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Energy decay for a locally undamped wave equation *)

MATTHIEU LEAUTAUD () AND Nicoras LERNER (2

ABSTRACT. — We study the decay rate for the energy of solutions
of a damped wave equation in a situation where the Geometric Control
Condition is violated. We assume that the set of undamped trajectories
is a flat torus of positive codimension and that the metric is locally flat
around this set. We further assume that the damping function enjoys
locally a prescribed homogeneity near the undamped set in transversal
directions. We prove a sharp decay estimate at a polynomial rate that
depends on the homogeneity of the damping function. Our method relies
on a refined microlocal analysis linked to a second microlocalization pro-
cedure to cut the phase space into tiny regions respecting the uncertainty
principle but way too small to enter a standard semi-classical analysis
localization. Using a multiplier method, we obtain the energy estimates
in each region and we then patch the microlocal estimates together.

RESUME. Nous étudions le taux de décroissance de 1’énergie des so-
lutions de ’équation des ondes amorties dans une situation ou la Condi-
tion de Contréle Géométrique n’est pas satisfaite. Nous supposons que
I’ensemble des trajectoires non amorties forme un sous-tore plat, et que
la métrique est localement plate dans un voisinage. Nous supposons aussi
que la fonction d’amortissement est localement homogéne dans les direc-
tions transverses. Nous démontrons la décroissance a un taux polynomial
optimal, qui dépend de I’homogénéité de la fonction d’amortissement.
Notre méthode repose sur une procédure de deuxiéme microlocalisation,
qui consiste & découper ’espace des phases en toutes petites régions res-
pectant le principe d’incertitude, mais bien trop petites pour entrer dans
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le cadre de I’analyse microlocale semi-classique standard. Une méthode de
multiplicateurs nous permet, dans chaque région, d’obtenir des estimées
d’énergie, que nous recollons finalement.

1. Introduction and main results
1.1. Introduction

We consider a smooth connected compact Riemannian manifold (M, g)
of dimension n, and denote by A, the associated negative Laplace-Beltrami
operator. Given b € L°°(M), we study the decay rates for the damped wave
equation on M:

OPu—Agu+b(z)du =0 inRT x M, (1.1)
(u, D) |t=0 = (g, u1) in M. '

The energy of a solution is defined by

1
E(u(t)) = 5(IVgu®7zar) + 1072 (), (1.2)
(see for instance Appendix A for a definition of Ay and V) and evolves as
iE(u(t)) =— [ blowul?dx.

The energy is thus actually damped when b > 0 a.e. on M, what we assume
from now on. We define the subset of M on which the damping is effective
as

wp = U{U C M, U open,essinfy (b) > 0} . (1.3)

Notice that w, is an open set included in the interior of suppb and thus
@y C supp b.(V) In the usual case where b is continuous, we have w;, = {b >0}
and wy, = supp b. As soon as wy, # () one has E(u(t)) — 0 as t — 400 (see for
instance [28, 29]). Moreover, a criterion for uniform (and hence exponential)
decay is due to Rauch—Taylor [37] (see also [3] and Lemma 5.1 below): there
exist C' > 0,7 > 0 such that for all data,

E(u(t)) < Ce™ " E(u(0)),

if the Geometric Control Condition (GCC) holds: every geodesic starting
from S*M (see Appendix A for a precise statement) enters the set wj in
finite time. Conversely, if there is a geodesic that never meets supp(b), then
uniform decay does not hold (see for instance [36]). In the case b € €°(M),
the situation is simpler since uniform decay is equivalent to the fact that

(1) Remark that the equality may fail, taking for instance b = 1 i where K is a compact
Cantor set with positive measure satisfying K = 0, in which case supp(b) = K and wj, = 0.
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wy(= {b > 0}) satisfies (GCC), as remarked by Burq and Gérard [9](®) . As
a consequence, when (GCC) is not satisfied, we cannot expect a uniform
decay of the energy with respect to all data in H'(M) x L?(M). However,
Lebeau [28, 29] proved that there is always a uniform decay rate of the energy,
with respect to smoother data, say in H2(M) x H!(M). This motivates the
following definition.

DEFINITION 1.1. — Given a € R and a decreasing function [ : [a, +00) —
R% such that f(t) = 0 as t = +o0o, we say that the solutions of (1.1) decay
at rate f(t) if there exists C > 0 such that for all (ug,u1) € H?>(M)x HY (M),
for all t > a, we have

E(u(t))? < CF (@) (Iluollm2(an) + L any)-

Note that decay at a rate f(t) depends only on (M, g) and on the damping
function b. Note also that f(¢)? characterizes the decay of the energy and
f(t) that of the associated norm. Lebeau [28, 29] proved that decay at rate
1/logt always holds, independently of (M, g) and b as soon as wj, # 0.

As noticed for instance in [5], decay at a rate f(t) implies faster decay
for “smoother” data: taking for example b € € (M), decay at rate f(t)
implies that for all s > 0, there exists Cs > 0 such that for all (ug,u1) €
HsTY (M) x H*(M), we have for large t,

E(u(t))? < Csf(t/5)* (Iuoll o an) + [ e (an)-

In view of the Rauch-Taylor theorem mentioned above, it is convenient
to introduce the subset of phase-space consisting in points-directions that
are never brought into the damping region wj; by the geodesic flow. Namely,
the undamped set is defined by

S={peS™M, forallt e R, ¢(p) N T wp = 0},

where ¢ is the geodesic flow (see for instance Appendix A). With this defini-
tion, (GCC) is equivalent to S = (). In this article, we are concerned with the
damped wave equation in a geometric situation where the undamped set S
is the cotangent space to a flat subtorus of M (of dimension 1 < n” < n—1)
under two main additional assumptions: the metric is locally flat around this
subtorus; the damping function b only depends on variables transverse to this
torus and enjoys locally a prescribed homogeneity. As a particular case, we
can consider situations where the geodesic flow has a single undamped trajec-
tory if the metric is locally flat around this trajectory; the damping function
b only depends on variables transverse to the flow and enjoys a prescribed

(2) This is no longer the case in general if b is not continuous, as proved in (27].
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homogeneity in a neighbourhood of the undamped trajectory. Such situa-
tions may for instance occur on the torus M = T" = (R/27Z)"™ endowed
with the flat metric, as in the following examples. One of our motivations is
to understand the optimal decay rate in the following model problems.

Ezample 1.2. — Let M = T? = (R/27Z)? = [-n,7)?, endowed with
the flat metric, let v > 0, and let b(x1,z2) = xf'y near x; = 0, positive else-
where, depending only on z;. The undamped set consists in two undamped
trajectories:

S = {0}s, x Ty, x {0}¢, x {£1}e, = S ({0} x T).

For the case where b = sin? 21, Wen Deng communicated to us a direct study
in [16].

Ezample 1.3. — Let M = T? = (R/27Z)? = [, n1]?, endowed with the
flat metric, let v > 0, and let b(z1, 22, 73) = (2 + 23)7. The undamped set
consists in two undamped trajectories:

S =1{0,0}4, 2, x Th, x {0,0}¢, ¢, x {£1}e, = S*({0,0} x T").

Ezample 1.4. — Let M = T3 = [—n,71]?, endowed with the flat metric,
let v > 0, and let
by, 20, 23) = 227

The undamped set is a 2-dimensional subtorus given by:
S ={0}s, X T3, 4, X {0}e; x {(2,&) € R%, &G + &5 = 1} = §*({0} x T?).

Decay rates for the damped wave equation on a flat metric with a lack of
(GCC) have already been studied in [1, 10, 31, 34]. In [1] it is proved that, on
M = T", decay at a rate t—'/2 always occurs if wy # (. On the other hand, the
decay cannot be better than t~! as soon as (GCC) is strongly violated, i.e. as
soon as there exists a neighbourhood N of a geodesic such that N'Nsupp(b) =
0, see [1]. In this paper, we are studying the opposite situation, i.e. the
case of a weak lack of damping on M = T™: only a positive codimension
invariant torus is undamped. In the situation of Examples 1.2, 1.3, and 1.4,
for instance, we may expect (and we shall prove) a decay at a stronger
polynomial rate than t~*. Functions on T"" shall be identified in the whole
paper with QWZ”//—periodic functions on R

According to [1, 5, 8, 29], proving a decay rate for solutions of (1.1)
reduces to proving a high-energy estimate for the operators

Py=-A, — A +i\b, MeR*, D(P\)=H?*M). (1.4)

The latter are for instance obtained by performing a Fourier transform in
the time variable of the damped wave operator 97 — A, +b(z)d;, A being the
frequency variable dual to the time ¢. More precisely, concerning polynomial
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decay, the optimal result was proved by [8] (see also [4] for generalizations)
and can be stated as follows (see [1, Proposition 2.4]).

PROPOSITION 1.5. — Given a > 0, the solutions of (1.1) decay at rate
t=& if and only if there exist C, \g positive, such that for all u € H?*(M),
for all A = g, we have

ClPrullr2cary = X |ullz2any- (1.5)

Recall that uniform decay is equivalent to the estimate (1.5) with a = 0.

1.2. Main results

We first have a negative result.

THEOREM 1.6. — Assume that there exists 1 <n'’ <n—1, 9 >0, and
C1 > 0 such that with n’ =n —n', we have

. (BRH, (0,20) x T, |da |2 + - - + |daly |2 + |da | + - + |dx;;,,|2)

C (M,g), (1.6)
o Vb =0 in N = Bgn (0,60) x T, (1.7)
e 0 <b(2)) < Cil2'[* in . (1.8)

Then, there exist Co > 0 and (up)ren € H2(M)N with |lug| 2y = 1 such
that

| Prurll 2 (ar) < Cok71,  for k € N*.

As a consequence, the best estimate we could expect is

1
CllPxull2(ary = A7 [[ull L2 (ar), (1.9)
ie. (1.5) with a = 1 — ﬁ Moreover, (see also [5, Proposition 3]), our

Theorem 1.6 prevents decay at a rate o(t_(l‘*‘%)): the best expected decay
rate is
=),

Let us now state our partial converse of Theorem 1.6: under some additional
global assumptions on M and b, decay at rate t~(+3) indeed holds. We
first provide a simpler result in the case n” = 1 under a global invariance
assumption on b. We then give our more general result in Theorem 1.8.
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THEOREM 1.7. — Let (M, g) = (M’ x T, ¢’ + |dx,,|?) where (M',g') is
a smooth compact Riemannian manifold of dimension n — 1. Assume that
there exist y' € M’, C1 > 1 and a neighbourhood N' of y' such that

o ¢ =I|dx1[*+ -+ |dvn_1|* is flat in N7, (1.10)
e b="b®1 does not depend on the variable x,, € T, and be L>(M"), (1.11)
o CTHa' — /| <b(2)) < Cla’ —y|* fora' € N7, (1.12)
eb>Cyt ae on M \N'. (1.13)
Then, Property (1.5) holds with @ = 1 — ﬁ, i.e. decay occurs at rate
=+,

This theorem tackles in particular the case of Examples 1.2 and 1.3.
Note that simple examples of functions satisfying the assumptions are given
by b(z') = Q(a’ — /)7 locally around y’, where Q is a positive definite
quadratic form. We note that very little regularity is required for the damping
coefficient b: its “vanishing rate” is prescribed here (1.12) in a relatively
weak sense. One may however discuss its global invariance property in the
xp-direction. It can indeed be removed: Theorem 1.7 is a particular case
of the following result, where T' is replaced by ™" (adding no significant
difficulty) and b is not supposed to be globally invariant anymore, but instead
satisfies (GCC) outside the undamped trajectory. We presented Theorem 1.7
separately as its proof is simpler and contains nevertheless the key ideas for
the next result.

THEOREM 1.8. — Take 1 < n” < n — 1 and assume that (M,g) =
)
/

(M < T g' + |da/{|? + - - + |dz",,|?) where (M, g') is a smooth compact
Riemannian manifold of dimension n’ = n —n" and (,...,2,) denote
variables in T . Assume that there exist y € M, C1 > 1 and a neighbour-
hood N" of y such that

o g =|dd\ >+ +|dxl,|* is flat in N7, (1.14)
e b L®(M),Vyrbe L®(M),and Varb =0 in N x T, (1.15)
o CT M2 — o) <b(2)) < Cila’ —y)* fora’ € N7, (1.16)

e any geodesic starting from S*M \ S*({y'} x T™") intersects wy, in
finite time. (1.17)

Then, Property (1.5) holds with o =1 — ﬁ, i.e. decay at rate =43,

Remark 1.9. — The proof of this theorem (as well as those of the pre-
vious ones) also holds without significant modification if the torus ™" =
(R/27Z)™" is replaced by any compact connected Riemannian manifold M.
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In this situation, Fourier series on T™ have to be replaced by the spectral
decomposition for the Laplace-Beltrami operator Ajp;~» on M”, and Fourier
multipliers at the end of Section 5.2 have to be replaced by functional cal-
culus for Ay (for this argument, more smoothness than (1.15) for b in the
x"-direction is required however). The results also remain essentially un-
changed if b vanishes near finitely many points y1, y5,- -+ (instead of a single
one ') assuming Assumptions (1.14)-(1.17) around each point (with possi-
bly different vanishing rates 71,7, - - -, in which case the decay rate is given

by t_(l""ﬁ))

This result applies for instance on the torus: assume M = T" and that
there is a single undamped trajectory I". Assume that there exists a neigh-
bourhood N of this trajectory such that b is invariant in A/ in the direction
of T, and that it is positive homogeneous of degree 2+ in N in variables

orthogonal to I'. Then, we have the property (1.5) with « =1 — ﬁ, ie.

decay at rate (43,

Since the work of Lebeau [29] (see also the introduction of [1] and the
references therein), it is quite well established that the main parameters gov-
erning the decay rates when (GCC) fails are the global and local dynamics of
the geodesic flow. Our results confirm the idea, raised in [10, 1], that once the
geometry (and hence the dynamics) is fixed, the next relevant feature when
regarding the best decay rate is the rate at which the damping coefficient b
vanishes.

Observe that the bigger v, the worse is Estimate (1.9). This is consistent
with the fact that for large v, the function b is very flat on {y'} x T so that
much energy may keep concentrated on the set where b is small. Note that
formally, when taking v — 01 in Estimate (1.9) (and forgetting that the
constant C' we obtain depends on ), we recover the uniform decay estimate
(i.e. (1.5) with a = 0), equivalent to (GCC). Indeed, if b is positive homo-
geneous of degree zero, it does not vanish at 3’ so that (GCC) is satisfied.
It would certainly be interesting to prove Estimate (1.9) with a constant C
uniform with respect to v to make this remark rigorous.

The plan of the article is as follows. Taking advantage of the homogene-
ity of b, the sought estimate near the undamped set may be reduced to
an estimate on R™ for a non-selfadjoint Schrodinger operator (with purely
imaginary potential) of the form

A+ iW(z), W(x)~ |z|*.

This key and optimal estimate, which is of independent interest, is proved
in Section 2. In turn, it provides a bound on the size of the pseudospectrum
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for this operator, generalizing results of E. B. Davies [14] and K. Pravda-
Starov [35] in the case of the 1D complex harmonic oscillator, —% + etz

Section 3 is devoted to the proof of two simple technical lemmata, one
of them being the scaling argument. The proof of Theorem 1.7 is given in
Section 4. The proof of the main result, namely Theorem 1.8, is completed
in Section 5 in two steps: first, we prove a geometric control lemma in Sec-
tion 5.1. Then, in Section 5.2, we patch together the estimates obtained in
the different microlocal regions. Section 6 provides a proof of the lower bound
of Theorem 1.6. In Section 7, we discuss the spirit of the proof, which re-
lies on some kind of second microlocalization. In particular, our proof could
not work with a standard semi-classical localization procedure: we are left
with a region in the phase space, near the undamped set S, where further
cutting of the phase space is necessary, with a stopping procedure linked to
the Heisenberg Uncertainty Principle. To patch together the estimates, we
use implicitly a metric which should satisfy some admissibility properties.
Although we have avoided in the main part of the text to resort to very gen-
eral tools of pseudodifferential calculus, we hope that Section 7 could bring a
more conceptual vision of the technicalities included in the previous sections.
The paper ends with three appendices recalling some facts of geometry and
pseudodifferential calculus.

Note. — This article was written in 2014 [24] and a short version pre-
sented in [25]. Some time after this article was submitted, N. Burq and
C. Zuily [11] and W. Deng [17] managed to weaken some of the assumptions
of our Theorem 1.8.

2. A sharp estimate for a non-selfadjoint operator on R?
2.1. Statements

After a Fourier transformation in the periodic direction and a scaling
argument (see the following sections), our main result is reduced to the
following theorem. We define on L%(R?) (below, we shall take d = n’) the
unbounded operator

Q= —A+iWy(z), A>0, (2.1)
where W) is a family of real-valued measurable functions and

D(Q)) = {u € H*(RY), Wyu € L*(RY)}.
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THEOREM 2.1. — Suppose that Wy is a family of real-valued measurable
functions on RY and that there exist C; > 1 and v > 0 such that for all
A >0, we have

O Yl < Wa(e) < Cufa)® = Cu(1+ [of?)". (2.2)

Then, there exists Cy > 0 such that for all p € R, all A\ > 0 and u € €2(R?),
we have

Coll(@d = mullzaay > (B7710u > 1) + lalL(a < =1) + 1) [lul e,
(2.3)

We stress the fact that the sole uniform Assumption (2.2) yields the
uniform estimate (2.3). The power ﬁ is optimal in this estimate. Although
not needed for the application to the damped wave equation, we provide
for completeness a direct proof of this fact in Lemma C.1. The papers by
E.B. Davies [14] and K. Pravda-Starov [35] gave a version of the above

estimates in the case of the 1D complex harmonic oscillator, fj—; + €22,
To prove Theorem 2.1, we need the following lemma.

LEMMA 2.2. — Suppose that W satisfy the uniform Assumption (2.2)
and let a be a smooth function on R?*?, bounded as well as all its derivatives.
Then, there exists C > 0 such that for all A > 0 and all u € €°(R?), we
have

||V)\awu||Lz(Rd) <C (H’LLHLZ(]Rd) + HV)\UHLz(Rd)) ,
where Vy = V[//\l/2 and a* stands for the Weyl quantization of the symbol a.

Proof of Lemma 2.2. — Using the upper bound in Assumption (2.2)
yields

HV)\(x)CLwU”iz(Rd) = /Rd V2 (z)|aul*dx
< / (2)2]a"ulde = Cy]|{z) 0" w3 ga).
Rd

Then, we notice that (x)” and (x) 7 are admissible weight functions for the
metric |dz|? + |d€]? in the sense of [30, Definition 2.2.15]. As a consequence
of symbolic calculus, we have

(@)tadle) ™7 € S(1, |da]? + |d¢[*),

where S(1, |dz|? + |d¢|?) is the space of smooth functions on R?¢ which are
bounded as well as all their derivatives (see Section B.1 in the Appendix
for more on this topic). Calderén—Vaillancourt Theorem (see e.g. [30, Theo-
rem 1.1.4]) yields

(@)7a(w,€)"(z)77 € LIL*(RY)),
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which implies |[(z)Ya"u|| 12 (ay < [[{2) w2 (ray- This finally gives

IVa(z)a(z, ) ullZa gy S I1(2) 72 ey
< lullZe@ay + e ulZe e

S ||u||2L2(Rd) + ”VAUH%Z(RUZ)?

according to the uniform lower bound in Assumption (2.2). This concludes
the proof of the lemma. O

Now, the proof of Theorem 2.1 follows from the next two lemmata.

LEMMA 2.3. — There exists C' > 0 and pg = 0 such that for all p > po,
all A > 0 and u € €2(R?), we have

CI(Qy — m)ullp2(ray = MﬁHUHL?(RM (2.4)

LEMMA 2.4. — For any po = 0, there exists C > 0 such that for all
w < o, all A >0 and u € €2(R?), we have

@y — wullp2ray = (|pll(p < —1) + 1) ||ul| 2 (ga)- (2.5)

Let us first prove the simpler Lemma 2.4, the proof of the more involved
Lemma 2.3 being postponed to the end of the section.
Proof of Lemma 2.4. — We start with the case p < —1. We have then
||(Q3 - M)U||L2(Rd)HU||L2(Rd) 2 Re((Qé - M)U,U>L2(Rd)
> —pu, u) g2 ey = |pll|ul 2 gay,
so that Estimate (2.5) holds for p < —1.

Next, let us prove that there exists C' > 0 such that for all u € [—1, uo],
all A > 0 and u € €2(R?), we have

Cl(@y - pullLzray = [Jull L2 ray- (2.6)

If not, there exist sequences (ux)ken € [-LHO]Na (Ak)ken € (Ri)N, and
(ug)ken € €2(RYN such that

1

||(Qé’c - Mk)uk||L2(Rd) < PR ||Uk||L2(JRd) =1 (2.7)
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This implies

0 ¢ [1(Qo" — pur)unll 2 ey uncll L2 (may = Re{(Qp* — punc)un, un) 2 (ga)

= Hvuk“%ﬂ(Rd) - ﬂk”uk”%Z(Rd)
Hvuk”ZLz(Rd) - MoHukH%z(Rd)
Im(Qou, u) 12(ray = ||V)\uk||%2(]Rd)
Crt | w13 2 gay: (2.8)
Since H}(R?) := {u € H*(R?), |z|Yu € L*(R?)} injects compactly in L*(R?)
and (ug)ken is bounded in H}/ (Rd), we may extract a subsequence such
that (uy)ren converges strongly in L2(RY), uj, — uoe € L?(RY). According

to (2.8), we also obtain u; — 0 weakly in L2(R?): in fact we have for ¢ €
¢ (RN\{0}),

‘/uoo(a:)qzﬁ(x)dx
proving that suppus C {0} and thus the L? function us = 0. This con-

tradicts (2.7) which implies [[teol|12(r¢) = 1. This proves (2.6). As a conse-
quence, Estimate (2.3) is now proven to hold for all p € (—oo, o). ]

0« [1(Q0* — k) un |l L2 ey [k || 2 me)

VoV WV

< e ukll 2@y 127 6l L2 ey = 0,

- ‘ [m@ota)as

We are now left to proving Lemma 2.3, i.e. to study the most substantial
case where p > pp, but we may keep in mind that we can freely choose the
large fixed constant pg. We set

v=p% Q=0 - (2.9)
and study the asymptotics when v — 4o00. From the above remarks, we
have only to prove the estimate (2.3) for v > vy, where vy can be chosen
arbitrarily large. First of all, we note that

Qo ull 2wy 1wl L2 (ray = Im(Qpu, w) p2(ray = (Wau, u) 2 (gay
> O N2 u, u) 2 ey, (2.10)
which will be used several times during the proof. In particular, this estimate
provides the right scaling in the region |z| > v/ 7+ “according to the lower

bound in Assumption (2.2). Next, we split the phase space in two different
regions.

2.2. The propagative region

Let x € €>°(R*;[0,1]), such x = 1 on [1/2,3/2] and x = 0 on [0,1/4].
Let ¢ € €2°(R%[0,1]) such that p(z) = § if |z| < £ and ¢(z) = 0if |z > 1.
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‘We define
0
b(a,€) = / ol + 7E)dr € T (RY x (R4 {0}),

which is bounded on RY x (Rd \ B(0, i)) since ¢ is compactly supported.
We set

dx|? d¢|?
daf? , |dg

V27+1 V2

R 5 e sa,

V2 1/2~,+1

my(2,§) = );

where each seminorm of the symbol m,, is bounded above independently of
v > 1; in particular, we get that m" is bounded on L%(R%) with
sup, 1 [|[my) || £(z2y < +00. Next, we have with {a, b} standing for the Poisson
bracket of the functions a, b,

2Re<Q:}U,Z‘m;U'U,>L2(]Rd)
= <7' [(|£‘2 - V2)w7mzlf] U7U>L2(Rd) + 2R6<V)\2U,, m:L/Uu>L2(Rd)
- <{|§\2 — V2,my}wu,u>L2(Rd) + 2Re(Viu, myu) 2 ray,  (2.11)

since the symbol |£]? — 2 is quadratic. Moreover, we can compute

2
{‘€|27V2amu} :258177’/1/ :2X(|f‘2 )E 0 (Z/J( xl ag))

81‘ yav+1 VvV

with

2.0
N

=5)E o (v )

—/O _ﬁ ‘§|2 27+1
= | I - de) @ T 4 7 dr

/0 py” T (‘€|2)d7(cp(xy_ﬁ +7‘§I/71)>d7'

oo v?
112

= v EX (o )plavTE),

since [£v7![2 > 1 on supp X(f—) Hence, we obtain

2y 13 1

et =2, my} = 27 (Do)
N if (16202 — 1| < 1/2 and |z|v~ 77 < 1/2,
0 on T*R¢.

Moreover we have,

2 d 2 d 2

23 (L o) € st 11 10
v+t 14
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As a consequence, using the sharp Garding inequality in (2.11) yields
C||Q3U||L2(Rd)HU||L2(Rd)
2y _ __2 \¥
> v (ol 2 = Dxo(lofv™ 7)) ")

-2 Re(Vfwm}f’u)LZ(Rdﬂ — C’V_T%rlHuHiz(Rd), (2.12)

L2(Rd)

where, for some ¢, € (0,1/8),
Xo € €°(R; [0,1]) is such that {xo =1} = [—ep, €0, and
{{Xo = 0} = [—2e€0, 2¢0]%, {0 < x0(t) < 1} = {eo < [t] < 2e0}-
Next, we check the term 2 Re(VZu, m¥u) 2ga). We have
|2Re(V2u, myu) p2ra)| = [2Re(Vau, Vamyu) p2ga)|

<2 Vaull 2wy [[Vamy ull 2 mey -

(2.13)

Recalling that m, € S(1, Mj‘; + %%‘2) C S(1,|dz|* + |d¢J?) as v = 1, we
L2y FI
may apply Lemma 2.2 to obtain
|Re(V2u,m¥u) romay| S Vaullzzray ([ullpz®ay + [[Vaullpegay)

where the constant involved is uniform w.r.t. v and A. Next, using (2.10),
we obtain

3 1
[2Re(V2u, miu) 2oy | S lullZa g |Q3ulFagay + 1Q2l 1l 2y
S HUH%Q(RUZ) + HQi\u”LQ(Rd)||UHL2(]R"’)' (2.14)
Combining this estimate with (2.12), we have, for v > vy and v large enough,
OH“”%%Rd) + O||Qz>/\uHL2(Rd)Hu||L2(Rd)

> v ((xoll€l?2 = Dxolfel® =) u ) (215)

L2(R4)

2.3. The elliptic region.

We now check the regions where [£]2 < v2 or |€[2 > 2. Let ¢ € (0,1/2);
we consider a function 6 € €>*°(R;[—1, 1]) such that

1 for o > 1+ 2¢,
{0<0<1} foroe (1+ey1+26),
(o) =<0 for 1 —eg < o < 1+ e, (2.16)
{-1<6<0} foroe(l-26,1-c¢),
-1 for o0 <1 — 2¢g.
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We claim that

Vo e R, (0—1)8(c) = |0(0)|(0 + 1) =2 (2.17)

2+¢€
In fact, (2.17) is obvious whenever 6(c) = 0 and if (o) > 0, i.e. if o > 1+¢,
since it amounts to verifying
€0 €0
1-— >1
o( 2+ 60) + 24 ¢
If O(0) <0, i.e. if 0 <1 — €, it amounts to verify

iie. 0 2>1+¢y, which holds true.

€ € . 1
0)\ 0 <

1 1- e o< :
U+ e 2% O TS 11e

which holds true since 1 — ¢y <

1-1—60.

A consequence of (2.17) is that, with ¢ = , we have

€0
24€p

vEeRL Y > 1, ([€ —v)0(EPr2) > col0(IEPv ) (€% +v?). (2.18)
We compute
Re(Qpu, 0(|¢[*v )" u) 2 (ra)
= (1€ v, 0P Y ) u) gy + Re (V2000702 u) 1
> co (6P + APV )) "2t 12 g

a ‘Re (VR 00187V ™) ") 12 gy

Following (2.14), we have
’Re<iV>\2uv0(|§|2V72)wU>L2(]Rd)| S HU”iz(Rd) + ||Q13\U||L2(Rd)||U\|L2(Rd)7

so that we finally obtain, as 6(|¢|?»~2)% is bounded on L?(R%),

C||u||2L2(Rd) + C||Q3U|\L2(Rd)Hu||L2(Rd)
> (€2 + w1020 )]) ) g - (2:19)

2.4. Patching the estimates together.

Combining (2.10), (2.15) and (2.19), we obtain the following estimate
CHU”%%W) + CHQiuHL?(Rd)Hu||L2(Rd)
> Vil + 2 (10020 )) " w18) o

+ 7 { (o€ = Dxolelv™57)) u,u) (2.20)

L2(R4)
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Since o is given and satisfies (2.13), we define now
6(o) = sign(o — 1)(1 — xo(c — 1)).

Since g is smooth and vanishes near 0, the function 6 is smooth and such
that

for o > 1 + 2¢, O(c)=1
f01"1+60<0<1+2€0, 0(c) € (0,1),
forl—e<o<1+e, 6(c)=0,
f0r1—2€0<0<1—60, 0(o) € (—1,0),
for o < 1 — 2¢p, 0(o) = —1.

That function 6 satisfies (2.16) so that (2.17) holds. We note that
0(0)| + xo(o = 1) = 1,

since |1 — xo(0 — 1)+ x0(cd —1) =1 —xo(c — 1) + xo(c — 1) = 1. As a
consequence, we write

1= 10(€l* )] + xolel?v >~ 1)
= [0(1€Pv=2)| + xo (|l 7 )xo (JPv 2 = 1)
+ (1= xo(le[v™ 7)) xo ([€Pv 2 = 1),
and hence
vTE < yER (6P + v E o (el F )Xo (€ - 1)
+ v (1= xo(fefv 7)),

Since the symbols on both sides of the inequality belong to the class
o Jdaft | 1Py

S (1/ 2+
we can apply Garding’s inequality. Note that the gain in the pseudodlﬁeren—
L — =5+, This

2
V2vF1 V2

tial calculus for symbols in this class is given by v~ Ty
gives, for v > vy and v large enough,

_2y 2 _92 2 2 _\\w >
2741 —1 27+1
v ( (o€l = Oxolalv55) ")

+ v ((10(1€1202))) " u, ) ey

2
27+1 1— T 241 , >
(A= ollelr = )

1 2y 9
Z Qv [ull72 gy
Next, we note that, using the properties of xq, given in (2.13), we find

2y [ - 2
vEI (1= xo(|z["v™57T)) < CVa(z)7,
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according to the lower bound in Assumption (2.2). Using the last two in-
equalities together with (2.20) gives

2y
C||U||2L2(Rd) + C”Ql)/\u”L?(Rd)||UHL2(Rd) Z vHHt ||UH%2(Rd)a (2.21)

which concludes the proof of the theorem, dividing by [|u||;2(gae) and taking
v 2 vy with vy large enough.

3. Two lemmata

In this section, we state and prove two simple technical lemmata that
will be used in the proofs of both Theorems 1.7 and 1.8.

3.1. Scaling argument

First, we prove the following lemma, which is a consequence of Theo-
rem 2.1 together with a scaling argument. We define on L?(R%) (below, we
shall take d = n’) the operator

Prow = —A— w4+ iAW (z). (3.1)
LEMMA 3.1. — Let v > 0 be given. Assume that there exist C; > 1 and

v > 0 such that
Otz < W(z) < Ch|z]*, = eRL (3.2)

Then, there exists C > 0 such that for all u € €*(R?), for all A > 0 and for
all w € R, we have

~ 1 w \=E
Ol wlaguoy > 373 (14 H@) () 7 ) Bl

5

where H = 1g, is the Heaviside function.

Remark 3.2. — Note that this lemma does not use either A\ large, or
0 <w< A2
Proof of Lemma 3.1. — First, we remark that for all a > 0, the operator

T, :L*(RY) — L%(RY)
uw(z) — afu(az)
—1 =T,,1. As a consequence, we have
ToPro(To) ' = —a2A — w + iAW (az),
where, according to Assumption (3.2), we have

O N[z < AW (ax) < Cihe®[z|?Y,  z e R

is an isometry, with inverse (T,)
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Now, we choose o = Afﬁ, so that we have a=2 = a2/ \ = \71. Setting
Wi(z) := )\_ﬁ/\W(az),
we obtain the uniform estimates
O M < Wa(z) < Cilz*?, z € R N> 0. (3.3)
With Q) defined in (2.1), this now yields
ToPro(To)™ = A7 (@ —wA™71),  a="mm,

Since (3.3) implies Assumption (2.2), we can apply Theorem 2.1 (where

ft = wATFT). This yields (still with o = A~ 7570,
”]Sk,wu”ﬂ(ﬂad) = HToHB)\,w(Ta)ilTau”Lz(Rd)

(Qé — w)fﬁ) Tau‘

1
= \vi1

L2(R4)

. w T
> Oy AT 1+H(w)< 1> Tl L2 ray,

7+

concluding the proof of the lemma since Ty, is an isometry. O

3.2. An elementary lemma

Let v > 0,¢9 > 0 be given. We define for A > 0,w > 0,

f()\,w)zl—i—( wl )m—co WA (3.4)

AT
LEMMA 3.3. — V¢ >0,YA>0,YVw e [0, ca(27+1)/\2], we have f(\,w) > 1.

Proof. — For w > 0, A > 0, the inequality

2y
2 w 2v+1
Co WA~ AHT g( I )
AT+
is equivalent to
1 2 2y 2
CowZFT L A\ FL T @ FDGFD = AT
ie. to
2y+1
cowr w < A2, O
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4. Proof of Theorem 1.7: the invariant case
4.1. Reduction of Theorem 1.7 to a (n — 1) dimensional problem

After a Fourier transform in the x,, variable, Theorem 1.7 reduces to the
following result.

THEOREM 4.1. — Assume (1.11), (1.13) and define the operator acting
on L*(M")
Py, =—An —w+iXb, D(Py,) = H*(M). (4.1)

Then, there exist C > 0 and Ao > 0 such that for all u € H*(M'), for all
A > N and for all w < A2, we have

1
||P)\’UJUHL2(M/) 2 C>\7+1 ||u||L2(M’) (42)

In this section, we only prove that Theorem 4.1 implies Theorem 1.7. The
proof of Theorem 4.1 needs more work and is completed in Section 4.2.

Proof that Theorem 4.1 = Theorem 1.7. — We perform a Fourier trans-
form in the variable z,, € T':

1 2m )
u(z', zp) Zuk Yetken - with  dy(2') = %/0 u(z’, x,)e”*n de,,.
kEZ
Then, for u € H*(M), we have with Py defined in (1.4) and Py, in (4.1),
(Pau) (2, z) = > ((Anr + K> = N+ idb) i) (a)e™™™n

keZ

= Z (PA’)\2,]€2’LAL]<;) (x/)ei’”",

keZ
as b= b(z") does not depend on the xz,-variable. We hence obtain
IPullZecan = 27 > 1Pz —k2 @ikl 72 (0
keZ

Finally, as a consequence of Theorem 4.1, we have [Py x2_p2wl[z2(pr) =
CATHT lwl]|z2(ary where C' > 0 does not depend on k. This yields

2 2
1Prullfoary = 200% Y AT gl Za () = CPATT |l F2ary,
kEZ

which proves Theorem 1.7. O
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4.2. Proof of Theorem 4.1

We now want to use Lemma 3.1 in a neighbourhood of {y'} x T! and to
patch estimates together to complete the proof of Theorem 4.1.

Proof of Theorem 4.1. — Let xo € €°(B(y',20);[0,1]) such that xo = 1
in a neighbourhood of ¢’ and set x; =1 — xo € €°°(M’). On the one hand,
we have, with P ,, given by (4.1),

Cl|Prwxaullzz(arry = Mxaullzz (4.3)

since, according to Assumption (1.13), b is bounded from below on supp(x1)
and hence

MxaullZzary < CXMbXaU, X1u) L2 (a7 = CTm( Py X1, X14) L2 (a1
< Ol Py wxarull e unlIxaull L2 (ary-
On the other hand, we have
”P)\,WXOUH%Q(M’) = HP>\7WXOU||%2(B(ZJ/,50)).

We write ' = (21, &n—1). According to Assumption (1.12), we can extend
(for instance by homogeneity in the variable 2’ —y' outside Bgn-1(y’,€0)) the
function b from Bgn-1(y’,€0) to the whole R"~! as a measurable function
W satisfying

Crlle'—y/ |2 < W(2') < Cila’—y/|*, 2/ € R"™! and b =W on B(y/, o).
Hence, we have
PA,wXO = pA,wXOv

where PAM is given by (3.1). We may then apply Lemma 3.1 to the operator
Py, in R"~1. This yields, for some C > 0,

C||PA,wX0UH%2(M/) = C||P>\7wXOUH%2(R”—1)

o w 2v+1
> AT <1 + H(w) (Ai) ) IPxoullZegn-1)

2v+1
= \7HT <1+H(w)( wl ) ’
ATET

We now want to estimate the remainder term

) ”XOU’”%?(M/)' (4.4)

1[Pxws x1]ullL2(arry = [1[Prws xolull Lz (arry = [I[=A w7, xolull 2 (ar)
< ||(AM’X0)U||L2(M/) + 2||VZ'X0 . Vw/u||L2(M,). (45)
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For this, we take ¢p = ¢(z') € €>(B(0,£0);[0,1]) such that ¢»p = 1 on
supp(Varxo0) and ¢ = 0 in a neighbourhood of 0. We compute

Re(Py wu, ¥7u) r2(ar i

= Re((—Anr — w)u, ) 2y + Re(idp®bu, u) p2(arr)
= Re<—AM/U7¢2U>L2(Mf) - W||1/JU||2L2(M')~ (4.6)
Moreover, we have
Re(—Agn-1u, ¢2U>L2(M/)
= (Voru, ¥? V) p2 vy + Re(Vru, uV o h?) p2 )

n—1

= (leu, 1/J2V$/U>L2(M/) + Z RG<ZDE] u, u@mj ’(/)2>L2(M’)
j=1
n—1 .

2
= <V1/u,z/J2Vw/u>Lz(M,) — Z —

— )
Jj=1

1
= <Vm/u,¢2V$/U>L2(M/) — §<(AR71711/)2)U,U>L2(M/)7

since the two operators D, and 0, 1? are selfadjoint. We have thus
19V artul|72(prry = Re{(=Apn-1 — w + iAb)u, $?u) L2(ar)
=wllpulla y
+ Re((w — ’LAb)'LL, 1/}2U>L2(M/)
1

+ §<(ARn—1¢2)U7U>L2(M/),

<[DQZJ 9 aa:j TZ)Q}U) u>L2(M’)

and consequently we obtain
Vel fe ) < IPswullzaenllullLzarn + Crllullizae + wllulZa ).
As a result, we can estimate the commutator of (4.5) by
1[Pxor XolullZ2(arr)
< Co(IPswtull 2l 2oy + ell3earn +wllvulZan). (A7)
Now, we have
1Pro O 17200y < 20 TPy X510l F2arry + 2015 Prwtel| 22 ary
so that
2HPA,wU||2L2(M/)

> HPA,wXOUH%Z(M/) + ||P>\X1U||%2(M/) - 4||[PA,MX0]U||2L2(M/)7 (4.8)
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which, combined with the estimates (4.3), (4.4) and (4.7), yields
Cs (I PrwulEqar + lulzarn)

2y
2741
y+1

+ Nxaul gz — awllvulia e, (4.9)

where ¢; is a fixed positive constant. In the régime w < 0 (or, more generally,
w < wy for any given wyp), this suffices to prove (4.2).

Let us now study the régime w > 0. We notice that, for w < A%, A > 1,

27y
2 w S~ +1 2 2 2y 2
AT (1 + ( : )2”1) — \TH 4 ATHL T @FDGTD T
A1
2 22y 4 4y
< AT 4 AT &y FDGFD 2T
2
= A7+ A2 <222,

and that, for all v € L?(M’) we have
[90ll72(ary < CallvllZ2ary = Call(xo + x2)0l 2
< 2C4lIx0v |72 (ary + 2Callx10 172 (arr)-
This, together with (4.9) then yields

2
Cs (I1Prwtllfzcary + lullizarn ) = AT FOL )00 +x0)ulEqar

2
= A7 f()‘aw)”U”%?(M’)?

where f(\,w) is defined in (3.4) with a fixed positive constant ¢q. According
to Lemma 3.3, there exists \g > 0 and

§=cg P >0, (4.10)

such that for all A > A\g and w € [0,5\?], we have f(\,w) > 1. As a conse-
quence, (4.2) is satisfied in this régime. Finally, suppose that 6A? < w < A?,
where § is given by (4.10). In this régime, the estimate (4.2) is a direct
consequence of the usual (stronger) 1-microlocal estimate (see Lemma 4.2
below). O

LEMMA 4.2. — Let § > 0, y' € M’ and suppose that b(y') =0 and b > 0
on M'\ {y'}. Then, there exists Ao > 0 and C > 0 such that for all A = A,
for all w € [6A2, \?], we have

Prwullzzary 2 AMlullzz oy
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This lemma states the classical estimate associated to a “one-microlocal”
propagation result in the presence of geometric control. We do not provide a
proof here since it is simpler than the proof of Lemma 5.1 below and would
follow exactly the same lines. The only additional difficulty with respect
to the proof of Lemma 5.1 is that the constants are uniform with respect
to the parameter w € [0A?, \?] (whereas Lemma 5.1 only tackles the case
w = A2). It only requires a simple change of definition of the compact K in
the geometric definitions in the first part of the proof of Lemma 5.1.

5. Proof of Theorem 1.8: the non-invariant case
5.1. Proof of a geometric control lemma

In this section, we prove the following lemma. All definitions and tools of
geometry and pseudodifferential calculus used in the proof are introduced in
Appendices A and B respectively.

LEMMA 5.1. — Assume that b € L>°(M;R™") and recall that wy, is defined
n (1.3). Take a non-negative function o € S o(T*M). Assume that for all
p € supp(a) N S*M there exists t € R such that ¢1(p) € T*wy. Then, there
exist C, Ao > 0 such that for all A\ > A\, we have

3 S
Al Op(afa, X))UHL?(M) < C||Py Op(afa, X))UHLz(M) + Cllull Lz

This Lemma states a “one-microlocal” estimate in the presence of a par-
tial geometric control, which is adapted to our needs. We give a proof here
to check that no smoothness is required on b. Moreover, the proof below
uses multiplier estimates and is hence of constructive type. Note that if wy
satisfies (GCC), then the assumption of the lemma is satisfied by a = 1 and
the lemma yields the optimal estimate

AMullz2ary < Cl[Prull L2 -

This estimate is equivalent to the uniform (and hence exponential) decay of
the associated problem (1.1) (see for instance [1] and the references therein).

Proof. — The proof is divided in several steps.

Some geometric facts. — Set K := supp(a) N S*M C T*M and, for
p € K denote t, € R a time such that ¢;,(p) € T*ws. The compact set K is
hence such that for all p € K, p € ¢_4,(T*wp), i.e

K C | o-o(T ws).

teR
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Moreover, for £ € N*, we let w’ be a family of open sets such that @ C wy,

@' C w, and Uren- @ = wp. For any ¢ € R, we have ¢_(T*w) =

Uren- é_¢(T*w"), where ¢_;(T*w’) are open subsets of T* M. This reads
KclJ U o1
teER LEN*

Since K is compact, we may hence extract a finite open cover of K, that is
a finite number of times ¢;, j € {1,---,J} and of w*, ¢ € {1,---, L} such

that
J L
CUU (T*w o)
j=1¢=1

We then remark that w’ C w*?, so that, for all t € R, UeL:1 d_t(T*wb) =
¢_¢(T*w™). This finally yields

K C U ¢, (T"w E),  with w’ open such that @" C wy,.

As Uj:l ¢, (T*w™) is open, we also have

J
Ky == supp(a) N{(z,§) e T*M,1 =y < ¢l <1+7} C | oe, (T70")
j=1
for v € (0, 1) sufficiently small (fixed from now on).

Note that, at this point, we have in particular proved that the assumption
of the Lemma, satisfied by the set wy in arbitrarily large time (depending
on the point p), is actually satisfied by the smaller set w” in a uniform time
(namely maxi<; j<g [t; —til).

Since @’ is a compact subset of M such that

ol cwy, = U{U C M, U open, essinfy (b) > 0},
we can extract a finite cover of w:

el U {Ur C M, Uy, open,essinfy, (b) > 0}.
k=1

Hence, we have
b > min{essinfy, (b),1 <k <k} >0, a.e. onw”.

Now we define b = ey with x € € (wp; [0,1]) such that x = 1 on w” and
e = min{essinfy, (b),1 < k < k} so that we have

bee>(M), wlc{b>0}, 0<b<b.
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This yields in particular
)\<BU,U>L2(M) S A(bu,u)Lz(M) = Im(P,\u7u>Lz(M)
< 1 Paullzzanyllull 2 ary- (5.1)
Definition of the multipliers. — Denoting by O; = ¢_, (T*w"), the
sets (Oj)je{1,...,sy form a finite open cover of K, such that ¢; (0;) C

T*w®. We denote (Xj)je{1,.-,7y a partition of unity of K, subordinated
to (O;)jeq1,. 7y We set

tj
Y;(x,&) = */0 X;j © - (x,&)dr.

Taking x € €2°(R; [0, 1]) such that x = 1 a neighbourhood of 1 and supp x C
(1 —+,1+4 ), we now define the multipliers

2
mie,$) = x(BEys %), e

To m;, we associate an operator Op(m;), bounded on L?(M) (see Appen-
dix B).

Estimate in the propagative region. — We have, with Py defined in (1.4),
2 Re(Pyu, i Op(my)u) 2 (ar)
([(—A N Op(mj)] u, u>L2(M) + 2Re (A\bu, Op(mj)u>L2(M)

(
Re (Op ({62 — A%, m; ) ) 2 gy + Ol ar
+2XRe <bu,Op(mj)u>L2(M) , (5.2)

according to symbolic calculus. Moreover, we have

2
{1€]2 = X2, m;} = Hym; = X(%)Hp <1/)j($7 i))

2 t;

— (55 [, (oonte D) ar
NN

= _X(|§\L )/0 /\E (Xj o ¢ (x, i)) dr

2
= AX(|§\|23:) (Xj(:ﬂ, %) —Xj° d)tj (LE, g) ’
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as ¢, = Hy(¢,). Coming back to (5.2), and using the boundedness of
Op(m;), we obtain

[ Pxull L2 anyllull L2 ar) + ||UH2L2(M + Mbull Lz (any [ull 2 (ar)

2
>\<Op( (‘5| )x; (z, /\))u,u>L2(M)

)\<Op< (|5|2) joqstj(x,i)) u,u>L2(M). (5.3)

Next, by construction, the function (z, ) — x(|€|2)x; 0 ¢y, (x, €) is supported
in T*w’ where b > 0, so that we have

2 ~
(00 8) S B)

uniformly on T* M. According to the sharp Garding inequality, this yields

A <op (X<'5'3>xj o 61, (2, 5)) uu>
>\2 J A L2(M)

5 A <l~)ua u>L2(M) + HUH%Q(M)

S I1Pxull 2 any el L2 any + 22 an)
when using (5.1). Combined with (5.3) and
)‘”bu”%Q(M) S AU 2y < IPAullpzon llull 2.

this implies, for all j € {1,---,J},

1 1 3
I1Pxull 2 anyllull 2 any + lull2ary + A2 | Paull 2 onllwll 22 an

2n{or (e D)) e

Estimate in the elliptic region. — Next, we estimate
op(1 —v(42)
p X(5g -

Take 6 € €>°(R*;[—1,1]) such that § = 0 in a neighbourhood of 1,
# = —1 in a neighbourhood of 0 and # = 1 ouside of a neighbourhood of
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[0, 1], so that |#] = 1 — x. We compute

Re <P,\u Op ( (|§\|22 )) u>L2(M)
e <(Ag —A*)u, Op <9(§|2926)> u>L2(M)

+Re <i/\bu, Op (0( |§\|§ )) u> . (5.5)
L2(M)

Then, using symbolic calculus, we have

(o0 (055))) -, -2
=Op (0 (|€| ZY(I€12 = X)) 4+ Oz(r2(any) () + Oz(ar (any:p2(ary) (1)

Op (I6(5

52
Q) 162 1+ 32)) + 02200 (A + Ocgars e any (1),

so that sharp Garding inequality yields

i mon () )

€12
2 (0p (0CSER + ¥ wu)  —Oulaqag
L2(M)
-0(1 )HUH2 5 or O)\ull g (any ull L2(ar
22 {op(1- ('5—'3» — ol
< P X 2 U, U Uil L2 (M)
L2(M)
= O)[Jullgranllwll2(ar s (5.6)
since Hu||2 b < lull g anllull 2 (ary- To estimate [|ull g1oan l|wllL2(ary, we

simply write
1Pl aany lull L2 vy = Re (Pauyu) gy = ((=8g = M)t ) 1
= [IVgullZ2ary = AllullZz(arys
so that
1 3
[l any lull 2y S Ml Zaary + 1Pull 22 g 1l 22 0 -
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Coming back to (5.6), this yields

<(Ag — A?)u, Op (0( |§\‘2§ )> u>L2(M)

+ )‘HUHQL?(M) + [[Pxull 2 (any 1wl L2 (ar)

2
> \2 <Op (1 - X(E\Lx))u,u> .
L2(M)

Moreover, as above, we have

. €12
Re ( i\bu, Op | 6( 2

) )| & Mozl
1 1 3
S A2 ||P>\U||22(M)||U||22(M)
S I Pxull 2y lwll L2y + /\||UH%2(M)~

Coming back to (5.5), this implies

e
Il sanllion + Mulaan 237 (00 (1= X))

Dividing this estimate by A, we finally obtain

A Paull 2oy lull 2any + [[ull72ar)
2 )\<Op (1 X()\Z))u,u> . (5.7)
L2(M)

Patching estimates together. — Finally, according to the construction
of xj,x and denoting

J

Q;:{(x,g)eT*M, (1= x(ll2)) + x(€2) Z x5>0}

we have supp(a) C Q. Let 8 € €°°(T*M) be a function which is homoge-
neous of degree zero in each fiber for |¢|, large, such that supp(8) C © and
B =1 on a neighbourhood of supp(«). We have

<

(1= x(12)) + x(1¢12) Z (2,€) 2 B(x,€),
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uniformly on 7% M. As a consequence, according to sharp Garding inequality,
we have

J

A< p (x( \§I2 Z x('if’)))u,u>

L2(M)
2

2 Hop(mx, )

- CHUH%Z(M)'
L2(M)

Using inequalities (5.4) and (5.7) yields
2

AHop(g(I

Ju

77)
A7 e
1 1 3
S IPvull o an e an + a2y + APl Eaag lull 2 an-
Applying this estimate to u replaced by
Au := Op (a(z, %))u
and using that
Op (3, $)) Op(atz, £)) = Op(a
we obtain

2
MlAulzzary S 1P Aul| 2| Aull L2 ary + | AullZ2 0

) 4 Ocasan (A,

+ A P Au Fa [ Aul 0y + OO [ull3ar
S (L4 e YIIPaAul 2 an) | Aul 2 ar)
+ (L4 eN)|[AulZ2ary + ON D [lullF2an
for all € > 0. Choosing ¢ sufficiently small, yields
Ml Aul72a,
S IPAAu| L2 (| Aull L2 ar) + [ AullTz 0y + ON D [ull7zar)
S ENTHIPAAU L2 gy + L+ N AulZ2 ) + O [l T2y

for all € > 0. Taking again ¢ sufficiently small, and then A > A\ for Ay large
enough provides the proof of the lemma. O

5.2. End of the proof of Theorem 1.8

Next, we want to patch estimates together to complete the proof of
Theorem 1.8.
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Proof of Theorem 1.8. — Let U, = B(y,e0) x T" < M and xo €
€ (B(y',€0); 10, 1]) such that xo = 1 in the neighbourhood of 3. We shall
also write x instead of o ® 1 € €°(Uy, ), and instead of xo ® 1 € €°° (M)
where this function has been extended by 0 in M \ U,. We denote by x1 =
1 —x0 € €°°(M). On the one hand, as a consequence of Lemma 5.1 and
Assumption (1.17), we have for A > )g,

O Dllullz2ary + 1 Pxxaullzeany Z Mixaull 2 any- (5.8)
On the other hand, we have
IPaxoullZ2(ar) = IPaxoullZa o, -
Notation. — In U,,, we note the coordinates (z’, ") with o’ = (2, -,

z) ) €RY and 2" = (2,--- ,2",) e R"".

s L

According to Assumption (1.16), we extend (for instance by homogeneity
in the variable 2’ — 3’ outside Bg./(y',g0)) the function b = b(z’) from
By (3, €0) to the whole R as a measurable function W satisfying

Cola —y/ P < W(@') < Cila’ — /|, 2/ €R™, and b= W on B(y/,e0).
Hence, we have
Pyxo = (— Qg — Apar — A2+ iAW (")) 0 xo.
As a consequence, we have
IPaxoulZan = (=B = Agu = A2+ ATV (@) (00 B g

D A + K2 = A2+ AW (@) (xo (@) i) |2 g
k)eZyL,,

where we have denoted by g (z') = W an// u(z’, x”)e‘ik“”dx”, kezn”

the partial Fourier transform in the periodic directions.
Next, we apply Lemma 3.1 to the operator —Ag, — (A% — [k|?) + iAW (2')
in R for any k € Z"". This yields, for some C > 0,

2 A~
ClIPaxxoullzzapy = A7 o (&) ||7 2 g
(M) ®)
A2 [K]2<0

2y
2 A2 — k|2 T .
st S (0 (S )T @il 69)
A2—|k[2>0 ATH
We now want to estimate the remainder term
1P xalullz2cary = II[Px, Xolull L2(ary = 1= Agars xo (@) ull L2 @n sepey
< H(ARH/XU)u”LQ(R"/><’]1“"”) + 2[[Varxo - VE’UHLZ(]R"'XT"”)‘ (5.10)
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To estimate this remainder, we take now ¢ = ¢(2') = ¢y ®1 € €°(U,,) such
that ¥ = 1 on supp(V,rxo). We compute
Re(PAu, ¢2U>L2(M)
= Re((—A — /\Q)U7 ¢2u>L2(M) + Re(i)\wau, U>L2(M)
= Re<—ARn/ u, ’(/}2’u,>L2 (R", X']I‘"”) + <w2vx//u, Vm”“>L2(Rn’ XT"”)
_ )\2 <11Z)2'LL, u>L2(R"/ ><,ﬂ,n//),

Moreover, we have

R€<—A]Rn/ u, 1/)2U>L2(Rn’ xTn'")
= <Vac'u7¢2vx'U>L2(Rn’xTn”) +Re(Vru, uVyyp? >L2 R/ xTn"")

’

= (Vpu, wQVz/U>L2(Rn’ T’y Z Re(iDy;u, udy, 7/’2>L2(R"’ xT"")
j=1

’
n

1
= (Vg;/u, w2v$/U>L2 (R xTn'") + Z §<[D1] ) alj ’(/)2]“7 u>L2(Rn, xTn'")
j=1
1
= <Vz/U,wQVz/Wm(Rn’xw”) + §<(ARM¢2)U7U>L2(Rn’x1rn”)7

when using that the two operators D, and 6%.1#2 are selfadjoint. Now, we
write
<¢2vx”ua vx”u>L2(Rn' xTn'") = A2 WQU, U>L2(]R"' xTn'")
= Z (|k|2 - A2)||w($/)ak||i2(Rn’)a

keZn//
and coming back to (4.6), we obtain
19V arull 2 g sepnrry < IPxullz2canllull L2 ary + CHUH%Q(M)

D DR SR L0 T L A

A2— |k|2>0

As a consequence, we estimate the commutator of (4.5) by
1P, xoJullEan) < co(nPwan(M)uunm(M) + l[ullZ oy

Y W i) (5:10)

P |1c\2>0
Now, we have

IPxullZs 0y 2 I1PaxoullLzary + 1PaxaullZs ary = CllPA: Xolull T2 ar)s (5-12)
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which, combined with the estimates, (5.8) (5.9) and (4.7), yields

HPAUH%Z(M) + ||U||2L2(M)

2 ~
2 M auliaon + A7 Y0 o)kl g
A2—|k]2<0

2y

L )\2_|k‘2 2741 R

AT 3 (”(m (@)l e
A2—|k|2>0

—ar 30 O ) ikl

A2—|k|2>0

Next, we remark that the cutoff functions are chosen so that, for all v €
L?(M'") we have

[0l Z2cary S 1xo + x0)0l 72000y S Ix0vlIZ2arry + X100 720007y
We hence obtain
HPAUH%Z(M) + ||U||2L2(M)
2 NMlxaullZzan

2 . R
A Z X0kl Z2ary + X188 200y

A2—|k[><0
2 .
AT AR = BP0 + )k 3 ar,
A2—|k[2>0

where f(\, w) is defined in (3.4). According to Lemma 3.3, there exists § > 0
such that for all A > 0 and w € [0,6)?], we have f(\,w) > 1. Moreover, we

2
always have A\777T f(\,w) = —cow = —coA?. As a consequence, we have

1PxullZ2 sy + T2 an)

SR D D Y Y R XD DI (3 VAN CRE)
A2—[k[2<oN? SA2<A2—[Kk|2<A2
Next, we study the last term in this estimate. The range dA? < A2 —|k|? < A2
may be rewritten as |§|2 < (1 =9). Take x € €°(R) such that y =1 in
a neighbourhood of [—(1 — §),(1 — d)] and x = 0 in a neighbourhood of
(=00, —1] U[1,400). We then have

> laklZearm < D xR/ @172 a0y
SAZ<AZ— k|22 kezn”
= IX(= B / A%Vl T2 a1 (5.14)
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where the last identity is a consequence of Lemma B.8. Using (B.7), we
moreover have

X (=Aqurr /A%)ullF2ary
= [10p (x(1€"*/2%)) ullZ2ary + ON" )l Z2(ary- (5.15)
As supp(x) C (—1,1), Assumption (1.17) implies that for all p € supp(l ®

X) N S*M there exists ¢t > 0 such that ¢;(p) € T*w,. We may hence apply
Lemma 5.1 with o = 1 ® x to obtain

N[ Op (X(I€"12/2%)) ullZz (ary
< C|IPy Op (X(I€" /7)) ullZ2(ary + O ullZa(agy-  (5.16)
We now have
Py Op (x(I€"1?/7?))
= (=Anr = Agar = X2 +2b) Op (x(I€"]?/A%))
Op (x(€"1?/A%)) Px + [~ Agur, Op (x(I€717/7?))]
+iA[b, Op (x(I€"?/A%)],  (5.17)

as [Anr, Op (x(€7[?/A%))] = 0. Next, we have [—Aqp.», Op (x(|¢”]2/A?))] €
WY (M) as its principal symbol is {|€”|?, x(]¢”]?/A?)} = 0. Finally, we have

17, Op (" A 2 o anyy < CUbl e any + IVarbllmany). (5.18)

uniformly with respect to A according to [13, Chapter IV, Proposition 7].
Combining all estimates (5.14)-(5.18), we now obtain

A? > @kl ary S IPAulZeary + lullZzcan-
SA2<A2— [k[2<A2

Together with (5.13), this implies

2 ~
1PsullZaan) + lullizon 2 AT > e
A2—|k|2<A2

+A? >, a1 22 (ar)
SA2<A2—|k[2<A2
2
2 AT ||U||2L2(M)7
which concludes the proof of the theorem when taking A > Ao for Ay large
enough. O
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6. Proof of Theorem 1.6: the lower bound

In this section, we prove Theorem 1.6, i.e. we construct a sequence of
quasimode that saturates Inequality (1.9). Let x € €°(B(0,20)) be a
real-valued function such that x = 1 in a neighbourhood of 0. Take v =
(1,0,---,0) € Z"", A = k for k € N and set

a(n—1) ikv-z (1) ikx!
uk(x/’wn) = Clk 2 - X(kafﬂl) ¢ !l = Clk 2 : X(k‘al'/) c )
(2m)= (2m) =
where ¢y = ||X||221(B(0 o)) is chosen so that for any & € N, we have

llurllz2(ary = 1, and @ > 0 is to be fixed later on (in terms of 7). Now,
we have

an’ €

(Prug)(z) = cok 2 oz (k> (A x) (K*2) + ikb(z')x (k*2"))

and
HPkUkH%%M)
= ¢ / /ka”/ |—k2a(AM,X)(k“:c’)+ik:b(:1c’)x(k“x’)|2d:c’

:cg/ ko ]kQ‘X(AM/X)(k%:’)]de’+c§/ k™ |kb(a")x (k)| da’
R™’ R~

since x is real-valued and compactly supported. After a change of variables,
this yields

2
1Pl = [ 1 @0 da’ + [

Using then Assumption (1.8) on the vanishing rate of b on supp(x), we obtain

2
dx’.

./,C/

kb( pxe )x(z")

”n,’

HPICU/CH%Q(M)

72y

< [ @l at+d [ ke Z] e

R™’

<k [ @@ i+ e [P do'
R"/

R™

Minimizing the exponent w.r.t. o gives a = ﬁ, and hence

_2
1 Peuel3aqany < K756 (10w sy + CEII P X Baqarr) -

Finally, we have || Pyug||z2mr) < Cokﬁ for some Cy > 0, which concludes
the proof of Theorem 1.6.
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7. Second microlocalization, a key tool for the proof

The proofs above contain several steps of microlocalizations, i.e. of cutting
the phase space into pieces, proving the key estimates for symbols supported
in these pieces and finally patching together the whole set of inequalities. We
are willing in this section to (hopefully) illuminate these technicalities by re-
sorting to various concepts related to the so-called second microlocalization.
These notions were first developed in the analytic category in M. Kashiwara
& T. Kawai’s article [22], followed by G. Lebeau’s paper [26]. J.-M. Bony’s
article [6] and J.-M. Delort’s book [15] displayed striking applications to
propagation of weak singularities for non-linear equations, the J.-M. Bony
& N. Lerner’s paper [7] provided a metrics point of view. More recently,
N. Anantharaman & M. Léautaud’s work on the damped wave equation [1]
showed, using techniques of N. Anantharaman & F. Macia [2, 32], that the
second micolocalization could be useful to tackle estimates related to some
non-selfadjoint operators. The key tools in the last three papers are the 2-
microlocal measures, introduced by L. Miller [33], C. Fermanian-Kammerer
and P. Gérard [18, 19, 20], which allow to perform (at the level of defect
measures) a second microlocalization for bounded sequences in L2.

In the present article, we have used a multiplier method, instead of re-
sorting to 2-microlocal measures: it means that have computed

(Pyu, Muy),

with a carefully chosen multiplier M. That multiplier operator M is in fact a
second microlocalization operator and cannot be chosen as a standard semi-
classical operator. It is constructed rather explicitly in the various regions of
the phase space.

7.1. First microlocalization arguments and their limitations

Taking advantage of the fact that the damping term b in (1.1) does not
depend on time®) | a Fourier-Laplace transform yields the operator Py

Py =—A, — M\ +ib(z)), (7.1)

where A can be considered as a large positive parameter. This is thus a
semi-classical problem where the Planck constant is h = 1/A. Py is a real

(3) It would be interesting to explore the case where b depends on time and to show
that a direct energy method should provide essentially the same results, at least when the
time-dependence is smooth.
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principal type operator whose principal symbol is p = [£]2 — A? so that the
characteristic manifold is

Char Py = {(z,£) € T*M, |£]2 = \?}. (7.2)

We ask the following regularity question: assuming that Pyu belongs to the
(semi-classical) Sobolev space H., could we have u € H:I! at a point o
of the cotangent bundle? Of course when 7y is non-characteristic, we have
the better result u € H52. If 4o belongs to the characteristic set, we may

combine three pieces of information:

(1) The point vy belongs to a bicharacteristic curve of p whose endpoint
71 belongs to the set where the imaginary part of the subprincipal
symbol is elliptic.

(2) At 71, we have a regularity result, due to the ellipticity of the imag-
inary part of the subprincipal symbol.

(3) The propagation-of-singularities theorem for real-principal type op-
erators shows that the regularity at v, propagates down to 7.

For condition (1) to be fulfilled, we need the hypothesis that the point
o is connected by the bicharacteristic flow to the set where b is positive.
The so-called Geometric Control Condition requires that this should be true
for any point v in the characteristic set, providing then a (semi-classical)
regularity result. We may thus introduce the singular set

Sy = {(z,¢) € Char Py, Vt € R, b(¢y(z,€)) = 0}, (7.3)

(here ¢ is the bicharacteristic flow) and try to understand what will happen
if Sy is not empty. Let us describe the model situation in which we are
interested: the manifold and the operator are simply M = R™ = R™ x R
and
Py = Op(I¢'[? + [€"[2 — A2 + iAa/[20). (7.4)
The characteristic manifold has the equation
€1 +1€"7 = 2

and on the characteristic curves a/ = 2¢/, & = 2¢”, ¢ = constant, ¢’ =
constant. We get that (z/,2”,¢,¢") € Sy iff & = 0,[¢"]? = N2, 2’ = 0.
We see that Sy is a (2n” — 1)-dimensional submanifold of the symplectic
R? x R, x Ry, x RE, given by

Sx = {0gnr} x R x {0} x {€” € R, €] = A}.
To be 1-microlocally away from S would mean that for some ¢y € (0,1)

R +IEP =02, [P < (1 - o)X, € > eod?,

so that the (GCC) condition holds even if 2/ = 0. Of course if |2'| > €, the
(GCC) condition holds.
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We are left with a neighbourhood of the set S) and we shall not be able
to take advantage of the particular behavior of b if we do not make further
localization in the phase space.

7.2. Reviewing our estimates

Let us quickly review our arguments for the various estimates proven for
Py given by (7.4). We set [£']2 4 [£"]? = N2

(1) 1€'1? = €] or |2| 2 1: this is the (GCC) region since the first
condition implies that the characteristic curve starting at 2’ = 0
enters at once the damping set, and the second condition requires
to start within the damping set.

(2) |€]? < |€”|? and |z'| < 1: this is where we need further localization.

(2.1) ¢)P < AT and l2']? < A~ : a tiny piece of the phase space,
with volume 1 though, thus compatible with the uncertainty
principle. We use a pseudo-spectral estimate for the operator
|D'|2 4+ i\|2’|*7, that is an estimate of type

11D P ida! [PPul| 2 uf AT

(2.2) |¢|2 < |€”]> and A~57 < [a/[2 < 1: there we have A|2/|?7 >

)\ﬁ, we calculate

Re(Pyu, iu) = (A’ |Pu, u) > AT [|ul|.

(2.3) AT < €2 < |¢€7]2 and |#'|2 < A”7T: this is the most
difficult region, in which we use a propagation estimate. We
study the model

D12 —w?+iM2/[2, AT <w < e

Figure 7.1 illustrates the transition from region (1) to region (2) in the
frequency variables for small 2’ and shows that localization in region (1) is
no longer conical.

7.3. Second microlocalization with respect to the singular set

The first microlocalization metric on R x R is

_ e Jag?
ST TAE®

G with A(§)* = (£)” =1+ [¢]*. (7.5)
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I€”I} Second microlocalization region
A
Conical localization
0 A 1€']

Figure 7.1. Classical conical localization and second microlocalization
on the singular set.

It means that the standard symbols of order 0 used for this first microlocal-
ization are functions a € C°°(R*") such that

(970¢ a) (@, €)| < CapA(§) 17 = Cap(e) 171,
The “large parameter” of this calculus is the product of the conjugate axes,
A = A(E).
We want to provide a finer localization when we are getting close to the
singular set S). For this purpose, we define the metric
2 e/ a2 P
MO RO AgTueF 1 A@F

gg;@ = (7.6)

o+

where (€)= 1+ (|€'[PA(6)77) 77T, (7.7)
The notation for g above means that for each (r,¢) € R?", Juz,¢ is a positive
definite quadratic form on R2" so that for (2/,2”,¢",¢") € R xR" xR™ x
R””, we have

2|2 Il |2"> 1€
gz, (25<) = 1 1 + 2~ +1 + + .
S A O™ A a1 AP

We note first that

1< () < 1+A(E) < 2A(9). (7.8)
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This inequality implies that

2v+1

Al <2 AT LT < AZ255T, and h > ¢(7)G
p< 2, pAF < >#1, and hence g > ¢(7)G,

where ¢() is a positive constant depending only on «y. This inequality induces
of course that the localization given by the metric g is finer than the one
provided by G. Calculating the square of the product of conjugate axes of
g, we get respectively

2v+1

(M@ O T) x (MOTTuOFT) = u(©)% 1% AE©)?

so that the “large parameter” of the metric g is (equivalent to) u, and g
satisfies the Uncertainty Principle.

LEMMA 7.1. — The metric g given by (7.6) is slowly varying, i.e. such
that there exist r,C positive so that

Gy ((y,n) — (2,8)) <r* = VT eR*™, C'< 9re(T) <C. (19
Gy (T)

Moreover, the metric g is also uniformly temperate on the balls of the metric

G, i.e. there exists C,N,r positive such that VX = (x,£) € R VY =
(y,m) € R>",

ze(T

Ox(Y-X)<r? = vrepen, osd)

Gyn(T)

where the quadratic form Ia.e (which is the “symplectic inverse” of gq¢) is
given by
_1_ 2y+1 __1_ _1_
97.6(2.0) = MO T (&) 57T [P+ A )7 u(€) TP+ AE)? " P+ .
Proof. — We have
(gm,g>”“ < Al p) L AE) pln)
A (O An) w(&)’

and if gyﬂ]((yvn) - (xaé)) < T2a this 1mphes Gyﬂ?((ya 77) - (Ivg)) < T2/C(7)'
Since G is slowly varying, we may choose r small enough to get A(€)/A(n) ~
1. Then, with fixed constants C}, we find

_ 1 \ "+l
pu(n)>1+1 L+ |y [P2At [y — &PPA T
1 S G Iarraot S 2+ 02 -

(&) L+ [P +2A 1+ |¢/]2A~ 75

<C(1+g2 (v —x)Y, (7.10)

(7.11)
Gy.n

and since from the assumption (7.9), we know that
|§’ _ 7]’|2 < TZN(U) 2"74:1 Aﬁv
we obtain

2v+1 2v+1
A gy

(&)t
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which implies

2v+1
pm)"

if C3r27+2 < 1/2, providing the inequality gx < Cyigy in (7.9) for r < ro.
Now if gy (X —Y) < 73/Cy, we get gx (X —Y) < r2 and thus gy < Cygx,
completing the proof of (7.9).

To prove (7.10), we may choose r such that Gx (Y — X) < 72 implies
A(€) ~ A(n) and from (7.11), it suffices to prove
1

1 1 1
€ = PATTT <€ — o PAT T ()7,
which is true since p > 1. g

Remark 7.2. — Lemma 7.1 may look outrageously complicated and
unintuitive, but these properties, essentially introduced by L. Hérmander
(see [21, Chapter 18]), are linked to some “admissibility” of the cutting of
the phase space provided by this metric. The uncertainty principle (here
i > 1) is the most natural condition, but Conditions (7.9) and (7.10) are
important for a pseudodifferential calculus to make sense. In other words,
we need some conditions to patch together the estimates that we are able to
prove in each specific region described in Section 7.2. A cutting procedure
will generate commutators and we have to make sure that these commuta-
tors do not destroy or spoil the basic local estimates that we are able to
prove.

Appendix A. Some geometric facts

In this section, we recall some elementary geometric definitions and facts.
The metric g provides in each tangent space T, M (as well as in each cotan-
gent space T,y M) an inner product denoted (-,-)4(,) (With the same notation
on T} M). In local coordinates, we write g;; for the metric g on the tangent
bundle TM. As a metric on the cotangent bundle 7% M, g is given by ¢ in
local coordinates, i.e.

(nag)g(w) = Zgij(z)nifjv where gij(x) = (g(x)il)ij'

For x € M and £ € TFM, we denote by [£], = (§,§)§(m) the associated

norm. We also use the notation p(z,&) = [¢|2. For all v € T, M, we can
define v* € T M uniquely determined by the identity

(v, w)g(z) = (O W) s (a1, 1 (M) > for all w € T, M,

which reads in local coordinates vy =3, g;j()v;. Note that |v|, = [v*],.
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We now give a definition of geodesics on M associated with the metric
g, as used in Theorem 1.8. We denote by s — ¢g(x,&) € T*M \ 0 the
Hamiltonian flow associated to p, that is, the (maximal) solutions of

d *

25 0s(@:8) = Hy(¢s(2,€)),  ¢o(x,€) = (,€) € T"M\ 0, (A1)
where the Hamilton vector field H, is given by H, = (V¢p, —V,p) in local
coordinates. In particular we have - dri(s) = 22 g7 (x(s))&;(s), that is

&(s) = %(d%x(s))* Note that the value of p is preserved along this integral
curve as

%p o Qbsls:so - Hp(p)((rb‘?o) = {pvp}(¢so) =0

As a consequence, ¢; is a global flow preserving the norm.

1
Let now S?M = {(z,v) € TM,|v|, = (v,v)2

o) = 2} For (z,v) € S2M

we consider the curve (z(s),v(s)) given by
(2(s),v(s)") = @s(x,v").

Note that we have “£z(s) = v(s). In particular, £2(0) = v and moreover

¥ oy 1 w1
[0(8)|a(s) = [0(5) [a(s) = 218 (8) () = p(2(s),0(5)") 7 = p(x,v")? = |v]s = 2.
We call the curve s — xz(s) on M the geodesic originating from (z,&) €

S*M at time s = 0. The above remarks show that (z(t), %(t)) € S2M: the
traveling speed of the geodesic is constant (and equal to 2).

Finally, the covariant gradient and the divergence operators are given in
local coordinates by

Vo=29"0s,  divgv = ——=3705,(v/det(g)vy),
i det( ) %

The usual (negative) Laplace-Beltrami operator on M is defined by A, =
divy Vg, that is,

Z@ml (g"+/det(g (9)0z,),

in local coordinates. It is selfadjoint on L?(M) endowed with the Riemannian
dot-product (f, g)r2(ar) given by [ fg/det(g)dz in local charts.

Finally, under the additional structure assumption (M, g) = (M’ x ™",
g+ |dx|* + -+ |dz!,|?) (where ¢’ is a metric on M’), we obtain

d)s(x )f 7%"’76”) = (¢;($l7§/)7x// + 85”75”))

(where we changed the order of the variables for readability) with ¢/, the flow
on T* M’ associated with the Hamilton vector field H, with p’(z/,£") = [¢/|2,

97 det( k=
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Similarly, we have

1
Ay =Dar 4 Dgur = ——— 5 0,(¢'7V/Aet()0,) + 3 02

det(g’) i.j<n’ j<n

Appendix B. Toolbox of pseudodifferential calculus
B.1. Pseudodifferential operators on R?

Notation. — We recall that the Weyl quantization of a symbol a(z, &)
on R??, the operator denoted by a¥, is given by

(@u)(e) = [[ oL Gudpdgen L (B)

which is a small variation with respect to the more standard quantization

(a(z, DYu)(z) = / ¢ S a(ir, €)i(€)dE(2m) .

One of the (many) assets of Weyl quantization is the formula for taking

adjoints,
(aw)* — (a)w7

a convenient feature for our computations with non-selfadjoint operators.
The symplectic invariance of the Weyl quantization is an important property,
useful for the proof that our estimate (2.3) is optimal, can be expressed as
follows (see e.g. [30, Theorem 2.1.2]): let a be a tempered distribution on
R2? and let x be an affine symplectic mapping of R??. Then there exists a
unitary transformation U of L?(R?) such that

(aox)” =U*a"U. (B.2)
This implies for instance that, for ag > 0, (z9,&) € R??, the operator with
Weyl symbol b given by
b(x, &) = aaoz + 0, 0 '€ + &o)

is unitarily equivalent to a. In the main part of the article, we also use the

notation ) )
g B3

o(x,8)*  (x,¢)

for the space of smooth functions a on R?? such that for each multi-indices

o, 3, there exists Cpg > 0 such that

V(z,6) € R*, |(950a)(x,6)| < CapM(z,&)p(x, €)' "B (a, )17,

S(M,
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s : i _ldaf® |d¢|?
where the positive functions ¢, ®, M are such that the metric @2 T B(zo?

and the weight M are admissible (see [21, Section 18.5] or [30, Section 2.2]
for precise definitions). In Section 5.1 (where we only use “one-microlocal”
calculus), the following semiclassical class is used (see below for its definition
on a manifold):

. de?
m ]R2n = 2 2\ 73 d 2 |

SR = (O + (%) E ol + 5
Note that [£]? — A2 € S2,(R?), and for any a € €°°(R??) which is ho-

mogeneous of degree m, we have A\™a(z, %) € Sm+m(R24). We also denote
by

), A1

S8R == S(1, |dz|* + |d¢|?), (B.4)

the space of smooth functions on R?¢ which are bounded as well as all their
derivatives, and

m m |d€|2
S (R2Y) .= S(A™, |dx|* + 7), A>1.

We notice that if a(z, &) € 59 ,(R??), then A™a(z, %) € S (R?). Moreover,
we have S™(R2??) C S (R?9).

We shall use also the following identities, for a, b real valued symbols, say
smooth functions on R?? bounded with all derivatives bounded:

2Re(a"u, ib"u) = ([a®,ib"|u,u),
which follows from
2Re(a"u, ib"u) = (a"u,ib"u) + (ib“u,a”u) = (Cu,u),

with C' = —i(b")*a¥+(a™)*ib" = [a™, ib™]. Moreover the “principal” symbol
of [a™,ib"] is the Poisson bracket

da 0b  Oda Ob
{a,b} = == =2 (B.5)
1@2(1 8@ 8$J‘ (9:L‘j 8§j

B.2. Pseudodifferential operators on a manifold

In this section, we briefly explain the semiclassical calculus used in Sec-
tion 5.1 on any n-dimensional compact manifold M. More details can be
found in [21, p. 81-87] for classical operators or [23, Appendix B and Ap-
pendices C9-C13] in the semiclassical setting.
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Let us first recall that, given a diffeomorphism ¢ between two open sets
¢ : Uy — Us, the associated pullback (here stated for continuous functions) is
(JS* : %(UQ) — %(Ul),

U uo .
For a function a defined on phase-space, e.g. a symbol, the pullback is given
by
¢ a(x,€) = a(d(x),"¢'(z)71€), = €U, € T;U1, a € €(T*Us). (B.6)
Note that this transformation is symplectic.

The compact manifold M is of dimension n and is furnished with a finite
atlas (Uj, ¢;), 7 € J. The maps ¢; : U; — U; C R™ are smooth diffeomor-
phisms.

DEFINITION B.1. — We say that a € ST (T*M), resp. ST (T*M), resp.
S0o(T*M), if a € €=(T*M) and for any j € J, for any x € €°(U;), we
have (qzﬁj_l)*(xa) € STR?™), resp. SY(R?™), resp. SO o(R*™).

Note that with this definition, we have |£|2 — A% € S2,(T*M), and for
any a € €°°(T*M) which is homogeneous of degree m in the fibers, we have
ANa(z, $) € SmHm(T*M).

Next, we explain how to quantize such symbols and recall some of the

properties of the quantization. Let us first denote by (¢;); a partition of
unity subordinated to the covering M = {J; ; U;:

Y € € (M), supp(y;) CU;, 0<v; <1, Yoy =1
J
We also need functions 1[)3- € €>°(R?") such that supp(z/NJj) C []'j and q[;j =1
in a neighbourhood of supp((¢j_1)*wj).

DEFINITION B.2. — Given a = a(\,z,§) € €°(T*M), we define the
following operator
Op(a) = Op (a(A,z,8)) = X Aj,
jeJ
A]u:¢;‘(w]a;”(¢;1)*(z/}ju)), u E%OO(M)v

where a; = (qﬁj_l)*a.

Basically, this amounts to apply the operator associated to a in local
charts. This definition applies in particular ifa € SI2(T*M) ora € ST (T*M)
Note that if a = a(\, z) does not depend on the cotangent variable £, then
(Op(a)u)(z) = a(A, z)u(z). An operator Op(a) for a € ST(T*M) is a semi-
classical pseudodifferential operator in the following usual sense:
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DEFINITION B.3. — We say that the operator A : €°(M) — € (M)
belongs to the class WT(M) if:

(1) Its distribution kernel K(x,y) is smooth outside diag(M x M) =
{(z,x), x € M} in the semi-classical sense: K € €°(M x M \
diag(M x M)) and for any semi-norm q on €°(M x M),
for any x, X € €>(M) such that supp x NsuppX = 0, we have
a(x(@)X(y) K (z,y)) = O(A~).

(2) For allj € J and all x € €>°(U;), X € €>°(U;), the application

ur (651) (xAdj (Xu))
belongs to T (R") = {a¥,a € ST (R?")}.

We could have defined as well the classes ¥5*(M) to which would belong
Op(a) for a € ST (T*M). However, in the main part of the text, we only use
for such operators the Calderén—Vaillancourt Theorem [12] entailing that
for a € S(T*M), Op(a) defines an operator bounded on L?(M) uniformly
with respect to A (in fact, this theorem is stated in that reference on R™; its
counterpart on M follows easily when using local charts).

Next, we describe the pseudodifferential calculus for the class ¥7%(M).
We define semiclassical norms on M by

s, () = || Op ((|€|§ + >‘2)%)u||L2(M)-

For s > 0, this norm is (uniformly with respect to A > 1) equivalent to
the norm [|ul| grs (ary + A®||ul| 2 (ar) (Where |[u|| g+ (ar) may be defined in local
charts). We have the following important property for semiclassical pseudo-
differential operators in the class U7 (M).

[[ul

PROPOSITION B.4. — For any s,m € R and any A € 7'(M), we have

Ae L(H,(M);H,,™(M)), wuniformly with respect to X\ > 1.

The quantization formula defining Op(a) enjoys the following properties,
used in the main part of the article. We refer to [21] or [23, Appendix B and
Appendices C9-C13] for detailed proofs.

PROPOSITION B.5. — For any m,m € R and any a € STN(T*M), a €
S™(T*M), we have

Op(a) € WL (M);

Op(a)* —Op(a) € Y~Y(M) (where the adjoint is taken in L?(M));
Op(a) Op(a) — Op(ad) € W+ (M);

[Op(a), Op(a)] — 7 Op({a,a}) € UGt 2(M);

- 200 -



Energy decay for a locally undamped wave equation

We have the following version of the sharp Garding inequality for the
above quantization of symbols in S™(T*M), which can be easily deduced
from that adapted to symbols in S (R?") (see [21, Theorem 18.1.14] or [30,
Theorem 2.5.4]) by using local charts.

THEOREM B.6. — Let m € R and assume that a € S FL(T* M) is real
valued and satisfies a = 0 on T*M. Then, there exist C,A\g > 0 such that
for allu € € (M) and all X = \g we have

Re(Op(a)u, u)r2(ary = —=CllullFrm (ary-

This last inequality can be equivalently rewritten as
Re(Op(a)u, u)p2(ary = =CllullFpmary — CN™[ull72(ar)-

Note finally that the quantization formula defining Op(a) depends on the set
of charts and of the partition of unity chosen. However, for a € ST(T*M)
one can show that its definition is intrinsic modulo W7 ~1(T*M).

B.3. Pseudodifferential operators on M = M’ x T

The construction of pseudodifferential operators in the previous section is
very general and does not take into account the particular product structure
of the manifold M = M’ x T"" . When taking into account the structure
of M = M’ x T" in the definition of the quantization Op(a), it is natural
to choose product charts (and associated product partitions of unity): take
Urj = Wi x V; where {W;} is an atlas of T and {V;} an atlas of M’.
With such a choice of charts and partition of unity, we note that if ap €
€°(T*T"") and apy € €°°(T*M'), then a = ap ® ayy is quantified as

Op(a) = Op(ar) Op(ar) = Op(an’) Op(ar),

where Op(ar), Op(ans) denote the quantizations on T and M’ defined in
local charts (relative to the charts Wy and V; respectively, and associated
partitions of unity). Similarly, it is convenient to take product charts and

partitions of unity on T"", i.e. take {W=*} an atlas of T! and choose each
Wy of the form W+ x - x W=,

B.4. Fourier multipliers on the torus T

Givenu € € (T"”), we define by w is the unique 27Z"" -periodic function
on R"" coinciding with u on (0,27]"". We have in particular u € .%/(R™").
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We denote by .Z(u) its Fourier Transform, where, for v € .Z(R"") we use
the following normalization of the Fourier transform:
. 1 .
F(v)(w) = /v(x)e—w'fda:, T v)(€) = o /U(f)em'gdf.

7r
Taking y € €°°(R™") bounded, we may define the Fourier multiplier y(D)
on € (T"") by

(x(D)u)(z) = FZ~H(x(O)F (W)())(z), zeT".

Such Fourier multiplier are linked to the quantization Op(x) defined above
on T"" by the following proposition (for charts and partition of unity as in
the previous section).

PROPOSITION B.7. — Take x € €°(R™) with bounded derivatives.
Then, we have

X(D/A) = Op(x(&/A)) = OL(LQ(’JI‘"”))(/\il)'

This implies that
1@ x(D/A) = Op (1@ x(€/X)) = Ocr2aryy(A™H) (B.7)

Finally, this definition of Fourier multipliers is linked to Fourier series as
follows.

LEMMA B.8. — Tuke x € €(R™") with bounded derivatives. Then, for
any u € €>°(T""), we have
~ _ik-x n' 1 —ik-
(D) = Y xBawe™, st =i [ ue
k ” (271—) '
EZ’N
Proof. — We first write u(z) = >, 70 e ™ on T, so that u(z) =
> pezn e’ on R. Hence, we obtain

FW)(&) =F( Y ae®™™)(€) = Y ()" ).
kezn" kezn"
This implies

FHOFWEO) ) =7 (xO) T awn) 5t )0

which concludes the proof of the lemma. (|
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Appendix C. Sharpness of Estimate (2.3): converse of
Theorem 2.1

In this appendix, we prove that our Estimate (2.3) on R is optimal.

LEMMA C.1. — Let Qo := —A+iW (z) with W satisfying (2.2). Assume
that there exists a positive constant pgy such that

Vi > po, 3B(p) > 0,Yu € 62 (RY),

1(Qo = myull pamay > B ull L2 ga)-
Then limsup,,_, , o B(n) < +00.

Note that the optimality is proved here for any fixed potential W. The
proof is the same for the operator Q) defined in (2.1), where the potential W
may depend on a parameter (however satisfying the uniform estimate (2.2)).

Proof. — We consider the following affine symplectic mapping (x,&) —
(y,m) of R**:

T = p"y,
§o=p 4 pt?, =y,
where & is a positive constant to be chosen later. The operator Qp — p has
the Weyl symbol |¢|2+4iW () and is thus unitarily equivalent to the operator
b* with
b(y,n) = (™" m + p 2 + 7 P+ W (uty) — p
= 23 Ry 2 g i ()2
We choose now & so that 3 — k = 2k, i.e. k = 1/(4y + 2) (entailing 2xy =
~v/(2y + 1)) and we obtain

Jie N . _ 2 -1
b(y,n) = nT T eu(y,m),  culysm) =m+i W )™ +n[*u=r" .
| S —
bounded from above

and below by positive
constants

Let u € €>°(R?) with L? norm 1. From our assumption in the lemma, we
find with some unitary U,

U e Unull L2 ay 2 B lull 2 @ay = e Unull 2 ray = B(1)-

Since the mapping U,, is also an isomorphism of €,>°(R?) (from the particular
form of the symplectic mapping, the mapping U, is the composition of a
multiplication by a factor e’**' with a rescaling v — v(Az)A%¥? ), we may
choose

u=Ujwy, wo€ €>°(RY) with L? norm 1,
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and we obtain ||c};wol|z2(ray = B(pt), which implies

limsup B(u) < limsup ||cjwol| L2 wre)
p—>—+o00 H—r+00

. _k—L1
< HDlUJOHL?(R") +Cl||7,U0||L2(Rd) + lim sup i 2HAw0HL2(Rd)
pn—r—+00

= || D1wol| 2 (ra) + C1llwoll L2 (ra)
< 400,

which gives the result. O
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