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1. . INTRODUCTION
Some structural design problems may be stated as

(®) Inf J(u)
ueC

A(u) = M

where u is the thickness of the structure, J(u) its weight, A(u) its fundamental
frequency of vibration, M the fundamental frequency of the structure with uniform
thickness and C is the convex of constraints on u .

Here we consider the problems (4°) when J and A have the following
properties
J is convex on C
A is pseudoconcave on C .

We shall state necessary and sufficient conditions of optimality for an abstract
problem (). And we shall apply these results in structural design. We refer to E;]
[5] for the proof of these results and for more details.

2. PROBLEM (&) : ABSTRACT CASE.

Let E a Tocally convex Hausdorff space, C a convex of E , J and i



two real valued functions defined on C . We consider the two following problems

(7) Inf J(u)
ueC
Au) = A
(Q) Inf J(u)
ueC
Au) > M
where A\ o= A(ul) u e c.

Proposition 2.1.  Assume

(2.1) J pseudoconvex on C
(2.2) A _continuous on C
(2.3) 3 u,&C such that A(u ) <, and

I(u,) < I(u) Yuec LU Fug

then the problems (J) and (Q) are equivalent (i.e. if wu is a solution of (&)
u s a solution of (Q) and reciprocally).

Let's recall the definition of a pseudoconvex function. J is a pseudoconvex
on C if J is Gateaux-differentiable on C and if

V uwv)eCxC. , 3 (u).(v-u) >0 — J(v) » J(u) .

The reader can find the properties of pseudoconvex and quasiconvex functions in
MANGASARIAN [6 .

We make use of these properties for the proof of Proposition 2.1.
Remark. (Q) 1is a convex problem.
Proposition 2.2. Assume (2.1),

(2.4) X pseudoconcave on_C and
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(2.5) J uYe_C such that x(uY) > A -

Then if Ue C and if A(u) » A s u is a solution of (Q) if and only if

j T < 0 such that
(2.6) I@).(v-T) + T @) (v-u) 50 Yvec
(2.7) n(A(u)-r) =0

The proof of the necessary condition is based on the results of HALKIN [2]
and (2.4)-(2.5) assumptions.

The proof of the sufficiency is easy.

Corollary 2.1. Assume (2.1)-(2.3)-(2.4)-(2.5). Let ue C , A(U) = A then u s
a solution of (J') if and only if

37 <0 such that J'(U).(v-u) + 7 A'(u).(v-u) » 0 V veC .

3. THE PROBLEM (&) IN STRUCTURAL DESIGN.

Let & be an open bounded connected set in R" let a and b two
functions

a: J0,4e[ —s J0,4=[ €2, concave

b: J0,4o[ — J0,+=[ €2, convex .
Denote by (.9 the scalar product of LZ(Q)
<.,.> the bilinear canonical pairing over Hé(s}) x H'l(Q) .
U= (uel™Q) 5 Ja(u) > 0 such that u(x)>a(u) a.e. in Q}

(3.1) C={uel™Q) 5 0<ac<u(x)<B a.e. in Q} a, B given with
D<oa<l<B<+x
a and b the maps from U to U defined by
a(u)(x) = afu(x)) , b(u)(x) = b(u(x)).

A, the isomorphism from H(I)(Q) to H'l(sz) defined by



<A, W40 = J a(u)(x) Tw(x) . 7g (x) dx (W) e Hi()
Q

Bu the operator of Lz(ﬂ) defined by

3.1. The spectral problem.

It is knownthat the first eigenvalue A(u) of

is simple and that the associated eigenvector w(u) satisfies

w(usx) >0 a.e. in @

< Au WoW> < Au w(u),w(u) >

A(u) = Inf BT - T8 -
vebl) (B, WoW) (B, W[u),w(u))

W#0

We suppose that w(u) 1is normalized in Lz(g) .

Using the Implicit Function Theorem we can prove that the function

uel — aAu)

is differentiable on U and that

@ @) (0 [ [P - () (6" (u)-v) (x) wH(u3x) ) dx
JQ b(u) w2(u;x) dx

(3.2) A'(u).v

From the concavity of a and (-b) , it follows that :

,[Q b(u)(x) wz(u;x) dx
J'Q b(v)(x) wz(u;x) dx

(3.3)  A(v) < A(u) + A'(u).(v-u) Yuwv)=suxu.
Using this inequality we get

Theorem 3.1. s pseudo concave on U . x is upper semicontinuous on C for
the weak# topology of L%(q) .




3.2. Statement of the problem and results.

Q@ 1is the form of the structure, u 1is the thickness and therefore the
weight is

J(u) = J u(x) dx .
Q
Let uq be the function in C defined by
u(x) =1 Yxea,

and

M A(ul) .

We shall consider the following optimisation problem :

minimize J(u) subject to A(u) = A oand ueC i.e.

@) Inf  J(u) .
Au) = Ay

ueC

Let u, be the function defined on C by
(3.4) U(x)=a Y xea.
This function satisfies
Iu ) < I(u) VuaC,u;ﬁua

Introduce the problem

(Q) Inf  J(u) .

ueC
Mu)en

Then using the previous results it is easy to prove

Theorem 3.2. Assume
(3.5) A(ua) <N
(3.6) JuyeC such that x(uy) >N

then i) () and (@) are equivalent
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ii) (%) has at least one solution ;

iii) UeC is a solution of (&) if A(u) =1, and
(3.7) J7<0 such that
J(v) - J@) + 7 A (u).(v-t) 20 Y vecC;

iv)  the set S(&) of solutions of ($) is convex and {w(u)su e S(¥)}
is reduced to one function.

Remark. The condition (3.7) is equivalent to (3.8) H'e >0 such that

g(usx) < e a.e. in g, = {xe Q;u(x) < B}

B
and
g(U,x) > e a.e. in Q,= {xe ;U(x) > o}
where
Tox) = & 2 ! 2.
gusx) = Q' (u(x)) [vw(usx) [ = a; b (u(x)) w(usx) .
3.3. Examples.
The previous results can be applied to numerous examples and in particular
to
Example 1 a(u) = u b(u) =1
Example 2 a(u) = u b(u) =u + & where & 1is a constant
positive
Example 3 a(u) =1 b(u) = ~1? .
- u

We refer to [ 1] and [ 3 | for the motivation of these problems.

In these examples the function u‘a defined by (3.4) satisfies (3.5) and the
function uy defined by

UY(X) = Y where 1<y <8

satisfies (3.6) and we can apply Theorem3.2. In particular in Example 3, (3.8) gives

- e >0 such that



2
y_3u,x < e a.e. in 9
(x)
2 _ .
!Eégiﬁl > e . a.e.in @
um(x) *

and this implies that, in this example (&) has only one solution u . Moreover
if @ =10,1[ we can construct this solution.

Remark. We have used the same method to study problems of the following form
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