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THE NORM OF UNIFORM CONVERGENCE ON THE K-ALGEBRAIC MAXIMAL SPECTRUM
OF AN ALGEBRA OVER A NON-ARCHIMEDEAN VALUATION FIELD K.

U. GUNTZER

In nm-archimedean function theory, i.e. the theory of several variables over
a field k with a non-archimedean valuation, the concept of the norm of uniform con-
vergence on a k-affinoid set (i.e. the analogue of a €-analytic set in the theory
of several complex variables) is an important tool. It can be computed intrinsical-
ly in terms of the spectrum of maximal ideals of the corresponding k-affinoid alge-
bra (i.e. the analogue of a C-analytic algebra). The aim of this lecture, which is
based on joint work with R. Remmert (Miinster), is to define a semi-norm of uniform
convergence on a large class of k-algebras A without any norm or analytic structure
thereby reducing this concept to a purely algebraic one depending only on the alge-

braic structure of A and of course on the valuation of k.

The point of departure for our considerations ig the valuation theoretic no-
tion "spectral norm" introduced in [2] and studied in detail in [5] in order to han-
dle extension problems from a field to algebraic extension fields (always with ap-
plications to k-affinoid algebras in mind). Here this notion is generalized in such
a way that also integral extensions A of a k-algebra B may be treated. We study the
behaviour of the norm of uniform convergence under "going up and down" from A to B
and vice versa. Due to the Noether normalization lemma many problems in the theory
of k-affinoid algebras may be reformulated as extension problems, where the smaller
algebra is a "free" k-affinoid algebra T, enjoying many "nice" properties. Therefo-
re we can apply the general theory in order to algebraize and thereby simplify the
proofs for some of the fundamental results for k-affinoid algebras. This program
had been started for k-Banach algebras instead of general k-algebras in[ 4], but
there some arguments taking advantage of the special structure of k-affinoid alge-

bras had to be used.

1.1, Supremum-semi-norm on k-algebras.— Let k be a field with a non-archimedean non

trivial valuation. (We do not suppose k to be complete). Let A be a (commutative)
k-algebra. We want to derive a semi-norm on A from the given valuation on k. In or-

der to do so, we use the following

Def. 1.1 : (Spectrum of k-algebraic maximal ideals of A)
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Ma,xk A= zx 3 X maximal ideal in A and A/x algebraic over k}

Of course Maxk A may be empty, e.g. if A is a transcendant field extension of
k. But in many cases the k-algebraic maximal spectrum of A contains substantial in-

formation about A.

For x € Max, A and f € A denote by f(x) the image of funder the canonical resi-
due epimorphism A - A/x. Because A/x is an algebraic extension of k it can be

provided with the spectral norm belonging to the given valuation on k. (For the con-
cept <&<spectral norm » see [5] ; we just mention here, that it coincides with the
uniquely determined valuation extension, in case k is complete). The spectral norm
is invariant under k-Galois automorphisms and therefore it does not matter how A/x
is embedded into the algebraic closure k  of k. Thus we may speak of \f(x)\ , where

f€ A and x € Ms.xk A, and are able to introduce

Def. 1.2 : (Semi-norm of uniform convergence on Maxk A or supremum-semi-norm)

0 if Max, A = §,
|f|sup : = supilf(x)‘; x & Max, A} if Max, ' A # ¢ and f(Maxk A) bounded,
@ otherwvise.

This definition generalizes the concept & spectral norm$ . Namely if A is
contained in ka’ then this definition obviously yields the spectral normbon A, As
we shall see later on (cor. to prop. 1.5) under suitable circonstances | ‘sup may
be interpreted again as a spectral norm, then of course over some bigger ground

field. - We have already seen that Maxk A may be empty ; also the third case occu-

ring in def. 2 is possible, e.g. take A = k[X]. Then Max, A D i(X -c) k[X]); ce k}.
If one takes f := X € A, then f(Ma.xk A) O k, which is clearly not bounded. We shall
say, that the supremum-semi-norm on A is not degenerated, if Maxk A # ¢ and f(MaxkA)
is bounded for all f € A. For the applications we have in mind, it is easy to veri-

fy, that "sup 1s not degenerated.

First let us collect some rather obvious properties of | |sup :

Lemma 1.1 : If | ‘sup is not degenerated, it is a power-multiplicative non-archime-

dian k-algebra semi-norm on A , i.e. one has for all f,g€ A , c€k ,new:
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(a) 2] qup € E Iflsup >0s [0l gp = 0
N I O T e |
(c) lef ] gup = lel lflsup,

(a) & lgyp < 1] sup &l aupe

(e) |1 loup = 1>

(£) Ifnlsup = If‘Zup '

All these formulas - with the exception of (e)-remain true also in the degene-

rated case, if one extends the usual operations onR to R U quf in an obvious way.

The supremum semi-norm is compatible with k-algebra homomorphisms in the follo-

wing sense.

Lemma 1.2 : Let ¥ : B>A be a k—-algebra homomorphism between two k-algebras A

and B. Then ¥ is a contraction with respect to I lsup’ i.e. l‘-P(f)I for

sup € ,f ,sup

all f € B.

Proof : If Max, A = @, there is nothing to show. If x € Maxk A, then ¥ induces
a k-algebra monomorphism B/\fi_1 (x) = A/x. Because A/x is an algebraic field exten-
sion of 'k, also its subring B/*?_1 (x) must be an algebraic field extension of k.
Hence (P_1 (x) e Max, B. Then one has

®) 1@l o= s @] = sup TN« s el = e ]

P .
xeMaxkA xeMaxkA ye Maka

Q.E.D.

We apply this lemma to show that the supremum—semi-norm of A can easily be deri-

ved from the supremum-semi-norm of its prime components.

Lemma 1.3 : Define M :=i‘P;‘p minimal prime ideal of Ag and let ‘Kp :A->Alp

denote the canonical residue map for all pe M . Then

|f|sup =;1:% h'c?(f)l sup
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Proof : According to lemma 2 we know ::1{ htP(f)l sup < ’f'sup' In order to
show the opposite inequality, take x € Maxk A. Then one can find peM such that

x >p. From A/x = (A/9)/(x/p) we get Tt _(x) = x/p € Max, A/p and |f(x)| =
|(1t?(f))(lp(x))~l , whence |f(x)|$|1tP(’f), sup szz!a h;\P(fﬂ sup® Since this holds for

all x € Max, A, we have found lf‘sup$ sg%lméf)lsup , Q.E.D.

For the case of integral monomorphisms Lemma 1.2 can be improved considerably.

Lemma 1.4 : Let Y : B —>A be an integral k-algebra monomorphism.

Then one has :

(a) Y is an isometry with respect to ‘ l

sup
n .
(b) If‘l < max lb.|1/1 for all f € A, where 4+ Y(v,) ! +...+Y(b ) =0 is
sup 1=1 il syp —————= —_— 1 n -

an_equation of integral dependence of f over Y(B),

(e) | 'sup is not degenerated on A if and only if it is not degenerated on B.

Proof : Ad(a) : If Max, B = @ then due to lemma 1.2 we have |Y¥(f)) < If)
i aeles Xy sup sup

= 0 for all f € B. Therefore we may assume Maxk B # . Take y € Maxk B. Because ‘P
is integral and injective, there is a maximal ideal x of A lying over y, i.e.

L(_1(x) = y. Again Y induces an integral monomorphism from B/y into A/x. B/y is an
algebraic field extension of k according to our assumption and A/x is integral over
B/y is an algebraic field extension of k. In other words : the map x — ‘9—1 (x)
from Max, A to Max, B is surjective. Therefore one has equality in the formula (¥)
occuring in the proof of lemma 1.2 andy is an isometry.

n n-1

Ad(b) : For.all x € Max, A one has O = f(x)" + (‘((b1))(x) f(x) +ooot Y(bn)(x) =

£(x)™ + b1(*4’ -1(x)) f‘(x)n_1 oot bn(‘€—1(x)). This equation in k_ implies

le(x)] ¢ . o, (@ T | i . | |1/i Since this holds for all x e Max, A
X ?:)‘IC i X KS ?i}; i sup . ince 1s 0. S or a. X € a)ﬁk
n ‘1/1
we get lflsup < r]r-»:? |bi sup °

Ad(e) : If b(Maxk B) is bounded for all b € B, then due to (b) also f(Maxk a) is
bounded for all f € A. The converse is true due to (a). Furthermore from the proof

(a) we see that Maxk B =@ if and only if Meuck A=¢ , Q.E.D.
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In order to be able to transform the inequality (b) into an equality, which
then allows to compute llsup on A in terms of | Lup on the smaller algebra B, we
must impose some additional assumptions on A and B.

Prop. 1.5 : Let @ : B A be an integral torsionfree k-algebra monomorphism

between two k-algebras A and B, where A is reduced and B is an integrally closed

domain. Then one has :

n 1/1
_ n n-1 _ .
(a) 'f'sup = .=x ,bi,sup‘ for all f & A , where £ + V(b1) f +oout V(bn) =0 is

1=1

an equation of integral dependence for f over ¢ (B) of minimal degree.

(b) The maximum modulus principle holds for A (i.e. for all f € A there is an

x € Max, A such that |f(x)| = 'flsup)’ if an only if it holds for B.
(c) I.Lup is a norm on A , if and only if it is a norm on B.
(a) Ilsup is a faithfull B-module norm on A (i.e. ‘W(b)‘flsup = lbIsup lflsup for

all b€ Band f e A), if and only if is a valuation on B.

| up

Proof : Ad(a) : According to assertion (b) of the preceeding lemma we only ha-

n 1/1
ve to show ‘fl 2 max ‘b.l . Choose me N with 1& m < n such that
sup © . i '
1=1 sup
o |1/m— . ib |1/i Put p := X2 + b X% 4.+ b€ th;\ f [v_| is finite
mlsup ~ ?:f i'sup ° P n 7 tn : m Isup ’

for all Me R with <1 we can find y € Max, B such that b (y)12 %[ . If
” m m!sup

k

Ibmlsup is infinite one has to modify the following lines slightly in a obvious man-

ner. (If the maximum modulus principle holds for B, one can find such an y € Maxk B

even for % = 1.) Put p[y) := oo+ b1(y) LI bn(y)e ka[X]. Choose €k

n .

such that p(y]@&) = 0 and such that |x| = max lbi(y)|1/l. This is possible, because

i=1 n n .

p(y] has all its roots o, peee, o in k, and because one has maxlﬂil = max]bi(y)P/1
i=1 i=1

according to the first proposition in § 3 of [5], which may be applied even if the

spectral norm on ka is not a valuation. Now it suffices to construct a k-algebraic

maximal x € Max, A such that 'f(x)l =iq | . Namely, then we have
n .
*) It L, = suw e 3 |£(x)] = |«| = max Ibi(y)|1/l
P zeMax A i=1
1/m 1/1

[l %5 P o, |

1|sup

n
sup 1 Ti}f 'b.
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1/1

. (And if m could
sup

_ n
Since this holds for all e, ve find If'sup} max 'bi'
i=1

/i

n
be chosen equal to 1, then we even get |f lsup > If(jc) | > max Ibilsup
i=1

> |f|'sup. The-

refore the maximum modulus principle holds for A, if it holds for B.) It remains to

construct x ¢ Max, A such that le(x)| = o |. Replacing B by Y (B) we may assume

BC A and Y = id. Furthermore we may assume A = B[f]. Namely, if we can show the
assertion for the special case A = B[f] and the given element f, then we also get
the general case, because A is integral over B[f] and therefore according to lemma
1.4 it does not matter,whether one computes the supremum-semi-norm of f in the al-
gebra A or in the possibly smaller algebra B[f]. Therefore we ‘assume A = B[f]. Choo-
se a fixed embedding of B/y into k. The mapping b = b(y) yields a k-algebra homo-
morphism onto some subfield k' of ka' Extend this homomorphism to a k-algebra epimor-
phism

J . J .

o: B[X] — k'(®) by defining o (Z by xt) = Z bi(y)o(l. Obviously one gets

1=0 1=0
o(p) = p[y] (*) = O and therefore o induces a k-algebra epimorphism
g B[X]/p.B[X] > k'@). Clearly &(X) =« where X denotes the residue class

X + p.BfX]. Assume that we know already

(**) p-B[X] =§ae B[] ; a(f) = o} .

Then there is a canonical isomorphism T : B(f) —9B[XJ/p.B[X], which maps f onto X.
Combining & and t we get a k-algebra epimorphism & o7T: B[f] - k'(X) , such that f
is mapped onto ® . The kernel x of this map is a k-algebraic maximal ideal of B(f]
and one sees |£(x) | = I&| . Thus equation (**) remains to be verified. In order to

do so, first we assume that A is without zerodivisors. Then the quotient field Q(A)

of A is an algebraic extension of the quotient field Q(B) of B. Because B is inte-
grally closed, well-known results from Algebra (cf.[8], chap. V.§3) assert, that

p € B[X] is also the minimal ireducible polynomial of f over Q(B) and that p divi-
des in B[X] all polynomials q € B[X] annihilating f. Thus we have verified (**) for
the special case, that A is an integral domain. Thus it remains to reduce the gen—
eral case "A is reduced” to this special case. Define W to be the set of all mini-

mal prime ideals of A. Then we know (0) = p?ﬂ p and » AB = (0) for all pe M

according to the theorem of Cohen-Seidenberg (cf. [81, chap. V, §3, th. 6). For
p € M denote by K’P : A —2>A/p the canonical residue map. T(’v induces then an

integral embedding of B into Ajp for all pe M . Put fo = R, (f). Let ge B[X]
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such that q(f) = O. Then a fortiori q(f.r) = 0. Let p, be the minimal irreductible
polynomial of f‘.p over Q(B). According to what we have already proved for the spe-
cial case, where A has no zero divisors, Pp € BCX] and q(f?) = 0 implies that Py
divides q in B[X1. In particular p?(iivides p in BLX] for all pe ! . Q(B)CXJ is
factorial, p € Q(B)CXJ admits only a finite number of non-associated prime divisors.
Because all b, are monic polynomials, two of them are associated only if they are
equal. Therefore the set QP‘P 5 p e mg must be finite. Define m e BLX] to be the
product of these finitely many polynomials € BLXJ]. Because the factors of m are
non-associated primes all of which divide g, also m divides q in Q(B)LXJ and then
even in BLXJ. In particular m divides p in BLXJ. If we can show m = p, then we have
verified (**), Because P, divides m, we get m(f?) = 0, or equivalently m(f)e % .
This holds for all peMm and therefore we get m(f)e *p(e"m‘? = (0). Hence m(f) = 0
is an equation dependence for f over B, whence (degrge of m) » (degree of p). On the
other hand we know already that p and m are monic polynomials and that m divides p.
Therefore m = p and hence (*%) is verified. And that equation was all we needed to

finish the proof of (a) also for the general (i.e. the reduced) case.

Ad(b) : While proving assertion (a) we also proved that the maximum mo-
dulus principle for B implies the maximum modulus principle for A. The converse is

true due to lemma 1.4,

Ad(c) : Assume that llsup is a norm on B, i.e. \Isup is not degenera-

ted and |b| = 0 implies b = O for all b € B. We have to show that then also

sup

lgup 8 A is & norm. Take £ € A with £ # O and let £ +¢(b,) 7 4 ) = 0

be an equation of integral dependence for f over ¥(B) of minimal degree. Because A

is reduced, there exists an index m with 1 ¢ m < n such that bm # 0. According to

n .

assumption also lb_| # 0 . Hence also |f| = max l‘b.\”’l s b l1/m > 0. Using
m sup sup  ;_, i 'sup m' sup

assertion (c) of lemma 1.4 we conclude, that ||sup is a norm on A. - The converse is

clear, due to (a) and (c) of lemma 1.L.

Ad(d) : Assume that \lsup is a valuation on B. We have to ShOW‘Q(b)'f'suﬁ
1 vl .lfL for all b€ B and all f€ A, If b = 0 or £ = O there is nothing to show.
sup up
Therefore let b # O and £ # O and let p(f) = £ + (?(b1) L lf(bn) = 0 be an
equation of integral dependence for f over W(B) of minimal degree. Then (e(p)e)™ +

Q(bb1)(q(b)f)n—1+...4ﬂbnbn) = 0 is an equation of integral dependence of ¢(b) f
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over $(B) aand there is no other equation q(¢(b).f) = O with qe B[X], g monic and
(degree of q) <n , because then one would get an equation g*(f) = O with some

q* € Q(B)[X) and (degree of q¥) = (degree of q) < n = (degree of p) in contradic-
tion to the fact that p must divide g* in Q(B)[X] (cf. the proof of assertion (a)).
Thus we have found an equation of integral dependence of minimal degree for §(b).f
and may compute I‘O(b)flsup according to (a):

n .o 1/1 n 1/1
= max lblb., = ‘b' max 'b.l
sup L) i’ sup sup .3 ' i'sup

[¥(v) f’ = lb Lup | £ Lup’ Again the con-
verse follows immediately from assertion (a) of lemma '1.4. Thus we have finished

the proof of (d) and thereby completed the proof for prop. 1.5.
Remark : Assume that "sup is a valuation on B. Then it can be extended to a

valuation on the quotient field Q(B). If we assume furthermore that A is an inte-
gral domain, the quotient field Q(A) exists and is an algebraic extension field
of Q(B) . Q(A) can also be described as the quotient ring of A with respect to the
mulitplicative system Y (B)\{0}. According to assertion (d) l'sup is a faithfull

B-module norm, hence it can be extended to a Q(B)algebra norm on Q(A) = A

¢(B)\{O}
According to statement (a) this norm is nothing else than the spectral norm of
the field extension Q(A) over Q(B). To put it in some other way : The supremum—

norm on Q(A) considered as a Q(B)-algebra yields, if restricted to A, the supre-

mum-norm on A considered as a k-algebra.

Cor.1.6 : Under the assumptions of prop. 1.5 assume furthermore that the

maximum modulus principle holds for B. Then for every f € A with |f|# O there

are c€ k and m € IN such that Icfml = 1.
_ —_— ———— sup

Proof : For all b € B there is some y € Max_ B such that |b = |b(y)].
Proof X Y

sup

Hence ,Blsu c 'kal‘ The set lkal is invariant under taking roots. Therefore

D
/i .
zlblsup ; b€ B\{O} and i € n%clkal. According to assertion (a) of the precee-

ding prop. also lf , € Ikal for all £ € A. Then there is an element d € k and

sup

m€ N such that ,d'1/m = 'flsup . Define ¢ := d—1€ k. Then 1 = |cf mlsup .

Q.E.D.
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1.2. Application to k-affinoid algebras. — Let k be a field, complete under a

non-archimedean non-trivial valuation. We want to apply the results of the precee-
ding section to a special class of k-algebras : to the category of k-affinoid alge-
bras (for the definition and properties of k-affinoid algebras see [2] and [?J).
Denote by Ty , 4 € WU {0}, the "free" k-affinoid algebras, i.e.

v

1 V4
T =g a X, "o X 5 a e k and
d %,“.,udzo ”V"“d 1 d dr..gd
- V, +o+ w}.
au1._. vy 0 for 1 Ud —
v ..
For t =2_ ay X'e T; put |t | := m%x |a0| . This is the so-called Gauss-norm on Tqe
and one knows [t| = sup \t(x)l for all t € T; - Applying the rather general
X¢gMax T

da
considerations of section 1.1 we get a new proof for the following result of non-

archimedean function theory saying that some of the facts which are more or less

easy to verify for T, remain valid also for general reduced k-affinoid algebras.

d

Prop. 1.7 (cf. [2]) : Let A be a reduced k-affinoid algebra. Defining

|f, := sup lf(x)l , f& A, one gets a power-multiplicative k-algebra norm on A
xeMax . A

fullfilling the maximum modulus principle. If ¢ : Td ->A is an integral torsion-

free k-algebra monomérphism for some d€ N Uj0}, and if an+‘f(t1) T

W(tn) is an equation of integral dependence for f over W(Td) of minimal degree,

then
|1/i

n
|£]= max |t;
i=1

and | |is a faithfull Td—alggbra norm.

Proof : Because all maximal ideals of an k-affinoid algebra have finite co-di-

mension over k, we see that lfl = lflsup for all f& A and of course |t| =|t|sup

for all t & T4. Because T is integrally closed and the Gauss norm is even a valua-

tion, assertions (b) and ?d) of prop. 1.5 yield the validity of the second state-

ment in this proposition. According to the Noether normalization lemma, for all

k-affinoid algebras one can find d€¢ IN U§0} and a finite k-algebra monomorphism
Y : Td —>A. In general we do not know, whether ¢ is torsionfree. Therefore take

Pem where M 1is the set of minimal prime ideals of A ; then any
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normalization map Td(?) —A/% 1is a torsionfree finite k-algebra monomorphism. Ap-

plying prop. 1.5 to Afp we see, that llsup on A/p 1is a power-multiplicative k-al-

gebra norm fullfilling the maximum modulus principle, because for \\Sup on Td(?)

the maximum modulus principle holds. M is finite and A can be embedded into thJp
P
Now it is easy to deduce the first statement of the proposition from lemma 1.3.

Remark : The condition, that A has to be reduced, cannot be omitted because

||sup being power-multiplicative is a norm only on reduced k-affinoid algebras.

2.1. k-Banach algebras. - So far our study object had been the k-algebra A as
an purely algebraic object. The norm or semi-norm we constructed on A was only so-
me other way of paraphrasing the structure of the set of all k-algebraic maximal
ideals of A. From now on we assume that we are given a norm " | on A and ask, how

are “ land |[ interrelated. For simplicity we restrict ourselves to the case,
sup

where the ground field k is complete and A is a k-Banach algebra. Then one has the

following preliminary result.

Lemma 2.1 : If A is a k-Banach algebra with norm ” " and if x e Maxk A, then
A/x provided with the residue class norm || "res is a k-Banach algebra and one has
. ift1/i )
l2Gal = ing NeG) ™ 20 < ool < el

1€V

Proof : Because A is a Banach algebra and x is maximal, x is closed. Then

ll"res’ defined by “f(X)ILes ;= . x?:; i} llg}]l for fe A is a norm on A/x. It is
easy to see that ”"res is actually a complete k-algebra norm on A/x with

el Vi

¢ llell . Define a further norm || ||' on A/x by l£(x)|| ' := inf “f(x)l“res.

iel
Then‘|ln' is a power-multiplicative k-algebra semi-norm on A/x (see e.g. [5], sec—

tion 1.2) and obviously [f(x)I] '« “f(x)“res for all f € A. Because A/x is a field,

res

[l |I' is even a norm. k is complete and A/x can be embedded into k_ . Then the spec-
tral norm is the only power-multiplicative k-algebra norm on A/x and therefore it
coincides with || |'. Thus we found |f(x)| = inf "f(X):L“TS().; , Q.E.D.

1e N

Applying this lemma to all x € Max, A we get

k
Cor. 2.2 : If A is a k-Banach algebra with norm |j ||, then for all fe A one

has

If l‘sup < Jig
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If A is not complete, this statement may fail to be true. E.g. take A = k[XJ
provided with the Gauss norm and f := X, then Ix!= 1, whereas If,sup = , as we
have seen already in section 1.1. But on a k-Banach algebra 'f‘sup <o for all

f ¢ A and hence | 'sup degenerates only if there are no k-algebraic maximal ideals

on A, If we exclude this case by imposing on A the stronger condition, that 'Isup

is a norm or equivalently that n x = (0) , then this purely algebraic condi-

xeMaxkA

tion has topological consequences for A, namely one gets the following result,

which is a slight generalization of theorem (1.1) of &ﬂ :

Prop. 2.3 : Let A be a k-Banach algebra. Assume that l gup 1s a norm on A.

Then every k-algebra homomorphism Y from an arbitrary k-Banach algebra B into A is

continuous.

Proof : For all x & Ma.xk A consider the commutative diagram

B——mA
M1 ¢ I
By (x) —A/x
where & and p are the canonical residue epimorphisms. Because A/x is algebraic

over k, so is B/wvl(x). Hence (9—1(x) € Maxk B. Provide A/x and B/q71(x) with the

spectral norm. § is then an isometry. a and p are contractions according to lem-—
ma 2.1. Thus we know already that § of is continuous. In order to show that also

¢ is continuous, we take advantage of the closed-graph-theorem : Let b, n e W,
n

be a sequence in B such that bﬁ = 0 and V(bn) —>fe A, If we can show f = O, then
we know,. that ¥ must be continuous.
Then we get f(x) =& (f) = «(1lim ¢ (bn)) = 1im (uql)(bn) = lim (& .p)(bn) =

Fep)(1im bn) = (§<p)(0) = 0. This is true for all xe Max, A , hence lf'sup =0,

which implies f = 0 , Q.E.D.

Cor. 2.4 : If A is a k-Banach algebra such that ||sup is a norm on A, then

all complete k-algebra norms on A are equivalent.

In Cor. 2.2 we only have an estimation for || . Now we want to compute

sup
'lsup in terms of “ “. This can be done if we add topological conditions to the
assumptions of prop. 1.5.

Prop. 2.2 : Let & { B A be an integral torsionfree k-algebra monomorphism

between two k-algebra A and B, where A is reduced and B is an integrally closed




112 U. GUNTZER

domain. Assume furthermore that A is a k-Banach algebra with norm ||jand that ¢ is

continuous, if B is provided with the topology induced by 'gup' Then one has for

all fe A :

i1/i n 1/i
inf ||£711 = lfls = max bg su
el UP oy P

where f° + \Q(bn) fn-1 +oo.t Y(bn) = 0 is an equation of integral dependence for f

over ¢ (B) of minimal degree.

14/

Proof : We only have to show "f" = lf, s where_”f” := inf

—_— r sup r Tem
From Lemma 2.2 one deduces immediately Iflsup I3 Hf"r . In order to show the oppo-
site inequality we shall use prop. 1.5. Because I"r is a power-multiplicative k-al-

gebra semi-norm on A, (actually it is not hard to show, that ”"r is even a norm)

n . n .
one gets "fl& ¢ max ”Q(bi)”;/l £ max “?(bi)”1/l . Because ¢ is continuous, there
i=1 i

1=1
is a real constant C » 1 such that I'l<4>(b)llsc|blSup for all b« B and a fortiori
. 171 n 1/1
N(b)"”l < C ol for all i€ IN . Thus we have shown [fll ¢ C max |b.| =
sup r iz1 i' sup
lelsuP according to prop. 1.5. Because both “”r and ',sup are power-multiplica-—
tive, this implies "fﬂr < Iflsup , Q.E.D.

Remark 1. : In spite of the fact that |][ depends only on the algebraic

sup
structure of the k-algebra A (and, of course, on the valuation of k), ||Sup never-
theless coincides with llﬂr , which is derived from the given Banach norm on A.

This is a result similar to prop. 2.3 asserting that, (roughly speaking) the topo-
logical or normtheoretic structure of A is already determined by the underlying

algebraic structure.

Remark 2 : The assumption "¢ is continuous" can be omitted, if Ilsup is a

complete norm on B. Namely then B provided with | | is a k-Banach algébra and
'sup

!Isup on A is a norm according to prop. 1.5(d). Hence we may apply prop. 2.3.
For normed algebras A the subsets A := §fe A {etll; ie Wi is bounded¢ of

v
power-bounded elements and A := {fe A ; 50 for i»> o} of topologically nilpo-—

tent elements play an important rdle. It is rather easy to see without any parti-

v . . . .
cular assumptions on A, that f€ A if and only if inf “fllﬂ/l 4 { and that feh
i€ IN
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implies  inf If1"1/l$ 1. In the special situation described in prop. 2.5, the
i€ Y
latter implication is even an equivalence and one gets a simple description of A

v
and A in terms of "sup , namely :

Cor. 2.6 : Under the hypothesis of prop. 2.5, for all fe€ A the following sta-

tements are equivalent :

(a) £ is topologically nilpotent,

() int e E <
ielN
(c) If’sup <_1-

In the maximum modulus principle holds for B, then also the following statement is

equivalent to (a), (b) and (c) :

(a) I£(x)l ¢ 1 for all xe Max, A.

Furthermore, for all f€ A also the following statements are equivalent

(a') £ is power-bounded,

(') inr Jei /i 1,
iem
1
(1) I£] yp € 1-

Proof : As already mentioned (a) and (b) are equivalent. The preceeding prop.
yields the equivalence of (b) and (c). Under the additional assumption, also (d)
and (c) are equivalent according to prop. 1.5(b). - (b') follows from (a') as al-
ready indicated and the equivalence of (c') and (b') is contained in prop. 2.5.
Hence it suffices to show, that (c') implies (a'). Use the notations of prop. 2.5.

' : . : i=1,... £
Then from (c') we get Ibllsup ¢ 1 for i = 1,...,n and therefore |b|sup 1 for

all b € P[:b1 seees bﬁ], where P is the prime ring of B; i.e. the smallest subring
of B containing 1. Because Y is continuous, also R := ¢ (P) [}(b1),..., %(bn)] is

bounded under |||. From the equation of integral dependence for f one easily deri-

ves (by induction on je W) : £ %Ei Rf'. Hence f is power-bounded with respect
i=0

to § 1, Q.E.D.

2.2. Application to k-affinoid algebras. - If we specialize the results of

the preceeding section to k-affinoid, we get :
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Prop. 2.7 : Let A be a reduced k-affinoid algebra. Then every k-algebra homo-

mrphism from an arbitrary k-Banach algebra into A is continuous. In particular :

there is no other (up to topological equivalence) Banach algebra structure on a re—

duced k-affinoid algebra A.

Proof : According to prop. 1.7 I |sup is a norm on A and hence we may apply

prop. 2.3, which gives the derived result.
If B is an integrally closed k-affinoid algebra such that l |sup is a comple-

te norm on B (this is the case e.g. for B =T d€ N UiO}, or for B = L. , where

a’ d

Ld is the algebra of strictly convergent Laurent series ind.indeterminates over k),

then due to remark 2 following prop. 2.5 we may apply prop. 2.5, whenever {: B —-A
is a finite k-algebra monomorphism into a k-affinoid algebra A without zero-divi-
sors. Due to the Noether normalization lemma and prop. 2.5 this means, that at
least for the special case, where A has no zero-divisors we have already proved

the following.

Prop. 2.8 : Let A be a reduced k-affinoid algebra. Then for every complete

k-algebra. norm il on A and all f€ A one has

lel o = inf et /%,
P ojem
f e A is power-bounded, if and only if ,flsup ¢ 1. fe A is topologically nilpo-

tent, if and only if [f(x)| ¢ 1 for all x ¢ Max A.

Proof : We have to reduce the general case, i.e. A is only a reduced algebra,
to the special case, that A does not admit zero divisors # O. Because A is noethe-
~rian, the set M of minimal prime ideals is finite, hence A# 1= @ A/p is a

res ° where

noetherian A-module. Provide A# with the norm (« )P""I" 1= max I o(?ll
"&‘P"res denotes the residue class norm of u?é A/p. Then A" is a noetherian k-Ba-

nach algebra and T(A) is closed in A# , where 7(f) := (nr(f))‘vé"’l and

E\P:A — A/% are the canonical residue class epimorphisms. Apply prop. 2.7 to the
reduced k-affinoid algebras A and ®(A). Then one sees that ® : A »%(A) is topo-
logfical, in particular there is some constant C € R such that Il ¢ Clln(f)lﬂ . In

order to verify the first assertion of the lemma it suffices to show :

inf Ilflll1/15 Il . Due to |Ifllg Cilit(f)ll# it is enough to prove infll“l(f‘)llﬂ/1
. sup °- 3
1eN 1€N
<lf| sup for all f € A, Because A/$ has no zero divisors # O, prop. 2.5 tells us
that mf Ihtv(f)lllvl = |r_(£)] for all pef) . Because M is finite and A# is
? sup

the ring theoretic sum of the Aj we get inf |x( f)lu# Vi inf max It’gf l 1/1 =
€W i€l peN res
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max  int W(o)!/E =
PEm jem * TS
lemma 1.3. - To verify the last two assertions of this proposition we consider the

max IR_(f)l . Now the first assertion follows from
pem P sup

following sequence of equivalent statements : For f € A one has If(x)ik 1 for all

x € Max, A if and only if | (K (f))(®yp(x))l < 1 for all x € Max, A and all P <M

R4
with 9 e x. This is equivalent to "t?(f) is topologically nilpotént for allpem"

* according to cor. 2.6. As one can see easily from the proof of the first assertion,
this is the same as "f is topologically nilpotent". The verification of the charac-

terization for power bounded elements is carried out in the same way.

3.1. Banach function algebras. — The main result of § 2, i.e. prop. 2.5 allows
to compute | gup on A in terms of the given complete norm on A, but it does not
answer the question, wether l'sup induces also the Banach topology on A. Banach

algebras having this property shall be distinguished by the following definition :

Def. 3.1 : A k-algebra A is called a "Banach function algebra", if I'sup is

a complete norm on A.

This condition means, that not only | Lup is not degenerated on A but also
that A provided with I'sup is a k-Banach algebra. Then A may be interpreted as an

algebra of functions on Max, A (which is not empty) provided with the norm of uni-

k
form convergence on Maxk A, The question wether A is a Banach function algebra de-
pends only on the algebraic structure of A. If A is a k-Banach algebra with some
given norm, we may ask : Does the fact, that A is also a Banach function algebra,

influence the given norm ?

Lemma 3.1 : A k-Banach algebra A is a Banach function algebra, if and only if

| gup is equivalent to the given norm on A.

Proof : The if-part is obvious. The only-if-part follows from cor. 2.k.

Lemma 3.2 : If A is a Banach function algebra, then | gup is the only power

multiplicative complete k-algebra norm on A.

Proof : It is not hard to verify] that two power multiplicative k-algebra
norms inducing the same topology must coincide (ses §2 of [5]). Therefore there is
at most one power multiplicative complete k-algebra norm on A dué to cor. 2.4, On
fhe other hand llsup is power multiplicative and complete, if A is a Banach func-
tion algebra, Q.E.D.

Given two k-algebras A and B, such that A is an integral extension of B, as
in the previous sections we are interested in deriving information about | gu on

D

A from properties of on B and vice versa. Here, where we are concerned with

||sup



.
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Banach function algebras, it is natural to ask : If B is a Banach function algebra,
is this property inherited by A and vice versa ? As one would expect, "going down"

is easier than "going up". Thus we treat the easy case first.

Lemma 3.3 : Let ¢ : B—>A be an integral k-algebra monomorphism between two
k-algebras A and B. Assume that A is a Banach function algebra. Then B is a Banach

function algebra if and only if ¢ (B) is closed in A.

Proof : Provide $(B) with the restriction of |lsup on A to @(B). According

to lemma 1.4 @(B) is then isometrically isomorphic to B provided with "sup on B.
Hence B is a Banach function algebra if and only if the restriction of l 'sup on A
to 4 (B) is complete. Because |V|sup‘on A is complete, the latter condition is

equivalent to the closedness of t (B), Q.E.D.

We want to replace the condition "¢(B) is closed" by other assumptions, which

are easier to handle :

Cor. 3.k : Let ¢ : B->A be a finite k-algebra monomorphism where B is a noe-
therian k-Banach algzbra. Then B is a Banach function algebra if A is a Banach func-

tion algebra.

Proof : Provide A with its Ilsup' According to prop. 2.3 then ¢ is continuous
This means, that A can be considered as a finite topological B-module. Because B is
a noetherian k-Banach algebra, all B-submodules of A are closed, in particular @(B)

is closed in A. Now lemma 3.3 gives the assertion.

In order to be able to "go up", i.e. to show that A is a Banach function alge-

bra, if the smaller algebra B has this property, we have to treat the cases

char k = p > 0 and char k = 0O differently.
Lemma 3.5 : Let A be a k-Banach algebra with norm H " Assume that

char k = p)> O. Then the following statements are equivalent
1“1/5.

(a) £ > inf | £

, f€ A, is a norm inducing thke same topology as | [
ie®

(b) there is a power multiplicative k-algebra norm on A inducing the same topology
as |-
(c) AP is closed in A.

Proof : We give a cyclic proof. Obviously (a) implies (b). In order to show

that (c) follows from (b) we have to verify that for every sequence (fi)iem €A,

such that 1lim f? =: g€ A exists, one has g € AP, Denote byllthe power multiplica-

i»®
tive norm, whose existence is assumed in (b). Then we know, that lfi+1 - fi|P =
_ Pl. P _ P : . .
I(fi+1 fi) | Ifi+1 fil is a zero sequence for i =@ . Hence also (fi) is a
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Cauchy sequence in A. Because A is complete, there if foe A such that fi —)fo for

i 2o, whence f? -»> fg . Because A is Hausdorff, we may conclude g = fg € AP, Thus

we have shown, thé.t (v) implies (c). That (a) follows from (c) shall be shown in
-i
two steps. For i¢ N and f € A define || f'i 1= 'fpl"p . Then "'1 as a k-algebra

norm on A. First we claim, that | ”1 is equivalent to " " Indeed : Let (fi)iell be

a Cauchy sequence with respect to Il l1. Then If - fi|1 —$0 for i -, i.e.

i+1
-1
_ P j|p ) s P _ P P s
I(f,‘i+1 fi) " - 0 or equivalently “fi+1 fi l—>0 . Beca.use. A¥ 1s closed, we

can find f0€ A such that “fi’ - fIO)”-—)O and therefore 'f‘i -f =0 for i »=>.

0”1

Hence A is complete also with respect to || |1 . From the obvious inequality

|ﬂ1 £ Iell for a11 £ € A and Banach's open mapping theorem, we conc;l.ude that ” and
I ||1 induce the same topology. Thus our claim is justified. Then there must be a

positive real constant C such that lf f<c Ifl1 for all f € A. Next, we claim that
i-1- .
-x

“fli > C J=0 lf . For i = 1 we have just verified this assertion. Now we pro-

ceed by induction on i . One has

Do - - p? -
i+1 =(i+1) _ ('(fp)pllp 1)p 1) (c j=0 - | 21H? !
fel,,, = K2 1% - > (c
i .
- .Z' P J
according to induction hypothesis. Because the last expression equals C =1 lfl1 .
we may continue this chain of inequalities by
i . i . i .
_.Z P d _.Z- P fi} _ P J
=1 . =1 -1 j=0
||f||i+1> c?d Itz c? R T R e,

as claimed. Accordingly we know : |lf||iz C—p/(P_1) £ ) for all i e N. Because

N C i, i
ing 12909 = 1imped 19 = 1inm P 1P T < 1in Il ,
Jew Je0 i»o i-»o

we get inf |f1"1/1> C~P/(P_1) uf‘ Il . Because obviously inf " f’lﬂ”lé ﬂfﬂ , we fi-
W iel
nally got (a), Q.E.D.
We shall use this lemma, to show that for char k > O under suitable algebraic
conditions the property of being a Banach function algebra is preserved by finite

extensions, more precisely we have :
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Prop. 3.6 : Let char k = p> O and let Y : B—>A be a finite torsionfree k-

algebra monomorphism, where B is noetherian and integrally closed and where A is
reduced and finite over AP. Then A is a Banach function algebra, if B is a Banach

function algebra.

Proof : Our goal is to provide A with a complete k-algebra norm Iﬂ such that

AP is closed. Assume that we have constructed such a norm on A. Then, applying

lemma 3 5, we get that £ -»inf lflll/l , € A, is a complete k-algebra norm on A.
ieN
From prop. 2.5 and remark 2 following it we derive, that Il is complete on A

sup
hence A is a Banach function algebra. Therefore it remains to find a complete k-al-
gebra norm Illon A such that AP is closed. Let a, = 1 az;...,a be a generator

system for A over @ (B) , i.e. A Z: ¥ (B) ay. Deflne §: rB>Aby&(b 1,...,br)
i=1
= EE:Q(b ) a;. Then & is a B-module epimorphism. rB is a noetherian module over
i=1
the Banach algebra B. Hence Ker ¢ is closed. Provide rB with the norm I(b1,...,br”

i
:= max ‘bl‘sup and provide A with the residue norm IL induced by 3 , i.e.
i=1

"a'1 := inf {'x' 5 XE §'_1(a)f. Then A becomes a k-Banach vector-space. In general

'”1 is not a k-algebra norm, one only has a real constant C such that lf.gﬂ1
< C'f"1“'g'1 for all f.g € A. Replacing “l1 by ",2 , defined by “f'2

sup It.el /"g"1 , we get & k-algebra norm on A inducing the same topology as

geh ,g#0
"l1. Hence A provided with In is a k-Banach algebra and, of course also a kp—Ba-

nach algebra. Applying lemma 3.5 to the k-Banach algebra B, we see that B? is a
closed kp—subalgebra of B. Hence BP is a kP-Banach algebra and due to lemma 1.k
B® is even a kP-Banach function algebra. @BP : BP » AP is a finite kp—algebra
monomorphism. Thus we may carry out the same construction as before, where A,B,¥
are replacé& by AP | BP and @|B® respectively. Thereby we find a kP-Banach alge-
bra norm |l Hé on AP, Now the natural injection i : AP >4 is a kP-algebra homomor-
phism between two kP-Banach algebras. We may apply prop. 2.3 and get, that i is
continuous. According to our assumptions i is finite and AP is noetherian. Then A
is a finite complete topological AP-module over the kP-Banach algebra AP, Hence
all Ap-submodules of A are closed. In particular the subalgebra AP of A itself is
closed in A, Q.E.D.

If char k 0, then ‘the condition "A is finite over AP" is no longer meaning -

full. Removing it, one gets a true statement also for char k = O.

Prop. 3.7 : Let char k = 0 and let ¢ : B -»A he a finite torsionfree k-alge-

bra monomorphism, where B is noetherian and integrally closed and A is reduced.
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Then A is a Banach function algebra if B is a Banach function algebra.

o
Proof : Define 3 ;= {be B; lbl $ 1}. One verifies easily, that Q(B) = Q(B),
where Q(B , resp. Q(B),denotes the quotlent field of B, resp. B. We want to show

that B is integrally closed also. Let f,g € B with g # O such that u:= f/g is in-
tegral over B, i.e. there are by 5eees b € B with u® + b, um—'1 +o00t bm = 0.
Because B is integrally closed, we know already that u € B. The integral equation

I'IJ.

°
for u implies |u| sup & |b & 1. Hence u € B and therefore B is integrally

up S
closed. Using prop. 1.5(a) we see that A= ife Ayl lsup ¢ 1} equals the integral
closure of B in A, Applying a well known theorem of Algebra (e.g. 8], chep. v, §k,

theorem 7, where it is stated only for the case that A has no zero divisors) there
r

. . z ° .
is a basis f; ,..., £ of AB\{O} over Q(B) such that e = B f.. Define a free
r
B-submodule F of AB\§O} by F := Z B 5. Obv1ously AC = ) £, implies A C F.
i=1 i=1
r
Provide F with the nom "Z_ b f. ” i= max ‘bllsup . B is complete according to the
i=1 i=

assumption and therefore F is a finite compldte B-module. Because B is noetherian,
every B-submodule of F is closed, in particular A is closed in F and therefore is a

k-Banach space. Choose ¢ € k with |c| > 1. We claim bkl < |c| e lsup for all f€ A.

In order to verify this, choose m € Z such that Ic 'm—l‘ |f|su (S I‘c lm_ Then

l flsup 1 and lc' < lc “f'sup . Put g :=¥ o fé A. Then g € OA and therefore
one can find b] :..., b ‘€ B such that g = Z b f Then one ha.s lfll Ic g'

» Kl v . L .‘ : i
"E B bi.fil = !::;1( J™ bl sup € |cm| < |c | }flsup’ whence our cla.:.m is justified.

Replacing I Hby " defined by uf ll2 i=  sup Ifgl/"g“ we get.a complete k-algebra
R GA\{

orm on A such that Ifl < C'fl with some sulta.ble real constant C. Then one has

|fl2 < clc”f'sup for all fe& A. Together with cor. 2.2 this means, that l"z and

| up are equivalent norms on a. Hence “sup is complete, Q.E.D.

If we take the different assumptions of propositions 3.6, 3.7 and cor. 3.k in

their strongest forms, we can combine them into the following.

Theorem 3.8 : Let$ : B>A be a finite torsionfree k-algebra monomorphism,

where B is a noetherian integrally closed Banach algebra and where A is a reduced

algebra such that A is finite over Acha.r k » if char k > O. Then A is a Banach

function algebra, if and only if B is a Banach function algebra.

Remark : We do not suppose that the norm on B is multiplicative. It would be

interesting to know how the condition "A finite over achar k , if char k > O" can
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be weakened or even removed.

3.2. Application to k-affinoid algebras. - As an easy corollary of the results

of section 3.1 we get the following result for k-affinoid algebras :

Prop. 3.9 : Reduced k-affinoid algebras are Banach function algebras, if char

k = 0 or if k is finite over k¥ , where p = char k > O.

Remark : This result has been proved in [2]. Subsequently it was shown in [1],

that the condition on k is superfluous.

Proof : Let p = char k > O . If and only if k is finite over kP, also Tn is
finite over Tg. Then, of course, A is finite over AP for every k-affinoid algebra
A. Now let us drop the assumption char k > O and let us consider the special case,
that A has no zéro divisors, first. Choose a Noether normalization map Y : Tn -2>A
for somé ne W U {0! Then §¥ is a finite torsionfree k-algebra monomorphism. Be-
cause the "free" k-affinoid algebras T, are noetherian integrally closed Banach
function algebras, all the assumption of prop. 3.6 or 3.7 are fullfilled and hence
A is a Banach function algebra. Now let us return to the general case, where A is
only a reduced algebra. Then one can embedd A into the ringtheoretic d%rect sum of

its prime components, i.e. there is a k-algebra monomorphism i : A = @ A/‘pi »
i=1

r
vhere ¥, ,..., P, are the minimal primes of A. Define ‘(&1 seeesd r)\ Z]'o(il sup

i=

for all di € A/:)i ,i=1,...,r. According to what we have proved already | 'sup

is complete on Ahi and therefore | | is a complete power multiplicative k-algebra

r

norm on @ Ahi . 1 is a finite continuous map. Because A is noetherean we may
i=1 r

conclude that then i(A) is closed in & A/‘yi. Hence | | is complete on i(A).

Lemma 1.3 gives us, that |i(f)| = |f}{ and therefore is complete on A,
sup sup P

Q.E.D..



Norm of uniform convergence... 121

References

1] GERRITZEN, L. : Die Norm der gleichmﬁpigen Konvergenz auf reduzierten affinoi-
den Algebren
Journ. f. reine u. angew. Math. 231, 114-120 (1968).

[2] GRAUERT, H. and REMMERT, R. : Nichtarchimedische Funktionentheorie.
Weierstrai-Festschrift, Wissenschaftl. Abh. Arbeitsgem. f. Forsch.
Nordrhein-Westfalen 33, 393-476 (1966).

3] GRUSON, L. : Fibrés vectoriels sur un polydisque ultramétrique
Ann. scient. Ec. Norm. Sup. (L) 1, 45-89 (1968).

[y] GUNTZER, U. : Valuation theory and spectral norm on non-archimedean
function algebras.
Proceedings of the Uth session of the Greek Mathematical Society
1971, 54%-68 (1972).

[5) GUNTZER, U. and REMMERT, R. : Bewertungstheorie und Spektralnorm.
Abh. Math. Sem. Univ. Hamburg 38, 32-L8 (1972).

[6]1 PUT, M. van der : Non-archimedean function algebras.
Nederl. Akad. Wet., Proc., Ser. 1, Th, 60-77 (1971).

ﬁ] TATE, J. : Rigid Analytic Spaces
Pergsonal notes 1962. Reproduced in Inventiones Math. 12, 257-289 (1971).

(8] ZARISKI, O. and SAMUEL, P. : Commutative Algebra. Vol I.

Van Nostrand, Princeton 1958.

U. GUNTER

II. Math. Institut

Freie Universitdt Berlin
D-1000 Berlin 33
KSnigin-Luise-Str. 24-26




