polynomials in n

(6.63) T (tz' =n) =TI (' =) + Wiz ' T (2" =) -
k=1 k=1 1 kL
Evaluating this identity at n = z; ! we get the desired Wj.

v

Finally, we can check that o; = (Z,,_1W); holds, and we note that o; # 0 because
the matrix Zm,l is invertible. The residual S,, action is clear. O

LEMMA 6.15. — The reduced Poisson bracket is such that {z;, z;} =0 = {0y, 0;}
and {ZZ‘,O'j} = 5ijzz~aj.
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Proof. — We first work in A% as in Lemma 6.13. Due to the choice of ordering,
we have

P 1 PN 1 P
{y& yr}} :iés,r—&-l YrYr+1 X €r41 — *65,7‘—1 er ® Yr—1Yr, {{yo; yO}} =0 y

2
{{y07 @s}} :58, 0

1. 1 N 1 N 1 -
eo®er + Y00 ® e + 560 ® yoyo} — §5s,m—1 Ym—1 @ Yo + 555,1 Yo @ 1.

By localisation, these relations hold in A% where we can determine the double

m )

brackets between the generators zy = ey + yoyo and Z;, = ¥s. Introducing 2 :=
Z0 ... Zm_1, we can then get
. 1/, . 1
{z, 2} =5 <z2®eo —60®z2) . Lz, 20} = 3 (eo®zg —Z§®60) ,

1
{{5,20}}:—5(60@520+Zoé®60+§®20—Zo®é> .

v v

If we let chc = Zy ... Lm_1, we get from these double brackets the following
identities on C/?

{tr Z(’f,tr Zé} =0, {tr Z(’f,tr ZCyCZ(l)} = ktr (ZCyCZ§+l) ,

{tr ZeyeZ 00 Zoye 2} = li—i} 0 (Zeye 25" Zeye 23

r=1 r=1

(6.64)

which can be derived as in Lemma 6.10. Notice that (6.41) and (6.64) are the same
equations if we replace X, Xo by Zy, Zy. (in that order), or vice-versa. If we also

remark that the functions tr X, fyc,tr XoX, iyc written in coordinates in CA,’l, and the

functions tr Z}, tr chcZé written in coordinates in (C%)’ are exactly the same upon
replacing (27", pj,t) by (25, 05, t=1), then the statement follows from Lemma 6.10. [

As a corollary, we can get Darboux coordinates (¢;, p;) on a dense subset of Cv,‘;p by
considering z; = e% and o; = eP'.

6.4.3. Duality

So far, we have obtained Darboux coordinates on dense subsets of C,, égp. Denoting

Xeye = Xo ... Xpp1 and chc = ZO .. Zm—1, we can use the Poisson diffeomorphism
U : C, — C% to obtain that

tr Zy" o U= tr)V((’f , trX(’fyc oWt = tr (chc)k :
Hence, we conclude that we have action-angle duality between the integrable systems
(tr XE)¢_, and (tr(Zu,e)*)7_, defined on C, and C% respectively. In the coordinates
(¢;,pi) we can write the functions (tr X})7_, as hyperbolic (or trigonometric, see
Remark 6.8) RS Hamiltonians of type A,,_1, which are exponential of order km in the
momenta (p;). In the coordinates (i, 7;), the functions tr(Z.,.)* are also Hamiltonians
of the hyperbolic RS system of type A, _1, but they are simply exponential of order
k in the momenta. The dependence on m of this second family is hidden in the

coupling ¢t = ] ¢ Cs.
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Remark 6.16. — Fix m = 1. In that case, the duality map hence obtained is
close to the one considered in [CF17, Proposition 3.8|, though the duality map used
in that paper relates the spaces with inverse parameters ¢ and ¢~!. Note also that,
upon identifying the generators (,y) from Example 5.17 with (2, 25 &), the quasi-
Hamiltonian isomorphisms (5.31) induce Poisson automorphisms on C, which act as
the identity on V' and V while Xo, X, transform as

(X(]?XO) > (X07X0X51X0) )
(6.65) (X0, Xo) = (X5 X0, Xo)
(X0, Xo) = (X0, aBXo) ,

with o, 5 € C*. As noted in Example 5.20, we get in particular that SLy(Z) acts on
C, by Poisson automorphism. This SLy(Z) action was related to the self-duality of
the hyperbolic RS system in [GRO1, § 2.2]. The analogue of this result in the real
setting can be found in [FK12, FK13]. The original discovery of self-duality of the
hyperbolic RS system in the real case is due to Ruijsenaars [Rui88|.

6.5. Additional remarks and further directions
6.5.1.

The flows of the Hamiltonian vector fields associated with the two integrable sys-
tems presented in §6.1 can be computed explicitly by adapting [CS17]. In particular,
they are complete in C,, and C?. Similarly, the flows associated with the different
integrable systems found in the other subsections can also be computed explicitly
(see [CF17] to get the flows of (tr ?’C“yc) from §6.3 and the systems in §6.4), and they
are complete in the phase spaces that support them.

6.5.2.

The different integrable systems defined in the previous subsections admit spin
extensions [GH84, KZ95], which can be described as adding internal degrees of
freedom to the different particles. The phase space of such spin extensions can be
obtained by adding multiple framing arrows from the vertex oo to the different
vertices in the cyclic quiver, see e.g. [CF20, CS17, Fail9b, Sil18]. Motivated by the
work of Reshetikhin on the duality of spin systems in the CM-RS family [Res03,
Res16], it would be interesting to understand if the duality map can be realised at
the level of quivers for systems with spins.
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Appendix A. The fusion double bracket

Let A be an algebra over B = @, ¢ fke. Fix i,j € I, 1 # j, and consider the fusion
algebra A/ = Aﬁfj _, ., Obtained by fusing e; onto e; as in §2.2.1. The fusion algebra
A7l always admits a particular double bracket, denoted §{—, —} fus» Which we define
now. For € = 1 —¢;, recall from Lemma 2.2 that the generators of A’ are of the form
ete for t € €Ae, e;jue for u € e; Ae, evey; for v € eAej, and e;;we;; for w € e;Ae;. The

double bracket {—, —} fus 18 given on generators as follows:

(A.1a) {{ete, efe}}fus =0,

(A.1b) {lete, eijuet;,, = ; (€; @ tejju— et @ eju)
(A.1c) {ete, evesi},,, = ; (vejit @ e; — vej; @ te;)
(A.1d) {ete, eijweji}fus = ;(eijweﬁt ® e; + e; @ tejjwey;

— ez-jweji & tei — Gl‘t & eijweji) s

when the first component ete is a generator of the first type (2.13a);

(A.2a) feijue ete} = ; (eiu ® et — tejju®e;)

(A.2b) {eijue, eijﬂe]}fus = ; (€; @ ejjue;ju — e;jue;u®e;)
(A.2¢) {eijue, evejz-}}fus = ; (eiju @ eve;; — vej; @ ejue;)
(A.2d) {eijue, eijweji}}fus = ; (€; ® ejjue;jwej; — e wej; @ e;jue;)

when the first component e;;ue is a generator of the second type (2.13b);

(A.3a) {eveji,etel,,, = ; (te; ® vej; — e; @ veyit)

(A.3Db) {evej;, €sz€}}fu5 = ; (eijue; ® vej; — eve;; @ eju)
(A.3c) {eveji, evesilt,,, = ; (Vejve;; @ e; — e; @ vejvey;)
(A.3d) {eveji, esjwei},,, = ; (eijwejive;; ® e; — evej; ® ejjwe;;)

when the first component evej; is a generator of the third type (2.13c);
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1
(A4a) {{el-jweji, Etﬁ}}fus = 5 (tez- &® €ijWEj; + €ijWEjj; ® eit
— teijweji Re —e; R eijwejit> s
1
(A4b> {{eijweji, eijue}fus = 5 <€ijuei & €ijWEj; — € UC;WE; X 61‘) s
1
(A.4c) {eijweji, eveji}p,, = 3 (esjwej; @ evej; — e; ® ejwejves;)
(A4d) {[eijweji, eijujeji}]l’fus =0 s

when the first component e;;wej; is a generator of the fourth type (2.13d). The
case corresponding to ¢ = 1,5 = 2 gives the double bracket considered in Proposi-
tion 4.5 on AJ . The double bracket {—, —} fus Was first introduced by Van den

ez —e1

Bergh in [VdB08a, Theorem 5.3.1], and the explicit form given above was computed
in [Fai2l, Lemma 2.19)].

Appendix B. Identities for the proof of Lemma 4.7

In this section, we collect the values of all the elements in Ay ® A, given by

fedhig’ . fedbil' . (@ o@hg" . ) e},
for all the needed specialisations of the generators ¢, d € A;. It is then easy to check
that (4.14) is satisfied in all such cases, i.e.

v e, db st + 0O {e dY ot = {w(e), v(d) i + fule), v(d)

As a result, the proof of Lemma 4.7 is completed.

Remark B.1. — 1In each case, we write {c, d}?ﬂ;l as an element of eAf @ ¢’ Af’

for some e, ¢’ € {€ e1,e12} and f, f' € {€,e1,e21}. In particular, this completely

2—1

characterises how ¢®? acts on {c,d}}; | .

B.1

We consider the first specialisation of a generator of first type, that is ¢ = a for
a € eAe.

Case 1.1: d =0b, b € €Ae.
B1) fe.d} . =efa b} ewefa b} e {e.d};. =0,
(o), v(@},q" = {a,0}, (), 0(d)} .. =
Case 1.2: d =10, b € e, Ae.
fe.dyos' =eifa b} e@efab}’e, fed};' =0,

(B'2> 1—2 1—2
(o), v(d) }ing ™ = P2ea1 {a, 0}, fole), o)}, =
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Case 1.3: d =0b, b € €Ae;.
(B3) {ec, d]}?n_;l =éefa, b}V e®efa,b} e, {c d}}fc;;l =0,
{v(e), o)} = fa,0} ern®y fv(e),v(@)} " =
Case 1.4: d=0b, b € e Ae;.

{c, d}?nzl =e  fa, b} e®@efa, b} ey, {c, d}?qzl =
{0(0). 0(d)}0 " = Paenn fa, 0} ern®y ', {(0), 0(d)} " =
Case 1.5: d = eqb, b € exAé.

{c, d}}fnzl =epfa, b} exefa b} e {c d}?lzl =0,
{0(0), (@)} " = fa,0} {v(e), v(d)}.." =

Case 1.6: d = ejab, b € ey Ae;.
(B.6) {e, d]}?ngl =epfa b} exefa, b} e, {ec d}}?c:sl =0,
{v(e), v D)}’ = fa,0} ey, fv(e), v}, =
Case 1.7: d = beyy, b € €Ae,.

fe.d}si' =efa b} e@efa b} en, {cd}il' =
{v(e), v(d)}0° = fa,0}, v, v(@} " =
Case 1.8: d = begy, b € e1 Aes.

{c, d}?n_;l =e fa, b} e®efa, b} en, {ec, d}?;l =
{v(e). v(d) 0" = Poear fa, b}, fw(), v(@} " =
Case 1.9: d = ejpbegr, b € ey Aes.

{e, d}}?nzl =ep fa, b} e@efa, b} e, {ec, d}fczl =0,
{v(0). 0@}, " = fa,0} {v(e) v} =

(B.4)

(B.5)

(B.7)
(B.8)

(B.9)

B.2

We consider the second specialisation of a generator of first type, that is ¢ = a for
a € el Ae.

Case 2.1: d = b, b € e;Ae. This was done in the proof of Lemma 4.7.
Case 2.2: d=1b, b € €Ae;.
{c, d}}fnzl =efa, bV exe fa, b} e, {c d}}fc;s)l =0,
{0(0), ¥ (@)} = Poear * fa, b €12y

1
— 5 (bem@Qegla X (I)il — belgq);l@gla X (I)2> s

fw(c),v(d )}}}122 (b€12q)2€210b® (ID — 5612@51621a®@2) .

(B.10)
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Case 2.3: d=0b, b € e; Aey.

(B.11) {c, d}}?nzl = fa, b} e®e, fa, b} e, {ec, d}}?cqzl =0,
{(c), ¥(d) Y72 = Doegy * Boegy fa, b} e10®5

L ((I)2€215612‘I)2621a ® Oy' — Diesia ® earbern®y 1)
; (621a ® DFeabern®; ' — Poearbern®; e @ (I)z) )

{w(c), Wd)}}}u_;? = ; (‘1326215612@2621a ® O, — Plegia @ egbern®y 1)
+ ; (621a ® @362119612(1)51 — <I>2621b612@51621a ® <I>2> .

Case 2.4: d = ejqb, b € exAé.

(B.12) {c, d}}?n_d> Y= e {a, b}}' e® e {a, b}}" e,
1
{e, d}}?cu_;l =—50® e12b,

(0(0), (A% = Doeny % fa, b — = S (€00 @ B+ Do @),

{v(c),v(d )}}}U—;Q = 621a®‘1)2b
Case 2.5: d = 612b, be 621461.
(B.13) {c, d}}?nzl = e12 {a, b}}’ e® e {a, b}}" e,
N 1
{{C, d}}?us ! = —ia & 6126,

_ 1 _
{¢(C)a w(d)}%f = Dyeqq * {{a, b}} equ)g T— §®2€21a ® 5612‘1321

—_

(6612(1)2621& X (132_1 — b€12q>2_1621(1 X (I)Q + e91a X @21)612@2_1) s

N |

{v(0).0(d)}},." =
+5 (ber®re210 ® ;' — bera®; ' en1a @ By + €210 @ Pobery®, ") .
Case 2.6: d = beyy, b € eAey. ©)
(B.14) fe,d}: >t =efa, b} e e {a, b} e,

1
{c, d}?‘u_; = 51)621@ & eq,

(5) This is the first case where one needs to be careful when computing %2 {c, d}?; Yin order to
verify (4.14). It is given in this case by $t(be21a) ® 1(e1), and we have by definition of ¢ that
P(er) = @2621612(551 = ey. For the first factor, we need to remark that besqa is not a specialisation

of generators of A; as defined earlier, but it is a product of two. Hence, 1(besia) = 1 (bear ) (a)
= b(I)gegla.
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{{¢(C)> @D(d)}}zanQ (D2621 * {a b}} + = (6621(1 ® (I)g + b@gegla ® 62) R

{v(c), w(d)}}}@ZQ = —5562161 ® Py .

Case 2.7: d = beg1, b € e1 Aes.
fe,dy> ' =e {a,b} €@ e fa, b} e,
1
{c, d}}?%zl = 51)621(1 ® e,

. 1
(), 1/1(61)};1(1 f= Doegy * Poegy {a, b} + 5@26215@2621& X e

1
— 5 (6216L (029 @%6216 — (1)3621(1, & 621b — @2621()621& X (I)z) s

1
{ ( ) ( )}}};;2 2 (621@ (%9 @geglb — @36210, & 621b — @2621()621(1 & @2) .
Case 2.8: d = ejpbegr, b € ey Aes.
(B.15) fe,dyz 2t = 612 fla,b} e ® e1 fa, b} ea,
{{ d}}fclzl = (612b€21a & e —a & 6126621)
(e, w(d)}md = Poegy * {a, b} + = (b(IJQegla ® ey — Poeg1a ® b)

1
— 5 (621& X (I)Qb — b621(1 X (I)Q) s

(000, ()} =+ (00 @ Bab — besna @ )

B.3

We consider the third specialisation of a generator of first type, that is ¢ = a for
a € eAe;.

Case 3.1: d =10, b € €Ae;.
fe,d}> 2t =efa, b} es @ fa, b} e, {ec, d}?;l =
{0(0), (D) Yia " = {0, 0} 1205 " 5 €100;

B.16 1 - >
0 - (" et

1
{{1/}(0)7 ¢(d>}}}u_;2 - +§ <b€12q)2_2 X aeia — b612 (029 a612<1>2_2) .
Case 3.2: d=0b, b € e, Ae;.
(B.17)  {c, d}}fnzl =e fa, b} es@efa, b} e, {c, d}}?;;l —
{0(e), ¥(d) Y0 = Poear fa, b} e12P5 " % €12D5
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(@2 & aelg@z_leglbem@;l — (I)Q_l & a€12(1)2621b612q)2_1)
(<I>2621b€12q)2_2 ® aeyp — Paegibern @ ae12q’g_2) )
{v(o), @D(d)}}f =+ (<D2 ® ae1a®; texbern @y — Byt @ a612q)2621b€12‘1>2_1)

+ 5 (¢2€21b€12¢52 ® aeip — Poeaibers ® a612¢’2_2) .

)—‘l\D‘HL\D\Hl\D\H

Case 3.3: d = ezb, b € exAé.

(B.18) fe.d}. " = 612 {a,b} ey ®@e{a, b} "€,
{ d}}?ﬁzl = 61 ® aelzb

ind

(0, 9D} = 55" @ acusb.

Case 3.4: d = ejsb, b € ey Ae;.

{00, D@D g = Fa,b) wen®s' + 1 (o2 ® aen®3 b+ 05" © acud) |

(B.19)  {e,d}o ' = 612 fa, b} ey @efa, b} e,

{{ d}}?;l 61 & aelgb
1
{o(c), v(d)}ia? = {a, b} e1n®;y" x €@y + g€ ® ae12®; " bep @y
1

(5612@2_2 ® aeiy — bels ® ae1®y? — O, @ a€125612‘1>2_1) )

DN |

(CORECIN VS
1
+ 5 (belgq);z X aeip — b€12 & (1612(132_2 — (I)Q_l & aelgbelg@gl) .

Case 3.5: d = beyy, b € €Aes.

(B.20) fe,d}. >t =efa, b} es @ fa, b} ear, {c d}}iu_;l = —;begl ® a,
[, (D = 0,6} en®s' — 5 (005" @ aen + 5@ aepd;?) |
fv(c), v(d) )2 = +;bq>21 ® aeys .

Case 3.6: d = beay, b € e Aes.
B21)  {e,d} " =eifa b} er@efa, b} e,
fedb = —Sea e
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1
{v(e), ?ﬂ(d)}};n;Q = Doexr fa, b} x €120y " — 5@26215 ® aeja®y
1
— 5 (@2621b®2_1 X aeq9o + (I)g & aelgq)g_lezlb — (I)Q_l & &612@2621()) R

{o(e), v(d)},." =
1
-+ 5 (Q)Qeglb@;l X aeio + (I)Q (%9 a€12q)51€21b — q);l X a€12@2€21b) .
Case 3.7: d = 612b621, be €2A€2.
(B.22) {e,d}: ' = 612 fa, b} ey @ efa, b} ea,
{c. d}}iu_;l = (61 ® aeyzbesy — erpbea; ® a) ,
fv(e), ()}’ = {{a,b}} % 105!
1 -1 -1 1 -1 -1
+ 3 (62 ® ae12P, b — b @ ae2P, ) ~3 (b(I>2 ®aeps — Py @ (1612[?) ,

1
fu(c), v(d) ) =+ 5 (65" ® aery — ®;" ® aezb) .

B4

We consider the fourth specialisation of a generator of first type, that is ¢ = a for
a € e Aey.

Case 4.1: d=0b, b € e Ae;.
(B.23) {c, d}}fn_;l =e fa,b} e @e fa, b} e, {c d}}?u_;l =0,
{(c), (d)}ing® = aear * Drens {a, b} e12D5" # €12P5 !

1
— 5 (Cbgeglaelgq);l & 621()612(1)2_1 — 6210,612@2_1 X @%621()612@2_1)
1
5 ((1326211)612 ® ‘1)2(321(1612<I>2_2 — @26215612@2_2 ® @2621%12)
1 -1 -1 -1 -1
- 5 (@262117612(1)2 6216612@2 ® Dy — @26215612@2621%12@2 ® (132 )
1 -1 -1 -1 -1
— 5 ((132 ® @2621%12@2621(?612@2 -9, ® @2621%12@2 6215612(1)2 ) >

fv(o), v @}." =

2 1 -1 —1 2 —1
(‘1)2621@612(1)2 ® eg1be1n®y — eg1ae12P, " @ Piea1beia®, )
2 2
+ Doegibern @ Poegraein®y* — Poegibe P~ ® c1)2621%12)

+ (¢2€215612®51€2la612®51 ® Py — q)2€2117612(1)262161612(1351 & @51)

NI RN =N RN

+ <I>51 & @2621%12@2621()612@;1 -9 ® ¢2€21a€12®51621b€12¢51) .
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Case 4.2: d = ejpb, b € exAe.
(B.24) fe,dy> ! = 612 fa,b} e; ®@e; fa, b} €,
{c, d]}fcg 1 - (61 ® aeab — a @ egab),
{v(e), o)}, = ‘132621 s fa, b} x e120;"

1
+ 5 (62 & (1)2621(1612@2_1b — @2621&612(132_1 & b)

1
—3 (621a612<1>2_1 ® Pob— ;' ® (1)2621a€12b) )

1
{{ ( ) ( )}};;2 2 (621@612(132_1 & (I)Qb - (1)2_1 & (132621a612b) .

Case 4.3: d = ej9b, b € ey Ae;.
(B.25) {c, d]}?nzl = 612 fa, b} e; @ e, fa, b} e,
{ec, d}}fc;; = (61 ® aepab — a @ egab),
(), o)}, = ‘I’2621 x fla, 0} e12®y" * e12®5 "

+ ; (62 ® Poegraein®y then®y ' — Poeqiae;n®; ! ® 5612‘132_1)
; (621a€12@2_1 ® Pobern®y ' — 05! ® c1)2621@6125612(132_1)
; <b612<132621a612<1>2_1 ® <I>2_1 — b612<I>2_1621a612<I>2_1 ® @2)
; (5612‘1’2_2 ® DPoegiaers — beja ® @2621%12@2_2) ;
{v (o), w<d)}}}u_;2 = +; (621%12(1)51 ® ‘1)25612@271 — ‘1351 &® @2621a€12b€12q)51>
+ ; (bem(l)gemaelg(l);l ® @51 — beu@z’leglaelz@;l ® @2)
1

+ 3 (belgq)f ® Poesiaes — bejs @ <I)2621a612q>52) .
Case 4.4: d = bey, b € €Ae,.
(B.26) fe,d} )t =efa, b} e1 ®@ei {a, b} ea,
{c, d}?;ﬁl = 1 (begla ® e — begy ® aey)
fve), v @d}." = ‘I)2€21 *{a, 0} * €120y
1 5 (bP2e2100120," @ €3 — b ® Daeziaeind; )

<bcI) ® Pyegraery — begiaen®y ' @ (1)2) )

2
1
{{w(c),w(d)}}}f = 5 (b‘b ® Poegraers — begrae;n®; ' @ @2) .
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Case 4.5: d = beyy, b € e Aes.
B.27)  {edy ot = 61 fa,b} e1 @ e; {a, b} ea,
{c, d}};;;l = (begla ® e — bey; ® aey),
fv(c) v(d)}g " = %em x Oyenr fa, 0} * €105
+ = (@2621b®2621a612<1>2_1 ® ey — Prea1b ® @geglaem@;l)

(6210,612(1)2_1 ® <I>§e21b — @geglaem@;l & ezlb)
(@2 ® (I)2621a€12‘132_16215 — (Dg_l ® (1)2621%12‘1’26215)
(¢’2621b@2_1 ® Daeraerr — Poeaibesiacin®; ' ® ‘1)2) )

{v(c),¥(d) };;2 =+ (6216“312(1) ® Piearb — Pregjae;n®; ' @ 621b)

»—M\HI\DH—‘M\H[\:\HL\)\HL\D —

(@2 X ‘132621%12(1’2_16215 - @2_1 ® (1)2621a€12‘13262lb>
+ 5 (@26215@2_1 ® Poearaers — Poesibesiacn®; ' ® (1)2> .
Case 4.6: d = ejabeg;, b € ey Aes.
(B.28) {c,d}; ' = 612 fa,b} e; @ e; fa, b} eqr,
{e, d}}?;;l = (612b€21a ® e1 + €1 ® aeqgbe; — e12bes; @ a — a ® erzbesy) |

{{¢<C)7 w(d)}znd - (1)2621 * {{CL b}} * 612(1)
(b@gegl(l@lgq) X e+ e ® @2621&612@ b)

2
; (b ® Pgegrae; @yt + Poegracn®, ! @ b)
; (b@;l ® Poesraers + exraern®; ' ® O, )
+ ; <b621a612<1> ® Py + 0, @ (1)2621a612b)
fo(e), ¢(d) e = +§ (b2" © Boeaiacrs + exacio®y’ © Bb)
; (bema@ucp;l ® 0y + 0, ® <I>2621a6126) :

B.5

We consider the first specialisation of a generator of second type, that is ¢ = ejqsa
for a € ey Aée.
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Case 5.1: d = 612b, be egAé.

{c, d}?nzl =epfa, b} e®en fa, b}, {c, d}?;ﬁl =

(B29) 1—2 1—2
(o), ¥(d) g~ = fa, 0} fole), v(d) B =

Case 5.2: d = ejsb, b € exAe;.
{c, d}}?n_;l =epfa, b} e® e fa, b} e,

1
fe. d}}?;tl = —-epbepa ® ey,

(B.30) o7 o 1 1
{{Q/J(C), w(d>}}znd = {{CL, b}} 612(1)5 — 5 (belga X (I); + b612q)5 a® 62) s

{60, 9D =+ perna © 03

Case 5.3: d = b621, be (?Aeg.

{c, d}}?nzl =efa, bV e®enfa, b} e, {e, d]}iu_;l =0,

(B.31) 159 152
(o), ¥(d) }ing ™ = a0} fvle), o)}, =

Case 5.4: d = beyy, b € e Aes.

{c, d}}fn; 1= 61 fa, b} e® e fa,b}" ea,

{e d}}fus 612a ® beay,

(B.32) o
{w(e), v(d) B0~ = Poean {a, b} + = ((I)QCL ® e91b + a ® Poegd) |

{000, B} = 5P @ end.

Case 5.5: d = ejabeqr, b € ey Aes.
(B.33) fe,d}: >t =epfa, b} e@en fa, b} e, {c d}}?cu_;l =0,
(), v )}’ = fa. b} (o), 0@}, =

B.6

We consider the second specialisation of a generator of second type, that is ¢ = ej2a
for a € ey Ae;.
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Case 6.1: d = 612b, be 621461.

{{ d}}Qﬁl = 612 {{a, b}}/ €1 X €12 {{a, b}}// €1,

ind

{{ d}}?ﬂz = (61 ® ejzaei2b — ejabeina @ el)

{v(c),v(d )}}zln_d>2 = {{aa b} 612CI)2_1 * 612@2_1
1
+ = (62 X aelg@glbelg(ﬁ;l — belg@;laelg@z_l X 62)

-5
-5

(belgaeu@gl & @2_1 — @2_1 & a€12b612¢)2_1)

(B.34) bersaern®;t @ ;1 — &5 @ a6126612@2_1>

be1a®y% ® aeyy — bejy ® Cl612<b2_2) ;

_|_

fv(o), v}’ =

+
M\Hw"—‘[\)\b—‘[\?\b—‘l\)

(b€12q)2_2 & aejg — b€12 Y aelgq)2_2> .
Case 6.2: d = begy, b € ¢Aes.

{e, d}}?_ﬂ =efa,b} e1 ® e fa, b} ea,

ind

1
{c. d}}fc:sl = —55621 ® erza,

(B.35) {0, v} = fa. b} x ey
- ; (b &® Clelgq);l + b@;l & a€12> y

fu(e), v(d)} = +;b<1>2—1 ® aers .

Case 6.3: d = b621, be €1A€2.

{{C d}}2_>1 = 61 {au b}}, €1 & e {{a, b}}” €91,

ind

{e. d}?c;l = (612a ® beay — bey ® eiga),

{o(c), v(d) )i = CI)2621 fa,b} ey

+ ; (aeu(I);l ® Poegih — Poe b ® a€12‘132_1)

(B.36) ; (<I>2 ® ae1a®yleab — @' ® a€12‘b2€21b)
; (@2621bq)51 ® aery — Paaen @y @ teb) '

(o), 0@}, = +§ (@2 ® ae1®; et — B, @ aerzPrend)

+ ; (CIDQegleI) ® aery — Praep®; ' ® 6216)

TOME 5 (2022)



248 M. FAIRON

Case 6.4: d = 612b621, be €2A€2.
{{ d}2ﬁ1 = 612 {{CL, b}}/ e1 ® el {[a, b}}// €21,

ind
{c. d}}?cu—;l = (61 ® erpaeiabes — epbey ® erza),
fu(c), ()} = {{%b}} * e19P;"
1
(B37) + 5 (62 X aelg@z_lb —b (24 a€12(I)2_1)
Ly - _
5 (bq)Q ! X aeig — @21 ® aelgb) s
1
{vo(e), w(d)}}EQ 5 (b@ ® aey — 0, ® aelQb)

B.7

We consider the first specialisation of a generator of third type, that is ¢ = aey;
for a € eAes.
Case 7.1: d = b621, be é\Aeg.
fe,dy> "t =efa, b} ey @ fa, b} en, {c, d}}?clzl =0,

(B.33) " ",
() (@ Ya? = fa.b} (o), v(d)}? =

Case 7.2: d = b621, be 611462.
{e,d¥ 7" = e {a,bY e @ e fa, b} ea,

ind

1
{c, d}}?;l =5 ® a€2156217

{'I/J(C), @b(d)}lln:Z = (132621 {CL b}} (62 &® a(IDQeglb + q)z ® (1621b)

[0, 6@} = +502 ® aend.

(B.39)

Case 7.3: d = ejabear, b € ey Aes.
{{C, d}”?n_z; L = €12 {{(l, b}}, €21 X é\{{a, b}}” €921, {{C d}}?”u_; ! =

(B.40) 19 152
fole), v(d) }ing ™ = a0}, fole), v(d) Y. =

ind

B.8

We consider the second specialisation of a generator of third type, that is ¢ = aeq;

for a € e Aes.
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Case 8.1: d = b621, be €1A€2.
fe,dy> >t = el fa, b} es1 @ e1 fa, b} ea,

{{ d}}fcgl = (b621a€21 e —e1 Q 0/621[7621)

fw(o), v(d) Y0 = ¢’2€21 * Poear {a, b}
1
+ 5 (@2621b@2621a Key—e® @2621aq)2621b)

B.41 1
( ) - 5 ((I)Z ® Doegraes;b — Poegibesia @ (I)z)

1
3 (621CL ® Bl b — Preqia ® 621b> ;

1
{v(o),v(d )}}}122 = 2 (P2 ® Poegraey b — Paearbesia @ y)

1
+ 5 (621(1 X @3621() — (133621(1 X 621b) .

Case 8.2: d = egbear, b € exAes.
{ d]}znd - 612 {{0/7 b}, €921 X €1 {U,, b]},/ €21,

{e, d}}?c:sl = (612b6216l€21 ® e1 — aeg @ ejzbes)

(B.42) {0(0).0(d) i " = Poear * fa, 0} + 5 (b‘pzema ® €2 — Prez1a ® b)

ind

(621@ X (I)Qb — begla X @2) s

|
’—‘l\')\r—\

{v(c),v(d )}}}u—sﬂ = 2 (210 @ Pob — begia @ Do) .

B.9

We consider a generator of fourth type, that is ¢ = ejpaes; for a € exAes.

Case 9.1: d = 612b621, be €2A€2.

) {C, d}}fn; = €12 {{CL, b}}, €91 ® €12 {[CL, b}}// €21, {{C d}}?; T

(B.43 12 152
{o(e), (D) Y~ = {a, 0}, o), v(d) Y. =

Appendix C. Identities for the proof of Lemma 4.8

In this appendix, we show that (4.25) holds. It suffices to verify this identity on a
choice of generators of A;. We will consider nine cases, which are given below with

their images in Ay under ¢. For € = 1 — ey — e3, we have

W(t)=t, if teede
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on generators of first type (2.13b) of Ay,

P(epu) = eppu, if wu € e Aé;  P(erpesgu) = ejzu, if u € ezAe;
on generators of second type (2.13b) of Ay,

(vegr) = vegy, if v € EAey; P(vesges) = vesy, if v € eAes;

on generators of third type (2.13c) of Ay,

(61211]621) €1pWeaq, if w c 62./462;
P(erpwesgen) = eppwesy, if  w € exAes;
1/)(612623@0621) €i13weaq, if w € 63A62;

P(ezea3wesgen) = ezwesy, if w € ezAes;

on generators of fourth type (2.13d) of A;.

Thanks to the cyclic antisymmetry, we have 45 cases where we have to check (4.25).
If both ¢,d € A; are of the form t for ¢t € €Ae, eau for u € ey A€, veyy for v € €Aes,
or ejpweq; for w € egAes, it is easy to derive that

(C.1) {v(0), v P 70 = W ©v) fe.d}i 7
| {0 B@B L =0, (o) fedbi;2 =0

so that (4.25) is satisfied. So we are left with 35 cases to check. We will compute
one case explicitly, and in the remaining cases we will only collect the four double
brackets involved in (4.25) for the reader’s convenience.

C.1

We consider that c¢ is a generator of first type, that is ¢ = a for a € €Ae.

Case 1.1: d = 612b632621, be €2A€3
By definition, the double bracket {c, d}}?’_>2 is obtained from the fusion bracket

in AS by inducing it in Ay, so that we can write

€3 — €2
e d}}??uzs =en{a, 5632}}?@2 €21,

with the double bracket on the right-hand side given by the fusion bracket from
Appendix A with j =3,4=2.In Af_, ., a is a generator of first type (2.13a) while
bess is a generator of third type (2.13c), so that the double bracket between them is
given by (A.lc), and we get

1
{ d}}??ﬂi = 612 [begga & eg — b€32 & (162] €91 = O

as aes = 0 = epa. Next, we have

e d}y 7o = o, ern(bess)ean Y on
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with the double bracket on the right-hand side given by the fusion bracket from
Appendix A with 7 = 2,4 = 1. In Ay, a is a generator of first type (2.13a) while
e12(bess)ea; is a generator of fourth type (2.13d) so that we get from (A.1d)

{{ d}}??js = (612(b€32)€21a X €1+ e (%9 Clelg(begg)egl
— e1a(bega)ea; ® ae; — eja ® 612(5632)621)

1
:5(dc®el+el®cd—d®cel—elc®d).

We now get the right-hand side of (4.25) by applying ¥ ® ¥ to these two double
brackets.

Meanwhile, we have in A, that ¢( ) = a and ¥(d) = ejobes;. We note that by
inducing the double bracket from A/ to As,

ex —eq

{o (o), ¢(d)}}§,?uls = {a, 6125}};%15 €31,

where the double on the right-hand side given by the fusion bracket from Appendix A
with j =2, ¢ = 1. We have that a is a generator of first type (2.13a) while e15b is a
generator of second type (2.13b), so that using (A.1b)

fv(c),v(d )}3—;”15 = (61 ® aepb —e1a ® 612b)€31
- ;(el @ (e)Y(d) — ert(e) ® v(d))
Finally, we have

§u(0), ¥} Fue = o (er2b)es }3 70

where the double on the right-hand side given by the fusion bracket from Appendix A
with j = 3, ¢ = 1. We have that a is a generator of first type (2.13a) while (e12b)es;
is a generator of third type (2.13c), so that using (A.lc)

{v(c),v(d >}}§—f>uls = (612563161 ® €1 — e1zbes @ ael)

1

= §<¢(d)zp(c) ® e —P(d) ® w(@el) '

Gathering the four expressions obtained for the double brackets, we can see that (4.25)
is satisfied.

Case 1.2: d = 612623b, be 6314/6\.
(C2) {e d}}??fs =Y, {e, d}}f?uls = (61 ®ecd—ec®d),

fu(0), (@} 1 =0, () v} 70 =5 (61®¢( ) (d) — ertb(c) @ ¥(d)) .
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Case 1.3: d = b632621, be é\Aeg.
(C3) fe,d}fn=0, fle.db =

{0 (Y5 T =0, fo(e), b(d)}; Fue =

Case 1.4: d = 612623b621, be 631462.
3—2
{{C, d}}l,?us =0 ’

1
{{c,d}}i?uls:§(dc®el+el®cd—d®cel—elc®d) )

(de®e; —d® ceq)

N =D =

((d)(e) ® &1 — 1(d) @ Y(c)er ) -

(C4) oy 1
{0, 0@ 70 = 5 (DY) ® e2 = () ®v(c)er)
{0, DB 7L = 5 (e ® 9(e0(d) — exile) @ v(d))

Case 1.5: d = 612623b632621, be 631463.

(C5)  fed}i7i =0, {0, ¢(d)}; =0,
fe.dhish =,
fv(o), v} L =

Jw®w®®a+ﬁ®wdw®—wm®w@q—mw@®w®)

(de@ei+e3®@cd—d®ce; —ejc®d),

C.2

We consider that ¢ is a generator of second type of the form ¢ = ejsa for a € ey A€.

Case 2.1: d = ejge3b, b € ez Ae€.
1
€O fediil=—seod, fedfih-
1
{u(0). 0D} fuy = —5U(d)(c) @,

{00, D 7L = 5 (e ® w(e)wld) — ve) ® w(d).

Case 2.2: d = begzear, b € €Aes.

(61 ®@cd—de®ey)

N | —

1 1
{c, d}}f_f)fs = idc ®er, A{e d}}??;s =—(c®ed—d®ce),

2
(CT) () @22 = Sv(©) @ evi(d),

2
) DR 7L = 5 (90 ® e — v(d) @ B(c)en)
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Case 2.3: d = 612b632621, be €2A€3.

1 1
fe.d} e = Fde®er, fe.d}i 7 = 5(61 ®cd —d @ cep),

(C8) (0 @dI22L = Loy @ w(eu(d),

2
00 B Y37L = 5 ($de) ® o1 — (d) D ()

Case 2.4: d = ejpea3bear, b € e3Aes.

1 1
fedhiii=—geod. fedhijL =

(©9) U v = —50(d) ® b(0er,
) HDE L = (o © ve)ld) — () © w(d).
Case 2.5: d = 612623b632621, be €3A€3.
(C10) fediS% =3 (de@e—c@d),
fe.dhislh =
£, v@ B =0,
(0, b)), =

1

S (VD) @ e +e1 ® Y(e)(d) — (d) ® Y(c)er —v(c) @ ¥(d)).

e1®cd —d® cey),

(61 ®cd—d® ceq) ,

C.3

We consider that ¢ is a generator of third type of the form ¢ = aey; for a € €Aes.
Case 3.1: d = 612623b, be 63Aé\.

1 1
fe.d} il =cea@cd, fed}., = 3 (dey®@c—ec®d)

2
(C11) fule) vl = J0(der v,
[ BT = 5 (o1 @ () — ext(e) © (d).

Case 3.2: d = begzear, b € €Aes.

fed)il=—gdoc, fed)ijl=1(dcon—aod),
(€12) o0 B = 56 @ YU,

[ DB 7L = 5 (4 © e — 9(d) @ ¥(0)).
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Case 3.3: d = 612b632621, be €2A€3.

1 1
fe.d} e = —5d®c, fe.d}: = 3 (de®er —erc®d)

(C13) (0 BT = —5erb(e) @ v(@),

O, v 7L = £ (6(d)(e) ® e — b(d) @ v(e)).

Case 3.4: d = ejzea3bear, b € e3Aes.

1 1
{c, d}}i}fs =5a® cd, {e, d}}f?uls =3 (de®@ey —erc®d)

(C10) (o) Ik = S0 @er,

[ U@ 7., = 5 (6 © Ve(d) — en(e) © (d)).
Case 3.5: d = 612623b632621, be 631463.

1

1
{e, d}}i’?fs =3 (er®@cd—doc), {c d}}i?uls =3 (

(o), v} 7. =0,
(o), v @} fus =

(@D ® 1+ e @ () — () @ 9(e) — erdl(e) D (d)) .

de®e; —ec®d),

(C.15)

C4

We consider that ¢ is a generator of fourth type of the form ¢ = ejzaeq; for
a € exAes.

Case 4.1: d = 612623b, be 63146.
(C.16) {c, d}}i’?fs = ;(61 @cd—ced), {c d}i?uls = ; (dey @ c —dc®ey)
1
(0, v} 7 = 5 (Ve @ () = p(d(e) ®en).

(), DL = 5 (e © V(@) () © v(d)).

Case 4.2: d = begesr, b € eAes.

(C17) {edpP 2 = ; (deger—dec), {ed)lll=
fu(e), ()} Fu =
fv(o), ()} Fus =

(c®@erd—er®cd) ,

N —

(¢(0) @ ervo(d) — e1 @ ¥(e)ib(d))
((d)y(e) @ er — v(d) @ ¥(c)).

N~ N~
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Case 4.3: d = 612b632621, be €2A€3.

fedhii = J(eve —deo), fed)il=0,
©18) @R =0,
[0 B35 = 5 W) © e — w(d) ® (e)).
Case 4.4: d = eypeqsbeqr, b € esdey.

1
fedbi = leoad-cad, fodf7,=0,

(C.19) () b YL =0,
(), D7 = 5 (e © V() — () © v(d)).

Case 4.5: d = eqea3besaear, b € ezAes.

1
(C.20) {{c,d}}i’}i:5(dc®61—|—61®cd—d®c—c®d) ,

fe.d} 7o =0 {u(0, 0@} 7., =0,

fu(o), v(d)} s =

(@) ® 1+ e1 @ () — () @ U(e) — () © V().

C.5

We consider that ¢ is a generator of second type of the form ¢ = ejzeq3a for
a € ez Ae€.
Case 5.1: d = eqqe93b, b € e3A€.
fed}i7i=0, fedbjl=3(@od-dee),
(C.21) {e(0). 0 (@)} fus =0,
0, D@D 7., = 5 (o0 @ e()ld) — v D(e) )

Case 5.2: d = begaear, b € €Aes.

{e, d}‘z’?fs =0, {c d}i?uls = ; (c®erd—d®cey)
(C.22) (). (@)} 7 =0,
fu(e), ()} Fus = ;(w(c) ® ertp(d) — (d) ® P(c)er) -
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Case 5.3: d = 612b632621, be €2A€3.

{e, d}i?uzs = ;c od, A{e, d}}f?uls = ; (61 ®cd—d®ce)
©23) {07 = ser ® v,
[ DR = 5 (9(0) @ v(d) — 6(d) ® p(c)er).

Case 5.4: d = eqzea3bear, b € e3Aes.

fed)il=—sdewer, fedbjl = (@@ doe),
©24) (o) YDB T = () © vl

0, DD 7., = 5 (o0 @ (o) — v(dys(e) @ ).

Case 5.5: d = 612623b632621, be €3A€3.

(61®Cd—d®061),

DN | —

{C, d}}i’,?ui =0 ’ {67 d}i?uls =
(C.25) {w(e). (@)} 7 =0,
[ DR 7 = 5 (61 © (D) — () ® ().

C.6

We consider that ¢ is a generator of third type of the form ¢ = aesqeq; for a € €Aes.

Case 6.1: d = begzear, b € €Aes.

— — 1
{e, d}}ifuzs =0, {c d}ifuls =35 (de®ey —e; ®cd)

(C.26) f(c), v(d)}s 0 =0,
1

{0, v (@5 70 = 5 (DY) ® e — 1 ® Y(e)(d)).

Case 6.2: d = 612b632621, be €2A€3.

1 1
{c, d}}i’?fs =50 ®@ecd, A{e, d}}f?uls =3 (de®@ey —erc®d) ,

(C21) (o), UDR 7L = —5erv(d) © v(d),
B D@D 7L = 5 (H@(e) ® o1 — e @ (ehi(d)
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Case 6.3: d = 612623b621, be 631462.

1 1
{c, d}}??jg =—d®c, {e d}}??uls =3 (de®@e; —ec®d)

2
©29) o). <>}}§7;5=; @Du(e) e,

fo(0), (DY =5 (<>®w<>—e1¢<c>®w<d>).

Case 6.4: d = 612623b632621, be €3A€3.

(C.29) fe )22 =0, fed)7) = ;(dc Set—erc@d),
fu(o), v(d)}; 7 =0,
1

{0, 0@ ¥ 70 = 5 (DY) ® e2 = erv(c) @ 1(d)) -

C.7

We consider the remaining cases. The elements ¢, d are generators of fourth type
in each of them.

Case 7.1: ¢ = ejaae32€91, a € exAes, and d = ejgbessesr, b € ey Aes.

fe.d)ii =S (eoa —aod), fedil=0,
(C.30) fv(c), <>}}§7Js—0
(0, ()70 = 5 (<d>w<c>®e1—el®w<c>w<d>).

Case 7.2: ¢ = €120€32€21, A € 621463, and d = 612623b621, be 631462.
fed)i;l =L Woe—cod), fedi;l=0,
(C.31) {o(0), o)}, e =0,
{(0), ()} e = f(w<d> @ 9(c) = v(c) ®(d)).
Case 7.3: ¢ = ejaae32€91, a € exAes, and d = ejzea3bezaear, b € e3Aes.
fe.dyi 72 = 1(ala@ e —cod), fodp]) =
(C.32) () b(@}; u =0,
1
{0, v DY 70 = 5 (VD0 ® e2 = () @ ¥(d)).
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Case 7.4: ¢ = ejge3a€91, a € 631462, and d = ejpea3bear, b € e3Aes.
fle.ddy o = (61 @ed—de@e), {ed} =
(C.33) {v(0). 0 (@)} fus = 0
{(0), (DY fs = (e1 @ (e)e(d) — Y(d)(c) ® e1).
Case 7.5: ¢ = ejge93ae91, a € e3Aes, and d = ejgea3bezaear, b € e3Aes.
fedhsi=3@oad—dad, fodi7L=0,
(C.34) {e() 0@} fus =
{(0), (DY s = (61 @ Y(e)e(d) — ¥(d) ® 9 (c)).
Case 7.6: ¢ = ejge93ae32601, a € e3Aes, and d = ejzea3besaear, b € e3Aes.

{{C7 d]}i—;js =0 ’ {{C7 d}}i?uls =0 )

(C.35) 20 ;o
fo(e), v b fus =0, {0(0), V(D) }; pue = 0.
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