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SOCIETE MATHfiMATIQUE DE FRANCE
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LINEAR FORMS ON ARITHMETIC ABELIAN
VARIETIES : INEFFECTIVE BOUNDS

by

Yuval Z. FLICKER

Using î eas from Baker's method of linear forms in logarithms, Masser,
Lang and Coates gave effective lower bounds for linear forms in algebraic points on
an abelian variety of CM-type. In [ 1 , 3 ] it was shown that analogous effective bounds
hold for the p-adic valuations of such forms for a certain class of primes p
(depending on the ring of complex multiplications ; see [ 1 , 3 ] ) . It would be of
interest to obtain such bounds for all abelian varieties, not only of CM-type, and
in the p-adic case for all primes unconditionally ; however no-one has yet succeeded
in doing this. Confining ourselves to non-effective lower bounds we shall here
obtain such bounds for any "arithmetic" abelian variety and all valuations. The first
result of the kind which we shall establish was given by Gelfond as a consequence of
the Thue-Siegel theory ; hence the ineffective character of the proof. Coates [ 2 ]
obtained an analogue in the complex elliptic case, applying methods similar to
those used by Siegel [ 7 ] in the study of integral points on curves of genus 1 .
Theorem 1 below will depend on the general Thue-Siegel-Mahler-Roth theorem.

Theorem 2 is a geometric reformulation of Theorem 1 ; thus we find a lower
bound for the (complex or p-adic) Euclidean distance of a variable point P with
algebraic components from a fixed point on the abelian variety, in terms of the
height H ( P ) of the point" P. Such reformulation is implicit in Siegel [ 7 ] , was made
explicit by Lang [ 4 ] and later by Masser [ 5 ] (see [ 1 , 3 ] for the p-adic case).
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This will be applied to deduce a slight improvement of the SiegeK-Mahler) theorem
on the finiteness of the number of points on a curve of positive genus which lie in
fixed number field K and whose denominator is composed of primes from a finite set.
The present variant of the proof of the Siegel-Mahler theorem seems to emphasize
more clearly the underlying Diophantine connections.

Applications improving the Siegel-Mahler theorem can be deduced in the
same way also from the effective lower bounds for linear forms which can be obtained
using the Baker-Masser approach. We note that the sharper but specialized results of
[ 6 ] and [ 3 ] imply a very sharp version of the above theorem in the case of CM-type
curves, when the denominator is composed of a special kind of primes. Even in this
last case the result is ineffective since we use a base for the K-rational points on
A which is given ineffectively by the Mordell-Weil theorem.

§ 1. Let A be an abelian variety with dimension d in a projective space of
dimension d' ( > d ) . Let K be a number field, and suppose that A, its group law, and
its origin e are defined over K. Signify by ( X , X ^ , . . . , X ^ . } a set of projective
coordinates for A, such that X (e) ^ 0 and X (e) « 0(1 < i < d ' ) ; we can always findo i
such set by applying a projective linear transformation. Then { x . = X./X } is a set
of affine coordinates for the affine open subset A of the points P on A with X ( ? ) ^ 0.
We shall consider first the points on A which are defined over the field of complex
numbers, and later the points which are defined over a p-adic completion K p of K.

In the complex case we recall that there is a lattice L in C , and a locally
injective map f » (f , . . . , f ) , whose d' components are analytic functions on an
open subset of Cd with periods in L, which parametrizes A , and such that
f . ( 0 ) « 0(1 < i < d ' ) . Moreover f is a local analytic isomorphism at each point
in its domain of convergence, and it can be continued as a meromorphic map to the
entire space.

In the p-adic case we also have a parametrization of a neighborhood of e
on A by an injective map! = ( f , , . . . , f , . ) , with d' analytic components, and sucho i a
that f (0) = 0(1 < i < d ' ) ; however it is no longer periodic but only locally
defined on the neighborhood |zj < p"17(p~l) of the origin in K̂  . Moreover we
may assume that f is an isometry in the p-adic case, see [ 1 ] , but this will not
be needed here. In both cases we say that a vector u, in (t or in Kp , at which f
converges, is an algebraic point, if each f^ takes an algebraic value at u^.
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Now suppose that u ,...,u are algebraic points which are linearly

independent over $. Since we shall deal simultaneously both with the complex and

with the p-adic cases, we shall signify by I I any valuation on K. We prove :

Theorem 1 : For any c > 0 there exists a constant C > 0, such that for any

set of integers b, ,... ,b , not all 0, with absolute values at most B, we have——_————— l m ————— .^_————————_——— _-__——

|b u^ +...+ b^l > C exp(- eB2).

The constant C depends on e , f . ( u . ) ( l < i < d ' , l < j < m ) , the

defining equations of A and on the valuation | | . As we already remarked C

cannot be explicitly computed in these terms, but it will be, once an effective

analogue of the Thue-Siegel-Mahler-Roth theorem is established .

§ 2. We shall now proceed to prove Theorem 1 both in the complex and in the
p-adic cases. In both cases we shall prove the theorem by deducing a contradiction
from the supposition that there are infinitely many sets of integers b , . . . , b such
that u = b , u , + . . . + b u does not satisfy the conclusion of Theorem 1 . Assuming this,1 " " I m m
we let n be a natural number, whose value will be specified later, such that the
greatest common divisor (p , n ) of p and n is 1 in the p-adic case. We write
b. = nb' + q . , where b! and q. are rational integers and 0 < q. < n ; thus
u_ = nu' + g., where

u' - bju^ + . . . + b^ , and q » q^ + . . . + q̂  .

Clearly q can take only a finite number of values when n is fixed ; we will restrict
our attention in the sequel to a fixed q (= q ( n ) ) , and to an infinite sequence of
distinct sets b ' , . . . , b ' , corresponding to q. On denoting by B' the maximum of thel m •— ,
absolute values of b' ( 1 < i < m) , we have B > -^nB', provided that B' > 2. In the
sequel the constants implied by « will signify positive numbers which are effectively
computable in terms of e , n , f . ( u ) , the defining equations of A, and the valuation
| | . For the validity of the subsequent arguments, we may assume that

- e B^B' » 1 . Since l u l < e and ( p , n ) ac 1 in the p-adic case, we have
1 2 - 2- - en B*

( 1 ) | u , ' + q/n| < e

We claim that without loss of generality f converges at a sufficiently
small (but independent of n) neighborhood of -q/n. This is easy to show in the
p-adic case, since by assumption f converges at . u . , . . . , u , we have ( p , n ) as 1 ,
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and q , . . . , a are rational integers f thus Iq^/nl < 1 in the p-adic valuation,
and it follows that -q/n belongs to the domain of convergence of f. In the complex
case we argue similarly . Since ̂  is analytic at a sufficiently small neighborhood
of 0, and since |q./n| < 1 , it suffices to show that for each i the number luj is
small enough. But this can be assumed without loss of generality, upon replacing y^,
by u /k, where k is a sufficiently large fixed integer ? note that û /k are again
algebraic points, since the group law on A is defined over K; observing that near
-q/n the map f is an analytic isomorphism, we deduce from ( 1 ) that

(2 ) . i £ ( u . ) - f(^/n)| < e- 5̂̂ 2812 ,.

also we conclude that there is some id < i < d ' ) such that f ^ ( u ' ) are distinct for
infinitely many u ' .

The height h(a) - \^ of an el®1111®"! a of K is defined to be the product
of maxd, I a | ) v over all valuations I I of K, where n denotes the degree of the
completion of K at v over the corresponding completion of the rationals $. The
height h(P) of a point P • ( 1 , a ^ , . . . , a ^ . ) is defined by a similar product of the
terms-max(1,1 a I ) v . On taking a finite extension of K, if necessary, we may
assume that any f (u ) belongs to K. It follows from the Neron-Tate theorem that
the function logh (P) of P is equal to the sum of a positive definite quadratic
form, a linear form and a bounded function. Hence there is a positive constant c
which depends on the f . ( u . ) and on the defining equations of A only, such that

logh (f ( u * ) ) < logh ( f ( u ' ) ) < cB'2 .

By virtue of the choice of i, ( 2 ) implies that there are infinitely many u' with
distinct f . ( u . ' ) , such that

( 3 ) I f . ( u ' ) - f (-5/n)| < h ( f ^ ( u ' ) ) ' £ln

where c* R e/6c. We note that for any u' the number f. ( u . ' ) lies in K, since the
group law of A is defined over K, and the f . ( u . ) belong to K . similarly, since
f (-5/n) is a component of an nth division point of f ( - g ) , we deduce that f^(-q/n)
is algebraic. But as soon as n is so large that c'n > 2, the inequality ( 3 )
contradicts the conclusion of the Thue-Siegel-Mahler-Roth theorem, and the proof
is complete.



LINEAR FORMS ON ABELIAN VARIETIES

In the case that A is an abelian variety of CM-type, namely, when the
tensor product k - End A • fi, of the ring End A of endoBorphisms of A and the
rationals $, has a structure of a quadratic imaginary extension of a totally real
field k^ with [k^ : fi] " d, a much stronger but specialized result is known. It
says that for any archinedean or p-adic valuation of K, where the rational prime
p splits completely in k and all of its k-prime divisors have the same splitting
type, we have :

Theorem 1 ' : For any c> 0 there exists a positive constant C ' , effectively
computable in terms of e. A, | | , and ^ ( u ) ^ such that for any set of integers
^ ' " ' ^ m ' not a^ °' with absolute values at most B, we have

| b , u + . . . + b u j > C' exp{-(logB ) (log log B)l+dm+£}.1 1 m m

Proof : This is proved in [ 6 ] in the archinedean case, and bl in the non-
archimedean case.

In fact the results of [ 6 ] and [3] are more general, and Theorem 1' is
established there with coefficients b which are arbitrary diagonal matrices, not all
singular, with algebraic entries. However for the applications that we have in mind
it suffices to use only the statement given above.

§ 3. Theorems 1 and 1 ' have the following geometric reformulations. Let d ( e , P )
denote the Euclidean distance either in the space C61 or in the space l^' between the
origin e and an arbitrary point P on A . We have :o

Theorem 2 : For any e > 0 there exists a positive constant C. such that for any
point P (^ e) on A^ with coordinates in K we have

d ( e , P ) > C lUP)^ .

When A is of CM-type and I I satisfies the splitting assumption of
theorem 1 ' , we have :
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Theorem 2' : For̂  any c > 0 there exists a positive constant C' , such that
for any point P(^ e) on_A with coordinates in K we have

d( e . P ) > Ĉ log MR))-'109 log log "(P))1^46

where r denotes the rank of the Mordell-Weil group A .

The constants C, and C* depend on the (ineffective) determination of a
base for the Mordell-Weil group A^ of K-rational points on A, in addition to the
parameters on which the constants C and C' (of Theorems 1 and 1 ' ) depend (in particu-
lar, they depend on the given valuation).

The deduction of Theorem 2 (resp. 2 ' ) from Theorem 1 (resp. 1 ' ) which is
similar to the discussion in [ 5 ] , was written out in chapter IV, section 3, of the
author's 1978 Cambridge UK thesis, and there is no need to repeat the details here.
This comment also applies to the deduction of Theorem 3 (resp. 3 ' ) below from Theorem
2 (resp. 2 ' ) .

Finally the above results can be applied to investigate K-rational points
on algebraic curves of positive genus. Thus we consider an affine algebraic plane
curve E (of positive genus) such that there exists a non-constant rational map
b : E -» A, where A is an abelian variety, and E, b and A are defined over K. Let
V be a finite set of valuations on K including all of the infinite primes. We define
the (generalized) size S (P) of a K-rational point P • (x,y) on E to be the product
of the terms M « Max(l, | X | , | y | ) v over all primes v in V ; similarly we define
the (generalized) denominator D (P) of P to be the product over all primes v outside
V of the terms M . We have :

Theorem 3 : For any e > 0 there exists a positive constant C«, such that for any
K-rational point P on E we have

S^(P) < C^(P)8

The Siegel-Mahler theorem asserts that the number of K-rational points
on E whose denominators consist of powers of primes from a finite set W of K-primes
is finite. This can be deduced from Theorem 3 on taking A to be the Jacobian variety
of the curve and a set V of valuations on K which contains W, and on putting
D(P) « 1.V If A is of CM-type with dimension d and V is a finite set of valuations on
K, which in addition to all archimedean valuations, contains only valuations for which
Theorems 1 ' and 2' hold, we have :
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Theorem 3' : For any c(0 < c < 1) there exists a positive constant C' such that

for any K-rational P on^ E we have

S,(P) < C,(log VP))'^ ̂  10^ "v^^6

The constants C^ and C' depend on c, V, K and E, and are as ineffective

as the constants C, and C' (respectively).
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