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1. Introduction

Let K be a differential field of characteristic zero and let £ be an algebraically
closed differential subfield of K with the same field of constants C' :

C={feK|f=0}={feklf=0}.

A typical example is the field of Puiseux series K = C((z)) over the algebraically
closed field C' endowed with the usual derivation d/dx and k = C(z) the field of
algebraic functions over C(z).

The present paper is concerned with the following general question.

QUESTION. — We let f and g be elements of K* satisfying some nontrivial
homogeneous linear differential equations over k, say

L(f) =0 and M(g) =0,

and we assume that f and g are algebraically dependent over k. What can be said
about the form of the algebraic dependence?

Differential Galois theory has been an effective tool in understanding the possible
algebraic relations among solutions of linear differential equations (see, for example,
[BBH88, HS85, HS86, Kol68, Roql4, Sin86, Spe86]). A celebrated illustration of this
is the following result which is a special case of the Kolchin—Ostrowski Theorem
characterizing the algebraic relations among exponentials and integrals. This answers
Question 1 when L and M are first order equations:

THEOREM 1.1 (Kolchin [Kol68]). — If L and M have order 1, then f and g
are algebraically dependent over k if and only if there exists (m,n) € Z*\ {(0,0)}
such that

fmg" € k.

The present work started with the following question: what can be said if we
assume that L has order 1, but do not make any assumption on the order of M?
Our answer reads as follows:

THEOREM 1.2 (Theorem 3.2 in Section 3). — If L has order 1 and if f & k, then
f and g are algebraically dependent over k if and only if there exists 6 in an algebraic
extension of K and a positive integer n such that

f=0"andgek[0,07].

The rest of the paper is devoted to the case when the operator L has order > 2.
For any f € K* as above, we let A(f) be the k-algebra made up of the elements
g of K holonomic and algebraically dependent on f over k. In general, the obvious
inclusion

kLf]1 € A(f)
is not an equality. For example, let K = C(x) endowed with its usual derivation
d/dx, k = C, f = 2% and g = z. Both f and g are holonomic over C and clearly
algebraically dependent. Nonetheless g ¢ k[f].

The principal aim of Sections 4, 5 and 6 is to give criteria on the differential Galois
group of L over k ensuring that A(f) = k[f]. In this introduction, we only state the
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following concrete consequence of these criteria and refer to Sections 4, 5 and 6 for
more general statements.

THEOREM 1.3 (Consequence of Proposition 4.3 in Section 4 and Proposition 5.2
in Section 5). — Assume that L has order n > 2 and that its differential Galois
group Gy, over k is either SL,,(C) or GL,,(C). Then, we have

Remark 1.4. —

(1)

(3)

(4)

We note that the hypothesis that k is algebraically closed implies that the
differential Galois group G of any linear differential equation L(y) = 0
over k is connected. Indeed, according to [S03, Proposition 1.34(2)], the
quotient H = G /GS of G, by its identity component G is isomorphic to
the differential Galois group of some linear differential equation P(y) = 0 over
k. But, since H is finite, [S03, Proposition 1.34(3)] ensures that any Picard—
Vessiot extension of P(y) = 0 over k is a finite extension of k and, hence, is
equal to k. So, H is reduced to the identity and G = G as expected.

The hypothesis that k is algebraically closed also implies that the differential
Galois group G, cannot be an intermediate subgroup between SL,(C') and
GL,(C). Indeed, if SL,(C) Cc G € GL,(C), then G /SL,(C) is finite and,
hence, SL,(C) contains the identity component G of G1. We thus have G§ C
SL,(C) C GL. But, we have seen that GG, is connected, so G = SL,(C) = G,
as expected.

When n = 2, the fact that the differential Galois group over k of L is either
SLy(C) or GLy(C') is equivalent to the irreducibility of L over k [NvdPT08].
We thus have the following statement : If L has order 2 and is irreducible
over k then A(f) = k[f].

Another simple consequence of Theorem 1.3 is: Assume that L has order
n > 2 and that its differential Galois group G|, over k is either SL,(C) or
GL,(C). If f & k, then, for m > 2, f¥/™ does not satisfy any nontrivial linear
differential equation over k. This follows easily form the fact that we cannot
have f1/™ € k[f] unless f is algebraic over k& and, hence, belongs to k. For
related results, see [HS86, Sin86, Spe86].

In [Kol68], Kolchin proves a general result characterizing when entries of
fundamental matrices of linear differential equations having Galois groups
SL,(C) are algebraically dependent. His conclusion is that the entries of one
such matrix can be expressed as k-linear combinations of the entries of the
other matrix. In terms of scalar equations this means that the solutions and
their derivatives of one equation can be expressed as k-linear combinations
of solutions and their derivatives of the other equation. Our results in this
paper start with the stronger hypothesis that one solution is algebraically
dependent on a solution of the other equation and determines the form of the
dependence without the intervention of derivatives.
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144 J. Roques & M. F. Singer

Theorem 1.3 applies, for example, to many generalized hypergeometric series

= ()i (o) 2
Fyle; Bsz) = —— P2 e C(x
where a = (ay, ..., a) € CPand B = (b, ..., By) € (C\Z<)? for some p,q € Z=
and where the Pochhammer symbols (¢); are defined by (¢)o = 1 and, for k € Z 1,
(t) =t(t+1)--- (t+k—1). Indeed, this series satisfies the generalized hypergeometric
differential equation

vty [0 B] (o Fy o B52] ) = 0

where

q p

J ol B = 6 TL 6+ B — 1) — = T] (6 + )
k=1 k=1
with § = Q:% and the work of Beukers, Brownawell and Heckman [BBH88], Beuk-
ers and Heckman [BH89], Duval and Mitschi [DM89], Katz [Kat87, Kat90] and
Mitschi [Mit96] give explicit conditions (holding for generic parameters a, 3) ensur-
ing that the differential Galois group over C(z) of ,7% [a; B] is either SL,(C) or
GL,(C) (in these references, the differential Galois groups are computed over C(z),
not C(x); this is not a problem since if the differential Galois group over C(z) is
connected then it does not change when one replaces the base field with C(x) [Mag94,
Proposition 5.28]. For instance, it follows from [Kat90, Theorem 3.6] that, for any
p € Q\ Zco, the differential Galois group over C(x) of o741 [—; ] is SLy(C); so, for
K = C((x)) endowed with the derivation d/dz and k = C(x), Theorem 1.3 ensures
that:

COROLLARY 1.5. — For any f € Q\ Z<, we have
A(oFr [=:8;2]) = C(x) [oFr [ B; )]

Moreover, we show in Section 7.1 that our methods (combined with the local
formal theory of differential equations) can be used in order to examine in detail
the algebraic dependence relations between hypergeometric series. For instance,
Corollary 1.5 ensures that if some generalized hypergeometric series ,F, [v; d; ] is
algebraically dependent on (Fj [—; 5; x], then it is a polynomial in oFy [—; 8;z]; in
Section 7.1, we establish a much more precise statement:

THEOREM 1.6. — Consider 5 € Q \ Z<y. Consider v € (C\ Z<o)? and § €
(C\ Z<o)?. If oFy [—; ;2] and ,F, [v;6;x] are algebraically dependent over C(x),
then

e cither

q=p+1 and ,F;[v;8;x] € C(x)oF [—; B;2] + C(z);

gq=p—1 and ,F,[v;8;z] € C(x).
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Remark 1.7. — Whether or not the second condition holds can be decided by
using Beukers and Heckman’s [BH89] provided that v; —d; ¢ Z for alli € {1, ..., p}
and j € {1, ..., q}.

As already mentioned, Theorem 1.3 is a consequence of results contained in Sec-
tions 4, 5 and 6, where the hypothesis that the differential Galois group G, of L
over k is either SL,(C) or GL,(C) is replaced by the hypothesis that G, is either
simply connected or reductive. These generalizations (more precisely, the generaliza-
tion to the simply connected case) allow us to describe A(f) when f is an iterated
integral (i.e., when f™ € k for some positive integer n, see [Sril0]) and to study
the algebraic relations among iterated integrals. Indeed, in Section 7.2 we prove the
following results.

THEOREM 1.8 (Theorem 7.2 in Section 7.2). — Let f € K* \ k be an iterated
integral over k. Assume that k contains an element x with ' = 1. Then, we have

A(f) = ELf].

PROPOSITION 1.9 (Proposition 7.8 in Section 7.2). — Assume that there is an
element x € k such that x' = 1. Let fi, ..., f, € K be iterated integrals over k. If
fi, ..., fn are algebraically dependent over k then there exist uy, ..., u, € k, not
all zero, such that

urfr + - Funfn €k

Remark 1.10. — Our proof of Proposition 1.9 does not use the fact that £ is
algebraically closed; it only requires that C' be algebraically closed.

This paper is organized as follows. Section 3 is devoted to the case where L has
order 1 and contains a proof of Theorem 1.2 above. In Section 4 we give a result
when the differential Galois group G of L over k is simply connected, apply this
to the case when G = SL,(C) (proving the SL, (C)-case of Theorem 1.3 above).
In Section 5 we consider the case when G, is GL,(C) (proving the GL,,(C)-case of
Theorem 1.3 above) and in Section 6 the case when G, is a general reductive group.
We have included a full treatment of the GL,,(C')-case before considering the general
reductive case because the proof is less technical in the GL,(C)-case but already
contains most of the ideas used in the general reductive case. In Section 7.1 we apply
the results of the previous sections to generalized hypergeometric series and prove
Theorem 1.1 above. In Section 7.2 we study the algebraic relations among iterated
integrals (proving Proposition 1.8 and Proposition 1.9 above). The Appendix A gives
an informal introduction to the tannakian approach to the differential Galois theory
- an approach that appears in several of our proofs.

2. Notations and conventions
In the whole paper, except where noted to the contrary (e.g., in Section 7.2):

e K is a differential field of characteristic zero;
e L is an algebraically closed differential subfield of K;
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146 J. Roques & M. F. Singer

e we assume that K and k have the same field of constants C:

C={feK[f =0} ={fek|f =0}
Note that C' has characteristic zero and is algebraically closed because it is the
field of constants of k& which itself has characteristic zero and is algebraically closed
(see [S03, Exercise 1.5.2]). Also we recall from Remark 1.4 that the assumption that k
is algebraically closed implies that the differential Galois group of any Picard—Vessiot
extension of k is connected.

We will assume that the reader is familiar with some basic notions concerning lin-
ear algebraic groups (a general reference is [Hum75]) and the basic differential Galois
theory (a general reference is [Mag94] or [S03]). In our proofs we will also sometimes
use the tannakian correspondence. Briefly this states that for a differential equation
Y’ = AY, there is a correspondence between representations of the associated differ-
ential Galois group and equations gotten from the original equations via applying the
constructions of linear algebra (direct sums, tensor products, duals, submodules and
quotients) to the differential module associated with Y’ = AY". In the Appendix A
we give a fuller but still informal description of this. Formally this is given as an
equivalence of categories; for precise details we refer to [DM81, Kat72, Kat87, S03]).

Except with explicit mention to the contrary, by “algebraic group”, we will mean
“linear algebraic group over C'”.

3. The first order case

We start this Section with a preliminary result concerning algebraic groups. This
result will be used several times in this paper. Recall that an isogeny ¢ : G; = G5
is an epimorphism whose kernel is finite [Hum75, Section 32.1].

LEMMA 3.1. — Let ¢ : G; — G5 be an isogeny between two algebraic groups G
and Go. If GG1 is connected and if GGy is a torus, then Gy is a torus as well and G,
and Gy have the same dimension.

Proof. — To show that the connected group G is a torus it is enough to show
that it consists of semisimple elements (c.f. [Hum75, Exercise 2 in Section 21.4]). It
is equivalent to showing that eg, is the unique unipotent element of G (because any
linear algebraic group over C' contains the semisimple and the unipotent parts of the
Jordan decompositions of its elements). Since the image by ¢ of a unipotent element
of (G; is unipotent and since the only unipotent element of G5 is eq,, the unipotent
elements of GGy are all in ker ¢. Since ker ¢ is finite and unipotent elements have
infinite order or are the identity, G; has a unique unipotent element, namely eg, .

It remains to prove that G; and G5 have the same dimension. This follows from the
fact that dim G; = dimker ¢ + dimim ¢, [Hum?75, Chapter 7.3, Proposition B] [

THEOREM 3.2. — Let f € K* \ k be such that
f'=af
for some a € k. Let g € K satisfy a nonzero homogeneous linear differential equation

over k. We then have that f and g are algebraically dependent over k if and only if
there exists 0 in an algebraic extension of K and an integer n such that
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(3.1) f=0" and gek|0,07'].

Proof. — If f and g satisfy (3.1), they are clearly algebraically dependent over k.
Let us prove the converse implication. Let L be a nonzero linear differential operator
with coefficients in k& annihilating g and of minimal order r for this property. Let
= ALY be the corresponding linear differential system.
We let E be a Picard—Vessiot extension over k for the differential system

(3.2) Y = <(‘)‘ £L> Y

containing f and g. Let Gg be the corresponding differential Galois group. The
differential system (3.2) has a fundamental solution of the form

f 0 - 0
0O o - g
/ /
m et 0 gl T g7” 6 GLT+1(E)
0 : :
0 g%ril) e 7(‘T_1)

with g; = g (thus, E is the field extension of k generated by the entrles of ). The

field extension E; (resp. Fs) of k generated by f (resp. by the g, )) is a Picard—
Vessiot extension over k for v/ = ay (resp. Y/ = ALY); we let G (resp. G3) be the
corresponding differential Galois group over k.

By minimality of L, we have

spang Gg = spang Gag = spang {gi, ..., g}

(note that Gg = Gyg because the restriction morphisms G — G5 is surjective).
Moreover, the C-line generated by f is left invariant by G. These facts, together
with the fact that g is algebraic over k(f), imply that the gz(] ) are algebraic over k(f)
as well, i.e., F is a finite extension of Fj.

The differential Galois theory implies that the restriction morphism G — G is
surjective and hence induces a short exact sequence

00— H—G—G;—0.

The kernel H (which is the group of differential field automorphisms of E over Ej)
is finite because F is a finite extension of F;. Moreover, (G; is a one dimensional
torus (it is C* in the representation given by f). Lemma 3.1 implies that G itself is
a one dimensional torus.

Therefore, there exists a basis of solutions gy, ..., g, of L in E such that the image
of the representation of the Galois group GG with respect to
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148 J. Roques & M. F. Singer

f 0 0
0O g - G
5-_10 ¢ - 7
P = 1 T € GL,(E)
0 : KR :
0 g ... gt
is given by
{diag (t"o, ..., ") ‘t € C’X}
for some nyg, ..., n, € Z.

Therefore, if 0 is such that f = 6™, then g; = @;0™ for some a; € k* (because
(g:/6™)™ is fixed by G). This concludes the proof since ¢ is in the C-span of the g;. O

COROLLARY 3.3. — Let f € K* be such that
f'=af

for some a € k. Let g € K satisfy a nonzero homogeneous linear differential equation
over k. Assume that
f=Pl(g)
for some nonconstant polynomial P with coefficients in k. Then, there exists § in K
such that
f=60" and g=c+db

for some ¢ € Z>, and some c,d € k.

Proof. — If f is algebraic over k, g is algebraic over k as well and, hence, belongs
to k.

So, we can and will assume that f is transcendental over k. Theorem 3.2 ensures
that there exists # and an integer n € Z such that

f=0" and gek|0,07].

Since k is algebraically closed, we may factor P(Y) as a product of linear factors
and, hence, the equation P(g) = f can be rewritten as

¢
=1

for some ¢ € Z-, and some e; and d; in k. Since 6 is transcendental over k, the
unique factorization property of k[6, 6~1] implies that each factor in the above equality
belongs to k#%; in particular, we have for each i

g—di = 6"
for some e; € k* and some r; € Z. For any pair r;,r;,7 # j, we have d; — d; =
;0" — ;0. Since 0 is transcendental, we must have d; = d; =: d,e; = ¢; =: e and
ri=r;=:11.50 g=ef" +dande,dc k.

In particular we have that n = rf. Whence the desired result where the 6 of the
conclusion is " of this proof. O
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COROLLARY 3.4. — Let f,g € K satisfy some nonzero homogeneous linear dif-
ferential equations over k. Assume that
| € k(g).
Then,

e cither f € k[g],
e or there exists 6 in K such that ' /0 € k and

g=c+d0 and fek[0,07]
for some ¢, d € k.

Proof. — Consider R € k(X) such that f = R(g). Let A, B € k[X] be such that
ged(A, B) =1 and R = A/B. Bézout’s Identity states that there exist U,V € k[X]
such that AU + BV = 1, so RU +V = 1/B. Since the set of elements satisfy-
ing homogeneous linear differential equations over k forms a k-algebra, it follows
that fU(g) +V(g) = R(9)U(g9) + V(g9) = 1/B(g) satisfies a nonzero homogeneous
linear differential equations over k. By [HS85] (see also [Spe86, Sin86]), we have
B(g)'/B(g) € k and hence we can apply Corollary 3.3: if B is nonconstant then
there exists 6 such that

B(g)=0" and g=c+df

for some £ € Z=( and some c,d € k. Since f = R(g) = A(g)/B(g) = A(c+ d0)6~*,
we have f € k[#,071].
Of course, if B is constant, then f € k[g]. O

4. The simply connected case

We begin with some facts concerning simply connected™™ algebraic groups.

LEMMA 4.1. — A simply connected algebraic group G has no torus quotient,
that is, there is no nontrivial homomorphism ¢ : G — T = (C*)". In particular, any
multiplicative character of G is trivial.

Proof. — From [Hoc81, Chapter XVIII, Proposition 3.2], we know that the radical
R(G) is unipotent. Let ¢ : G — T = (C*)™ be a homomorphism. Since homomor-
phisms preserve unipotent elements, we must have that R(G) C Ker(¢). Therefore ¢
factors through H := G/R(G). Since H is semisimple® | it coincides with its derived
subgroup H'. Therefore, ¢ takes its values in the derived subgroup 7" of T'. Since T"
is trivial, we have that ¢ is trivial. 0

(1)Here, simply connected means: a connected algebraic group G not admitting any non-trivial
isogeny ¢ : H — G where H is also a connected algebraic group. For semisimple algebraic groups
over the field of complex numbers this definition is equivalent to the topological one.

(2) R(G) is the smallest closed normal subgroup K of G such that G/K is semisimple, cf. [Hum?75,
Section 19.5 and Theorem 27.5].
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150 J. Roques & M. F. Singer

In the proof of the following proposition, we give two arguments - one based on the
Picard—Vessiot approach to the Galois theory and the other based on the tannakian
approach. The tannakian approach plays the dominant role in what follows and this
allows the reader to compare the two approaches in this simpler situation.

PROPOSITION 4.2. — Let f € K* \ k satisfy a nonzero homogeneous linear
differential equation L(f) = 0 over k of order n > 1 and assume that the differential
Galois group G, over k of the latter equation is simply connected. Let g € K satisfy
a nonzero homogeneous linear differential equation over k. Assume that f and g are
algebraically dependent over k.

(1) If F is a differential field extension of k(f, g) with field of constants C' con-

taining a basis of solutions f, = f, fa, ..., fn, of L, then
gERW (fi, ...y fa)]
where W(f1, ..., fu) denotes the Wronskian matrix associated to fi,..., fa.
(2) Assume
(%) k(f)is relatively algebraically closed in k (W (f1, ..., fn))-
Then,
g € k[f].
Proof.

(1) Let Y/ = ALY be the linear differential system corresponding to L.

Let M be a nonzero linear differential operator with coefficients in k£ annihilating
g and of minimal order m for this property. Let Y’ = A;;Y be the corresponding
linear differential system.

We let E be a Picard—Vessiot extension over k of the differential system

’ AL 0
(4.1) Y = ( 0 AM> Y

containing f and g. Let G be the corresponding differential Galois group over k. The
differential system (4.1) has a fundamental solution of the form

9 = (%L @0M> € Ly (E)

where
fi . fu
li !
. f
Y = :1 . : € GL,(F)
Y g
and
g1 9m
g/ ... g':n
V=] . . " |eqL.(B)
g%m_l) PPN g’;n’_l)
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with f; = f and ¢g; = ¢ (thus, E' is the field extension of k generated by the entries
of Y and Pyy). The field extension £, (resp. Eyy) of k generated by the fi(j ) (resp.
by the gzgj )) is a Picard—Vessiot extension over k for Y’ = ALY (resp. Y' = Ay Y);
we let G (resp. G ) be the corresponding differential Galois group over k.

By minimality of M, we have

spanc Gg = spang Gyrg = spang {gi, -, g}
(note that Gg = Grg because the restriction morphism 7y, : G — Gy is surjective).

Moreover, Ep, is left invariant by G. These facts, together with the fact that g is

algebraic over E (because f and g are algebraically dependent over k and f is

) are algebraic over Fy as well, i.e., F is a

transcendental over k), imply that the ggj
finite extension of E,.
Again, the differential Galois theory implies that the restriction morphism 7y, :

G — G is surjective and hence induces a short exact sequence
0>H—-GX% G, —0.

The kernel H (which is the group of differential fields automorphisms of E over E)
is finite because E is a finite extension of Ej.

Since G, is a connected and simply connected algebraic group, the kernel H is
trivial and 7, : G — G is an isomorphism. In particular, since H is trivial, the
Galois correspondence implies that £ = Ej. The C-span of the entries of )y,
form a G = Gp-invariant finite dimensional C-vector space. It follows from [S03,
Corollary 1.38] that all of these entries, and in particular g = ¢y, lie in the Picard—
Vessiot ring k[, det(Y1)!]. Note that G, leaves the C-line spanned by det()r,)
invariant and, since all characters of G, are trivial (see Lemma 4.1), it must leave
det(9) ) fixed. Therefore det(9);) € k and so k[, det(Y )] = k[Y1]. This proves
the first claim (1) of the Proposition 4.2.

We now turn to a tannakian proof of the first claim. As already noted the fact that
(G, is a connected and simply connected algebraic group implies that the kernel H is
trivial and 7y, : G — G is an isomorphism. It follows that there exists an algebraic
group morphism u : G, — G, such that

G =im (7, ® ) = im (idg, Du).

We now adopt the tannakian point of view (see Appendix A): the category of
rational linear representations of GG is equivalent to the tannakian category generated
by the differential system (4.1). In this equivalence, the differential system Y' = A, Y
(resp. Y’ = ApY) corresponds to the restriction morphism 7, : G — G (resp.
myv : G — Gyy). The factorization

Ty = UOTY,

ensures that Y’ = A,/Y belongs to the tannakian category generated by Y’ = AL Y.
It follows that the entries of the solutions of Y/ = A,;Y belong to the Picard—Vessiot
ring Ry = k[Yr,det(Yr) "t of Y/ = ALY. As before G, leaves the line spanned by
det(Q) 1) invariant and, since all characters of G/, are trivial (see Lemma 4.1), it must

leave det(2)r) fixed. Therefore det(2)) € k and so k[, det(Y)~'] = k[Y]. This
yields the second proof of the first claim (1) of the Proposition 4.2.
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(2) If () is satisfied, then g belongs to k(f) (because g is algebraic over k(f)).
Corollary 3.4 implies that either g € k[f], or there exists 6 in K such that ¢'/0 € k
and f = c+df and g € k[f,07'] for some c,d € k. We claim that the latter case is
impossible. Indeed, otherwise the line C spanned by 6 would be left invariant by
Gr. But Lemma 4.1 states that any character of G, is trivial. So G would act as
the identity on #. By the Galois correspondence, this would imply that 6 € k and,
hence, that f € k. This is excluded by the assumption. ([l

In order to draw the conclusion of Proposition 4.2(2), one needs to verify con-
dition (x). We will give two examples of this below but first mention a general
approach.

Since we are assuming k is algebraically closed, the Galois group G of any Picard—
Vessiot extension of k is connected and the Picard—Vessiot ring of any linear dif-
ferential equation over k is k-isomorphic to the coordinate ring k[G ® k| of the
group G over k ([Mag94, Corollary 5.16], [S03, Proposition 1.31, Corollary 1.32]). In
particular, this implies that the Picard—Vessiot field K is isomorphic to the function
field of G ® k. This latter field is known to be a purely transcendental extension
of k ([Bor91, Remark 14.14]). Therefore, if one can find algebraically independent
elements z; = f, za, ..., 2, such that K = k(zy, ..., z,) then k(f) will be relatively
algebraically closed in K. Note that in Proposition 4.2 the field k(W (f1, ..., fn)) is
the Picard—Vessiot field of the equation L(y) = 0.

4.1. When G = SL,(C)

In this section, we will prove

PROPOSITION 4.3. — Let f € K* \ k satisfy an n'" order nonzero homogeneous
linear differential equation L(f) = 0 over k and assume that the differential Galois
group G, over k of this equation is SL, (C') seen as a subgroup of GL,,(C). Let g € K
satisfy a nonzero homogeneous linear differential equation over k. Assume that f
and g are algebraically dependent over k. Then,

g € k[f].

The proof will depend on the following Lemma.

LEMMA 4.4. — Let K, f,L,G,g be as in Proposition 4.2. Assume that G,
seen as a subgroup of GL,,(C') via the basis of solutions fi, ..., f., also satisfies the
following property : if we let

klGLokl=k [(Xm-)

be the coordinate ring of G ® k, then, for any a € span, {X; 1|1 <i<n} mod I,
k(a) is relatively algebraically closed in k(G ® k). Then,

g € k[f].

Moreover, g € k[f] if Gp, seen as a subgroup of GL,,(C') via some basis of solutions
of L, satisfies the following property : for any a € span, {X; ;|1 < ¢,j <n} mod I,
k(a) is relatively algebraically closed in k(G ® k).

1
1<i,j<nvdet <Xiaj)1<i§n} /1
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Proof. — We know that the Picard—Vessiot ring R; of L is isomorphic, as a
k-algebra, to k|G ® k|, more precisely (c.f. [Mag94, Corollary 5.16], [S03, Proposi-
tion 1.31, Corollary 1.32]) there exists v € GL,, (k) such that the k-algebra morphism

-1
k |:(Xi7j)1<i7j<n,det ((Xivj)lgi,jgn) :| —>RL
defined by X — v2);, induces an isomorphism

kIGL @k =k [(Xi)), iy onodet (X)) L, ] /T Ry

In this isomorphism, f corresponds to an element of span, {X; 1|1 <i <n} mod I,
so, the hypothesis on k(G ® k) implies k(f) is relatively algebraically closed in
k(W (fi, ..., fa)). Proposition 4.2 implies the conclusion.

The final assertion follows from this. Indeed, the differential Galois group of L
seen as a group of matrices via some basis of solutions of L is conjugate via some
element of GL,(C) to the same differential Galois group seen as a group of matrices
via the basis of solutions fi, ..., f,. It follows that if the final hypothesis is satisfied
then the previous hypothesis is satisfied as well. 0

Remark 4.5. — The difference between the two parts of Lemma 4.4 is that, in
the first part, G, is seen as a group of matrices via the basis of solutions fi, ..., f,
which has f; = f as first element, whereas, in the second, f is not required to be an
element of the basis used to see G, as a group of matrices.

Remark 4.6. — The hypotheses of Lemma 4.4 concerning the coordinate ring of
G ® k are not hypotheses on the differential Galois group of L as an “abstract”
algebraic group but hypotheses on the incarnation G of this differential Galois
group as a subgroup of GL,,(C') via the linear representation given by the choice of a
basis of solutions of L. In other words, these hypotheses are not necessarily invariant
under isomorphisms of algebraic groups. For instance, this hypothesis is satisfied by
G = SLy(C) € GLy(C), but not by Sym?*(SLy(C)) C GL4(C), despite the fact that
these two algebraic groups are isomorphic. The fact that the hypothesis is satisfied
when G, = SLy(C) is shown in the proof of Proposition 4.3 below. Let us prove that
it is not satisfied by G = Sym?®(SLy(C)). We have denoted by Sym?®(SLy(C)) the
image of SLy(C) by its (faithful) 3rd symmetric power representation

Sym? : SLy(C) — GL4(C),
which has the form
a® 3a’b 3ab®> b3
(a b) a’c % x  bid
= 2

ac * x  bd?
¢ 3cd 3ed®* &

Let

k[Sym® (SLy(C) @ k| =k [(X; ;) det (Xi )%, ;2] /1

1<i,j<4? 1<i,j<4

-1
=k [(xivj)lgi,j<4 ,det ($i7j)1<i,j<4:|
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be the coordinate ring of Sym®(SLy(C)). Then,
f = 3_1551,2 (.T274/$174 — .213271/%1,1) € k‘ (Sym3 (SLQ(C)) X k’)

satisfies f3 = x; 1. Therefore, f is algebraic over k(z;,1) but does not belong to k(zy,1)
and, hence, k(z; 1) is not relatively algebraically closed in k(Sym®(SLy(C)) ® k).

This is not a surprise: the conclusion of Proposition 4.3 is not satisfied when
G = Sym®(SLy(C)). Indeed, let M be a linear differential equation over & of order 2
with differential Galois group SLy(C'). Consider the third symmetric power L = M®3;
this is a linear differential equation over k of order 4 with differential Galois group
G = Sym*(SLy(C)). If (u,v) is a basis of solutions of M, then (u?, u?v, uv?, v?) is
a basis of solutions of L. Therefore, f = u? is a solution of L, g = u is a solution of
M, f & k and f and g are algebraically dependent over k but g & k(f).

Proof of Proposition 4.3. — We shall prove that the hypotheses of Lemma 4.4
are satisfied when G = SL,(C). The fact that SL,(C) is connected and simply
connected is well-known (cf. [Hum?75, Section 31.1]). It remains to prove that, if we
denote by

E[SLa(C) @ K] =k [(Xi )y < oo det (Xi )1 2o o]/ (det (X ), 5 — 1)
=k [(aji,j)lgi,jgn}

the coordinate ring of SL, (C') ® k, we have: for any

a = Z i jxi; € spang {z; ;|1 <i,j <n},

1<i,5<n

k(a) is relatively algebraically closed in k(SL,(C) ® k).
Let us first assume that at least one of the )\; ; is zero, say \;, j, = 0. Then, we
have

k(SL(C) @ k) = k ((:3),

<aj<n>
=k ((Iivj)lgi,jsn, (i,j);é(io,jo))

=k (a’ (xi’j)léi,jén, (ivj)75(io7jo)7(i1,j1)>

where (i1, j1) is chosen such that \;, ;, # 0. The second equality above follows from
the fact @iy j, € k((24,j)1<4,j<n, (G, 5) # (0, jo)) Which itself follows from the equality
det(x; j)1<i,j<n = 1. The third equality follows from the fact that z;, ;, belongs to
the k:—span of a and (xi,j)l <4, <n,(1,7) # (30, 40), (31,41) Since

tr. deg(k(SLn(C) ® k) /k) = n® — 1
and
t{a (@i 31659, 6 # oo i) } <07 = 1,

we get that the family (a, (25 ;)1 <, <n, (i, ) # (o, jo), (i1, 41)) 15 algebraically independent
over k. In particular, k(a) is algebraically closed in k(SL,(C) ® k).
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Let us now assume that the A; ; are nonzero. We have

k(SL,(C)® k) =k ((xi,j)lgi,jgn) =k (a, (mi,j)1gi,jgn,(z',j)yé(l,n) :
The latter equality follows from the fact that z;; belongs to the k-span of a and
(@i j)1<i,5<n, (i,5) #(1,1)- But, we have

-1 -1 -1
T2,1 = )\2716L — Z )\271)‘i,jxi,j — )\2’1)\1711’171.
1<i,j<n
(1,9) #(1,1),(2,1)
The equality det(z; ;)1<i, j<n = 1 ensures that
02,1 "L 01 1
I1,1:—5’ l’2,1—257 xi,1+76
1,1 =3 01,1 1,1

where 9§, ; is the (4, j) cofactor of the matrix (z; ;)1<i j<n- It follows that

)
(1 — Aill/\1,152’1> To 1 =
1,1

)

"9, 1
-1 —1 -1 i, 1
>\2,1a - Z )‘2,1)‘i,jxi7j + >‘2,1)‘1,1 <Z 5 i1 — 5 > .

1<4,j<n i—3 01,1 1,1

(4,5) # (1,1),(2,1)
This shows that x5 1 belongs to k(a, (;,;)1<i,j<n, (i, j)#(1,1), (2,1)) and, hence, that

k(SLa(C) @ k) = k (a’ (@i 3)1<ij<n, (i,j#(l,n,(l,z)) :

We can now conclude that k(a) is algebraically closed in k(SL,(C) ® k) by using a
transcendence degree argument as we did above. ([l

5. A special case of reductive G : GL,(C)

We denote the center of a group G by Zg.

LEMMA 5.1. — Let ¢ : G; = G5 be an isogeny with Gy connected. Then:
L 90_1(ZG2) - ZG17 90<ZG1) = ZG2 and SO(Z[C)YH) - Zgg;
if Gy = Z2, GY, then Gy = Z2& G1¥);
if Z9,, is a torus of dimension d, then Z{ is a torus of dimension d as well;
if GY, is semi-simple, then G, is semi-simple as well;
if Gy is reductive, then GGy is reductive as well.

Proof. — We first prove that ¢~ '(Zg,) C Zg,. Consider g € p~!(Zg,). For any
h € Gy, ¢([g,h]) = [¢(9),(h)] = eq,, so [g,h] € ker¢. Since G is connected, the
image the morphism of algebraic varieties

G, — kerp
h = lg,h]

is contained in (ker p)? = {eg,}, so g € Zg, as expected.

(3)Recall that G is the derived subgroup of the algebraic group G.
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The inclusion Zg, C ¢~ (Zg,) follows from the fact that ¢ is onto and therefore
Sail(ZGz) =Zc,-

The equality ¢(Zg,) = Zg, follows form this and from the fact that ¢ is onto.

It follows that (Zg,) = ¢(Za,)? = Z2,,.

Since ¢ is onto, we have ¢(G') = G%. We have seen that ¢(Zg ) = Z¢,. Therefore,
©(Z% GY) = Z, Gl = Gs. Since ker ¢ is central, we get Gy C (ker ) Zg G C Zg, G,
so G1 = Zg,G'. But Zg G is a closed subgroup of G; = Zg, G} of finite index, so
GY = Gy C Zg, G, whence the equality G; = Zg G}.

Assume that Zg, is a torus of dimension d. We have seen that ¢(Zg ) = Z¢,, so
¢ induces an isogeny between Z¢ and Zg, . Lemma 3.1 implies that Z¢, is a torus
of dimension d.

Since p(G)) = GY, ¢ induces an isogeny between G and G). Therefore, G is
semi-simple if and only if G, is semi-simple.

The last assertion follows from the previous one. O

In the proof of the next result we will use the tannakian correspondence. Appen-
dix A contains a review of this tool.

PROPOSITION 5.2. — Let f € K* satisfy a nonzero homogeneous linear differen-
tial equation over k of order n and assume that the differential Galois group over k
of the latter equation is GL,(C). Let g € K satisfy a nonzero homogeneous linear
differential equation over k. Assume that f and g are algebraically dependent over

k. We have:
(1) if n =1, then there exist 6 and an integer { such that

f=06" and gek[e,e—l};

(2) if n > 1, then
g € k[f].

Proof. — Let L be a nonzero linear differential operator of order n with coefficients
in k and with differential Galois group over k equal to GL,,(C) annihilating f. Let
Y’ = AY be the corresponding linear differential system.

Let M be a nonzero linear differential operator with coefficients in k£ annihilating ¢
and of minimal order m for this property. Let Y’ = BY be the corresponding linear
differential system.

We let E be a Picard—Vessiot extension over k of the differential system

(5.1) Y = <’61 g) Y

containing f and g. Let G be the corresponding differential Galois group over k. The
differential system (5.1) has a fundamental solution of the form

P = (%A @D € Ly (E)
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where
fi [
fi "
Da = : : € GL,(F)
FO g
and
g} gf”
ve=| 7 " ear.e)
gD g

with f; = f and g; = ¢ (thus, F is the field extension of k generated by the entries
of P4 and Yp). The field extension E4 (resp. Ep) of k generated by the fi(] ) (resp.
by the g(J )) is a Picard—Vessiot extension over k for Y/ = AY (resp. Y’ = BY); we

)

let G4 (resp. Gp) be the corresponding differential Galois group over k.
By minimality of M, we have

spang Gg = spang Gpg = spanc {gi, -- ., g}

(note that Gg = Gpg because the restriction morphism G — Gp is surjective).
Moreover, F, is left invariant by G. These facts, together with the fact that g is
algebraic over E4 (because f and g are algebraically dependent over k and f is
transcendental over k because G4 is GL,(C)) imply that the gZ(] ) are algebraic over
E4 as well, i.e., F is a finite extension of E4.

It is a general fact that the restriction morphism 74 : G — G4 is surjective and
hence induces a short exact sequence

0> H—->GGy—0.

The kernel H (which is the group of differential field automorphisms of E over F,)
is finite because F is a finite extension of Ey.
Since k is algebraically closed, G is connected. Applying Lemma 5.1 to m4 : G —
G4 (with G4 = GL,(C) = 28, Gy with Z¢, = C*I, and G’y = SL,(C)), we get
G =7qG" = 73G
and also that Zg is a one dimensional torus. There exists P € diag(I,,, GL,,(C)) C
GL,+m(C) such that

PZyP~ = {diag (t°° L, t" I, ..., t% )

teC’X}

for some mq, ..., m; € Z>; and some «y, ..., oy € Z with aq, ..., oy pairwise
distinct. Therefore, PGP~ is block diagonal:

PGP~ C diag (GL,(C), GL,,, (C), ..., GL,,,(C)).

It follows that there exist By € M,,, (k), ..., B € M, (k) such that Y’ = BY is
equivalent over k to

Y' = diag (Bi, ..., B)Y.
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So, up to changing 95 by R p for some R € GL,,(k), we can and will assume that
B = diag(By, ..., By) and that P = I,,.
Let A= A — tr(A)/nl, and consider the differential system

(5.2) Y’ = diag (tr(A)/nl,, A, By, ..., B)) Y.

Since tr(ﬁ) = 0, the differential Galois group of A is unimodular ([S03, Exer-
cise 1.35.5]). We let H be the differential Galois group of (5.2). In the tannakian
correspondence (cf., Example A.1), the equation

Y' =diag(A,By, ..., B)Y
corresponds to the representation p : H — G given by
p:diag (t,h, hy, ..., hy) > diag (th, b, ..., ).

Applying Lemma 5.1 to p: H — G (again the differential Galois theory implies that
p is onto, and that it has finite kernel), we have

H=2)H
and Z% = p~1(Z2)° is a one dimensional torus. The restriction
Pz, Ly =p (Zg)o — Zg
is given by
hoe (o) L Xa (B Iy, - xa(h) I, )
for some characters x; : Z% — C*. Another morphism Z% — Z2 is given by
h = diag (t, hohy, ..., h,) — diag (£ L, t L, ..., 1%, .

Therefore (since Z% and Z2 are one dimensional tori: see Lemma 6.1), there exist
nonzero relatively prime integers N, M such that, for all i,

Xz(h)N = taiM‘
Consider the differential system
Y’ = diag (tr(A)/nN, A B, ..., Bl) Y.

Let Hy be the differential Galois group of this system. In the tannakian correspon-
dence, the equation

Y' =diag (A, By, ..., B)Y
corresponds to
o:=pop:Hy—G

where p : Hy — H (which corresponds to Y’ = diag(tr(A)/n, A, By, ..., B)Y in the
tannakian correspondence) is given by

p : diag (z,ﬁ,hl, cee hl) — diag (zN,ﬁ,hl, cee hl).
Applying Lemma 5.1 to p: Hy — H, we get
Hy = Zy Hy
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and Z% = p 1(Z%)? is a one dimensional torus.
Hy H

If h = diag (2, h, by, ..., b)) € 25, = p~'(Z5)°, then

Xi(p(h))" = 2"
SO
Xi(p(h)) = 2%,
So, we have

01z, (2,71, hi, ..., hl) — (zN[n = zaoM[n,zo‘lMIml, e z‘”MIml).

On the other hand, the representation corresponding to Y’ = AY in the tannakian
correspondence is

wA:ﬂ'AOQZHN—)GA.

It is surjective (differential Galois theory) and has finite kernel (because ¢ and 74
have finite kernels), so it is an isogeny. Therefore, it induces an isogeny

@Ay, =ma00: Hy = Gy
Since G’y = SL,,(C) is a connected and simply connected algebraic group,

@A, =Tac0: Hy — Gy
is actually an isomorphism. Since G = im(m40 0@ wp 0 ), it follows that there exists
an algebraic group morphism v = (uq,...,w) : G’y — Gp such that

Tpoo=uo(m400).
So,
oy (Lhshy, o he) = (houa(R), . w(h)).

Finally, we see that the representation wg = mwp o p corresponding to Y’ = BY in
the tannakian correspondence is given by

wWB=TROO: (z,ﬁ,hl, o hl) — (zo‘lMul(h), o zalMul(fz)) .

This ensures, by the tannakian correspondence, that Y’ = B;Y is equivalent to a

system of the form Y’ = (Constr;(A) + oy M (tr(A)/nN)I,,,)Y where Constr;(A) is

obtained from A by some construction of linear algebra. It follows that the entries
of the solutions of Y’ = BY belong to

k {@L, det (@L)_l]

for some positive integer ¢; in particular, g belongs to

. {@L, det @L)l] .

For n = 1, this gives the desired result (which, of course, already follows from
Corollary 3.3).
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Let us now assume n > 1. We have that R, = k[, det(2)) "] is isomorphic,
as a k-algebra, to k[GL, (k)]. More precisely there exists v € GL,,(k) such that the
k-algebra morphism

-1
k |:(Xi7j)1<i7j<n,det ((Xivj)lgi,jgn) :| — RL

defined by X +— %) is an isomorphism; it induces an isomorphism

1 .
k [(Xi,jhgi,jgn 3 f/det ((Xi,j)lgi7j<n> ] —k {QJL, vdet (Y1) 1]

In this isomorphism, f corresponds to an element a of span,{X;:|1 < i < n}
mod I. The fact that k(a) is relatively algebraically closed in

1
k ((Xi,j)1<i7jgn ) \l/det ((Xi,j)lgi,jgn) )

(see Lemma 5.3 below) implies that

g € k(f).
Corollary 3.4 ensures that:

e cither g € k[f],
e or there exists ¢ such that 6'/6 € k and

f=c+d0 and gekl[0,07]

for some ¢,d € k.

The latter possibility is incompatible with the fact that G, = GL,,(C) acts irreducibly
on the solution space of L. O

LEMMA 5.3. — For any a € span,{X; ;|1 < i,5 < n}, k(a) is relatively alge-
braically closed in

E((Xi)ycijon A7) where A= \L/det (Xi)i<ijen):

Proof. — Let

L=k ((Xij) s 0 D).
and let @ = 3> \; ;X ; be in the k-span of the X ;.

Let us first assume at least one of the \; ; is zero, say A = 0. Then, we have

10, jo
L=k ((Xi,j)lgi,jgn ’ A) =k ((X"’j)lsmén, (4, 3) # (io, jo) ’A)
=k (CL, (Xi,j)lgi,jgn, (4,7) # (i0, Jo),(i1, J1) ’A>

where (i1, j1) is such that \;, ; # 0. The second equality follows from the fact that
XZ'OJO S k((XZ,j)l <i,j<n, (4,75) # (i0, 50) A) which itself follows from the equality

det(X; j)1<ij<n = D Xig,j0i0,j = A7

j=1
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where §; ; is the (7, j) cofactor of (X; j)1<i j<n. The third equality follows from the
fact that X;, ;, belongs to the k-span of a and (X; j)1<i,j<n, (i, ) # (o, jo), (i1, 1) - SiLce

tr.deg(L/k) =n® and ﬁ{a, (Xi,5)

< i) o donin, ) - B <
we get that the family (a, (X j)1<i j<n, G, §) # (o, jo), (i1, 1), ) is algebraically indepen-
dent over k. In particular, k(a) is algebraically closed in L.

Let us now assume that the A; ; are nonzero. We have

L=k ((X’L,]> A) =k (CL, (Xi’j)léi,jén, (i,5)#(1,1) ,A)
The latter equality follows from the fact that X;; belongs to the k-span of a and
(Xijh<ig<n, ) #,1)- We have

_y—1 —1 —1
Xo1 = Ay5a — > Ag i i X g — Ag A1 Xt
1<i,j<n

(4,9) #(1,1),(2,1)
Furthermore the equality det(X; ;)1 <i j<n = A? ensures that

92,1 "L 01 94
X = —;X — 2 Xz -
bl 011 21 ;)51,1 ’1+(51,1

where ; ; is the (4, j) cofactor of (X; ;)1<i j<n- It follows that

1<4,5<n?

0
(1 + )\2_’11/\1,152’1> Xo 1 =
1,1

)

n_S. 54

-1 -1 -1 i1

Ay 10— > A21 0,5 Xi, 5+ Az 1A (Z 5 N1 T ) :
1<i,j<n i=3 Y1,1

(4,7) #(1,1),(2,1)
This shows that Xy 1 belongs to k((X; j)1<4,j<n, G,j)#1,1),(2 1), &) and, hence, that

L=k (0 (Xiicijen iz n008)
We can now conclude as above by a transcendence degree argument. O

6. The general reductive case

LEMMA 6.1. — Let T} and T, be tori of dimension d. Let ¢, : Ty — T be
two isogenies. Then, there exist N € Z-, and an isogeny 1 : Ty — T, such that

N =1pog.

Proof. — Using the fact that T} and T5 are isomorphic to (C*)?, we can assume
that T = Ty = T, = (C*)% We let X(T) be the character group of T} it is a
free abelian group of rank d. We set ¢ = (¢1, ..., ¢q) and ¢ = (p1, ..., ©q); the
¢; and ; are thus elements of X (7). Since ¢ : T — T is an isogeny, ¢1, ..., ¢q
are multiplicatively independent elements of X (T') and, hence, they generate a free
subgroup (¢1, ..., ¢q) of rank d of X (T'). Thus, every element of X (T') has a positive
power belonging to (¢1, ..., ¢4). In particular, there exist a positive integer N such
that the ¢V belong to (¢, ..., dq). Therefore, there exists ¢); € X (T') such that
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N = 1p;0¢. Thus, the morphism ¢ = (v, ..., 1) : T — T is such that oV = o ¢.
Since ! is an isogeny, v is an isogeny as well. U

PROPOSITION 6.2. — Let f € K* \ k satisfy a nonzero homogeneous linear
differential equation L(f) = 0 over k of order n and assume that the differential
Galois group over k of the latter equation is reductive and has a simply connected
derived subgroup. Let g € K satisfy a nonzero homogeneous linear differential
equation over k. Assume that f and g are algebraically dependent over k.

(1) If F is a differential field extension of k(f,g) with field of constants C' con-

taining a basis of solutions fi = f, fa, ..., fn of L, then
gER[W (Fr o ) 0 ]
where W (fi, ..., fu) denotes the Wronskian matrix associated to fi, ..., fn,
the y; € kW (f1, ..., fn)] are such that y./y; € k and q is a positive integer.
(2) Assume

(%) k(f)is relatively algebraically closed in k (W(fl, ey Jn)s yl_l/q, cee ys_l/q) .

Then,
g € kL[]

Remark 6.3. — Actually, the proof of Proposition 6.2 gives the following more
precise information. We let L = L4 - - - L, be a factorization of L over k into irreducible
factors. The proof of Proposition 6.2 shows that s < r and that the y; can be chosen
such that y; are solutions of ¢y’ = tr(A;)y where A; is a certain matrix gauge equivalent
to the companion matrix of L;(Y) = 0. In particular, with these refinements in mind,
we recover the main ingredients of the proof of Proposition 5.2 (the only additional
ingredient of the proof of Proposition 5.2 is the fact that the hypothesis (%) is
satisfied under the assumptions of Proposition 5.2).

Proof. — Let Y/ = AY be the linear differential system corresponding to L. Its
differential Galois group over k (the same as L) being reductive, we have that
Y’ = AY is equivalent over k to

Y’ :ZK Z:diag(Al,...,AS)

for some A; € M,, (k) such that Y' = A;Y is irreducible over k.

Let M be a nonzero linear differential operator with coefficients in k& annihilating g
and of minimal order m for this property. Let Y’ = BY be the corresponding linear
differential system.

We let E be a Picard—Vessiot extension over k of the differential system

(6.1) Y = <61 g) y

containing f and g. Let G be the corresponding differential Galois group over k. The
differential system (6.1) has a fundamental solution of the form

9 — (%OA @%) € QLo n(E)
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where ) is a fundamental solution of Y' = AY and )5 is a fundamental solution
of Y = BY (thus, E is the field extension of k generated by the entries of )+ and
Y 5). The field extension E4 (resp. Eg) of k generated by the entries of Y (resp.
by the ) is a Picard—Vessiot extension over k for Y/ = AY (resp. Y/ = BY); we
have f € Fy and g € Ep. We let G4 (resp. Gp) be the corresponding differential
Galois group over k. We recall that G is reductive with simply connected derived
subgroup G%; we will denote by d the dimension of the torus Zgz'

By minimality of M, we have that Ep is generated, as a differential field extension
of k, by Gg = Gpg (we recall that Gg = Gpg because the restriction morphism
G — Gp is surjective). Moreover, E is left invariant by G. These facts, together
with the fact that g is algebraic over E4, imply that E is a finite extension of F.

We again have that the restriction morphism 74 : G — G is surjective and hence
induces a short exact sequence

0—>J—>GW—Z>GZ%O.

The kernel J (which is the group of differential field automorphisms of E over Ey)
is finite because F is a finite extension of F.

Applying Lemma 5.1 to 75 : G — G, we get that G is reductive and that Zg is
a torus of dimension d.

Let

A=A~ diag (tr(A)/mln,, -, tr(A)/n.dy,)
and consider the differential system
Y’ = diag (tr(Al)/nl, . tr(Ay)/ng, A, B)Y.

We let H be the differential Galois group over k of this equation. In the tannakian
correspondence, the equation (6.1) corresponds to the representation p : H — G
given by

p:diag (i, ..., s, 01, -+, Gs,9) = diag (c101, - - -, €sJs, g) -

Applying Lemma 5.1 to the isogeny p : H — G (as before, p is onto, and it is
clear that it has finite kernel because the g; have determinant 1), we have that H is
reductive and that Z% = p=1(Z2)" is a torus of dimension d. We claim that there
exists an isogeny = : Z% — Z2 of the form

diag (c1, ...y C5, 01y ooy Gs, 9) — ZE(c1y oo 0y Cs)
an isogeny v : Z& — Z2 and a positive integer N such that
Plye = oE.
Indeed, the image of ZY% by
diag (c1, ..., s, 01, - -+, Js,g) — diag (c1, ..., )
is a torus of dimension d (this is because w3 0 p : H — G, which is given by

diag (c1, ..., Cs, 1,y - -+, Gs, g) > diag(c1ga, - - ., CsGs)
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is an isogeny and, hence, induces an isogeny Zy — Zg_, but Z¢- is made of diagonal
matrices of the form

diag (xIpy, ..., *Ip,),
and the g; have determinant 1, so (75 0 pjz, )™ " can be described as follows:

)nl S

ny- Mg . _ _ X

(ﬂzo p‘ZH) sdiag (¢1, .-+ Csy Gy - -5 s, g) > diag (1, ..., sy,
and hence the image of Zy by

diag (c1, ..., Cs, 01, -+ Gs,g) —> diag (c11p,, - .., ¢slp,)
has the same dimension as the image of 74 o p|z,, which is equal to the dimension
of Zg_), so there exists an isogeny = : Z% — Z2 of the form
diag (c1, ..oy Cs, G1y ooy Gs, 9) > 2 (€1, oo 0y Cs)
But pyz - Z% — Z2 is also an isogeny, so Lemma 6.1 ensures that there exist a
positive integer N and an isogeny ¢ : Z& — Z2 such that
Yol = ﬂf}%-

This proves our claim.
Consider the differential system

Y’ = diag (tr (A1) / (Nny), ..., tr(AJ) / (Nn.), A, B) Y.
Let Hy be the differential Galois group over k of this system. In the tannakian
correspondence, the equation
Y’ = diag(A, B)Y
corresponds to
o:=pop: Hy =G
where p: Hy — H (which corresponds to
Y’ = diag (tr(A1) /my, ... tr(AJ) /ne, A, B) Y

in the tannakian correspondence) is given by

p:diag(ey, ..., €5 g1, ...,§S,g)Hdiag(ef[,...,eév,gl,...,gs,g).

Applying Lemma 5.1 to p : Hy — H, we get that Hy is reductive and that
Z3, =p N(Z})° is torus of dimension d.

If diag(er, ..., €5, 91, -+ Gs» 9) € Zf,, then
. ~ ~ . ~ ~ N
Q(dla‘g (617 ey 657917"'79579))N :P|ZIO{ (dlag (ei\f’ I eivagla I gS7g>)
:on(eiv, ce ei,v) =YoZ(ey, ..., eS)N
S0

Qzy, = Yoz

Moreover, the representation of Hy corresponding to Y/ = AY in the tannakian
correspondence is
YEX:’]TZOQZHN—)Gz.
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It is surjective (general fact) and has finite kernel (because p and 74 have finite
kernels), so it is an isogeny. Therefore, it induces an isogeny

Lo/ !
WAy, = TAO0: Hy — G5
Since G/Z is a connected and simply connected algebraic group,
Loy !
WA, = "x0 0 Hy = G

is actually an isomorphism. Since G = im(m50 0@ mp 0 p), it follows that there exists
an algebraic group morphism u : G5z — Gz such that

mpoo=1uo(mz00p).
So, the restriction of ¢ to the derived subgroup H}, of Hy is given by
Q|H§\, : (17517 R §S7g) Hdlag (gla BRI gsau(gh R gs))

Finally, we see that the representation wp = 7w o 0 of Hy corresponding to
Y’ = BY in the tannakian correspondence is given by

wp=mpop:diag(er, ..., €01, -y Js,g) > Vo Z(er, ..., e)u(gi, -, Js) -
It follows that the differential system Y’ = BY is equivalent over k to
Y' =diag(By, ..., B))Y
where each B; € M,,,(k) has the form

Constr; (A) + Z a,j tr(A;)/ (nN) L,
j=1

for some a; ; € Z and some Constr;(A) obtained from A by some construction of

linear algebra. It follows that the entries of the solutions of Y’ = BY belong to

kD, \q/ﬁ_l, ce g/@_l] for some positive integer g, where each y; satisfies y; =
7. Applications

In this section we will apply the previous results to generalized hypergeometric
series and to iterated integrals.

7.1. Generalized hypergeometric series

The aim of this Section is to prove Theorem 1.6 stated in Section 1.
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7.1.1. The generalized hypergeometric series and equations

We recall that, for any p,q € Z-q, the generalized hypergeometric series with
parameters o = (v, ..., o) € CP and B = (B4, ..., B;) € (C\ Z<p)? is given by

PPyl o] = > (UGl € (o)

where the Pochhammer symbols (¢), are defined by (t)o = 1 and, for k € Z>,
Oe=tt+1)---(t+k—1).
This series satisfies the generalized hypergeometric differential equation

pq [c; B] (qu [a; B;2]) =0

where
p gl Bl =0 [ (6+ B —1) —x [] (6 + o)
k=1 k=1

with § = x%.
Note that :

o if ¢+ 1 = p, then ,7 [o; B] has order ¢ + 1 = p and has at most three
singularities, namely 0, 1 and oo, all regular;

o if g+ 1 > p, then , 7, [o; B] has order ¢+ 1 and has at most two singularities,
namely 0 and oo; 0 is regular whereas oo is irregular.

o if ¢+ 1 < p, then 5, [a; B] has order p and has at most two singularities,
namely 0 and oo; 0 is irregular whereas oo is regular.

7.1.2. Formal structure at oo of the generalized hypergeometric equations when
qg+1>p

We shall now recall some basic facts concerning the formal structure at oo of
27, |e; B] when ¢+ 1 > p. Consider the uniformiser at co given by ¢t = z~!. We
have

LRl (IS LR RSNG| (CEPR)
with 6, = ¢<£. By definition (see [S03, Definition 3.44]), the Newton polygon
Noo(pq [0 B])  of - g [e; B
at oo is the convex hull of
{(m,y) € R? ‘ there is a monomial t™0;" in ,.7 [a; B] with (z,y) > (n,m)}

where (z1,y1) = (22,v2) if and only if z; < z9 and y; > yo. A straightforward
calculation shows that this polygon has three extremal points, namely (0,0), (p,0)
and (¢ + 1,1). Thus, the slopes of ,7, [a; B] at co are

A1 = 0 with multiplicity p and Xy =1/0 with multiplicity o,
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where

oc=q—p+1.
It follows from [S03, Theorem 3.48] that the differential module M over C(z) asso-
ciated to ,.7; [o; B] satisfies

(7.1) C((t) ®ew M = My, & My,

where M, is a regular singular differential module over C((t)) of rank p and M,
is an irregular differential module over C((¢)) of rank o, with only one slope, namely
Aa. According to [S03, Remark 3.34], we have

—

(72) C((#°)) @iy M = TR O¢((ure) € (4 (t777))
where:
e R is a regular singular differential module over C((t/7)) of rank one,
e forallje{l, ..., 0}, q(t V) =q(¢t71/7) with ¢; = % for some q(X) €
XCI[X] of X-adic valuation 1,
e £(q;(t7/7)) is the rank one differential module over C((t'/)) defined by
E(g;(t7/7)) = C((t/7))e; with O(e;) = q;(t™"/7)e;.
Recall from [S03, Remark 3.55] that the slopes of My, can be computed using the
q;j(t7Y/7): they are the negative of the t-adic valuations of the ¢;(+71/7), which are
all equal to degqu(X)' Since /\//l\,\2 has a unique slope Ay = 1/0, we get degy q(X) =1
so ¢(X) = aX is a nonconstant monomial and

qj (t_l/a) = ag;t™".

We shall now determine a. Set w = t'/? and 4, = w% = 06;. We claim that
the equivalence class of the nonzero complex number a modulo p, = {1, ...,(,} is
characterized by the fact that the Newton polygon (with respect to w and at w = 0)
of e~ A0 [ov; B] e has height™ < ¢+ 1. Indeed, (7.1) and (7.2) above ensure
that the differential module over C((w)) associated to ,.7, [a; B] has a decomposition
of the form

(7.3) N & @?:13 Rc((w)) g (acjw_l)

where A is a regular singular differential module over C((w)) of rank p and S is
a regular singular differential module over C((w)) of rank 1. Therefore, for any
b € C*, the differential module over C((w)) associated to e~ .7, [c; B] e** ™" has
a decomposition of the form

N @y € (—bw™) & 7,8 @c(wy & ((aG —b)w™).

But, according to [S03, Remark 3.55], the slopes of (7.3) are the negative of the
w-adic valuations of the polynomials —bw ™! and (a; — b)w™! for j € {1, ..., o},
so:

(4) The height of the Newton polygon of a differential operator L = >." a;(w)d, of order n
with coefficients in C((w)) is equal to the sum of the slopes of L counted with multiplicities or,
equivalently, to max; ¢ o, ..., n} Vw(@n(w)) — vy (a;(w)) where v, : C((w)) — ZU{—o0} is the w-adic
valuation.
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e if b & ay,, then 1 is the unique slope of (7.3) and, hence, the Newton polygon
of e‘bw*lp%g la; ] ev (with respect to w and at w = 0) has height ¢ + 1;
e if b € au,, then (7.3) has two slopes, namely 0 and 1, and, hence, the Newton
polygon of e~ | J#, [a; B] " (with respect to w and at w = 0) has height
<q+1
Let us now determine the nonzero complex numbers b such that the Newton polygon
(with respect to w and at w = 0) of e™ . [a; B] €™ has height < ¢ + 1. We
have

tiles) = (e 1T (2 = ) = o I (% - )

and

The coefficient of §7 in e—b“flp,%g la; B e’ has w-adic valuation > —q + j — 1
and the w-adic valuation of 62" is equal to 0; therefore, we have to find the b such
that the coefficient of 69, in e™"" .7 [a; B] €' has w-adic valuation > — (g + 1).
But the latter coefficient is of the form

b q+1 b p
(w_1> —w e <w_1> + terms of higher degree in w;
o g

it has w-adic valuation > —(g + 1) if and only if (2)4 = (£)? if and only if

be o,.
Therefore,
a € ollg.
In conclusion, the list of determining polynomials® at oo of ,7%, [a; B] is
(O repeated p times, Ciot™ Y7, ..., Cgatfl/a)
with ¢; = e

7.1.3. A preliminary remark concerning Proposition 4.2 in the SLy(C') case

The hypothesis of Proposition 4.2 is:
Let f € K* satisfy a nonzero homogeneous linear differential equation
L(f) = 0 over k of order n > 1 and assume that the differential
Galois group G, over k of the latter equation is simply connected.
Let g € K satisfy a nonzero homogeneous linear differential equation

(5) These “determining polynomials” are the “eigenvalues” of [S03, Definition 3.26].
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over k. Assume that f ¢ k and that f and g are algebraically dependent
over k.

With the notations of the proof of Proposition 4.2, we have
Ty = UOT,.

We shall now focus on the case G = SLy(C). Then, the classification of the repre-
sentations of SLy(C) shows that the representation u : G, — Gy is conjugate to the
direct sum of symmetric power representations

Sym™ : Gf, = SLy(C) = SLu,,+1(C).

Letting M and £ denote the differential modules associated with Y’ = Ay Y and
Y’ = A, Y, the tannakian correspondence implies that M is isomorphic to the direct
sum of the Sym™(L). We will now use this to study the algebraic relations between
generalized hypergeometric series.

7.1.4. Proof of Theorem 1.6

The differential Galois group over C(z) of L = (€ [—; 5] is SL2(C); see [Kat90,
Theorem 3.6]. As explained in Section 7.1.3, the differential module M associated to

the minimal nonzero differential equation M with coefficients in C(x) annihilating
»Fy [v: 6; 2] is isomorphic to a direct sum of symmetric powers of L, say

M =@, Sym™ (L).

Let us first assume that ¢ +1 > p. We have seen in Section 7.1.2 that L is
irregular at oo: it has exactly one slope at oo, namely 1/2, and its list of determining
polynomials at oo is +£2x'/2. Therefore, the list of the determining polynomials of
Sym™ (L) at oo is

(7.4)  —2m'? 2 (=m; +2) 222 (=my +4) 22 L 2(my — 2) 22 2myat /2

So, the list of determining polynomials of M is the concatenation of the lists (7.4)
for ¢ varying in {1, ..., r}.

On the other hand, M is a factor of ,.77, [7y;d] so (see Section 7.1.3) the list of
determining polynomials of M is a sublist of

0 with multiplicity p,Cioz'/?, ..., (ox/?

27ij

witho=¢—p+1land (j=c> .
Comparing the two preceding descriptions of the determining factors of M, we
find that 0 = 2 and that we have
e cither all the m; are equal to 0;
e or one of the m;, say m,., is equal to 1 and the other m; are equal to 0.

We claim that the first case cannot happen. Indeed, otherwise the entire function
»Fy [7v: 6; 2] would be algebraic and, hence, polynomial, which is false.
Therefore, we have

M= Sym’ (L) @ --- @ Sym”(£) @ Sym'(L).
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It follows that ,F, [v;d; 2] is of the form a + bg + ¢¢g’ for some a,b,c € C(x), b or
¢ # 0, and some nonzero solution g of L. Since the differential Galois group of L
over C(z) is SLy(C), the only possibility for a + bg + cg’ to be algebraically depend
with oF} [o; 5; 2] is that g = d - oF} [—; §; x] for some d € C and ¢ = 0. Therefore,

pFy [v:8;2] € C(a)oFy [—; B; 2] + C(x).
The fact that we can descend this linear relation to C(x) follows from the fact that
oFy[v:6; 2] and oFy [—; ;x| are entire functions and that ¢F; [—; ;2] and 1 are
linearly independent over C(z).

Let us now consider the case ¢ + 1 < p. In that case, we have seen that ,.77; [y; 9]
is regular at co. Since M is a factor of ,.77 [7y; 8], M and hence M are regular at
oo as well. Since Sym™ (L) is irregular at oo if m; is nonzero, we infer that all the
m; are equal to 0. Therefore, ,F, [7y; d; z] belongs to C(z). This excludes the case
¢+ 1 < p, because the radius of convergence of ,F, [7v;d; x] is 0 in that case.

7.2. Iterated integrals

From [Hoc81, Chapter XVIII, Theorem 3.3] we know that a unipotent group is
simply connected. This allows us to make an application of Proposition 4.3 when
the Galois group is unipotent.

DEFINITION 7.1 (Cf. [Sril0]). — We say that f € K is an iterated integral over
k if, for some n € N, f € k.

THEOREM 7.2. — Let f € K* be an iterated integral over k and let g € K
satisfy a nonzero homogeneous linear differential equation over k. Assume that k
contains an element x with ' = 1, f is transcendental over k and that f and g are
algebraically dependent over k. Then g € k[f].

Remark 7.3. — The condition that k£ contains an element x such that =’ = 1 is
needed. For example, let k = C and K = C(z), 2’ = 1. The element z? is an iterated
integral over k, x satisfies a linear differential equation over k£ and these elements
are algebraically dependent over k. Nonetheless, = ¢ C[z?].

We will use, again and again, the fact that if £ C F' are differential fields with
the same algebraically closed field of constants and y € F' with ¢ € E, then either
y € F or y is transcendental over E. This follows easily from the Galois theory and
the fact that the only algebraic subgroups of G,(C) are {0} and C.

LEMMA 7.4. — Let E C F be differential fields with the same algebraically closed

subfield C' of constants. If x € E such that ' =1 and y, z € F such that

(1) ¢ € E and y transcendental over E and
(2) z € E(y) and 2’ =y,
then z = Ay + B for some A, B € E.

Proof. — Let z = p(y)/q(y) where p and ¢ are relatively prime polynomials. As
in the proof of Corollary 3.4, [HS85] implies that ¢(y)’/q(y) is algebraic over E and
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therefore in E (since F is algebraically closed in E(y)). We then have that E(q(y))
is a Picard—Vessiot extension of E whose differential Galois group G is a subgroup of
GL;(C) and is a quotient of G,(C). This implies that G must be trivial so ¢(y) € E.

Therefore we may write z = a,,y™ + . .. + ap with the a; € E. Differentiating, we
have

y=2=a,y" + (mamy’ + a;n_l) ym Tl

If a), # 0 we have m = 1 and our conclusion follows. If a;, = 0 we must have m > 2
and we will derive a contradiction. We have that

ma,y +a,_=c€F
where ¢ = 0 if m > 2 or ¢ = 1 if m = 2. In either case, y = (¢t — a1 +d) € E
for some constant d, contradicting the fact that y is transcendental over F. 0
LEMMA 7.5. — Let k C K be differential fields with the same algebraically closed

subfield of constants C. Assume that there exists ¥ € k such that ©’ = 1.

(1) If f is an iterated integral over k, then k(f) is a Picard—Vessiot extension of
k with unipotent Galois group.

(2) If f ¢ k, then there exist algebraically independent vy, ... y._1,y, = f such
that k(f) = k(y1, ..., y»). In particular, k(f) is algebraically closed in k(f).

Proof. — If f™ = h € k then f satisfies
h/
(

(7.5) y ) WY " = 0.
(1) If f € Kk, then clearly k(f) is a Picard—Vessiot extension of k. If f ¢ k then
f,1,x, ... 2" ! are linearly independent over C' and so form a basis of the solution

space of (7.5) and k(f) is a Picard—Vessiot extension of k. In addition, if we define
ki = ki_1(f™9), we have a tower of differential fields k = kg C ky C ... C k, =
k(f) where each k; is a Picard—Vessiot extension whose differential Galois group is
either {0} or G,. Therefore the differential Galois group of k(f) over k is unipotent.

(2) Assume that the transcendence degree of k(f) over k is r. By assumption r > 1.
Using the construction of the k; we see that from the set {f"=D, f=2) ' 1
we may select a subset of elements

that forms a transcendence basis. We wish to show that we can select these so
that n, = n. Suppose among all choices of the set T" we have selected one with
n, maximal. If n, < n, let B = k(yy, ..., yp_1),y = yp = fO7) 2z = f-(etD))
Applying Lemma 7.4, we have that y,. = az + b for some a,b € E. Therefore

R(f) = R(f0), L, flommey), o)

n1<n2<...<nr}

= E(yr)
= FE(z)
= k(frmm) o pmneen) g (et ))y
contradicting the maximality of n,.. OJ
Proof of Theorem 7.2. — This now follows from Proposition 4.2. O
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For the rest of Section 7.2 we remove the assumption that k is algebraically closed
and only assume it is a differential field of characteristic zero with an algebraically
closed subfield of constants.

A consequence of the Kolchin-Ostrowski Theorem ([Kol68, Section 2]) is that if
k C K are differential fields with the same constants and fi, ..., f, € K with f/ € k
for : = 1, ... n then the f; are algebraically dependent over k if and only if there
exist constants ¢;, not all zero, such that ¢; f1 +...+ ¢, f. € k. Proposition 7.8 below
gives a related result for iterated integrals.

COROLLARY 7.6. — Let k C K have the same field of constants and assume that
there is an element x € k such that ' = 1. Let f,g € K be iterated integrals over
k. If f and g are algebraically dependent over k then there exist u,v € k, not both
zero, such that uf + vg € k.

Proof. — Let E = k(f,f', ..., f® Y. g,¢, ..., g™ V). Proceeding in a man-
ner similar to the proof of Lemma 7.5(2), there is an algebraically independent
set of elements {21, ..., z} C {f, f', ..., f® Y. g,¢, ..., g™ Y} such that £ =
k(z1, ..., z), that is, E is a purely transcendental extension of k. Therefore if either
f or g are algebraic, then both of them will lie in k£ and the conclusion follows.
Therefore we may assume neither f nor g are algebraic over k. -

Theorem 7.2 implies that f = P(g) and g = Q(f) for some polynomials P, Q € k[Y]
where k is the algebraic closure of k. This implies that P and () are linear polynomials
so f, g and 1 are linearly dependent over k. Since F is a purely transcendental
extension of k, it is linearly disjoint from £ over k. Therefore f, g and 1 are linearly
dependent over k. 0

Example 7.7. — Let k = C(x), K = C(z,logz) and let f =logx + x,9 = xlogx.
We have f'.¢" € kand of — g = 2% € k.

PROPOSITION 7.8. — Let k C K have the same field of constants and assume
that there is an element x € k such that ' = 1. Let fy, ..., f, € K be iterated
integrals over k. If fy, ..., f, are algebraically dependent over k then there exist
Uy, ..., U, €k, not all zero, such that ui f; + ...+ u,f, € k.

Proof. — We can assume that for each pair 7,7, i # j

e the set {f1, ..., Firo.. ,?;, ..., fn} is algebraically independent over k,
o fi, f; are transcendental over F; ; = k(f1, ..., fi, ..., fj, ..., fn), and

e fi and f; are algebraically dependent over F; ;.

Corollary 7.6 implies that
fi :Ai,jfj + Bi’j for some Ai,j7 Bi’j S E,j'

In particular, f; = Ay ofs + B o for some Ay 5, By 2 € Fj 5. We shall show that
Ay 5 € k and that By 5 is a k linear combination of f3, ..., f,, 1. Note that k(fs, ...,
fn) is a purely transcendental extension of k. We will let d; denote the derivation

8(32- on this field.
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Ay 5 € k. Since we also have f; = A; 3fs+ Dy 3 for some A; 9, B o € Fy 3, A1 sfs+
BLg = A172f2 + BLQ' Applylng 83, we have Al’g = 83(14172)]02 + (33(3172). Since A173
is independent of f; and A, 5 is independent of fi, fo we have Ay 5 € k(ya, ..., Yn)
so Ay o = afs+ (3, where a, f € k(fa, ..., fn).

We also have fy = Ay 1fi + By1 for some Ay 1,By1 € Fi o = Fyq and fo =
As sfs + By 3 for some Ay 3, By 3 € F, 3. Comparing these two expressions in a
manner similar to the above we have that A, 1 = af; + Boo, B € k(fa, ..\ fa)
Since Ay 1 = Al_712, we must have a = a = 0, that is, A, , is independent of f;.
Replacing f3 with each f;,7 =4, ..., n in the above argument yields that A, 5 € k.

B, is a k-linear combination of f3, ..., f,, 1. Note that the above argument
can be modified to work equally well for fi, f;, 7 > 1 to conclude that f; = Ay ;f; +
By ; where A; ; € k and By ; € Fy ;. Therefore 0;(f1) = Ay ; € k, that is, f; €
k(fa, ..., fn) is linear in each of the f;,2 < i < n and so the conclusion is obtained.

O

Appendix A. The tannakian correspondence

We give an informal description of this correspondence, enough to understand its
use in our proofs. For a formal description see [DM81, Kat72, Kat87], [S03, Chapter 2
and Appendix B].

Let k be a differential field of characteristic zero (not assumed to be algebraically
closed) with algebraically closed field of constants C'. Let

(A.1) Y =AY

with A € gl, (k) and let K be its Picard—Vessiot extension. If ) € GL,(K) is a
fundamental solution matrix of (A.1), we refer to the ring k[2), det(Q)) '] generated
by the entries of ) and the inverse of its determinant as the Picard—Vessiot ring
associated with (A.1). It is independent of our choice of fundamental solution matrix.

One can associate to (A.1) a differential module M, that is, a finite dimensional
k-vector space M endowed with a map 0 : M — M such that for all f € k and
m,n € M, d(m +n) = Om + On and I(fm) = f'm + fOm. This is done in the
following way. Let M = k™ and denote the standard basis by {e;}. We define 0 by
setting d(e;) := — >, a;,s¢; where A = (a; ;). Given any differential module together
with a basis e = {e;}, one can reverse this process and produce a differential equation
Y’ = A.Y. If f = Be is another basis of M with B € GL, (k) then A, and A are
related by A, = B~'A¢B — B~'B’. In this case we say that the equations are gauge
equivalent or just equivalent.

Given differential modules M;, M5 one can define a differential module homomor-
phism as well as sub and quotient differential modules in the obvious way. One can
also form direct sums, tensor products, and duals as in the following table:
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Construction 0 Equation
M1 ) M2 8(m1 & mQ) = 81m1 D 82m2 Y' = (1?)1 151)2) Y
M1®M2 8(m1®m2) = Y =
Omy ® mg + my ® Oamig (A1 @ Iy + Ly, @ A) Y
My O(f)(m) = f(01(m)) Y'=-ATY

The collection of all differential modules forms a category closed under differential
module homomorphism and the constructions of submodules, quotients, direct sums,
tensor products, and duals, which we refer to as the constructions of linear algebra.
We denote by {{M}} the smallest subcategory containing M and closed under these
five constructions. Given any N € {{M}} and any basis e of N, we can form the
associated differential equation Y’ = Ay Y, Ane € gl (k). It is known ([S03,
Chapter 2.4]) that this equation has a fundamental matrix Yy e € GL,,(K) and,
a fortiori, in the Picard—Vessiot ring k[2),det()~!] ([S03, Corollary 1.38]). The
differential Galois group G of K over k acts on the C-space V' spanned by the columns
of ) and so induces a representation of G. The space V' depends on our selection of
bases of N but it can be shown that the representation of G is independent, up to
G-isomorphism, of this choice of bases (see [S03, Chapter 2.4] for a basis free way of
defining this representation). We will denote this representation of G by S(NV).

We denote by Repr, the category of representations of G, that is the category
of finite dimensional C-vector spaces on which G acts. In this category one also
has a notion of the five constructions above. The tannakian correspondence [S03,
Theorem 2.22] says that

The map N — S(N) is a bijective map between elements of {{ M }}
(modulo isomorphism of differential modules) and representations of G
(modulo conjugacy of representations). This map is compatible with
homomorphisms and the five constructions above.

One consequence of this is: if £ is algebraically closed, then there is an isomorphism
¢ of the Picard—Vessiot ring R = k[2),det(®))"!] and the coordinate ring k[G ® k]
such that for 0 € G and z € R we have

p(a(2)) = P (#(2))

where p* : k[G ® k] — k[G ® k] is the isomorphism which, when applied to a regular
function F' € k[G ® k], yields the regular function pi(F): G ® k — G ® k given by

p5(F)(g) = F(g-0).

Example A.1. — Consider Y’ = AY with A € gl, (k) and let A = A—(tr(A)/n)1,.
Since tr(A) = 0, the differential Galois group of the equation Y’ = AY is unimodular
([S03, Exercise 1.35.5]) and this construction is often used to reduce questions about
general linear differential equations to ones that have unimodular Galois groups. We

now form the 2n x 2n differential system

(A.2) Y’ =diag ((tr(A)/n) 1., A) Y
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and let K be its Picard-Vessiot extension with differential Galois group H. Let K be
the Picard—Vessiot extension for Y/ = AY and let G be its differential Galois group.

If Q) is the fundamental solution matrix of Y/ = AY, then ) = /det g) is a solution
of ' = (tr A/n)y. Note that ) need not lie in K but 9" € K. A computation shows
that if ) is a fundamental solution matrix of y' = Ay, then 91, -9) is a fundamental
solution matrix of Y’ = AY. Therefore K C K. The differential Galois theory implies

that restricting H to K gives a short exact sequence

0> Hy=HSG—=0

where Hy is a finite subgroup of GL,(C) (since K is a simple radical extension of
K) and the map p is given by

p : diag(t,h) — th.
This defines a homomorphism of H C GLy,(C) to GL,(C) and so defines a repre-
sentation of H.
This example appears in the proof of Proposition 5.2.

Acknowledgements

We would like to thank the anonymous referees for their useful suggestions and
comments.

BIBLIOGRAPHY

[BBH88]  Frits Beukers, W. Dale Brownawell, and Gert Heckman, Siegel normality, Ann. Math.
127 (1988), no. 2, 279-308. 1142, 144

[BH89] Frits Beukers and Gert Heckman, Monodromy for the hypergeometric function ,F,_1,
Invent. Math. 95 (1989), no. 2, 325-354. 1144, 145
[Bor91] Armand Borel, Linear algebraic groups, second ed., Graduate Texts in Mathematics,

vol. 126, Springer, 1991. 1152

[DM81] Pierre Deligne and James S. Milne, Tannakian Categories, Hodge Cycles, Motives, and
Shimura Varieties, Lecture Notes in Mathematics, vol. 900, Springer, 1981, pp. 101-228.
1146, 173

[DM89] Anne Duval and Claude Mitschi, Matrices de Stokes et groupe de Galois des équations
hypergéométriques confluentes généralisées, Pac. J. Math. 138 (1989), no. 1, 25-56.
1144

[Hoc81] Gerhard P. Hochschild, Basic theory of algebraic groups and Lie algebras, Graduate
Texts in Mathematics, vol. 75, Springer, 1981. 1149, 170

[HS85] William A. Harris Jr. and Yasataka Sibuya, The reciprocals of solutions of linear
ordinary differential equations, Adv. Math. 58 (1985), no. 2, 119-132. 1142, 149, 170

, The n*" roots of solutions of linear ordinary differential equations, Proc. Am.
Math. Soc. 97 (1986), no. 2, 207-211. 1142, 143

[HS86]

TOME 5 (2022)



176 J. Roques & M. F. Singer

[Hum75]  James E. Humphreys, Linear algebraic groups, Graduate Texts in Mathematics, vol. 21,
Springer, 1975. 1146, 149, 154

[Kat72] Nicholas M. Katz, Algebraic solutions of differential equations (p-curvature and the
Hodge filtration), Invent. Math. 18 (1972), 1-118. 1146, 173

[Kat87] , On the calculation of some differential Galois groups, Invent. Math. 87 (1987),
no. 1, 13-61. 1144, 146, 173
[Kat90] , BExponential sums and differential equations, Annals of Mathematics Studies,

vol. 124, Princeton University Press, 1990. 1144, 169

[Kol68] Ellis R. Kolchin, Algebraic groups and algebraic dependence, Am. J. Math. 90 (1968),
1151-1164. 1142, 143, 172

[Mag94] Andy R. Magid, Lectures on differential Galois theory, University Lecture Series, vol. 7,
American Mathematical Society, 1994. 1144, 146, 152, 153

[Mit96] Claude Mitschi, Differential Galois groups of confluent generalized hypergeometric
equations: an approach using Stokes multipliers, Pac. J. Math. 176 (1996), no. 2, 365—
405. 1144

[NvdPT08] An Khuong Nguyen, Marius van der Put, and Jaap Top, Algebraic subgroups of GL2(C),
Indag. Math., New Ser. 19 (2008), no. 2, 287-297. 1143
[S03] Marius van der Put and Michael F. Singer, Galois theory of linear differential equations,

Grundlehren der Mathematischen Wissenschaften, vol. 328, Springer, 2003. 1143, 146,
151, 152, 153, 158, 166, 167, 168, 173, 174

[Roq14] Julien Roques, On generalized hypergeometric equations and mirror maps, Proc. Am.
Math. Soc. 142 (2014), no. 9, 3153-3167. 1142

[Sin86] Michael F. Singer, Algebraic relations among solutions of linear differential equations,
Trans. Am. Math. Soc. 295 (1986), no. 2, 753-763. 1142, 143, 149

[Spe6] Steven Sperber, On solutions of differential equations which satisfy certain algebraic
relations, Pac. J. Math. 124 (1986), no. 1, 249-256. 1142, 143, 149

[Sril0] Varadharaj R. Srinivasan, Iterated antiderivative extensions, J. Algebra 324 (2010),

no. 8, 2042-2051. 1145, 170

Manuscript received on 26th January 2021,
revised on 24th July 2021,
accepted on 4th September 2021.

Recommended by Editor B. Edixhoven.
Published under license CC BY 4.0.

This journal is a member of Centre Mersenne.

<
>

CENTRE

MERSENNE

Julien ROQUES

Université de Lyon,

Université Claude Bernard Lyon 1,
CNRS UMR 5208,

Institut Camille Jordan,

F-69622 Villeurbanne (France)

Julien.Roques@univ-lyonl.fr

ANNALES HENRI LEBESGUE


https://creativecommons.org/licenses/by/4.0/
http://www.centre-mersenne.org/
http://ahl.centre-mersenne.org/item/AHL_2022__5__141_0
mailto:Julien.Roques@univ-lyon1.fr

Algebraic dependence of holonomic functions 177

Michael F. SINGER
Department of Mathematics,
North Carolina State University,
Box 8205, Raleigh,

NC 27695-8205 (USA)

singer@math.ncsu.edu

TOME 5 (2022)


mailto:singer@math.ncsu.edu

	1. Introduction
	2. Notations and conventions
	3. The first order case
	4. The simply connected case
	4.1. When GL= SLn(C)

	5. A special case of reductive GL: GLn(C)
	6. The general reductive case
	7. Applications
	7.1. Generalized hypergeometric series
	7.1.1. The generalized hypergeometric series and equations
	7.1.2. Formal structure at infty of the generalized hypergeometric equations when q+1>p
	7.1.3. A preliminary remark concerning Proposition 4.2 in the SL2(C) case
	7.1.4. Proof of Theorem 1.6

	7.2. Iterated integrals

	Appendix A. The tannakian correspondence
	Acknowledgements

	References

