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ABSTRACT. — Suppose A is a separable unital C(X)-algebra each fibre of which is
isomorphic to the same strongly self-absorbing and Kj-injective C*-algebra D. We
show that A and C(X) ® D are isomorphic as C(X)-algebras provided the compact
Hausdorff space X is finite-dimensional. This statement is known not to extend to the
infinite-dimensional case.

REsUME (Trivialisation de C(X)-algébres a fibres fortement auto-absorbantes)

Soit A une C(X)-algébre séparable unital dont chaque fibre est isomorphe & une
méme C*-algébre D Kji-injective et fortement auto-absorbante. Nous montrons que
si l’espace compact et Hausdorff X est de dimension finie, alors A et C(X) ® D sont
isomorphes en tant que C(X)-algébres. Ce resultat est connu pour ne pas s’étendre au
cas des espaces de dimension infinie.
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576 M. DADARLAT & W. WINTER

1. Introduction

A classical problem in the theory of C*-algebras is to classify C*-algebras
with primitive spectrum a given compact Hausdorff space X. These algebras
are known to correspond to continuous fields of simple C*-algebras; in general
they are very far from being locally trivial even if one assumes that all their
fibres are mutually isomorphic. In the case of continuous trace C*-algebras, a
most satisfactory solution was provided by Dixmier and Douady in [6]; there,
all fibres are isomorphic to the compact operators X(H) on a separable Hilbert
space, and the classifying invariant is a certain class in the cohomology group
H3*(X;7Z).

It seems natural to look for similar results in the case of continuous fields
with more complicated fibre algebras. In view of recent progress in Elliott’s
program to classify nuclear C*-algebras by K-theory data (cf. [14] and [13]), a
most obvious choice of possible fibre algebras would be the so-called strongly
self-absorbing C*-algebras. A crucial property of these algebras is that their
unital endomorphism semigroup is weakly homotopy equivalent to their auto-
morphism group. This property is analogous to but still substantially weaker
than the property of IC(H) that all its endomorphisms inducing the identity
map in K-theory are inner automorphisms.

A unital and separable C*-algebra D # C is strongly self-absorbing if there
is an isomorphism D Z D ® D which is approximately unitarily equivalent to
the inclusion map D - D® D, d — d ® 1p, cf. [12]. Strongly self-absorbing
C*-algebras are known to be simple and nuclear; moreover, they are either
purely infinite or stably finite. The only known examples are UHF algebras
of infinite type (i.e., every prime number that occurs in the respective super-
natural number occurs with infinite multiplicity), the Cuntz algebras Oy and
O, the Jiang—Su algebra Z and tensor products of O, with UHF algebras
of infinite type, see [12]. All these examples are known to be K;-injective, i.e.,
the canonical map U(D)/Uy(D) — K1 (D) is injective.

We shall state our results in terms of C(X)-algebras; this is a concept gen-
eralizing continuous fields of C*-algebras, cf. [9]. The main result of our paper
is the following:

THEOREM 1.1. — Let A be a separable unital C(X)-algebra over a finite di-
mensional compact metrizable space X. Suppose that all the fibres of A are iso-
morphic to the same strongly self-absorbing Ki-injective C*-algebra D. Then,
A and C(X) ® D are isomorphic as C(X)-algebras.

In the case where D = Oy or D = Oy, the preceding result was already
obtained by the first named author in [3]; it is new for UHF algebras of infinite
type and for the Jiang—Su algebra. While it would already be quite satisfactory
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to have this trivialization result for the known strongly self-absorbing examples,
it is remarkable that it can be proven without any of the special properties
of the concrete algebras. In this sense, the theorem further illustrates the
importance of strongly self-absorbing algebras for the Elliott program. (In fact,
Theorem 1.1 may clearly be regarded as a classification result for C(X)-algebras
with strongly self-absorbing fibres, and as such it contributes to the non-simple
case of the Elliott conjecture.) This point of view is one of the reasons why
we think that not only the theorem, but also the methods developed for its
proof are of independent interest. In the subsequent sections we shall therefore
present two rather different proofs of Theorem 1.1. The first approach follows
the strategy of [3], using the main results of [7] and [5]. The second one follows
ideas from Section 4 of [7]. We outline both approaches in Sections 3 and 4.

In [7, Example 4.7], Hirshberg, Rgrdam and the second named author con-
structed examples of C(X)-algebras with X = [y S? and fibres isomorphic to
any prescribed UHF algebra of infinite type, which do not absorb this UHF al-
gebra (and hence cannot be trivial). In [4], the first named author modified this
example to construct a separable, unital C(X)-algebra over the Hilbert cube
with each fibre isomorphic to O3, but which does not have trivial K-theory
(and hence cannot be trivial either). Therefore, the dimension condition on
X in Theorem 1.1 cannot be removed. However, at the present stage, it is
not known whether the theorem also fails for infinite dimensional spaces X if
D=0y, orD=2Z.

Theorem 1.1 remains valid if one replaces K-injectivity of D by the (appar-
ently weaker) condition that the commutator subgroup U(D)¢ of the unitary
group of D is contained in Uy(D), the connected component of 1. Indeed, the
only role of K;-injectivity in the proofs from this paper as well as the proofs of
the results from [12], [7] and [5] that we use here is to ensure that approximate
unitary equivalence for any two unital *-homomorphisms D — D ® A is in-
duced by unitaries (uy )y in Up(D). But as noted in [10] and [5] one can always
choose the unitaries (uy,), in U(D)°. Conversely, it was observed by Kirchberg
[10] that if the continuous field consisting of all continuous f : [0,1] - D® D
such that f(0) € D® 1 and f(1) € 1 ® D is trivial (or just D-stable) then
U(D)¢ C Uy(D).

We wish to point out that, in view of Elliott’s program, it is not so surprising
that a dimension type condition is necessary to obtain a satisfactory classifi-
cation result. In fact, all the known counterexamples to the Elliott conjecture
exhibit high-dimensional behavior, whereas the conjecture has been success-
fully confirmed for large classes of topologically low-dimensional C*-algebras,
see [11] for an overview.
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578 M. DADARLAT & W. WINTER

2. C(X)-Algebras

We recall some facts and notation about C(X)-algebras (introduced in [9]). For
our purposes, it will be enough to restrict to compact spaces.

DEFINITION 2.1. — Let A be a C*-algebra and X a compact Hausdorff space.
Ais a C(X)-algebra, if there is a unital *-homomorphism u: C(X) — Z(M(4))
from C(X) to the center of the multiplier algebra of A.

The map p is called the structure map. We will not always write it explicitly.
If A is as above and Y C X is a closed subset, then

JY — CO(X \ Y) A
is a (closed) two-sided ideal of A; we denote the quotient map by 7y and set
A(Y) = Ay = A/Jy

Ay may be regarded as a C(X)-algebra or as a C(Y)-algebra in the obvious
way.

If a € A, we sometimes write ay for my(a). If Y consists of just one point
x, we will slightly abuse notation and write A, (or A(z)), Js, 7 and a, (or
a(z)) in place of Ag,y, Jigy, T(z} and ay,y, respectively. We say that A, is the
fibre of A at . If ¢ : A — B is a morphism of C(X)-algebras, we denote by
@y the corresponding restriction map Ay — By.

For any a € A we have

lall = sup{laz || : = € X}.

Moreover, the function z +— |la;| from X to R is upper semicontinuous. If
the map is continuous for any a € A, then A is said to be a continuous C(X)-
algebra. By [3, Lemma 2.3], any unital C(X)-algebra with simple nonzero
fibres is automatically continuous. In this case the structure map is injective
and hence X is metrizable if A is separable.

3. Proving the main result: The first approach

In this section we give a proof of Theorem 1.1 which follows ideas of [3] and
relies on the main absorption result Theorem 4.6 of [7] and on [5, Theorem 2.2]:

THEOREM 3.1. — Let A and D be unital C*-algebras, with D separa-
ble, strongly self-absorbing and Ki-injective. — Then, any two unital *-
homomorphisms o,v : D — A ® D are strongly asymptotically unitarily
equivalent, i.e. there is a unitary-valued continuous map u : (0,1] —» U(A®D),
t — ug, with u; = 1agp and such that lim_o ||uso(d)u; — y(d)|| = 0 for all
de D.
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Let us give an outline of the strategy. While a unital, separable, strongly
self-absorbing C*-algebra D is not in general weakly semiprojective, we prove
nevertheless that D satisfies a property analogous to weak semiprojectivity in
the category of unital and D-stable C*-algebras, see Proposition 3.7. If A is a
unital, separable, C(X)-algebra over a finite dimensional compact space with
fibres isomorphic to D, then A is D-stable by [7]. This enables us to use the rel-
ative weak semiprojectivity of D described above and approximate A by certain
pullback C(X)-subalgebras with fibres isomorphic to D, see Proposition 3.10.
Using Theorem 3.1, we can deform continuously families of endomorphisms
to families of automorphisms of D, and thus show that these pullback C(X)-
subalgebras are actually trivial, see Proposition 3.16. We then complete the
proof by applying Elliott’s intertwining argument.

Let n: B— A and ¥ : E — A be *-homomorphisms. The pullback of these
maps is

B @y E={(be) € B&E: n(b) = v(e)}.
We are going to use pullbacks in the context of C(X)-algebras.

We need the following three lemmas from [3], reproduced here for the con-

venience of the reader.

LEMMA 3.2. — Let A be a C(X)-algebra and let B C A be a C(X)-subalgebra.
Let a € A and let Y be a closed subset of X.

(i) The map = — |la(z)|| is upper semi-continuous.
(i) Iy (a)| = max{|lms(a)] : = € Y}
(i) If a(z) € mx(B) for all x € X, then a € B.
(iv) If 6 > 0 and a(z) €5 mz(B) for all x € X, then a €5 B.
(v) The restriction of m, : A — A(z) to B induces an isomorphism B(x)
7 (B) for all z € X.

[a=3

Let B C A(Y) and E C A(Z) be C(X)-subalgebras such that X = Y U
Z and 7¢.,(E) C my~z(B). By a basic property of C(X)-algebras, see [3,
Lemma 2.4], the pullback B®,z .y  FEisisomorphic to the C(X)-subalgebra

B @®ynz E of A defined as
B®ynz E={a€ A:7ny(a) € B,mz(a) € E}.

z:™

LEMMA 3.3. — The fibres of B ®ynz E are given by

m(B),ifx € X\ Z,

ﬂ-w(B@YﬂZE) = {7‘(‘ (E) ZfﬁL’E Z

and there is an exact sequence of C*-algebras

(1) OH{bGB”"YmZ(b)ZO}%B@YanLE%0
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580 M. DADARLAT & W. WINTER

Let X, Y, Z and A be as above. Let n : B — A(Y) be a C(Y)-linear
sx-monomorphism and let ¢ : E — A(Z) be a C(Z)-linear *-monomorphism.
Assume that

(2) ¥z (W (E)) C mynz(n(B)).
This gives a map v = 0y ,¥ynz : E(YNZ) — B(YNZ). To simplify notation
we let 7 stand for both 7y, and 7%, in the following lemma.

LEMMA 3.4. — (a) There are isomorphisms of C(X)-algebras

B @w,'yfr E=B 6971'77,771/; E= 77(3) EBYﬂZ ¢(E)7

where the second isomorphism is given by the map X : B®ry ry B — A induced
by the pair (n,v). Its components x, can be identified with 1, for x € Z and
with n, forz e X\ Z.

(b) Condition (2) is equivalent to Y (E) C 7z (A ®y n(B)).

(c) If F is a finite subset of A such that wy (F) C. n(B) and wz(F) C. Y(E),
then F Ce 1(B) ©ynz Y(E) = x(B ®xn,ry E).

NoTATION. — Let ¢ : A — B be a completely positive contractive (c.p.c.)
map between C*-algebras; let F be a subset of A and § > 0. We say ¢ is
d-multiplicative on F, or (F,d)-multiplicative, if ||p(ab) — p(a)p(b)|| < § for
a,b e F. We say ¢ is 6-bimultiplicative on F, if ||¢(abc) — p(a)e(b)p(c)| < 6
for a,b,c € F.

PRrROPOSITION 3.5. — Let D be a separable unital strongly self-absorbing C* -
algebra. For any finite set F C D and € > 0 there are a finite set G C D
and § > 0 with the following property. For any unital C*-algebra A =2 A ® D
and any two (G, d)-multiplicative u.c.p. maps ¢, : D — A there is a unitary
u € U(A) such that ||¢o(d) — up(d)u*|| < € for alld € F. If D is additionally
assumed to be Kq-injective, we may choose u € Uy(A).

Proof. — Seeking a contradiction let us assume that for some given F and &
there are no G and § satisfying the conclusion of the Proposition. Let (G,)
be a sequence of increasing finite subsets of D whose union is dense in D and
let 6, = 1/n . Then there exist a sequence of D-stable unital C*-algebras
(A,) and two sequences consisting of (G, d,)-multiplicative u.c.p. maps (¢n)
and (¢,) with @,,%, : D — A, such that for any n and any u, € U(4,),
lpn(d) — untn(d)ul|| > € for some d € F,.

Set B, = [[r>n Ak and let v, : B, — B, be the natural projection. Let
us define ®,,, \Iln_: D — B, by

(bn(d) = (‘Pn(d)y ‘pn-l—l(d)v s )
and

Un(d) = (¥n(d), Pni1(d), - -.),
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for all d in D. One verifies immediately that if we set ® = h_II)l P, U= h_II)l v,
and B = h_n)l (Bn,vn), then ® and ¥ are unital *-homomorphisms from D to B.
Since D is nuclear, B® D = lim (B, ®D,v,®idp). By applying [12, Cor. 1.12]
to PR 1p,¥Y® 1p : D - B® D, we find a unitary V € B ® D such that
|12(d)@1p -V (¥(d)®1p) V*|| < /4 for all d € F. One then finds a sequence
of unitaries V,, € B, ® D such that ||®,,(d) ® 1p — V,, (¥,,(d) @ 1p) V.|| < /2
for all d € F and sufficiently large n. Projecting to A, ® D, we find that if
vp, € U(A, ® D) denotes the component of V,, in A, ® D, then

3) llon(d) ® 1p — vy (Yn(d) ® 1p) vy || < /2

for all d € F. By [12, Prop. 1.9] there is a sequence of unital *-homomorphisms
0, : D® D — D such that lim, ,o [|0n(d ® 1p) — d|| = 0 for all d € D.
Then v, : AQDR®D — AQRD, v, = ids ® 0, is a sequence of unital *-
homomorphisms such that lim, o ||vn(a ® 1p) —a|| = 0 for all a € A® D,
where A is any unital C*-algebra. Therefore, since A, is D-stable, there is a
unital *-homomorphism 7, : 4, ® D — A,, such that ||v,(a ® 1p) —a|| < /4
for all a of the form ¢,(d) and %,(d) with d € F. From (3) we see that
[7n(¢n(d) ® 1) = Yn(vn) Yn(¥n(d) ® 1p) yn(vs)*|| < /2 and hence [[¢n(d) —
Y (U)W () (vn)*|| < € for alld € F. This contradicts our initial assumption.

In the Ki-injective case, to reach a contradiction we assume that the v,
above are in Uy(A,). By Theorem 3.1, we may then assume that V € Up(B ®
D); it is straightforward to show that the V,, may also be chosen in Uy(B,, ® D).
But then, v, and v(v,) are connected to the respective identities as well. [J

LEMMA 3.6. — Let D be a separable unital nuclear C*-algebra. For any finite
set Go C D and 69 > 0 there are a finite set G C D and 6 > 0 with the
following property. For any pair of unital C*-algebras 15 € A C B, and any
(G, §)-multiplicative u.c.p. map ¢ : D — B satisfying p(G) Cs A, there is a
(Go, bo)-multiplicative w.c.p. map p: D — A such that ||p(d) — p(d)|| < do for
any d € Gy.

Proof. — This is a known consequence of the Choi-Effros lifting theorem. One
proves this by contradiction along the lines of the proof of the previous propo-
sition. O

PROPOSITION 3.7. — Let D be a separable unital strongly self-absorbing C*-
algebra. For any finite set F C D and € > 0 there are a finite set G C D and
0 > 0 with the following property. For any pair of unital C*-algebras 1g €
A C B with A= A® D, and any (G, d)-multiplicative u.c.p. map ¢ : D — B
satisfying p(G) Cs A, there is a unital x-homomorphism v : D — A such that
llo(d) = (d)|| <e for any d € F.
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582 M. DADARLAT & W. WINTER

Proof. — Let Gy and §g be given by Proposition 3.5 applied to D, F and ¢/2.
We may assume that F C Gy and §p < /2. Let G and § be given by applying
Lemma 3.6 for D, Gy and d§p. Suppose now that ¢ is as in the statement and
let 4 : D — A be the perturbation of ¢ yielded by Lemma 3.6. Thus pu is
(Go, 0p)-multiplicative and [|¢(d) — p(d)|| < do < e/2 for all d € F C Gy. Since
A =2 A® D, there is a unital *-homomorphism n : D — A. Moreover, by
Proposition 3.5, there is a unitary u € A such that ||u(d) — un(d)v*|| < &/2
for all d € F. Let us set ¢ = unu*: D — A. Then

lo(d) = v ()] < lle(d) — p(d)|| + [[u(d) —un(d)w*|| <e/2+e/2=¢
for alld € F. O

Proposition 3.7 shows that separable unital strongly self-absorbing C*-
algebras satisfy a relative perturbation property similar to weak semiprojec-
tivity. This is one of the key tools used in the proof of Theorem 1.1.

LEMMA 3.8. — Let D be a separable unital strongly self-absorbing C*-algebra.
Let X be a compact metrizable space and let A be a unital D-stable C(X)-algebra
with all fibres isomorphic to D. Let F C A be a finite set and let e > 0. For any
x € X there exist a closed neighborhood U of x and a unital x-homomorphism
¢ : D — A(U) such that 7y (F) Ce o(D).

Proof. — Since A is unital and D-stable there is a unital *-homomorphism
v : D — A. By [12, Cor. 1.12], for each z € X, the map 9, : D — A(z) is
approximately unitarily equivalent to some x-isomorphism D — A(z). There-
fore there is a unitary v € A(x) such that 7, (F) Cc v¢,(D)v*. Using the
semiprojectivity of C(T) we lift v to a unitary in v € A(V) for some closed
neighborhood V' of z and so 9, (F) C. my(u) 733 (D) mx(u)*. Using also the
upper continuity of the norm in C(X)-algebras, we conclude that there is closed
neighborhood U C V of z such that 7y (F) C. my(u) nyp(D) my (u)*. O

The following lemma is useful for constructing fibered morphisms, see 3.

LEMMA 3.9. — Let D be a separable unital strongly self-absorbing K, -injective
C*-algebra. Let (Dj)jecs be a finite family of C*-algebras isomorphic to D. Let
€ > 0 and for each j € J let H; C Dj be a finite set. Let G; C D; and d; > 0
be given by Proposition 5.7 applied to D;, H; and €/2. Let X be a compact
metrizable space, let (Z;);cy be disjoint nonempty closed subsets of X and letY
be a closed nonempty subset of X such that X =Y U (Uj Zj). Let A = A(X) be
a unital separable D-stable C(X)-algebra and let B(Y') be a be a unital separable
D-stable C(Y)-algebra. Let F be a finite subset of A. Let n: B(Y) — A(Y) be
a C(Y)-linear unital x-monomorphism. Suppose that ¢; : D; — A(Z;), j € J,
are unital x-homomorphisms which satisfy the following conditions:
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(i) mz,(F) Ceya pj(MH;), for all j € J,

(if) 7y (F) Ce n(B),

(iii) myhz,5(95) Co; Tnz,n(B), for all j € J.
Then, there are C(Z;)-linear unital *-monomorphisms ; : C(Z;) ® D; —
A(Z;), satisfying

(4) lej(c) = ¥j(e)l <e/2, for allc € H;, and j € J,

and such that if we set E = @;C(Z;) ® Dj, Z = U;Z;, and ¢ : E — A(Z) =
D, AZ)), ¥ = @1, then 7, (V(E)) S 7z (n(B)), 72(F) Ce $(E) and
hence

F Ce n(B) ®ynz Y(E) = X(B &y E),

where x 1is the isomorphism induced by the pair (n,v¢). Moreover B @y ry E
is D-stable.

Proof. — Let F = {a1,...,a,} C A be as in the statement. By (i), for each
j € J wefind {¢?,...,cP} C H; such that [lp;(c\”)) — 7z, (a;)|| < /2 for
all i. The C(X)- algebra Ay n(B) C A is an extension of separable D-stable
C*-algebras by (1), and hence it is D-stable by [12, Thm. 4.3], since D is a
separable unital strongly self-absorbing K-injective C*-algebra. In particular
7z, (A ®y 1(B)) is D-stable for each j € J.

By (iii) and Lemmas 3.2, 3.3 we obtain
¢;(G5) Cs; 7z, (A @y 1(B)).

Applying Proposition 3.7 we perturb ¢; to a *-homomorphism %; : D; —
7z;(A®y 1(B)) satisfying (4), and hence such that [|¢;(c (J)) ¢j(c§”)|| <e/2,
for all 4, j. Therefore

13 (e”) — 7z, (@)l < 15(c) — @i () + s (e) — 7z, (ai)l| < e.

This shows that 7z, (F) C. ;(D;). We extend 9; to a C(Z;)-linear
*-monomorphism ¢; : C(Z;) ® D; — mz,(A ®y n(B)) and then we
define E, 9 and Z as in the statement. In this way we obtain that
v :E— (A®y n(B))(Z) C A(Z) satisfies

() 72(F) Ce Y(E).

The property ¢(E) C (A @y n(B))(Z) is equivalent to nf.,(¥(E)) C
7y nz(n(B)) by Lemma 3.4(b). Finally, from (ii), (5) and Lemma 3.4 (c) we
get F C. n(B) ®ynz Y(F). One verifies the D-stability of B @y .y E by
repeating the argument that showed the D-stability of A @y n(B). O
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584 M. DADARLAT & W. WINTER

Let D be a separable unital strongly self-absorbing K;-injective C'*-algebra.
Let A be a C(X)-algebra, let F C A be a finite set and let € > 0. An (F, ¢, D)-
approzimation of A is a finite collection

(6) a={F,e{Ui,pi: D; — A(U;), Hi,Gi, i Yier }

with the following properties: (U;);er is a finite family of closed subsets of X
whose interiors cover X; (D;);c; are C*-algebras isomorphic to D; for each
i €1, ¢;: D; - A(U;) is a unital x-homomorphism; H; C D; is a finite set
such that my, (F) C./2 wi(H;); the finite set G; C D; and d; > 0 are given by
Proposition 3.7 applied to D; for the input data H; and £/2.

It is useful to consider the following operation of restriction. Suppose that
Y is a closed subspace of X and let (V;);cs be a finite family of closed subsets
of Y which refines the family (Y NU;);cr and such that the interiors of the Vs
form a cover of Y. Let ¢ : J — I be a map such that V; C Y NU,(;. Define

(a) = {my (F),e.{Vi, mv; 00 « Dugy = AVi), Huy 9oy 6oy e s b
It is obvious that (*(«) is a (mwy(F), €, D)-approximation of A(Y). The op-
eration a — *(a) is useful even in the case Y = X. Indeed, by applying
this procedure we can refine the cover of X that appears in a given (F, e, D)-
approximation of A.

An (F, e, D)-approximation « is subordinate to an (F’,¢’, D)-approximation,
o = {f’,(—:/, {Ui/,goi/ Dy — A(Ui/),Hil, Gi, 51'/}1‘161/}, written o < o, if

(iy FCF,

(i) ¢i(Gi) C 7y, (F') for all ¢ € I, and

(iii) & < min ({e} U{d;, i € I}).
Let us note that, with notation as above, we have *(a) < ¢*(a’) whenever
a<da.

Let us recall some terminology from [3]. A C(Z)-algebra E is called D-
elementary if E =2 C(Z) ® D. Let A be a unital C(X)-algebra. A unital
n-fibered D-monomorphism (Yo, ..., %) into A consists of (n + 1) unital -
monomorphisms of C(X)-algebras ¢; : E; — A(Y;), where Yy, ...,Y,, is a closed
cover of X, each E; is a D-elementary C(Y;)-algebra and

. Y, .
W%nyfﬁz(Ez) C w},jm,jqu(Ej), forall0<i<j<n.

Given an n-fibered morphism into A we have an associated continuous C(X)-
algebra defined as the fibered product (pullback) of the *-monomorphisms 1);:

A(’l/)()a s 7wn) = {(d07 .. dn) : di € Eia W}l//'zmijz(dz) = ﬂ-}liijij(dj) for a‘uzaj}

i

and an induced C(X)-linear monomorphism

M= No,...tbn) A(’(ﬁo, A 7¢n) — AC @ A(}/;)a

=0
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n(do, .. .dn) = (Yo(do), .., ¥n(dn)).

Let us set Xy = Yy U---UY,. Then (¢r,...1¢,) is an (n — k)-fibered
D-monomorphism into A(Xjy). Let nr : AXk)Wk,..-¥n) — A(Xk)
be the induced map and set By = A(Xg)(¥g,...%n). Let us note that
By = A(%o, . .. ,%,) and that there are natural C(Xy_1)-isomorphisms

(7 Bi—1 = By @y b1 Eri—1 = By @r yir Er—1,

where 7 stands for mx,ny,_, and v : Ek—l(Xk N Yk—l) — Bk(Xk N Yk—l) is
defined by (7&)x = (Mk)7 * (Yk—1), for all z € Xj N Yy_1.

We say that a unital n-fibered D-monomorphism (%o, ...,%,) into A
is locally extendable if there is another unital n-fibered D-monomorphism
(g, ---,¥y,) into A such that ¢}, : E; — A(Y)), Y/ is a closed neighborhood of
Yk, E[/C(Yk) = Ek and Wyki/lk = d’k: k= 0, ey N

The following proposition is a crucial technical result in this section.

PRrOPOSITION 3.10. — Let D be a separable unital strongly self-absorbing K -
injective C*-algebra. Let X be a finite dimensional compact metrizable space
and let A be a unital separable continuous C(X)-algebra the fibres of which
are isomorphic to D. For any finite set F C A and any € > 0 there exist
n < dim(X) and an n-fibered unital D-monomorphism (o, ..., ¢,) into A
which induces a unital x-monomorphism n : A(g, ..., ¥n) — A such that F C.

U(A(QZ)O: 7'¢’n))

Proof. — The C*-algebra A is D-stable by [7]. By Lemma 3.8, Proposition 3.7
and the compactness of X, for any finite set F C A and any ¢ > 0 there is an
(F,e,D)-approximation of A. Moreover, for any finite set F C A, any € > 0
and any n, there is a sequence {ay : 0 < k < n} of (Fy, e, D)-approximations
of A such that (Fg,e0) = (F,€) and «y, is subordinated to ag41:

ag < ap < <X ap.

Indeed, assume that oy, was constructed. Let us choose a finite set Fj41 which
contains Fj, and liftings to A of all the elements in | J;, ¢ 1, ¥i),(Gs,,). This choice
takes care of the above conditions (i) and (ii). Next we choose €} sufficiently
small such that (iii) is satisfied. Let ag41 be an (Fgy1, k41, D)-approximation
of A given by Lemma 3.8 and Proposition 3.7. Then obviously oy < ak41. Fix
a tower of approximations of A as above where n = dim(X).

We may assume that the set X is infinite. By [2, Lemma 3.2], for every
open cover V of X there is a finite open cover U which refines ¥V and such
that the set U can be partitioned into n + 1 nonempty subsets consisting of
elements with pairwise disjoint closures. Since we can refine simultaneously the
covers that appear in a finite family {ay : 0 < k < n} of approximations while
preserving subordination, we may arrange not only that all o share the same
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cover (U;)er, but moreover, that the cover (U;);cs can be partitioned into n+ 1
subsets Uy, . ..,U, consisting of mutually disjoint elements. For definiteness,
let us write Uy, = {U;, : ir € It}. Now for each k we consider the closed subset
of X
i= U Ui
in€lp

the map ¢y, : I, — I and the (ny, (), ek, D)-approximation of A(Y}) induced
by ai, which is of the form

L;:.(Oék-) = {ﬂ-Yk(Fk’)’g7 {Ulk7so7zk : DZk - A(Uik)7Hik’gik76ik}ik61k}7

where each U;, is nonempty. We have

(8) TrUik (Fk) CEk/Q Sozk (Hlk)a

by construction. Since oy < ak41 we also have

9) Fr C Frt1,

(10) Py (glk) - TU;,, (Fk‘-l—l)a for all i € I,
(11) €k+1 < min ({Ek} U {5ik7 i € Ik})

Set X, = Y, U---UY, and Ey, = &, C(U;,) ® D;, for 0 < k < n. We
shall construct a sequence of unital C(Y})-linear x-monomorphisms, ¥y : Ex, —
A(Yy), k =n,...,0, such that (¢, ...,9,) is an (n — k)-fibered monomorphism
into A(Xy). Each map

Y = @i Vi, : B — A(Yy) = &4, A(U;,)

will have components ;, : C(U;, ) ® D;, — A(U;,) whose restrictions to D;,
will be perturbations of ¢;, : D;, — A(U;,), ir € Ix. We shall construct the
maps ¥ by induction on decreasing k such that if By = A(Xg) (W, ..., ¥n)
and 7 : By — A(Xk) is the map induced by the (n— k)-fibered monomorphism

(Vk, - - -, ¥n), then

(12) Tx 100, (Vi (D)) C 7x 0w, (M1 (Bra)), Vin € I,
and

(13) 7x,, (Fk) Cep, Me(Br)-

Note that (12) is equivalent to

(14) Txer1nve (Ve (Erk)) C Txpinvi (Mot (Be))-

Let us note that By is D-stable by [7], since each of its fibres are D-stable and
X is finite dimensional.

For the first step of induction, kK = n, we choose ¢, = @, @;, where @, :
C(U;,)® D;, — A(U;,) are C(U,, )-linear extensions of the original ¢;_ . Then
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we set B, = E, and n,, = ¥,,. Assume now that ¢,, ..., 1¥x+1 were constructed.
Next we shall construct 1. Condition (13) formulated for k + 1 becomes

(15) 7TX19+1(]:k+1) Cepsr 77k+1(Bk+1)-

Since 41 < §;,, by using (10) and (15) we obtain

(16) T X 4+1NUs,, ((plk (glk)) C5z‘k Xk 41NUs,, (nk+1(Bk+1))7 for all 1y, € Iy.

Since Fy, C Frt1 and g1 < €k, condition (15) gives

(17) Xy i1 (Fk) Cep Mot 1(Brr1)-

Conditions (8), (16) and (17) enable us to apply Lemma 3.9 and perturb ¢;,
to unital *-homomorphisms D;, — A(U;, ) whose C(U;, )-linear extension 1;, :
C(U;,) ® D;, — A(U;,) satisfy (12) and (13). We set 1, = @;, ¥;, and this
completes the construction of ¥ and hence of (¢y,...,%,). Condition (13) for
k = 0 gives F Ce no(Bo) = n(A(Yo,...,%y)). Thus (¢, ...,1,) satisfies the
conclusion of the theorem. Finally let us note that it can happen that X; = X
for some k > 0. In this case F C. A(¥g, ..., V) and for this reason we write
n < dim(X) in the statement of the theorem. O

REMARK 3.11. — We can arrange that the n-fibered morphism (%o, ..., ¥,)
from the conclusion of Proposition 3.10 is locally extendable. Fix a metric
d for the topology of X. Then we may arrange that there is a closed cover
{Y{,..., Y.} of X and a number ¢ > 0 such that {z : d(z,Y]) < ¢} C Y, for
i = 0,...,n. Indeed, when we choose the finite closed cover U = (U;);er of X
in the proof of Proposition 3.10 which can be partitioned into n + 1 subsets
Up, . . . ,U,, consisting of mutually disjoints elements, as given by [2, Lemma 3.2],
and which refines all the covers U(ay), ...,U (a,) corresponding to ag, ..., iy, We
may assume that U also refines the covers given by the interiors of the elements
of U(ayp), ...,U (). Since each U; is compact and [ is finite, there is £ > 0 such
that if V; = {z : d(z,U;) < £}, then the cover V = (V;);cr still refines all of
U(ag), ..., U(an,) and for each k = 0, ..., n, the elements of Vi, = {V; : U; € Uy},
are still mutually disjoint. We shall use the cover V rather than I/ in the proof
of Proposition 3.10 and observe that Y} =l Uirer, Ui, € Uier, Vi = Y has
the desired property. Finally let us note that if we define ¢} : E;(Y/) — A(Y!)
by ¥ = mys1;, then (¢, ...,9,) is a locally extendable n-fibered unital D-
monomorphiism into A which satisfies the conclusion of Proposition 3.10 since
Ty (F) Ce ¢i(E(Y/)) forall i =0,...,n and X =1, Y}

For a unital C*-algebra D we let End(D) denote the space of all unital -
endomorphisms of D endowed with the point-norm topology. Throughout the
remainder of this section we assume that X is a compact metrizable space

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



588 M. DADARLAT & W. WINTER

and that D is a unital, separable, K;-injective and strongly self-absorbing C*-
algebra.

LEMMA 3.12. — Any continuous map o : X x {0} — End(D) extends to a
continuous map ® : X x [0,1] — End(D) such that @, 1y = idp and @54 €
Aut (D) for allz € X and t € (0,1].

Proof. — Let us identify o with a unital *-homomorphism «: D — C(X)®D.
By Theorem 3.1 there is a unitary-valued continuous map (0,1] — U(C(X)®D),
t — uy, with u; = l¢(x)gp and such that

%iné |lutdu; — a(d)|| =0, for all d e D.
Therefore the equation

az(d), if t =0,
ut('r)dut(x) 71ft€ (Oa 1]7

defines a continuous map ® : X x [0,1] — End(D) which extends o, ®(; 1y =
idp, and such that ®(X x (0,1]) C Aut(D). O

PROPOSITION 3.13. — Let Y be a closed subset of X and let V be a closed
neighborhood of Y. Suppose that a map v : Y — End(D) extends to a contin-

uwous map « : V — End(D). Then there is a continuous extension n : X —
End(D) of v such that n(X \'Y) C Aut(D).

Proof. — First we prove the proposition in the case when V = X. By
Lemma 3.12, there exists a continuous map ® : X x [0,1] — End(D) which
extends a, i.e. ®(;0) = a, for z € X, and such that ®(X x (0,1]) C Aut(D).
Let d be a metric for the topology of X such that diam(X) < 1. The equation
Ne = P(g,d(e,y)) defines a map on X that satisfies the conclusion of the
proposition.

Suppose now that V is a closed neighborhood of Y. By Lemma 3.12, there is
a continuous map (homotopy) ® : V' x [0,1] — End (D) such that ®(, ¢y = idp
and @, 1) = oy forallz € V. Let ® be the extension of ® to V x [0, 1]UX x {0}
obtained by setting Cf(w,()) =idp for z € X \ V. Let us define A : X — [0, 1]
by A(z) = d(z, X \ V)(d(z,X \ V) + d(ar;,Y))_1 and @ : X — End (D) by

~

Gy = (4 x(2)) and observe that @ extends v to X. The conclusion follows now
from the first part of the proof. O

If o: D — C(X)®D is a x-homomorphism, we denote by ¢ : C(X) ® D —
C(X) ® D its C(X)-linear extension.
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LEMMA 3.14. — Let Y, Z be closed subsets of X such that X =Y U Z. Let
v:D —CYNZ)®D be a unital x-homomorphism. Assume that there is
a closed neighborhood V of Y N Z in'Y and a unital *-homomorphism « :
D — C(V) ® D such that ay = 7, for all x € Y N Z. Then the pullback
CY)eDe, = C(Z)®D isisomorphic to C(X)®D.

Proof. — By Prop. 3.13 there is a unital x*-homomorphism 7 : D — C(Y) ® D
such that n, = 7, for z € Y N Z and such that n, € Aut(D) for z € Y\
Z. One checks immediately that the pair (7,id¢(z)gp) defines a C(X)-linear
isomorphism:

CX)®D =CY)®D®ryryrynaz C(Z2)®D — C(Y)RD® ~ C(Z)®D.

. . YNz, YTynz
Indeed if P denotes the later pullback, there is commutative diagram

0——Co(Y\2)®D ——C(X)®D ——C(Z)®D ——0

JﬁY\Z l(ﬁ, id)

0——C(Y\2)®D P C(Z) @D ——0
and hence (7],id¢(z)ep) must be bijective, since 7y 7 is so. O
COROLLARY 3.15. — LetY, Z and Z' be closed subsets of a compact metriz-

able space X such that Z' is a neighborhood of Z and X =Y U Z. Let B be
a C(Y)-algebra isomorphic to C(Y) ® D and let E = C(Z')  D. Suppose that
a:E(YNZ)— B(YNZ') is a unital x-monomorphism of C(Y N Z')-algebras.
If v = aynz, then B(Y) ®rynyyryns £(Z) is isomorphic to C(X) @ D.

Proof. — This follows from Lemma 3.14 since Y N Z’ is a closed neighborhood
of YNZinY. O

PROPOSITION 3.16. — Let A be a unital C(X)-algebra. If (v, ...,1¥n) is a lo-
cally extendable, unital n-fibered D-monomorphism into A, then A(Yo,...,¥n)
is isomorphic to C(X) ® D.

Proof. — By assumption, there exists another unital n-fibered D-monomor-
phism (¢, ...,%},) into A such that ¢; : C(Y})) ® D — A(Y}), Y/ is a closed
neighborhood of Yy, and ’/Tyki,b;c = Yr, k =0,...,n. Let Xi, Bk, nx and 7y be
as in 3. We need to show that By is isomorphic to C(X) ® D. To this pur-
pose we prove by induction on decreasing k that the C(Xj)-algebras By are
trivial. Indeed B, = C(X,) ® D and assuming that By, is trivial, it follows by
Corollary 3.15 that By_; is trivial, since by (7)

Bi—1 = By @y nvon1 Pi—1 = B ®r yre Bi—1, (T =Txnv_,)
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and v, : Ep_1(Xg NYeo1) = Be(Xk N Yio1), (k) = (k)7 (Wk—1)z, ex-
tends to a *-monomorphism « : Ey_1(Xx NY,_;) = Bu(Xx NY,_1), @z =

()" (Y1) 0

We are now ready to complete the first proof of our main result:

Proof. — (of Theorem 1.1): Set B = C(X)®D. By Propositions 3.16, 3.10 and
Remark 3.11 there is a sequence ()72 ; consisting of unital *-monomorphisms
of C(X)-algebras ), : B — A such that the sequence (6x(B))$2 ; exhausts A in
the sense that for any finite subset G of A and any § > 0, G Cs 0(B) for some
k > 1. Using Proposition 3.7, after passing to a subsequence of (6x)%2,, we
construct a sequence of finite sets Fj, C B and a sequence of unital C(X)-linear
x-monomorphisms uy : B — B such that

(i) 10k+1pk(a) — Ox(a)|| < 27 for all a € Fy, and all k > 1,
(ii) pg(Fr) C Fryq for all k > 1,
(i) UsZppr (mj—10---0 ,uk)fl(}"j) is dense in B and ;2 0;(F;) is dense
in A for all £ > 1.
Arguing as in the proof of [11, Prop. 2.3.2], one verifies that

Ap(a) = lim 050 (uj-10--- 0 ux)(a)

defines a sequence of x-monomorphisms Ay : B — A such that Agypur = Ag
and the induced map A : lim, (B, ux) — A is an isomorphism of C(X)-algebras.
Let us show that li_r)nk(B, ux) is isomorphic to B. To this purpose, in view
of Elliott’s intertwining argument, it suffices to show that each map uj is
approximately unitarily equivalent to idg. But this follows from either [12,
Cor. 1.12] or Theorem 3.1. O

4. Proving the main result: The second approach

This section is devoted to another proof of Theorem 1.1, which to some
extent follows ideas of [7]. Before turning to the actual proof, we outline our
strategy.

We will obtain the isomorphism between A and C(X) ® D by constructing
cpcmaps ¥ : A — C(X)®D and ¢ : C(X) ® D — A which implement an
asymptotic intertwining (in the sense of [1]) of A and C(X)®D as C(X)-algebras
(Proposition 4.1).

Since X is finite-dimensional, we may assume that X C [0,1]" for some
n € N. We may then regard A as a C(Y)-algebra, where Y = pr,(X) C [0,1] is
the image of X under the first coordinate projection. By an induction argument
it will then be enough to prove that A = C(X) ® D under the additional
assumption that there is an isomorphism 6; : A; 2 C(X;) ® D for each t € Y,
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where X; = pr=!({t}) is the (n — 1)-dimensional pre-image of ¢ in X. The
maps 6;, t € Y, induce an embedding 6 : A — [[,cy C(X:) @ D.

The first problem then is that we do not know a priori how to choose these
isomorphisms in a locally trivial manner. In other words, it is not clear whether
we may assume that for any ¢ € Y there are a neighborhood Y® c Y of
t and isomorphisms 65 : A; & C(Xs) ® D, s € Y® such that the induced
map 00 : Aye — [Liey® C(Xs) ® D actually maps Ay to C(Xyw) ®
D C [[sey® C(Xs) ® D. However, this problem can be circumvented by the
concept of ‘approximate local trivializations’ (6, : A, —» C(X,) ® D)ycy® of
A (introduced in Definition 4.3). The crucial property of such an approximate
local trivialization is that it maps Ay ) to something close to C(Xy ) ® D C
[lscy® C(Xs) ® D. (This and the other technical properties of approximate
local trivializations will be controlled by the c.p.c. maps (® : C(X;) ® D —
C(Xyw)®D and o : C(Xy ) ® D — Ay of 4.3.) Using that D is strongly
self-absorbing and K-injective, and involving an argument somewhat similar
to Lemma 3.8, the existence of such local approximations will be established
in Lemma 4.5.

Since Y is compact and one-dimensional, we may then pick 0 < gy < -+ <
yam < 1 and cover Y by closed sets Y (#0) ... Y (¥M) guch that the intersections
Y @) NY W) are empty unless [i—4'| < 1. Weset I := {i | Y @) Ny Wi+1) £ o}
we may assume that for each i € I the set Y#:)NY ') is a closed neighborhood
of some t; € Y.

The next problem is that the local trivializations (¥ over Y ¥:) and 9(¥i+1)
over Y Wi+1) do not necessarily agree over Y () 0y (Wi+1) (they need not even
be close to each other in any way). However, we may apply Lemma 4.5 again
to obtain a small interval Y (t) ¢ Y#) 0 Y ®i+1) around each ¢; (for each i € I)
and approximate local trivializations () over Y *:). Again using that D is
strongly self-absorbing and K;-injective, this will allow us to modify the 0t to
obtain new approximate local trivializations (over ?(ti)) which (approximately)
intertwine %) and 6i+1) ‘along’ y ), Here, ‘along’ means that the fibre
maps oY) are continuously deformed into maps close to the fibre maps 021““),
where the parameter s runs through the interval Yy ),

By superposing the #%) and the (modified) 6t we then obtain an approx-
imate trivialization of A, which yields the desired approximate intertwining
between A and C(X) ® D.

We start by adapting Elliott’s approximate intertwining argument to C(X)-
algebras as follows:
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PRrROPOSITION 4.1. — Let X be a compact metrizable space and let A be a
separable unital C(X)-algebra with structure map u; let D be a strongly self-
absorbing C*-algebra. Suppose that, for any € > 0 and for arbitrary compact
subsets F C A, Gy C C(X) and Go C D, there are c.p.c. maps

Yv:A—-C(X)®D
and
C(X)®D— A
satisfying
(1) llev(a) —a| <€ forae F
(i) llo(f ® 1p) — p(f)ll <& for f € Gy
(it) [[Yu(f) — f@1p| <e for f € G

(iv) ¢ is e-multiplicative on (1x ® idp)(G2)
(v) ¢ is e-multiplicative on F.

Then, A and C(X) ® D are isomorphic as C(X)-algebras.
Proof. — From conditions (i)—(v) above in connection with Proposition 3.5
it is straightforward to construct unitaries u; € C(X) ® D and c.p.c. maps

0 :C(X)®D - Aand ¢; : A - C(X)® D, i =1,2,..., such that the
following diagram is an asymptotic intertwining in the sense of [1, 2.4]:

SN N

C(X)®D ————C(X)®D ————

Note that the inductive limit of the first row is just A, whereas the inductive
limit of the second row is isomorphic to C(X) ® D. The ¢; and 9, then induce
*-isomorphisms ¢ : A — C(X) ® D and @ : C(X) ® D — A which are mutual
inverses (cf. the remark after Definition 2.4.1 of [1]). Using (ii), (iii) and the fact
that the u; commute with C(X)®1p, one can even assume that yoy = ide(x)®
1p and @ o (id¢(x) ® 1p) = i, which means that ¢ and @ are isomorphisms of
C(X)-algebras. O

It will be convenient to note the following easy consequence of Proposition
3.5 explicitly.

LEMMA 4.2. — Let W be a compact metrizable space and D a strongly self-
absorbing Ki-injective C*-algebra. Then, for any compact subset 1 € F C
C(W)®D and v > 0 there are a compact subset E(F,v) C C(W)® D and
0 < §(F,v) < /2 such that the following holds:
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If K is a compact metrizable space and
01,09: C((W)®D - C(K)®D

are w.c.p. maps which map C(W) to C(K), are 6(F,~)-multiplicative on E(F,~)
and agree on C(W), then there is a continuous path

(u¢)eejo,y) CC(K)®D
of unitaries satisfying
(18) ug = 1x ® 1p and ||uror(d)u] — oa(d)|| < v
forde F-F.

Moreover, we may assume that if F' is another compact subset containing

F and 0 <+ <7, then E(F,v) CE(F',') and 6(F',v") < 6(F,7).

Proof. — 1t is straightforward to check that it suffices to prove the assertion
when F is of the form
{f®d|f€.7:(),d€.7:1}

where Fy C C(W) and F; C D are compact subsets of normalized elements.
We then apply Proposition 3.5 (with 1y ® F1 - F; and o; 0 (1w ® idp) in place
of F and o; for ¢ = 0,1) to obtain a compact subset G C D, § > 0 and a
continuous path (u¢)¢cpo,1] C C(K) ® D of unitaries starting in 1x ® 1p and
satisfying the assertion of 3.5.

Since, for i = 0,1, 0;(1w ® D) and 0;(C(W) ® 1p) commute, we see that o;
is the product map of the restrictions to C(W) and D, respectively. In other
words, we have 0;(f ® d) = 0;(f ® 1p)o;(1p ® d) for f € C(W), d € D and
i=0,1.

Setting £(F,v) := 1p®G and 6(F,y) := J, and using that each u; commutes
with each o;(f ® 1p), we see that the assertion of 3.5 yields (18).

We may clearly make §(F,~) smaller and E(F,~) larger if necessary, from
which the monotonicity statements follow. O

NotaTION. — If n € Nand X C [0,1]" is a closed subset, we denote by Y the
image of X under the first coordinate projection, Y := pr,(X) C [0,1]. Ifs€ Y
(or if V C Y is a closed subset), we set X, := pr;*({s}) (or Xy := pr; *(V)).
If A is a C(X)-algebra, we write A in place of Ax, (or Ay in place of Ax, );
the fibre maps are then denoted by 7, (or my). We may regard A, as a C(X;)-
algebra and Ay as a C(V)-algebra in the obvious way.

We will reduce our proof of Theorem 1.1 to the situation above; by induction
we will be able to assume that each A,, s € Y, is isomorphic to C(X,) ® D.
However, it is not clear whether the isomorphisms can be chosen in a locally
trivial manner. This technical problem is bypassed by the following concept of
‘approximate local trivializations’:
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DEFINITION 4.3. — Let n € N, X C [0,1]" a closed subset and A a unital
C(X)-algebra. Let D be another unital C*-algebra. Suppose each fibre of A
is isomorphic to D and that, for each s € Y, we have A, = C(X;) ® D as
C(X,)-algebras.

Let n > 0,t € Y, an isomorphism 6: A; — C(X;) ® D and compact subsets
1,eFCA GCC(X)®Dand G CC(X:)®D be given.

By a (0, F,G ,é, n)-trivialization of A over the closed neighborhood Y(*) of
t we mean a family of diagrams of C*-algebras and u.c.p. maps

(19)

A
Ty (t)
Ay T As
o® o0 9§t>

Ty (t)

® \
CX)®D —2C(Xyw)®D - [[yeyw C(Xe) ®D —5 C(X,) ® D

s’

C(t)
C(X;)®D

for each s € Y(®) which satisfies the following properties:

(i)
(i)

(vii)
(viii)
(ix)
(%)

all the C*-algebras are C(X)-algebras in the obvious way;

the maps 7, Ty and (! are the obvious C(X)-linear quotient and
inclusion homomorphisms, respectively;

o®, 6® and each 6" are C(X)-linear; ¢ maps C(X;) ® 1p to
C(Xyw») ®1p;

0® is a x-homomorphism and each 9?) is a *-isomorphism;

6 = ;

the upper right rectangle commutes;

any two paths starting and ending in C(X;)®D coincide (this in particular
means that ¢ o ¢ lifts m, and that o® o ¢ lifts Ht(t));

any two paths starting in A and ending in the same algebra coincide up
tonon F-F;

any two paths starting in C(X) ® D and ending in the same algebra
coincide up to n on G - G;

any two paths starting in C(X;) ® D and ending in the same algebra
coincide up to n on Q\;
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(xi) any path starting in C(X;) ® D is §®)-bimultiplicative on £®) (notation
introduced after Lemma 3.4), where

EW .= E£(O(F)UGUm(G),n) D EB(F),n) UB(F) UG Um(G)
and
8" = 5(0(F) UG Um(G),m) < n/2

come from Lemma 4.2;
(xii) any path starting in C(X) ® D is n-multiplicative on G.
Here, by a path we mean a composition of maps from the diagram in which no
map (except for the identity map) occurs more than once. We also regard the
identity map of each algebra of the diagram as such a path.

REMARK 4.4. — It is obvious from the preceding definition that a (6, F,
Q,Q\, n)-trivialization of A over Y may be restricted to smaller neigh-
borhoods of ¢, i.e., if Y® ¢ Y® is another closed neighborhood of ¢,
then restricting the maps (and algebras) of diagram (19) to Y® yields a
(6, F,G, Q\, n)-trivialization of A over y®.

The following lemma establishes the existence of local approximate trivial-
izations as in 4.3.

LEMMA 4.5. — Let n € N, a closed subset X C [0,1]™ and a unital C(X)-
algebra A be given. Let D be a Kq-injective strongly self-absorbing C*-algebra.
Suppose each fibre of A is isomorphic to D and that, for each s € Y, we
have As = C(X;) ® D as C(X)-algebras. Let n > 0, t € Y, an isomorphism
0: Ay — C(X:) ® D and compact subsets 14, € F C A, G C C(X)® D and
GcC C(X:) ® D be given. Then, there are a closed neighborhood Y® CY of t
and a (0, F,G, a, n)-trivialization of A over Y®).

Proof. — We first pick an arbitrary closed neighborhood Y® of t. This yields
maps g, 7® and 7, (for s € Y®) as in diagram (19). We then define
maps ¢, ®, 6 and 6" such that conditions (i)~(vi) of Definition 4.3 are
satisfied. For a sufficiently small closed subset Y (*) of Y ® we will then be able
to modify the maps 9® and 5@ to suitable new isomorphisms #®*) and th)
for s € Y. Restriction of our algebras and maps to Y () will then yield the
desired diagram (19) with properties (i)—(xii).

So let us assume we have picked Y®. For s € Y® choose isomorphisms
o9 A, — C(Xs) ® D; we take 5,5” to be 6.

Next, we choose a c.p.c. lift () : C(X,) ® D — C( X5

may clearly assume that () = (® ® idp for some u.p.c. map (® : C(X;) —

C(Xz))-

) ® D of 1, 0T we
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Similarly, choose a u.p.c. lift #® : D — As () of 1x, ®idp along Ty : A5,y —
C(X,) ®D. Set ¢ := 5 @ ®, where ® : C(Xyw) — Z(A is the
structure map of the C(Y ()-algebra Ay
Define a compact subset of C(X5,,) ® D by

?(t>)

F =G UFg, (G- G) UM ofom(F - F).
Apply Lemma 4.2 with X, in place of W to obtain £(F,7/2) C C(X5,,)®D
and 0 < §(F,n/2) < n/4.

Note that 7 0 () is a x-homomorphism. It follows that there is a closed
neighborhood Y® € Y of ¢ such that () 0 5 is §(F,n/2)-multiplicative
on £(F,n/2) for all s € Y*). But then, by Lemma 4.2, for each s € Y(®) there
is a unitary u(*) € C(X,) ® D such that

(20) |75 0 T (d) — T (0 0 7&) 0 5O (d))ut|| < /2
for all d € . Set 6" := 0; for t # s € Y*) we define
00 () = Uy (6 0 72 ()i

6® is defined accordingly.

Let my ), 0, (M, 7, and (Y denote the restrictions of Ty, 7, ¢, 7,
and 7, respectively, to Y*).

We now have a diagram as (19). It is clear from our counstruction that
(i)—(vii) of Definition 4.3 hold.

By making V() smaller, if necessary, we may assume that (xi) and (xii) hold

(using that m; 0 0® and 7, o (¥ are exactly multiplicative and that ¢® and
¢® are lifts of these maps) and that

(21) |7y (a) — o® o C(t) om o0 o Ty (a)|| < n/2

fora e F-F.

It follows from (20) that 7, 0c® and 6 o 7y 0 0® coincide up to 1/2 on F.
Together with (21) and commutativity of the upper right rectangle, this yields
(viii), (ix) and (x) of Definition 4.3. O

We are now prepared to give the second proof of our main result, following
the outline at the beginning of this section.

Proof. — (of Theorem 1.1): Let € > 0 and compact subsets F C A, G; C C(X)
and Gy C D be given. We may assume that

(22) 1p,€F,1x € Gy, 1p € Gy and /J(g1)Cf.
By Proposition 4.1, it will be enough to construct c.p.c. maps

P:A-C(X)®D
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and
p:C(X)®D— A
satisfying the conditions of 4.1.

By [8, Theorem V.3] we may assume that X is a closed subset of [0,1]™ for
some n € N; we use the terminology introduced before Definition 4.3.

If n =1, then X = Y and for each t € Y we have X; = {t}, whence
Ay =2 D = C(X:) ® D. Now if the theorem has been shown for closed subsets
of [0,1]"~1, it holds in particular with A; and X; in place of A and X for any
t € Y. Therefore, for both the basis of induction and for the induction step

we may assume that for each ¢ € Y there is an isomorphism of C(X;)-algebras
(hence also of C(X)-algebras)

9tt At — C(Xt) ® D.

For convenience, set
(23) n:=¢/14
and

G:={f®d| feGi,deGy}.
Applying Lemma 4.5 for each t € Y (with 6, in place of 6 and {0} in place of G)
yields compact neighborhoods Y C Y of t and (8,, F, G, G, n)-trivializations
of A over Y(®). Using that Y is a compact subset of the one-dimensional space

[0,1] together with Remark 4.4, by making the Y(*) smaller, if necessary, it is
straightforward to find

a) MeN 0=ty <y1 <t1 <ya < - <ty_1<ym <ty =1land >0
b) closed neighborhoods YW cYofy,i=1,...,M
c) (84, F,G,G,n)-trivializations of A over Y¥) (as in diagram (19), with
y; in place of t), i =1,..., M
such that
B Y =y, v
) each Y(#) is the intersection of Y with a closed interval
Y Y@ NYWite) =g 4 =1,...,M -2

- @

g) yi € [tic,t;]NY YW fori=1,...,. M
h) if YW N YWit) £ & we have [t; — 26,t; +26]NY C YW 0 Y Wir)
i) if YW NYWi+1) = &, then [t; — 26,t; + 28] NY = @.
We set
I={ie{l,...,M -1} | Y®) nyWi+) £
and

B(i) = Y(yi) N Y(yi+1)_
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For i € I, we define u.c.p. maps

AD 0. C(X,) 0D = C(X;,)®D

by

(24) A .= ggf/i)mia(yi)g(yi) and o = gng)mia(yi)C(w).

The maps A®) and o send C(X,,)®1p to C(X;,)®1p and coincide on C(X,,)®
1p (as follows from 4.3(iii)); they are 6(¥:)-multiplicative on 5(9§?i)(f),17) C
EWi by 4.3(xi) (the maps 0¥ o (%) are — and 7, Gt(:“”) and Ht(?i“) are exactly

multiplicative). But then by Lemma 4.2 there is a continuous path (uﬁ"))te[o,l]
of unitaries in C(X¢,) ® D such that

(25) ugz’) =1x, ®1p
and
(26) lu XD 7, (a) ()" — 0D6W)m, (@)l < 1

for a € F - F. We may as well regard the path (Ugi))te[o,u as a unitary u(?) €
C([0,1]) ® C(X¢,) ® D.

For each i € I we now apply Lemma 4.5 with #;, Ht(fi)wyi and
(27) GO = {u” |t € [0,1]}

in place of ¢, # and Q\ . We obtain for each i € I a closed neighborhood Y®) cy
oft; and a (Qt(f“), F,G,G n)-trivialization of A over Y ). To make it easier to
distinguish between these and the preceding approximate local trivializations,
we denote the respective maps of diagram (19) by (), ¢(t) (%) and gLt
respectively, and write £) and 6(*) in place of £(t) and 6®) (cf. 4.3(xi)).

Note that, in particular,
(28) 07 = 07
by 4.3(v).

Using Remark 4.4, by making the Y ) smaller if necessary, we may assume
that there is

(29) 0<p <p
such that
j) Y& =[t; — 8/, t; + #]NY (this implies Y ) ¢ B® by h))
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k) for t € [t; — 20',t; +208'], a € F and d € G2 we have
(6w, (@) = (G (@)
< e, (C¥205 )y, (@) = S0y, (a)] + 7
and
I (o0 ¢Wmy, (1x ® d) = 51y, (1x ® d))|
< lme, (0¥ Wy, (1x ® d) = 51y, (Lx @ d))|| +1
1) ¢4 (AP0, (a) (u)* — 00wy, (a))]| < 29 for a € F - F,
where for k) we have used continuity of functions of the form (’17(“) >t

[B(£)]]) (cf. 2); 1) follows from (26) and the fact that () lifts m,, (by 4.3(vii)).
For i € I, define a function h; € C([t; — 26',t; + 20']) by

0 for t € [ti — Qﬂl,ti — ﬂ’]
(30) hi(t):=<1 for t € [t; + B/, t; + 20']
t= ;;ﬁ for t € [t; — B, t; + (]

and an element
" € C(X5.,) @D

by

(31) Wt(ﬂ(i)) — th(ti)(u(i)(t)) for t € V().
Define (Ut Jeelo,1) € C([0,1]) ® A, by

(32) ol = Gt Tt (4 (D)

and

50 = AD (D) € Ac,
where

AD: C(0,1) ® As,, — A

Y (t) Y (t)
is given by
f®ar (foh) a

note that, with this definition,
(33) T (30) = th(ti)g(ti)(u;i)(t))

for t € Y(t).
Next, choose positive functions f1,..., fam,91,---,9m—1 € C(Y) such that

)Z 1fz+z -1 g@—ly
n) supp fi C [tic1 +8,ti — B NY cYW) fori=2,..., M — 1,
supp f1 C [0,t1—3'1NY C YW and supp far C [tyr—1+8,1]NY € Y wam)
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o) suppg; C [t; — 28',t: +28]NY C Y ) for i € I (we choose g; = 0 for
ie{l,...,.M —1}\1I).
This is possible by a), h), i) and (29); note that
(34) filyir) = gi(tir) = 6i,v and g;(yi) = fi(ty) =0
We are finally prepared to define c.p.c. maps

v A—C(X)®D

and
p:C(X)D — A
by
M o~ o~
35)  w(.) =D fi- (€0WIm, ) () + 3 gi - (ad 5, (BB, ) ()
=1 i€l
and
M
(36) ()= fi- (@WICWIm ) () + Y gi- (ad 0. 57, ) ()
=1 el

It remains to check that ¥ and ¢ satisfy the conditions of Proposition 4.1, i.e.,

(i) |lew(a) —a| <& fora e F

(i) [le(f ®1p) — u(f)ll <& for f € G
(i) [[Pu(f) - f@1p| <efor f G
(iv) ¢ is e-multiplicative on (1x ® idp)(G2)
(v) ¢ is e-multiplicative on F.

Forac F,i=1,...,M —1andt € [t;_1 +208,t; — 26| NY C Y¥) we
have f;(t) =1 and g¢;(¢) = 0, whence

(35),(36) ) ) ) )
Imi(otp(a) = a)|| = [lmi (0@ (W, (W0, (a) — a)|

4. 3(v11)
||U(y1)<(y¢)9(yz vi (@) — Ty @y (a)]]
4.3(viil)
<
(23)
< g,

and a similar estimate holds for ¢ = 1 and ¢t € [0,¢; —26']NY and i = M and
te [tM—l + 20, 1] ny.
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Forac F,iclandte[t;—f,ti+B8]NY C Y (cf. h) and j) above)
we have f;(t) = 0 and g;(¢) = 1 and therefore obtain

[m(ptp(a) — a)

(35),(36) i~y
< (ad( ()=7 ) ?(t,-)adZu)C(tl)egl)”ti(“)_a)”
1) _ Ft)ad ~ () p(ta)
- ”7Tt(a’d( (i ))* dC“i)(uﬁfi)(t))C ati T, ((L)) - (L)H

4.3(xi),(27)
<

i

Ime(ad . 0 ad o BT, (@) = @) + 5

4.3(xi),(27)

< llmi(ad G y.ad; (ti)z(ti)gt(fi)ﬂti (a)) — a)]| + 25

o(t; )g(t >(u( i)

(32) () () 5t
= Imd Gz, >*>ad;(ti)zw<us.><t>)0<“)<““0£i '71,(a) ~ 0)|

+25(%)
— - . - . 5t F(t) ) _
= ”m(ad("(”)C(ti)(“Efi)(t))*)("(ti)c(ti)(“Efi)(t )) ¢ t.(a)) —a)|l
+25)

4.3(xi),(27) P ~
< m @I Ty, (a) — a)]| + 454

4.3(viii) ~
< n+40®)
4.3(xi)
< 3n
(23)
< E.

Forae F,i=1,...,.M —1and t € [t; —26',t; — f']NY we have

Ime(tp(a) — )
= ||7Tt(f‘ . U(yi)g(yi)g(yi)ﬂ-yi (a)
i fiad ). 0y, 4““0(% w:(@)
+gi - gi-ad (;u))*a( Jad~, N )9 7, (a) — a)||
(25),(31),(33),(30) (e (£ - a(yi)c(yi)e‘gji)ﬂ-yi (@) + gi - f; _5(ti)77?(ti)<(yi)91(l?i)7ryi (a)
g gi -7 (a) — a)
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(38),4.3(viii)

< i) - mi(a) + 9i(2) - filt) - mila) + 9i(2) - 9i(8) - me(a) — me(a) |

+n+3n+n
3 2 sy
(23)
< €,

where for the first equality we have used (34),(35),(36),4.3(iii) and 4.3(vii); for
the first inequality we have used

75 7, CWOE (@) — mi(a)]

4.3(viii) . v ) VA
< I (mg, (YO0, (@) — (B, (a)) ] + 1
< lm(C¥I0I 7y, () — (OB my, (a)) + 1
k) N ~ Nt
< | (€C¥0I Ty, (a) — COG Ty, ()| + 20

4.3(vii), (viii) ) ~
<16, (a) — 6, ()| + 30

3n

(28)
< E.

(38)

A similar reasoning works for ¢ € [t; + 8',t; + 26']N'Y. We have now checked
condition (i) above.

For f € G1, we have
lou(f) — f@1p||
S S (i) (i)
< 1Y fi- (€089 m, u(f) — f @ 1p)]|
=1
+HID i+ (ad 7 G mu(f) — £ © 1p))|
i€l
max 17y o (C¥0W )y u(f) — £ @ 1)

1=1,...,

+max [lad g, C00; 7 u(f) — ad g, (F © 1)+

(31),4.3(xi)

4.3(i), 4.3(ix)
< n

(39) < g,
which yields (iii).
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For (ii), note that

le(f @ 1p) — u(H)I < le(f ©1p) — eou()Il + llepu(f) — u(H)

(39),(37),(22)
< 3n + 67n

< E.
Next, we check (iv). We have to show that
(40) Im:(p(1x @ dids) — p(1x ® d1)p(1x ® do))|| <€

for any dy,ds € Go and any t € Y.
First, consider ¢ € [t;—1 + 28',¢; — 28| NY for i = 2,...,M — 1. Then
fi(t) =1 and we have

[Ime(p(1x ® dida) — p(1x @ d1)p(1x @ do))|
= |Im(oc¥ ¢y, (1x © dids)
oW, (1x @ di)o Wy, (1x ® dy))]|
l”ﬁd) 5w
< e
A similar argument works for ¢ € [0,¢1 — 28| NY and ¢ € [tpr—1 +26,1]NY.
Iftelt,—p,t:i+ 08 ]NY, then g;(¢t) = 1 and we have
[me(p(1x ® did2) — p(1x ® di)p(lx @ do))]|
= milad ). 0 mg,, (1x © dids)
—(ad (Z(i))*a(ti)ﬂyui)(lX ® dy))(ad (’;<i>)*5(ti)7r§<ti>(1X ® da)))|

(41),(42) ~
< o) 4

< g

where we have used that

I @ @D) — 14z, )
Y\
= ||7Tt(5(t@-)g(ti)(u&)(t))g(ti)c(ti)(ugzi)(t))* — 150l

(41) < 5

(by 4.3(xi) and since the ug)( ;) are unitaries) and that

~(t it N 4.3(xii)
(42) Ho—(tl)ﬂ?(ti)(1X®d1d2)_0—(t1)7r37(ti)(1X®d1)0(tl)ﬂ§(ti)(1X®d2)“ < .
Now if t € [t; — 28',t; — 8] NY, we have
(i 30),(33
(43) m(@0) E (1)
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Ime(p(1x ® dida) — p(1x @ d1)p(1x @ do))|

(35),(36),(43)

4.3(xii)

4.3(xi),4.3(xii)
<

iy

<

£ (&) (fi(t) + 9:(2)) - meo (y‘)C(‘% Ty (1x ® didz)

() (fit) + (1) - e, (1x ® dada)

—fi(®)? - my(o (yl)c(yz) (1x ®dy)o (yi)g(yi)ﬂ-yi(lX ® dy))
—gi(t)? - m (7, (x @ d1)F Wz, (1x ® da))
—fi()gi(t) - m (0¥ Wy, (1x ® di)g W my ) (1x @ d))
—fi()gi(t) - m (G mg,) (1x © d)o ¥ (Wmy, (1x @ d))|

£i®)? - lme (¥ my, (1x © didy)

_g(yi)c(yi)w (1x ® dl)o—(yi)c(m)7r i(lx ® d2))||

+9i(t)? - ||me (07, (1x © dudy)

5t ng,,, (1x @ )7y, (1x @ dy))|

+£i()gi(t) - (Ime (eI ¢Wmy, (1x ® di)o¥I¢Wm, (1x ® do)
+5(ti)7r§7(ti>(1X ® d1)~(ti)7f~<t y(1x ® dz)

_a-(yi)c(yi)ﬂ-yi(lx ® dy)o (ti )WSNN )(1X ® dy)

~5" 750, (Lx ® d)o W, (1x © da))|| + 2n)

(fi®)* + gi(®)?) -

+2£:(t)gs () - ||ﬂt(a(yi)<(yi)7ryi(1x ®dy) — 5(ti)ﬂ§(ti)(1x ® d1))|l
(Fi®)? +g:(1)?) -+ 2f:()gs(t) - m

+||7Tt¢ (o-(yi)c(yi)ﬂ'yi(]_X ®dy) — 5(751‘)71-?(%)(1)( ® d)|l
||9§?i)77ti‘7(yi)c(yi)7"yi(1X ®dy)

—@f”wng“i)w;(ti) (1x ®dy)| +n

e, (1x ®di) —me, (1x @ d) + 3

3n
E.

A similar reasoning works for ¢ € [t; +4',¢;+26']NY, whence (iv) above holds.

Property (v) is checked in a similar manner: we have to show that

(44)

e (3 (araz) — (ar)p(az))||l < e
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for any aj,a; € F and any t € Y. If f;(t) = 1 or ¢g;(¢) = 1, this follows
immediately from 4.3(xi) and our construction. Thus, it remains to check (44)
fort € [t; —208',t; — B'1NY, i € I (the case t € [t; + ',t; + 2] runs parallel).

Let us first observe that for a € F - F
e (CE985: ) 7, (a) — ¢¥005 ), (a))
k) ~ Nt
< m (M8 (@) — CIEI my, ()] + 1
4.3(vii),4.3(viil)  ~. _
<16 T (a) = 08y, (@) + 20
(45) = 2n.
We are now ready to compute
|7¢ (¢ (araz) — ¥ (a1)y(az))l|
(35),(25),(30),(31) , )
= £ (fit) + i (t)) - mC W0, (araz)

+gi () (fi(8) + gi(1)) - 1L 7y, (a1a2)
—fi()? T (C0Imy (a1) - (¥, (a2))
—gi(t)* - m(f“"@f")wti (a1) - Z(ti)gt(fi)ﬂ-ti (a2))
— fi(®)gi(t) - e (C¥8W)m, (a1) - (VG my, (az))
—fi(H)gi(t) - m (I m, (1) - C0 Ty, (az))]
4.3(xi)
< 1£:(8)gs(t) - mC@0W 7, (araz)
+fi()gi(t) - m 8y (araz)
—fi(D)gi(t) - m(CIOFImy, (1) - Gy, (a2))
—fi(H)gi(t) - m (M my, (1) - C0 Ty, (az))]
+5W) 4§
2 0a) - Im(CO m, (ara2)
_C(yi)gz(ﬁi)ﬂyi (ay) - C(w)gégi)ﬁyi (a2)||
N O
FEY 9500 4 500 4y
< €
for a1,a9s € F and t € [t; — 26',t; — '] NY. This completes the proof. O
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