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STRICHARTZ INEQUALITIES FOR LIPSCHITZ METRICS
ON MANIFOLDS AND NONLINEAR SCHRODINGER
EQUATION ON DOMAINS

BY RAMONA ANTON

ABsTrRACT. — We prove wellposedness of the Cauchy problem for the nonlinear
Schrédinger equation for any defocusing power nonlinearity on a domain of the plane
with Dirichlet boundary conditions. The main argument is based on a generalized
Strichartz inequality on manifolds with Lipschitz metric.

RESUME (Inégalités de Strichartz pour des métriques lipschitziennes et équation de
Schridinger non-linéaire sur des domaines)

Nous considérons le probléme de Cauchy pour ’équation de Schrédinger non linéaire
sur un domaine du plan avec des conditions aux limites de Dirichlet. Nous prouvons
que le probléme est bien posé et qu’il existe une solution globale pour une non linéarité
polynomiale défocalisante. La preuve repose sur une inégalité de Strichartz généralisée
sur des variétés munies d’une métrique de Lipschitz.

1. Introduction

Let ©Q be a compact regular domain of R?, where d = 2,3. The problem
we are interested in is the Dirichlet problem for the semilinear Schrédinger
equation
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28 ANTON (R.)

i0pu + Au = |u|Pu, on R x €,
(1) u|,_, = Uo, on (,
=0.

Ulpxoa

More precisely we are interested in proving global existence results in the energy
space H}(Q) and this will be done for d = 2.

This problem has been extensively study in the case of Q = R?. Note that
the sign of the nonlinearity gives an a priori bound of the H' norm of the flow
and thus allows to prove existence of weak solutions in C(R, H.(R%)). The
existence of global strong solution is more difficult. One of the main ingredient
to address this difficulty is the Strichartz inequality for the linear flow e*®.
It can be seen as an improvement of the Sobolev imbedding H' < L7 and
the price to pay is an average in time rather than a pointwise information.
In RY, the Strichartz inequality reads as follows: for (p,q) an admissible pair
in dimension d and ug € L?

|

Let us recall the definition of an admissible pair.

itA
< .
e LP(R,LQ(Rd))_C||UO||L2

!

DEFINITION 1. — A pair (p, q) is called admissible in dimension d if
2 d d
pzza paq7d 7é 2,00,2 and -+ - =_-
(Pa.d) # (2002 and ~+%=

In 1977 Strichartz [23] proves the particular case p = g,

This was generalized by Ginibre and Velo [12], [13] in 1985 for LYL? norm
with p and ¢ that satisfy the admissibility condition with p > 2 and by Keel
and Tao [16] in 1998 for the endpoint p = 2 and ¢ = 2d/(d — 2). Extension
to non homogeneous equation is due to Yajima [28] in 1987 and Cazenave
and Weissler [10] in 1988: for (p1,q1) and (p2,q2) admissible pairs and f
in L?2 ([0, T], L% (R%)) the solution of the non homogeneous equation

ez~A

< clluoll 2 -

wl <
L2+4/d(R><Rd)

10w+ Au=f, w,_,=uo
belongs to C([0,T], L?) N LP*([0, T, L% (R<)) and satisfies to
||U||Lp1([o,T],Lq1 (Rd)) S € ”f”Lplz([o,T],Lqé (R)) *

A contraction mapping argument and those Strichartz inequalities imply the
global existence
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NLS ON DOMAINS 29

THEOREM (see [28], [10]). — Ford > 2 and 1 < 8 < 4/(d — 2) there ezists a
unique solution

u e C(R,H (RY) n LY

loc

(R, W (RY)),
for each (p,q) admissible pair in dimension d, of the equation
i0u + Au = |ulPu, Uj,_, = Ug.

For Q # R? much less is known. In the case of the tori T¢, d = 2,3, Bour-
gain [4] proved global existence result using less stringent dispersive estimates.
In the case of a boundaryless compact manifold Burq, Gérard and Tzvetkov [6]
proved Strichartz inequalities with loss of derivatives and showed that those
losses are in some specific geometries unavoidable.

In the case of domains of R? and for cubic equations previous results were
proved by Brezis and Gallouet [5] in 1980 and Vladimirov [27] in 1984.

THEOREM (see [5] and [27]). — Forug € H}(Q) there exists a unique solution
u € C(R, H}(Q)) of the cubic nonlinear equation

i0u + Au = |[ul*u; on R x Q, u|,_, = ug, on Q.
Moreover, if ug € H(Q) N H%(Q) then
ue C(R,Hy(Q) N H*(Q)) N C'(R,L*()).
The main ingredients of the proof are the logarithmic inequalities

1/2
(B-G.) lull e < C llull g (1+1og (2+ lull o/ Nl ) 2,

(V) Vp <oo, |l <evp llullg -

The methods used in this proof do not give us informations about nonlin-
earities stronger than cubic. Note that even in this cubic case, the proof did
not yield the Lipschitz continuity on the energy space, which is a consequence
of Strichartz estimate in the case of Q = R,

In this article we prove a generalized Strichartz inequality for the Schrédinger
flow e*®, where A is the Laplace operator on domains of R, d = 2,3. Let
us introduce the following notation: for every s € [0,1], we denote by H$ (Q2)
the domain of the operator (—Ap)*/? in L?(Q), where Ap is the Dirichlet
Laplacian. We refer to Section 3 for more details. We translate the problem on
the domain into a problem on a boundaryless Riemannian manifold by doing a
mirror reflection of the domain and identifying the points on the boundary. We
make also an even reflection of the coefficients of the metric over the boundary
in normal coordinates. Thus we obtain a metric with Lipschitz coefficients.

We combine ideas from [2] (see also [25]) on regularizing the metric with a
semiclassical analysis of the flow like in [6] and obtain the following Strichartz
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30 ANTON (R.)

inequality (with loss of derivatives) in a general context: M is a compact (or flat
outside a compact set) Riemannian manifold of dimension d = 2,3, endowed
with a Lipschitz metric G.

THEOREM 1.1. — Let I be a finite time interval, (p,q) an admissible pair in
dimension d = 2,3. Let € > 0 be an arbitrarily small constant. Then there
exists a constant ¢(p, I) > 0 such that, for all vg € H3/?P+e(M),

(2) |

e’LtAG,U ‘

Lp(I,L9(M)) < C(p, I) ||v0||H3/2p+e .

For a compact C? perturbation of the Laplacian with nontrapping condition,
G. Staffilani and D. Tataru [22] proved Strichartz inequalities without loss of
derivatives. In 1D with BV metric similar results were obtain by V. Banica [3],
D. Salort [19] and N.Burq and F. Planchon [7]. C. Castro and E.Zuazua [3]
proved that Strichartz estimates (even with loss of derivatives) fail for metrics
only C%® with 0 < o < 1. Our result shows a Strichartz inequality with loss
of derivatives for C%! metric.

Applying Theorem 1.1 for M the reflection of 2 and for G the reflected
metric, we deduce the following theorem.

THEOREM 1.2. — Let (p,q) be an admissible pair in dimension d = 2 or 3
and I a finite time interval. Then for every € > 0, there exists a constant
c(p,I,€) > 0 such that for any uo € HY/***(Q) and f € L*(I, HY/***(Q)),

|| eitA

3) ‘

uOHLP(I,Lq(Q)) < C(pa Ia 6) ||u0”H3/2p+€(Q) )

¢
/ DA f () dr

S C(p, I, 6) ||f||L1(I,H3/2p+E(Q)) .
0

Lr(1,L9(%))

This inequality gives us a gain of 1/2p — e derivatives with respect to the
Sobolev imbedding. Compared with the Strichartz inequality obtained in the
case of boundaryless Riemannian compact manifolds in [6] we have a supple-
mentary loss of 1/2p + €.

One could ask about the optimality of those estimates. An usual way of
checking optimality is testing the estimates for solutions of the Schrédinger
flow with initial data eigenfunctions of the Laplacian. This yields some
L? — L9 estimates for the eigenfunctions and we look for the optimality of
those ones. We refer to some recent work of H.Smith and C.Sogge [20]
where they prove L2 — L? estimates for spectral clusters on regular compact
domains of R, d > 2. Compared to those estimates, the Strichartz estimate
we obtain is not optimal. Nevertheless, it has the advantage of being true
for all solutions of the linear Schrédinger equation, not only those with initial
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NLS ON DOMAINS 31

data an eigenfunction. And it allows us to prove local and global existence
results for the solutions of (1) in dimension d = 2.

In the proofs of local and global existence we use the LP(L>) estimate of the
flow in order to control the nonlinear term. We deduce it in dimension d = 2
by combining estimates (3) and Sobolev imbeddings.

COROLLARY 1.3. — Let 2 < p < oo and d = 2. For any ug € Hp () and
f e LY (I,H5(Q)) we have the inequalities

e uoll o1, e gy < €@ ) uoll sy

(4) ‘ /t ei(tf'r)Af(T)dT

0

<c(p,I) ||f||L1(1,H1(Q)) .
Lp(I,L> ()

Under this form we have a gain of € > 0 with respect to Sobolev imbeddings
(as H}(Q) C LY for all 2 < g < o) by taking the average in time. However
this small gain is sufficient in 2 C R? for proving the following global existence
result

THEOREM 1.4. — Let 3 > 1 and d = 2. For all uy € H}(Q) there exists an
unique solution

u€e C(R,Hy(Q) N LY

loc (R’ LOO(Q))
(for every p > max2,3) of equation (1). Moreover, for some T > 0, the flow

ug — u is Lipschitz from B bounded subset of H}(Q) to C([-T,T], H}(Q)).

REMARK. — The results presented in this introduction also hold for the
Schrédinger equation with Neumann boundary conditions. We shall state
along the article the changes that must be done for this.

REMARK. — The Strichartz inequality also holds if €2 is the exterior of a reg-
ular bounded domain with compact boundary. We shall mention the changes
that need to be made throughout the proof.

This paper is organized as follows: in Section 2 we show how we can deduce
Theorem 1.4 from Corollary 1.3. In Section 3 we present the reduction to a
compact manifold endowed with a Lipschitz metric and how Theorem 1.3 reads
in this setting. Section 4 is devoted to the proof of the Strichartz estimate.
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32 ANTON (R.)

2. Proof of the global existence theorem

Assuming the Strichartz inequality (3), and therefore (4), we prove local
existence theorem for equation (1) in dimension d = 2. We deduce then the
global existence theorem via conservation laws.

THEOREM 2.1 (Local existence theorem). — Let § > 1. For every bounded
subset B of H}(Q) there exists T > 0 such that for all ug € B there exists an
unique solution

u € C([_Ta T]a Hol(Q)) N Lp([_Tv T]vLOO(Q))
(for every p > max(2,0)) of equation (1). Moreover, the flow ug — u is
Lipschitz from B to C([-T,T), H}(Q2)).

Note that the Lipschitz regularity of the flow was not known even in the case
of cubic nonlinearity (8 = 2). This provides us with supplementary information
about the stability of the flow under small variations of the initial data.

Proof. — We denote by X7 = C([-T,T], H}(2)) N LP([-T,T],L>°(£2)). This
is a complete Banach space for the norm

lell e, = max [lu®lm + lull o 121,20 -

We use a contraction mapping argument to deduce the existence and uniqueness
of the local solution. For a fix ug € H! and for u € X7 let denote by ®(u) the
functional

®(u)(t) = ePugy — i/o ei(t_")A|u(7)|6u(7’)dT.

Using the H! conservation law of the flow e*®, we estimate the H' norm

of ®(u)

T
12Ol < ol + [ [l o
0
< llwoll s + T 7% ull ooy l1ull o gy

< ol g + TP/ 3

We have used the Holder inequality to bound the L! norm of product of func-
tions by the product of LP and L? norms of functions as well as the following
lemma (see e.g. [1])

LEMMA. — Let s > 0. Then there exists a constant ¢ > 0 such that for all
u,v € H° N L we have

luvll e < ellull s ol + Tl oo ol )-
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NLS ON DOMAINS 33

In order to bound the LP([-T, T, L*°(2)) norm of ®(u) we use the Strichartz
type estimate of the linear flow in this norm by the H}(£2) norm of the initial
data (see estimate (1.3)).

1@ @)l () < || o]

t
/ gtt—m)A |u|ﬁu(7‘)d7
0

Le(L=) ‘ LP (L)

T
s Pu(r)|
< c||lug|| g +c/0 H|u| u(T) i)

< ol s + TP [l po g Tl ) -

Putting together those estimates we get || (u)||y, < c(l|uoll g +T*~#/7 ||u||)’6(+Tl)
Using similar arguments we get, for u,v € X,

T
%)) = @ < [ [lun)Put) = )], ar
< eflu=ovll, (lullfe, + o, ) 7777,
1B () = @) 5 1o < ellw = vllx, (lullk, + 0l%, )T =777,

Let us recall that ug € B, a bounded subset of H!. Then there exists
M > 0 such that for ug € B we have |lug|l;: < M. Choose R > 0
and T >0 such that ¢(M + T'~#/PRP+1) < R. For example let R be
R = 2cM and T < cM~8®=8)/P_ This ensures that ® maps B(0,R; Xr)
into B(0, R; Xr). We can take T even smaller and have 2cR°T"'~#/P < 1 and
thus @ is a contraction on B(0, R; X7). Then there exists u € B(0,R; X1) a
fixed point for ® which therefore is the solution of equation (1). Let u,v € X
be two solutions corresponding to two initial data ug, vg. We can estimate
their difference uniformly in time: for all ¢ with [¢| < T

lu = vllx, < lluo = voll g + T 2P (ull%, + [vll%, ) v — v, -

As we have chosen T > 0 and R > 0 such that 2¢7"%/?PR8 < 1 we deduce

the existence of a constant C' > 0 such that |lu —v|x,. < Clluo — vollg:-

As |lu = v||pee g1 < |lu — v/, , we conclude on the Lipschitz property of the
T

solution flow on bounded subsets of H}. O
Note that this local existence theorem works for a focusing nonlinearity as
well.

It is classical that when we have a Strichartz inequality, propagation of
regularity holds. We give the result and a brief sketch of the proof.
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34 ANTON (R.)

PROPOSITION 2.2 (Propagation of regularity). — Under same hypothesis as
Theorem 2.1, if moreover ug € H2(QQ), then

ue C([-T,T), H*(Q) N Hy())
(same T > 0 as in Theorem 2.1).
Proof. — Asug € H2(Q) N H}(Q) C HE (), we deduce from Theorem 2.1 the

existence of a time T; > 0 such that there is a unique solution  of (1) in Xr.
The same proof works for ug € H2(Q) N H}(Q) and

Yr = C([-T,T), H*(Q) N H)(Q)) N LP([-T, T], L= (2))
with the norm

lelly, = max fu@®llaz + vl .0 -

Using uniqueness and Y7 C X7, we deduce the existence of a time 0 < T, < T}

such that u € Y7,. For a T' < Ty, using the monotony of the norm |[[ul| x as a
function of T, we can establish the inequality

||U||L°T°(H2) = 02( l[uoll g2 + TP/ ||“||§(T1 : ||U||L;°(H2) )

We take T = T > 0 such that CQTOI_’B/p lull x, < 1. This insures that
1
||u||L§%(H2) < 2¢y |Jug|| 2. Note that Ty only depends on ||u||XT1. Thus
we can make a bootstrap argument and conclude that [lul| ;. 2) < co and
T

thus u € Yr,, for the same 7T as in Theorem 2.1. O

The semilinear Schréodinger equation (1) has a Hamiltonian structure
with gauge invariance and thus conservation laws hold for H? initial data.
For ug € H! we deduce them by density.

PROPOSITION 2.3 (Conservation laws). — The solution of (1) constructed in
Theorem 2.1 satisfies, for |t| < T, to

/|u(t)|2dx :/|u0|2dx,

/}Vu(t)|2 + %W(tﬂﬁ”dx = / |Vug|* + %mdﬂ”dx.
As a consequence, we infer the following.
THEOREM 2.4 (Global existence theorem). — The solution constructed in
Theorem 2.1 extends to a global solution
u e O(R HY(@) 1 L, (R, L=().

The proof is classical and uses the control of the H' norm by the conservation
laws, as well as a bootstrap argument.
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3. Reduction to a compact manifold endowed with a Lipschitz metric

Let Q be a regular domain of R?. We present here the classical mirror reflec-
tion that allows us to pass from a manifold with boundary to a boundaryless
manifold. This method consists in taking a copy of the domain and glue it
to the initial one by identifying the points of the boundary. In order for this to
be a manifold we have to choose the coordinates carefully. Thus, taking nor-
mal coordinates at the boundary is like straightening a neighborhood of the
boundary into a cylinder 9Q x [0,1) and gluing the two cylinders along the
boundary makes a nice smooth manifold. This can be properly done using for
example tubular neighborhoods. We cite here two lemmas that can be found
in [21], pp. 468 and 74.

LEMMA. — Let Q be a regular domain of R?, with compact boundary Q. Then
O has arbitrarily small open neighborhoods in Q for which there are deforma-
tion retractions onto 0S).

The proof uses the inward pointing normal vector 7 and ensures the exis-
tence of a small neighborhood U of 99 in €, of a constant ¢ > 0 and of a
diffeomorphism y : U — 9§ x [0,1) such that x~!(p,t) = p+etii for all p € OQ
and ¢t € [0,1).

Let M = Qx{0}Ugq 2 x {1}, where we identify (p,0) with (p, 1) for p € 9Q.
We define, for p € 99 and ¢t € (—1,1), the mapping

(X_l(p, t), 0) if ¢t>0,
X Hpt)=14p if t=0,
(x '(p,—t),1) if t<O0.

LEMMA (see [21]). — There is a unique C* structure on M such that
e Ox{j}—> M is C>® and
o X:U x{0}Usa U x {1} — 92 x (—1,1) is a diffeomorphism.

Note that those lemmas also apply to exterior of bounded domains as long
as the domains are regular and have compact boundary.

On M we define the metric G induced by the new coordinates. As we
have chosen coordinates in the normal direction, the metric is well defined over
the boundary, its coefficients are Lipschitz in local coordinates and diagonal
by blocs (no interaction between the normal and the tangent components).
Moreover,

G(r(y)) = G(y),
where 7 : M — M, r(z,0) = (z,1), r? = Id is the reflection with respect to the
boundary 92.
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36 ANTON (R.)

For the Dirichlet problem we introduce the space H x4 of functions of H!(M)
which are anti-symmetric with respect to the boundary. Let

Hiq = {v :M — C; ve H (M), v(y) = —v(r(y))}.

Note that for v € Hjg the restriction v, , is in Hg(Q) and every function
from Hjg is obtained from a function of Hg(£2). We shall prove the stability
of Hiq under the action of e!*~¢,

By complex interpolation define Hjg for s € [0,1] and deduce its stability
under the action of e?*2¢. Moreover, the restriction to © of functions in Hjg
belongs to H$ () and vice versa. This allows us to deduce the Strichartz
inequality for e’*2P on Q from the Strichartz inequality for e**~¢ on M.

In Section 4 we give the proof of the Strichartz estimate on (M, G).

Similarly, we can define for the Neumann problem the space H3 of symmetric
functions with respect to the boundary. This space is also stable under the
action of ¢*~¢. Thus from the Strichartz inequality on (M, G) we can deduce
local and global results for the Schrédinger equation (1) on Q with Neumann
conditions instead of Dirichlet. Let

Hi={v:M — C; ve H'(M), v(y) =v(r(y)}.

Let us prove the stability of Hxq under the action of e*2¢. Let vy € Hig
and v(t,y) = e*~Gyy. Then v satisfies to

iatv(ta y) + AG(y)v(tv y) =0, U(O) = 0.
Let 9(t,y) = v(¢t,r(y)). We shall look for the equation verified by ¥. First note
that 9(0) = —vo and 0:9(t,y) = Owv(t,y). As G is diagonal by blocks, having
no interactions between the normal and tangent components, so is G~!. Thus
in Ag(y) there is no crossed term. Consequently
Dg(r(y)0(t,Y) = Day)v(t, y)-

We see thus that ¢ satisfies to the linear Schrédinger equation with initial
data —vo(y). But —w(t,y) satisfies the same equations. By uniqueness we
conclude that

v(t, r(y)) = —v(t,y).

We are now able to prove the following proposition.
ProPOSITION 3.1. — Theorem 1.1 implies Theorem 1.2.

Proof. — Let M be the reflection of Q and G the reflected metric. Consider
ug € H%/szrE(Q). Let vg : M — C be defined as follows: for y € £, let

vo((y,0)) =uo(y) and wvo((y,1)) = —uo(y).
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As seen previously vy € Hi/s2p+e C H3/?pt¢(M). Moreover

2 2
||UO||H3/2p+e(M) =2 ||U0||H3/2p+e(9) :

From the stability of the Hiézp *¢ under the action of e!*2¢ and the uniqueness

of the linear flow we conclude that e'*“Guvg|oy o} = €"“ug. This leads us to

which is the first estimate (3) in Theorem 1.2. Estimate in the nonhomoge-
neous form is obtained classically by means of Minkowski inequality from the
homogeneous estimate (see e.g. [6]). O

eztAu ‘

L»(I,L1(Q)) < elp 1) ”u0||H3/2”“(9) J

In the next section we prove Theorem 1.1.

4. Strichartz inequality for the Schrodinger operator
associated to a Lipschitz metric

Let M be a C* compact manifold (or flat outside a compact set) endowed
with a metric whose coefficients are Lipschitz. We want to study the behavior
of the Schrodinger flow in the LY (L%) norm and for doing so we translate the
equation in local coordinates of R?. Having a Schrédinger equation we pass
in semiclassical time coordinates and study frequency localized initial data
restricted to a coordinate chart (in this way the solution remains essentially
localized in the open chart on a very short time that depends on the frequency,
as we shall see). We use a partition of unity to recover the behavior of the
solution on the whole manifold.

4.1. Preliminaries. — In the case M compact manifold, let (U;, k;)jecs be a
finite covering with open charts. Let (x;)jes : M — [0,1] be a partition of
unity subordinated to the covering (U;);jecs. For all j € J let x; : M — [0,1]
be a C*° function such that X; = 1 on the support of x; and the support of x;
is contained in U; .

The coordinate map x; : U; C M — V; C R? transports the functions X;
and X onto the functions x;(y) = x; (/i;l(y)) and x3(y) = X; (n;l(y))

In the case M flat outside a compact set, let (Uj, ;) cs be a covering of the
area of M where G # Id. This area is compact, so we can choose J of finite
cardinal. We have

M=) UjUU10UUs,
JjeJ
where Uj o and Us . are two disjoint neighborhood of oo, diffeomorphic
to RAB. Let (X;)jet, X1,00, X2,00 : M — [0,1] be a partition of unity subor-
dinated to the previous covering. We estimate e*2¢ug on Ujes Uj exactly as
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we do for the compact manifold. Knowing that G = Id on U, simplifies the
analysis of the spectrally truncated flow near infinity.

We prepare the frequency decomposition. Let ¢q € C'*° (Rd) be supported
in a ball centered at origin and ¢ € C*°(R?) be supported in an annulus such
that for all A € R?

(5) po(\) + > e(@27FN) = 1.

keN

We define a family of spectral truncations: for f € C*°(M) and h € (0,1)
let

(6) Inf =Y (5)* (Ge(hD) (55 ) (x5 f)),
JjeJ

(7) Jof = ZK’J (X300(D) (k5 )* (x51)),
jeJ

where ‘*’ denotes the usual pullback operation. We can rewrite J;, as

Inf@) = Xi(@)e(hD) (x;(k; ) f(s71)) (55()).

jeJ

If we denote by p and pg the inverse Fourier transform of ¢ and g respectively
and if we set f; = Xj(lij_l)f(fij_l), then

P00 s@) = g [ (2 ) pieyas

From relation (5) we deduce that for all x € R¢ and for v a function on R%:

[t =+ 3224 (2w ) vl = i)

We obtain thus
(8) Jof(z)+ Z Jo-if(@) =Y X (@)x; (85 (55(2) £ (55 (55 (2))) = £(2).
jedJ

Note that in the case M flat outside a compact set, we have to modify Jj,
such that it takes into account the influence of the spectral truncation on the
chart near co. For j = 1,2, let

(9) Fj,oof = %j,oosa(hD)Xj,oof(x)‘
Then for Jh o0 = Jp + Fi,00 + F2,00 We have an identity similar to (8).

We study the semiclassical Schrédinger equation with initial data Jpug and
then we recover the behavior of the linear flow thanks to identity (8). We
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introduce the semiclassical time s by w(s,z) = v(hs,z). If v is a solution of
the equation

i0v + Agv =0, wv),_, = Jhuo
on a time interval I, then w is solution of the following semiclassical equation
on h=1T

(10) ihdsw + h2Agw = 0, Wis—o = Jnuo-

The classical way of proving Strichartz inequalities is to use the TT* method
(here * stays for adjoint) starting from a L? conservation norm and a L* — L
dispersive estimate (see e.g. [16]). In the case under study, the dispersive
estimate can be obtained by combining the WKB approximation (as in [6])
and a stationary phase type lemma. In order to use this strategy we need
more regularity on the coefficients of the metric. Using an idea from [2] (see
also [25]), we regularize them at some frequency h™%, where 0 < a < 1 is a
parameter that will be fixed in the end. We treat the remainder term as a
source term like in [2].

Let 1 be a C5°(R%) radially symmetric function with ¢ real and ¢(0) = 1
near 0. We define the regularized metric Gy, as
(11) G =Y (k)" (XGw(h*D) (k7 1) (D))

jeJ
The transformation of G into Gj does not spoil the symmetry. Note also
that G, converges uniformly in x to G, and thus, for h sufficiently small, Gj,
is positive definite. Therefore, Gy, is still a metric. Then equation (10) is
equivalent to
1hOsw + h2Ath = hQ(AGh — Ag)w, W|s=0 = Jrug.

When writing J}, in local coordinates we see it as a finite sum of expressions as
- 1 - zT—y
(12)  Fuf(2) = X@)e(hD)(xf) (@) = 75 /R X@p (5 )W)y,

where z € R?, f : R* — R, x and X are compactly supported, 0 < y, ¥ < 1
and X = 1 on the support of x. The function ¢ is C*° supported in an annulus.
We study the following equation in local coordinates

(13) ihdsw + K Ag,w =0, wjs—9 = Fruo.
The plan of the proof is the following:

— Construct an approximate solution for (13) by the WKB method and
prove the dispersion estimate on a small interval of time Ij,. This solution
remains supported in the chart domain so we can extend it as a function
onto the manifold.
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— Obtain a Strichartz inequality for the spectrally truncated flow J;; ethstay,
on Iy, where J; denotes the L? adjoint of Jj.

— Estimate the difference between the regularized flow and the initial flow
in the LP(L?) norm on I.

— Obtain the Strichartz inequality for e*2¢ on a fixed time interval.

The analysis of F* e!*~Suyq in LP(L?) norm on a small interval of time can
be done using the classical Strichartz estimate (see proof of Proposition 4.17).

4.2. Estimates on the regularized metric and preliminary commutator lemmas. —
The metric G : M — My(R) is symmetric, positive definite and Lipschitz:
there exist ¢, C, ¢y > 0 such that for all z € M

cld<G(z)<CId, |0G|<cy,

where we have denoted by OG the derivatives of the metric in a system of
coordinates. Using expression (11), one can easily prove the following estimates

PROPOSITION 4.1. — The regularized metric Gy, is a C*° function that veri-
fies, in a system of coordinates, the followings: there exists c,C > 0 and cy > 0
for all v € N? such that for all x € M

cld < Gp(z) <CId, |0"Gy(z)| < cyh~omax(I=1.0),

Next, we present a collection of useful lemmas about the action of opera-
tors F}, defined in (12).

LEMMA 4.2. — There exists a constant C' > 0 such that, for all 1 < p < oo,
F}, is bounded from LP to LP :

||Fh||Lp—>Lp <C.

Proof. — The boundedness of x ensures | fil;, < | fll;», where fi = xf.

Thus, the result follows from the classical estimate ||p(hD)||;,_;» < C. O

LEMMA 4.3. — There exist constants ¢c; > 0 and co > 0 such that the commu-

tator
[Fr, Dg,] = Fnlhg, — Dy, Fr

is bounded from L? to L? of norm c1/h and from H*' to L? of norm cy:

c1

h

IEn: Aalll o pe < and  |[[Fp; D)l g2 < co-

We shall use the following
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SCHUR’S LEMMA. — For T a kernel operator,

Tf(z)= y K(z,y)f(y)dy,

if max <sup/ |K(x,y)|dy,sup/ |K(x,y)|d:c> <, then for all1 < p < o0
r JRd y JR4

we have
T:LP(RY) — LP(RY) and ||T||p .10 <ec

Proof of Lemma /.3. — We first prove the L? — L? estimate. We write the
commutator [Fj, Ag,] as a convolution kernel operator

[Fh, Dg,] = % /Rd k1 (l‘, x;y)f(y)dy

by doing integration by parts. We arrange the terms in k; according to the order
of derivatives on p. We estimate the coefficients in L° norm. The coefficients
of p must have two derivatives on x or Gj. The biggest among them is the one
where both derivatives bear on 1/4/det G (y). By Proposition 4.1, this term is
of order h=%(< h™1). All other coefficients of p are bounded. The coefficients
of (1/h)9;p((x — y)/h) have one derivative on G}, or x and thus are bounded.
The coefficient of (1/h?)8;0;p((x —y)/h) is

X(@)(Gy (v) — G} () x ().

It is of order |z — y| and if we denote by

0 (55) = S ool 7)

then (1/h%)p1((z — y)/h) satisfies the conditions from Schur’s lemma. We con-
clude that the L? — L? norm of the commutator is of order h~!.

For the H! — L? estimate we write the commutator as a convolution kernel
operator as

xT

Fr B @) = 33 [ o0 52 w) F

e ol B ) s
Indeed, using the obvious identity 9., (p ((x —y)/h)) = =0y, (p ((x —y)/h)),
we can make an integration by parts and obtain both terms in f(y) and
in Vf(y). We are doing this as follows: if no derivative bears on f but there is
one on p, we proceed to the integration by parts.

Thus, ko(z, (x — y)/h,y) contains no derivative of p and therefore the opera-
tor associated to ko is bounded from L? to L2. As above, we arrange the terms
in ko following the order of derivatives on p. As we have at most one derivative
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that acts on each term, the coefficient of p((z — y)/h) is bounded. As for the
coefficient of (1/h)d;p((x — y)/h), it equals X(z)(G}” (y) — G}’ (z))x(y) and as
above we deduce the boundedness of the commutator from H' to L2. O

As one may not apply two derivatives on G(z), the similar statement for
[F, Ag] only holds for the H! — L? norm, namely

”[Fha AG]”Hl_,Lz <ec.

LEMMA 4.4. — There exists a constant ¢ > 0 such that the operator
Fun(Ag, — Ag) is bounded from H' to L? with norm ch®~1,

||Fh(AGh - AG)HHl_,Lz) < Cha_l.

Proof. — We write Fy,(Ag — Ag, )f as a convolution kernel operator that acts
on Vf. We do a similar analysis of the kernel of F},(Ag, — Ag) with the one
done in the proof of Lemma 4.3. The coefficient of p((z — y)/h) is bounded since
it contains one derivative of G, G}, or x. The coefficient of (1/h)0;p((z — y)/h)
is X(x) (G (y) — G (y))x(y). Let us recall that G, = 1(h*D)G and 1(0) = 1.
Thus,

1Gh = Gl o < ch.

The result follows from Schur’s lemma. O

Let ¢ be a C*° function supported in an innulus such that ¢ = 1 on a
neighborhood of the support of . We define Fj, just like F},, replacing ¢ par
@ (see (12)). We denote by

T, = F,F), — Fy,.

The following lemma states that the action of Fh on Fy and [Fj, Ag,] is close
to identity in LP — LP and L? — L? norm respectively.

LEMMA 4.5. — For all N € N and p > 2, the following inequalities hold:

(14) H[Fh, Ag,| — [Fh,AGh]FhHLzﬂLz < enh?,
(15) IThll oo < enh™.
Proof. — As in the proof of Lemma 4.3 we write

[FthGh]Fhf(x) = % /]Rd ];1 (l',

xr —

y,y)f(y)dy,

where

(e ) = g [ (o ) X0 x e
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Using (D7) = D¢ and basic properties of convolution and Fourier trans-
form, we obtain the identity

(16) /Rdz”p(z)ﬁ(w;y—z)dz:(x;y)wp(mzy).

We shall use identity (16) to show that
(17) 'Igl(x?m;yvy) =k1<x,%,y) +hNRN(xay)7
for all N € N and such that Ry satisfies conditions of Schur’s lemma with a
constant independent of h.

The kernel ki (x, (x —r)/h,7) is a sum of terms as p((x — r)/h)co(x,r) and
(1/h)p1((x — r)/h)cr(z,r), where ¢y and ¢; are factors of G, and x (as well as
their derivatives up to order 2) considered in z or r. Here p;((z — r)/h) can
be either d;p((x — r)/h) or ((x —r)/h)8;0;p((x — r)/h). We perform a Taylor
expansion in r of factors from ¢y and ¢; and express them in z. Thus

No o
co@rn =33 Toﬁ(a:)(x N ) W 4 R o (2, 7).

n=0 |v|=n

Note that Tp. may contain derivatives of G, up to order |y| + 2. There-
fore |To[l ;e < ch™@0FD. The remainder term Rg n,(z,7) is of order
O(h=WNo+2) |z — | No+1) We will use this Taylor expansion in both directions.
First we use it to expand ¢y as a sum. By the change of variable r = x — hz,
identity (16) and the Taylor expansion from the right hand side to the left
hand side, we obtain

i o557 ot (5o

r—Y
= CO(xay)p(T> + Il,No (l’,y) + I2,N0 (x,y)

Here I n,(z,y) denotes the integral with the remainder term from the Taylor

bt = o (5 Yt (2.

We analyze the I n,(z,y) term. For all z,y € R,

1 —
|11,N0(x,y)| < chWNo+1)(1—a)—atd /|p |Z|No+1|ﬁ|(¥ —z)dz.

Thus, Schur’s lemma applies for the kernel Iy n,(z,y) with a constant pro-
portional to A(NotD(I—e)=a+d GQimjilarly, Schur’s lemma applies for I Ny (z,y)
with a constant ch(Not1(—a)—a+d We treat the p; term in a similar manner.

expansion
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As 0 < a <1, for all N € N there exist a Ny such that
(No+1)(1—a)—a>N.
If we denote by
Ry (z,y) = h™ (I N (2,y) + To, N, (z,9) + -+ +)

(the ¢---’ stand for the remainder terms in p;), then Ry satisfies (17).
As WV Ry (z,y) is the kernel of [F},Ag,] — [Fh, Agh]Fh, inequality (14)
follows from Schur’s lemma.

We now pass to the proof of (15). The method is very similar. Using that
XX = X We write FhFh as a kernel operator

FuFf (@) = %00 [ K@ ux)f )3y,

k(z,y) = %/ﬁ(mgr)p(r;y)x(r)dr-

As above, using the change of variable z = y + hz, making a Taylor expansion
of x in y and using identity (16) we conclude that the kernel of FhFh equals the
kernel of Fj, plus some remainder terms. The result follows from the analysis
of the remainder terms and Schur’s lemma as above. O

where

4.3. Construction and estimate of the Ansatz. — We shall construct and estimate
an approximate solution on a bounded open chart. The proof need to be slightly
modified to apply also for a neighborhood of co, but we shall not use it here.
Let us recall the notations for the truncation in space coordinates as introduced
in Section 4.1. We have U € R? a bounded open chart. Let y and ¥ be C™®
functions supported in U such that ¥ = 1 on a neighborhood of the support of

X-
The WKB method consists in searching for an approximate solution of equa-
tion (13) that decomposes as

N
a _ i®(s,z,€)/h i o é &
(18) wiP (s, ) = /R e ;hfag(s,w,f)vo(h) Gnh)i

with ®(0,2,¢) = @ - £, ao(0,2,6) = X(@)p(€) and a;(0,2,€) = 0 for j > 1.
We have denoted by vy = xug. Thus, by the inverse Fourier transform,

wi (0, z) = Fruo(z).

We want wy to be close to the solution of (13). In other words we want to
find 74,y small (in a sense that will be stated further) such that

(19) ihoswy + hQAth%’ =Th N, w?\}’lszo = Fhuo.
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If we introduce formally (18) into the equation (13) we see that ® should
satisfy the following Hamilton-Jacobi equation:

(20) 8,® + G™0,,80,, ® =0, P_g==z-¢

and ag should satisfy the linear transport equation

(21) 0sa0 + Ng, @ - ap + 2Gfl’m8wé<b8zmao =0, ags=0 = X(x)p(&)
while for j > 1, the a; should satisfy the nonhomogeneous transport equation
(we consider iAg, aj_1 as a source term)

(22)  Osaj+ DG, @ - a; + 267" 0,89, a5 = ilg,aj—1, akjs—o = 0.

Note that the functions ® and a; depend on h and this dependence will be
quantified in Proposition 4.8. We recall a transport lemma that will be used
in the following proofs.

LEMMA 4.6. — Let f; : R x R* = R a sequence of bounded C' functions, for
1<¢<d,andb:RxRY >R aC! function such that there exists M > 0
that bounds |b(s)| < M for all s € R. For ug : R? — R the solution u of the
transport equation

Osu + Z feOz,u+bu =0, u)_, = uo,
satisfies

lu(s)ll g < &P o]l o

Under the same assumptions on f; and b and F : R x R? — R, the solution v
of the nonhomogeneous transport equation

0sv + Z feOz,v+bv=F, v _, =vo,
satisfies the estimate

lo() e < e Jlvoll oo + Il [Pl e -

The proof is classical, using the methods of characteristics to transform
the transport equation into a system of ODEs. The second part uses similar
arguments combined with Gronwall Lemma.

PROPOSITION 4.7. — Let R > 0 such that suppyp C B(0, R). Then there exists
¢ >0 and ® € C®([—ch®,ch®] xR x B(0, R)) solution of the Hamilton-Jacobi
equation (20). There exist (a;)jen a sequence of functions in

C>([—ch®, ch®] x R? x B(0, R))

solutions to the transport equations (21) and (22). Moreover, the support of
a;(s, .,&) is included in U (and therefore compact) for all |s| < ch® and
¢ € B(O,R).

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



46 ANTON (R.)

Proof. — We solve the Hamilton-Jacobi equation by the method of character-
istics. For a fixed £ € B(0, R), the symbol of the Hamiltonian is

pla,n) = =Gy (@)
If we denote
¥(s) = (y(s),m(s))
with y(s),n(s) : R — R? then the couple (y(s),n(s)) verifies the Hamiltonian
system given by p(x,n). Moreover, we impose z € R? — y(s,2) € R? to be a
diffeomorphism for all £ € B(0, R) and s € [—S, S]. We conclude by the Cauchy

Lipschitz theorem the local existence and uniqueness of smooth solutions. As
the Hamiltonian is constant on the characteristics, for all s € [—S, 5],

—G™ (y(5,2,€)) ne(s, , ) i (8,3, €) = —Gy™ () Erom.

From the equivalence of the metric G}, and the metric G (see Proposition 4.1),
we deduce the existence of two constants ¢, C' > 0 such that for all s, z,¢

(23) ¢ <|nl(s,z,§) < C.

We have to find a time length S > 0 such that, for all s € [-S,S], the map
r € R?— y(s,x) is a diffeomorphism of RY. We consider the equation veri-
fied by

J(s) = det ((02,ye(5))e,)-

As y(0,z) = = we have J(0) = 1. In order to find the equation verified by J,
we differentiate the characteristic system following x). We obtain

88‘](3) = Z det (8391 Yyouoy 8zk,1ya Bllamky + Bl2aack777 awk+1y7 .. 7835,13/),
k

where By = (=28, G2 (y)Nm)j.r and Bia = (—=2G2" (y));.» are d x d matrices.
We obtain

J(s) = A(B11)J(s) + f(s),
where A(Bj1) denotes the trace of By; and f gathers all the terms that con-
tain 7. From estimate (23) combined with estimates on the regularized metric
we deduce |A(B11)| < ¢. Using Duhamel formula we get

Is| Isl prlsi
|J(S)| > efo ABii(r)dr _/ efr ABll(T)dT|f(,r)|d,r.
0

We are looking for a S > 0 such that, for |s| < S, the right hand side is strictly
positive. We shall start by estimating, for all s € R and = € R?, the force
term f. Applying Gronwall Lemma to the linear system obtained differentiating
the Hamiltonian system following 3, we obtain |f(s)| < cedlsl(eteh™®) 1t
suffices to have |s| < ch® in order to have |f(s)| bounded for all A > 0. Thus, by
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taking S = ch® eventually with a smaller constant ¢ > 0, we get J(s) > 6 >0
for all —S < s < S and therefore = — y(s, ) is a diffeomorphism of R.

By the method of characteristics we know V,®(s,y(s,z,£),&) = n(s,z,&).
Inverting z — y(s, z) for |s| < ch® we obtain the announced properties for ®.
Moreover, from (23) we deduce

(24) c S ||V$‘I)(S7x7§)||[,°° S C

Using ag|,_, = X(7)@(§), the boundedness and the uniformity of the speed of
propagation, we can take the time length S = ch®, with ¢ > 0 being chosen
eventually smaller, such that z — ag(s,z,£) is supported in U for all |s] < S
and ¢ € B(0, R).

Moreover, the equations verified by a;, for j > 1, are nonhomogeneous linear
equations (22) with initial data 0 and source term iAg, a;_1. Consequently,
the support of a; is the same as the support of a;_; for all j > 1. Therefore,
for all j > 0, the support in z of a; is contained in U. O

Thus, for s € [—ch®,ch®] and N € N, we can construct the wy as in (18).
We want to find 7, n such that w} satisfies (19) and moreover to estimate rj,
and wy’. For this we start by estimating the phase ® and the amplitude (a;) en
as well as their derivatives in L*° norm.

PROPOSITION 4.8. — For all j,k € N, k> 1 and 3 € N? there exist constants
Ck.8,Ckp,; > 0 such that functions ® and (a;)jen constructed in Proposition 4.7
satisfy, for all s € [—ch®,ch®], the estimates

(25) [Eogas)| < enghemest20),

(26) HV’;afaj(s)HLm < cp g sh oMb —10)

Moreover, for | > 2,

. ], <o

(27) ()|, <

Proof. — In the proof of Proposition 4.7 we have deduced estimate (25) for

k=1, 8 =0: see (24). Throughout this proof we consider 0 < s < ch®.
For n € N, n > 0, we denote

My (s) = sup [072(t)| e -
[t|<s ’
[v|=n

Thus, estimate (24) reads M;(s) < ¢ for all 0 < s < ch®.

In order to estimate the functions V’;@?@ for k > 2 or || > 1 we find
the equations they verify by differentiating the equation (20) satisfied by ®.
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We get that they satisfy transport equations. We estimate their L>° norm by
the transport Lemma 4.6 combined with induction on the order of derivatives.
Having two parameters, we make first an induction on the order of derivatives
in z, then in £&. But first of all we need to estimate the L* norm of two
derivatives in = of ®, i.e. Ms(s).

For 1 <j,k < dlet V;; = 0;,0,,P. Then V;; verifies the equation
OsVik + fe0z,Vik + Fik =0, V;,(0) =0,
where we denote f, = 2Gi’m6$m<1> and by Fj the terms from
0,00, (G0, 8D, B)

except those that contain a 3-derivative in ®. We can decompose F} ;. following
the order of derivatives as F} ;, = Fy+ Fy + F», where in F), there are n deriva-
tives on Gp,. Combining estimates on Gy, (see Proposition 4.1) with Mi(s) < ¢
we have

”F()”LgcS < CM2(8)27 HFl”LgoS < cMs(s) and ”FZ”LgoS <ch™.
By the transport Lemma 4.6 we obtain ||V} x(s)|l ;e < ¢ || Fj k| - Therefore,

MQ(S) S Cha (h_a + MQ(S) + MQ(S)Q).
We treat this inequation with a bootstrap method. Using that M3(0) = 0 we
obtain Ms(s) < ¢ for all s < ch®.
Similarly, for v € N¢ such that |y| > 3, we denote by

V, = 8]%.

By induction hypothesis M, (s) < ch=e™2x(n=2.0) for all n < |y| — 1. Differen-
tiating the Hamilton-Jacobi equation (20) following 97, we get the transport
equation verified by V,

0.V + 0,V + Fy = 0.

Note that f, = 2G}"™9,,, ® is the same for all 4’s and F,, equals 87 (G} 8, 9, ®)
minus the terms that contain a (|y|+ 1)-derivative in ®. Making a similar anal-
ysis with the one done for Ms(s) we obtain M|, (s) < ch®M|,(s) +ch=2(7=2)

and therefore M,|(s) < ch=e("1=2),
In order to estimate the L° norm of 97 8? ® we introduce

M, x(s)=  sup
lt|<s,

lvl=n,18l=k

Thus, estimate M, (s) < ch™*max(n=2.0) yeads M,, o(s) < ch~@™ax(n=20) for
all m > 1. We make a double induction: we increase k by 1 and make a complete

828§¢(t)HL;O .
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induction on n € N as above. We obtain M, x(s) < ch®M,, 1(s) + ch=*(=2)
and consequently M, x(s) < ch=e(71=2),

Moreover, note that for |3| > 2 we have 9, 8?@(0) =0foralll <j<d
and therefore we obtain estimate (27), which reads M g < ch®.

In a similar way we estimate the derivatives of a; in L® norm. Note that
for j > 1 the functions a; are solutions of nonhomogeneous transport equa-
tions (22) with a source term that equals iAg,a;—1. Thus, when we differen-
tiate equation (22) with respect to x we get some powers of A~ in the source
term. This comes from the frequency where we regularized the metric. And
this loss explains why for bigger j’s we have a bigger loss in the L°*° norm

of Qj. O]
Let us recall that we denote by vg = xug. For N € N define
, d¢
) — hN+2/ z@(s,z,g)/hA ~ h .
( 8) Th,N - € GhCLN'Uo(g/ ) (27Th)d

Then w?} defined in (18) verifies, for s € [—ch® ch®] and x € RY, the
equation

(29) ihoswy + hQAth]a\? =THN, wéll\?|s=0 = Fhuo.
PROPOSITION 4.9. — For a > (14 7r)/(3+ 2r), where r is an integer such
that r > %, the approzimate solution wy constructed above satisfies, for s €

[—ch®, ch®], the following estimate

ap c
(30) [wy ()l e < D2 llvoll 1 -
Proof. — We write wy as a kernel operator
wi(s,2) = [ Kn(s,z,y)vo(y)dy,
Rd
where

N
) _ ) dé'
_ oW(P(s,x,& -£)/h
Kh(57$’y) - / € (®( )8/ ;:0: hjaj(svmaé.) (27Th)d.

Thus in order to control the absolute value of wy (s,z) by the norm |lvgl| ;.
it suffices to control the Li® norm of Kj (s,z,y). The kernel is an oscillatory
integral, whose phase function can be written as

@(s,x,f)—y-f: (m_y)‘f'f's"‘/’(syxaf),

where 1) is the remainder term from the Taylor expansion of ® at first order
1 1
P(s,x,€) = / 8s®(s7,x,£)dr = —/ G (2)0y, ®(5T)Ds,, ®(sT)dr.
0 0
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If we push the expansion to the second order we get

1
(31) P(s,z,€) = —Gi’m(x)fgﬁm + 3/0 (1 —7)0%®(s7)dr.

Setting z = (z — y)/s, we have

N
is(z- s,T j dg
Kn(s) :/e (€0 /S g (s, 2, €) o

§=0
and we are interested in evaluating the L2% norm of Kj. Note that if s/h is

bounded we get immediately that |K}(s)| < ¢/h? < ¢/(s|h|)%2. Thus we can
consider the rapport A = |s|/h to be large. The kernel reads as

IAF(s,z,x,8) al j d§
Kh(s) = e R Zh aj(s,a:,ﬁ) (27Th)d7

§=0

With F(S7 z’ x? f) =z g + w(s’ x? g)'
We want to apply the stationary phase lemma to estimate Kj. This lemma
says that the essential contribution in the integral must come from points where

the phase is stationary (critical nondegenerate points). We shall use the Sta-
tionary Phase Lemma under its simplest form (Lemma 7.7.3 in [14]).

LEMMA (see [14]). — Let A be a real symmetric non-degenerate matriz of di-
mension d X d. Then we have for every integer k > 0 and integer r > %d:

) F(€)eIMAEO g _ (det (%))ﬁTk(A)l

<o ()™ 5 o,

|8|<2k+r

for f € 8 and for Ty(N) = Y725 (2i0) 7 £ (A~1D, D)7 £(0).

(32)

For s,z and z fixed we want to show that the equation 0¢F = 0 has at most
one solution. We write this equation as

€ =2G(z) ! (z + 8/0 (1- 7')85882<I>(3T)d7') .

It suffices to show that the right hand side is contracting (as a function of ¢).
For this we compute its derivative with respect to £. Taking into account that
s = ch® is small, it is enough to show that for || = 2 the expression

2Gh(:r)_1/0 (1-7)0f 92 ®(sT)dr
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is bounded (independently of s,z,2,£). We explicit 02®(s7) using the
Hamilton-Jacobi equation (20) verified by ®. The derivative with respect to
¢ distributes on the terms in ® and by using estimates (25) we conclude the
boundedness of the expression. This implies the uniqueness of the critical
point of F. Let us call it .. The phase F' decomposes as

F(§) = F(&) + 3(02F(£)(€ — &), € — &) + R(¢),
where the last term is the remainder term from the Taylor expansion at order 2
1 —e)
RO=3Y [ rr(s,e6+ 06— €)1 - 0y7a0 EES
yi=3"° T
We recall that
1
F(s,z,£) = z-g—/ Go™ () By, ®(560) D, B(50)d0.
0
Thus, for |[y| = 3, in 9] F at least two derivatives will bear on V,®(sf). By
the refined estimates (27) we conclude that |R(£)| < ch®|€ — &.|3.

We apply the stationary phase lemma for £ =1 and r > %d,
Ajj = 0¢,0e,F(&) and  f(§) = eNFEITRO)g4(s, 2, ¢).

We analyze the quantities that appear in the stationary phase lemma. Here A
is O(h®) close to the regularized metric (see estimate (31)), so [[A7!|
and |det A71| are bounded independently of h. We have Ty (\) = f(&)
bounded, since ag is bounded. The only term we need to estimate in order to

bound |Kp(s,z)| is 37 5<o4r D?fHLZ' The function
e

F(&) = eMTEIH R gy (s, 2,€)
being supported in B(0, R), we have
B 8
|[oes] . <P ..
We explicit Dgf as an,@ Dg(eiA(F(£C)+R(£)))D§ﬁ*na0.

By a simple computation we get that

HDgRH < ch® and HDgaOH <e
L, Llee

Thus, the most important contribution in the sum comes from terms where the
derivative bears on the exponential. Consequently,

HDngLw < cmax (1, ()\h“)‘m).
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From the Stationary Phase Lemma we conclude that

max (1, (AR*) A1)
T ld + c sup T, .
(AR?) 2 1Bl<24+r  hdx2t

(33) |Kh($7x)| <

As Ah2 = |s|h and we are looking to prove |K,(s,z)| < ¢/(|s|h)2?, we want
the second term of the sum to be small in front of the first one. This makes us
to impose the following condition
max (1, (Ah*)*7) <o

X <
for all 0 < h < 1. Let us recall that A = |s|/h is large and |s| < ch®.
Consequently, ch < |s| < ch® and Ah* = |s|h®~ 1.

If1>a> 1 then Ab® < ch?*~! < c. Thus, max(1, (AR*)*™") < c and (34)
holds.

If 0 < o < 3 we have to study the case ch < |s| < ch'™* and the case
ch!=* < |s| < ch®. In the first case Ah* < ¢ and (34) holds as above. In the
second case A\h® > ¢ and therefore condition (34) becomes

max (1, (Ah®)?T7)
A
for all 0 < h < 1. Consequently o > (1 +7)/(3 + 2r).

We deduce from (14 7)/(3+2r) < a < 1 that (34) holds and combined

with estimate (33) this implies | K, (s, z)| < ¢/(]s|h) 2. O

(34)

— |8|1+rh—1—rha(2+r) <ec

PROPOSITION 4.10. — The force term rp, n defined in (28) satisfies, for o and
N € N such that 0 < N(1 — a) + 2 — d and for s € [-ch®,ch®], the estimate

73,8 ()| o gy < kNI F2m0mo= gy
Proof. — From (28) we deduce that

d¢
Il < 0552 ol s ||
Y R4

He (2rh)d

e @Ee )=/ A L (s, 2, €) H

As || fllge < Wiz + 11D° fll 2 and the support in = and £ of ay is compact
(see Proposition 4.7), we get

‘ ei(‘f’*fy)/hAGhaN‘

< C‘
LL(HZ)

@V A L g H
" L%

sl ),
x,§
Note that when differentiating e*(®—¥¢)/ "Ag,an once in z, the biggest contri-

bution comes from differentiating the exponential and it is of order A1, while
all the other terms contribute with at most h=* growth. For ¢ derivatives the
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order of magnitude is A~°. Thus Hei(@_yg)/hAGhaNHH(, < ch~eW+)=o and

this uniformly in s and £. Consequently,

Iy < RO F2mm = g, O

4.4. Strichartz inequality. — Further on, we consider d = 2, 3, as those are the
only dimensions where we hope to get an existence theorem in the energy space
from our Strichartz estimate. In this section we proceed to the proof of the
Strichartz estimate as presented in Section 4.1.

Let us recall the framework as introduced in Section 4.1. We have considered
(Uj,Kj)jes a finite covering with open charts of the manifold M. We have
defined a family of spectral truncations on M:

~ -1 -1
Inf = _Xie(hD) (x; (55 ) f (55 1))k ().
jed
We have generically denoted by Fj}, a spectral truncation on functions of R?,
corresponding to one component of the partition of unity

Frnf(y) = X(y)e(hD)(xf)(y)-

In Section 4.3 we have constructed w3 by the WKB method. This function
verifies the Schrédinger equation for the regularized metric, with a small source
term and initial data Fjuo (19). From Proposition 4.7 we deduce w}’ and rj, n
are localized in the open chart corresponding to x.

We resume the previous section in a lemma asserting that the function w}y
constructed in (18) is close to e"*~¢n Fjug in L norm. Moreover, wP being
localized in an open chart we can extend it to a function on the whole manifold.
Thus, from the dispersive estimate on the approximate solution w’y in Propo-
sition 4.9 we deduce a dispersive estimate for e"26n Jpug on a small interval
of time (of length ch!t®).

LEMMA 4.11. — There exists a function R y : [-ch'*t® ch1te] x R — C
such that
86 Fpug(z) = wiP (t/h, z) + Ry n(t, )
and if we denote by vg = xug, then for all [t| < ch'T®
1B ()]l e < nN D7 g

Proof. — The function w¥ was constructed such that it satisfies equation (19).

By the Duhamel formula applied to equation (19), the following holds for all
s € [—ch®, ch®:

S
ehs86n Fug = wif — ih_l/ ehs=m86np, v (1)dT.
0
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For t € [—ch!*® ch'T®], we denote by
t
Ry n(t,x) = —ih_Q/ e t=O86np, N (€/h, z)dE.
0

Using the change of variable h™ = £ we conclude the first identity holds.

Let us estimate

t
IR @z <7 [ ]

Using the Sobolev imbedding H? C L*°, as 2 > %d, we have to estimate the
H?2 norm of ¢!*=9%6ny), n(¢/h). For this we need to commute A with e?*46n.
We use the following elliptic regularity lemma (see e.g. [11])

ei(t—@)AGhrMN(f/h)HLoo ae.

LEMMA. — For all u € L*(R?) such that Ng,u € L?*(R?) we know that
u € H2(R?) and the following estimate holds:

(35) lull g2 < e(llull 2 + Qg ullg2) < cllullg -

Consequently,

t
1Rl < e [ |
’ 0

e =086y, N (£/h) HLz

+|

eit=0Aq,, AGhTh,N(e/h)HH at.

Using the conservation of the L? norm by the flow €'*”¢» and the second
inequality from (35), we obtain

t
| R (Dll e < ch™ / I (€/B)] 5 8-

Thus, using the estimate of the remainder term r, y seen in Proposition 4.10
for 0 = 2 and |t| < ch!*® the result follows. O

PROPOSITION 4.12. — For all ug € L*(M) there exists constants C > 0 and
¢ > 0 such that, for all t € [—ch'™®, ch'*?], the following dispersive estimate
holds

. C
36 ‘ et A6 Jhu H < U, .
(36) h 0L;°_|t|%d [[uoll s
Proof. — Let us recall that in local coordinates Jj, is a sum of truncations F}, ;

corresponding to ;. From Lemma 4.11 and the semiclassical dispersive esti-
mate (30) we obtain

|
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As Y iegx; = 1and 0 < x; < 1, we can sum both left and right side terms.
We obtain

For 0 < oo < 1, we can find N € N such that N(1 —a) —1 —d > 0. Therefore,
the second term is absorbed by the first one and the result follows. O

Cc

luoll 1 + AN =07 g1

eitAGhJ u H <
Ol = e

Having a dispersive estimate L' — L we obtain the following spectrally
truncated Strichartz estimate (as well as its adjoint form).

PROPOSITION 4.13. — For all couples (p, q) which are admissible in dimension
d and I}, an interval of time such that |I,| = ch!™®, we have

< clluoll 2

(37) ‘ Le(I,,La(M)) —

Jre'tBeny, ‘

(39) |

/ etAon J, F(t, x)dt
Iy

< cllFll o, ooy -
L2

Proof. — This is quite a straightforward result from the following TT™ method
(which was optimized by Keel and Tao [16] for the endpoint case).

LEMMA. — A parametrized family of operators U(t) : L? — L? that obeys, for
all t, the energy estimate

U@ Fl < ellfle

and the decay estimate

IU@OU" () fll e <

= Jt— 8|3

c

1£12y

satisfies, for all admissible pairs (p,q), (p1,q1) in dimension d, the estimates

0@ iz < B@ISlLe . | [ V"GP

< By(q) ||F||LfLZ .
L2

We consider the operator Uy, (t) = J; e*». Thus
Un(t)U; (s)ug = J; e F=986n ] ug.

We use the boundedness of J; on L spaces for all 1 < p < oo (see Lemma 4.3)
to conclude from inequality (36) that U, satisfies the decay estimate as re-

quested by the TT* method. O
REMARK. — Let us suppose that in estimate (37) we have e'*~¢ instead
of e*2cn . Still, we could not sum over all frequencies as on the left side

there is a term that does not depend on the frequency.
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In the following we deduce an Strichartz inequality that will sum on all
frequencies. Let ¢ be as in (5) and @ supported on an annulus such that
® = 1 on an open neighborhood of the range of V,® near the support of ag.
From (24) we know ¢ < |V, ®(s,xz,&)| < C. Moreover, as V,®(0,z,£) = £ for
& € supp(yp), we conclude that ¢ = 1 on the support of . Let

Ty = ZX; o(hD)X;-
PROPOSITION 4.14. — For all ug € L*(M) there erists
Ry : [-ch't®, ch't?] x RY — C
such that for all [t| < ch*+®
(39) Jretthon Jyug(x) = €26 Jyug(x) + Ry (t, ),
and for all No > 0 we can choose N such that | Ry (t)|| e < b [Jugl|,:-

Note that this proposition states the localization of the flow at the same
frequency as the initial data on a time scale h'te,

Proof. — Let us recall that
j;: eitAGh JhUO = Z f":;h eitAGh FgwhuO.
jled
We pass into semiclassical coordinates by setting ¢ = hs and use the WKB

approximation (as resumed by Lemma 4.11) to express

Fﬁkh eihSAGh Fth'LL() (ZL’)

— i@z [ () R0 R 60) + Ra (s, ) .

We make the change of variable y = & — hz. We denote by an n(s,z,§) the
sum Zszl ar(s,z,€), the amplitude of the WKB Ansatz. We make a Taylor
expansion in z following hz. Thus, the main part of F, ethstan Fy pug(x) reads
X 4(3;)/ p(2)X;(z) eli/M2(5,:2.8) o —12:Va®(s,:2.8) ~(s,z,&)dy (é) dz _de

J R4 xRd J ’ h (271'h)d
Using that [, p(z)e” Va2 dy = F(V,®)(s,z,£) and the hypothesis
?(Vy®) = 1, we obtain that it equals x;(z)wy (s,z). We apply again
Lemma4.11 and get that

Fr 860 Fy pug(a) = x;(z) € 26n Fypuo(z) + x;(2) Ri,v (hs, z).

s

Moreover, for || > 1 we have
/ 2Pp(z) e V2528 4z = (8PF)(V,®)(s, x,€) = 0.
Rd
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Thus, we get that all the terms from the Taylor and WKB expansion are null,
except those containing some remainder terms.

We denote by Ry the sum of the remainders from WKB approximation and
Taylor expansions. Both kinds of remainders contain a sufficiently large power
of h to be treated as in Proposition 4.10 and Lemma 4.11. O

From Proposition 4.14 we can easily deduce a Strichartz estimate similar
to (37) that would sum over all frequencies. Nevertheless, estimating the dif-
ference (e't2¢n — e12G) Jyug in the LP(I},, L9(M)) norm turns out to be a
difficult task, as we know very little on e*~¢. We prefer to estimate the
LP(I,, LY(M)) norm of J; (e't26n — eit26)y,. In view of this, we deduce from
Proposition 4.14, the following result.

PROPOSITION 4.15. — For ug € H(M) and (p,q) an admissible pair in di-
mension d = 2 or 3, the following holds, for |I;,| = ch**?,

(40) < chfluoll g -

Le(In,Le(M)) —

Jyeltoen uo‘

Proof. — We use an adjoint argumentation. Let F € L¥’ (Ip, Lq/). Then

<J;: eithay, ug, F(t, x)>Lf(Lg),Lf/(Lg/) = <u0,/l e~ tha,y, Jh‘F(t7 x)dt>
: Y L2

We apply (39) for ug = F(t,-) and thus the previous expression equals

<jhu0, / e_”AGthF(t,x)dt> +<u0, RN(F(t,x))dt>
I;L Li Ih

Using the Strichartz inequality under its adjoint form (38) and the estimates
on Ry from (39), we obtain

‘<J,: ethenyy, F(t, x)>

L3

< HjhUoHL2 NN Lo oy

Ly (LY),LY (L) L:
+ b luoll 2 - I1F |l o (o

and the result follows from HjhuOHLZ < ch||uol| g1- O

Note that estimate (40) sums for h = 27% k € N. As we are looking for a
Strichartz inequality for e?*~¢ | before summing, we will estimate the LP(I},, L?)
norm of the difference

(41) R(t)ug = J; e''P6nug — Jj etoC .

We have already introduced the notation J; = j,’; Jy + T}y, in Lemma 4.5 and
estimated ||Th|;,_,;» < cnh™. We use it here in order to write

(42) R(t) = JFR(t) + Tp(etPnug — P uy).
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PROPOSITION 4.16. — The operator R(t)u defined in (11) satisfies, for all
admissible pairs (p,q) and |I| = ch't®, to

(43) IR @)l Lo 1, zocary) < b ol -

Proof. — We bound the last term from (42) using estimate (15) and the
Sobolev imbedding H! C L4, for 2 < q < 2d/(d—2) (strict inequality
for d = 2):

HTh(eitAGh ug — e’itAGuo)‘

L2 < ch? ) ey — e”AGuoHLi < ch?|lugl| g -

Consequently,

HTh(e“AGhuO _ eithay, )‘ < chZH+)/p |

Le(Iy,La(M)) —

|uoll g1 -

By a simple computation one can see that R(t)ug verifies the equation
(i0y + Ag, ) R()ug = [Ag,,, JF](eH46n — eithe )y,

(44) +J; (LG — Ag,) etBC g,

By the Duhamel formula we get that R(t)up equals

/t G=DBG NG | T¥| (7B — TG )ygdr
0

N /Ot =186, J*(Ag — Ag, )™ G ugdr .
We decompose J; R(t) = I + I, where

L= / et A, Ji) (€78 — &7 Jugdr
and 0 .
I = / Jret=nlen I (Ag — Ag, ) e Cugdr.

We apply the Minkov(s)/ski inequality (as p > 2) as follows

111 ||LP(Ih,Lq(M))

T
< /
0

T
o T I
0

17—§th ei(t—‘l’)AGh [AGh , JZ](eiTAGh _ eiTAG)uo)

Lp(In,Le(M))

where we have used the Strichartz estimate (37), Lemma 4.3 and the H' con-
servation law of both e*#¢ and e'*~¢cn.

Similarly, we estimate ||12[| 1, (7, ra(ary) < ch®® ||ug|| 1 using Lemma 4.4.
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For (14 r)/(3+2r) < a < 1 (see Prop. 4.9), the minimum of 2+ (1 + «a)/p,
1+ o and 2« is 2« and the result follows. O

We are now ready to deduce a Strichartz inequality of the spectrally trun-
cated flow on a small time interval.

PROPOSITION 4.17. — For ¢ a C* function supported in an annulus and
ug € H', for each admissible pair (p,q) in dimension d = 2 or 3 and for each
interval of time I, |I| = h'T%, the following Strichartz inequality holds

(45) |

Moreover, for M flat outside a compact set, estimate (45) also holds for

< hmin(1,2a) )
Lo(tn,Lare) ol

Jy et PGy, ‘

Jh,oo = Jh + Fl,oo + F2,o<>-

Proof. — Combining the estimate on the remainder term (43) with the
Strichartz inequality of the spectrally truncated flow for the regularized metric
(40) we get (45).

For the case M exterior of a compact set, let v(t,z) = Fy ettPey,, where Fioo
is defined by (9). Then v satisfies

. itA
100 + Av = [A, Fole"" " Cug,  v),_, = Foouo,

the Schrédinger equation with standard Laplacian on R?. Therefore, we can
apply the classical Strichartz inequality to the Duhamel formula

t
v(t,z) = e Foug —|—/ ei(t_s)A[A,Fm]eiSAGuodT.
0

Note that [A, F.] is a bounded H! to L? operator. Thus, we obtain

< ch ||uo| g1 -

o e
( 6) 00 € Uo Lo (In, La(ReY)

Note that this estimate is also true on an interval of time of length ch, but the
estimate on Iy, |I| = ch'T%, is all we need. O

REMARK. — In the following we shall use Proposition 4.17 to obtain the
Strichartz inequality for e'*Sug on M. For M flat outside a compact set
one needs to replace Jy by Ji -

We want to have similar results on a fixed time interval. Knowing the
conservation of the H' norm by the flow e**2¢, one can sum the results on
small intervals adjacent to each other.
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PROPOSITION 4.18. — For ¢ a C* function supported in an annulus and
ug € HY, for (p,q) an admissible pair, the following inequality holds

47 HJ* itAg ) < h'y—(1+a)/p ,
0 el o Laey = ol
where v = min(1, 2a).
Proof. — We write the interval [0,1] as an union of intervals
[0,1] = U Ifl;a
teL

where If = [tg, te41], 0 < top1 —t < ch!t® and #L = ch~17%. Thus, on each
interval If, inequality (45) holds

H J}t eitAGuO)

< ch” ’
Lp(If,L9(R%))

elteAG’LL()H .
H

We can sum the p-th power of those inequalities. Using the conservation of
the H' norm by the flow e*~¢, we get

2|

LeL

, P
ity Ag < hflfa p
€ UOHH1 >c llwoll 7 -
Consequently,

HJ;: eltAGu ‘

v 1/p
— J* itAa ‘
Ol 2o 0,11, La ) <Z£H Re O 1t pagray)

< chY—(+a)/p ||U0||H1 )

O

Having a Strichartz inequality for the spectrally truncated flow J elthay,
on a fixed time interval, we take the sum for h = 27% for k& € N of those
inequalities. Let ¢y and ¢ be like in (5).

REMARK. — One way of summing is to apply the triangle inequality to (8)
in order to estimate the LP(I,L9) norm of the flow e'!~¢u, using the esti-
mate (47)

|

eitAG

< oo
Lp(I,L9(M))

’U,()‘
Le(I,L1(M))

+ Z HJ27I€ e“AGuO‘

< cluoll g + Y 27 FOTOFO D g 1 < cluol| g -
keN

Lr(I,L9(M))
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For summing the terms in the right hand side we used v — (1 + «a)/p > 0,
which is always true. Doing so we did not gain with respect to Sobolev imbed-
dings. In fact, using the admissibility condition 2/p + d/q = d/2, the Sobolev
imbedding H?/P(M) — L(M) holds and we can trivially obtain

‘ eithay, H < c‘ eitAGuOH
Leo(I,H2/P)
Having an H' norm of ug in the right hand side term we try to improve the
way of summing on the left hand side. We denote by W?9(M) the domain of
(1—=A)=7/2in LI(M)

W = {f e LI st (1-N)2feL

endowed with the norm

< c¢luollg -

eitAG ‘

< c‘
Le(I,L9(M)) ~

Leo(I,HY)

1 llwea = || 2= 2)772]
Let € > 0 be a small parameter such that if we denote by
1+a
p
we have o(a) > 0. Note that 0 < a < 1 and v = min(1,2a) imply
0<o(a) <l
We bound the LP(I,W?(®)4) norm of the flow e!*~¢ by the H' norm of

the initial data for all (1 +7)/(3+ 2r) < o < 1 and then prove that the best

estimate is obtained for oo = %

La’

o(a) =~

PROPOSITION 4.19. — Let I be a finite time interval and (p,q) an admissible
pair in dimension d. Then for all € > 0 small, there exists a constant ¢ > 0

such that for all ug € H'(M) the following holds
(48) |

<c
Le(I,wi=3/2p=<.a(M))

ithay, ‘

e ”uO”Hl(M) :
Proof. — Let € > 0 such that o(a) =y — (1+ «)/p — € > 0. As above, using
(5), we have
1F o < 1T0fllza + D 2% 1To-r fll o -
keN
From estimates (47), we obtain

eltAGu ‘

< s

Lr(I,Wo:a) Lr(I,L1(M))

+ E 2ko’ JQ—k eitAGuO‘
keN

< clluollg + Y 27 fluoll < ¢ luollg -
keN

Lr(I,Le(M))
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Having a fixed norm ||ug|| ;1 on the right hand side, we want to find the best
norm on the left hand side. As we have seen, we have the estimate with o =0
for free. Thus, we want to find the largest o > 0 that satisfies. We analyze
the function o(a) = min(1,20) — (1+a)/p — € for o € [2,1). Let us recall
that the inferior bound comes from Proposition 4.9 (a > (1+7)/(3 + 2r))
applied tor =2 > %d. As o(a) increases for a < % and decreases for a < %,
we obtain that the function o(«) takes its maximal value for « = % and it
equals 1 — 3/2p —e. O

We are now ready to deduce the result of Theorem 1.1.

Proof of Theorem 1.1. — From the elliptic regularity of Ag (as in esti-

mate (35)) we know H(l - A)%UOHL ~ H(l - Ag)%’ll,()HL . Using the complex
q q

interpolation method we obtain it for fractional powers %a for 0 < o < 1.

Consequently,
H(l _ A)%uf(:z/zp)fe)u()H ~ H(l _ AGﬁ(lf(smp)fe)uO’
L4

La’

This can also be read as follows: for all ug € W'—(3/2P)=¢.4 there exists f € L?
such that ug = (1 — Ag)~2(1=(/20)=9 f  We introduce it into estimate (48)
and using that €'*2¢ commutes with (1 — Ag)~2(1=(/22)=9) we obtain

eltAG ‘

<
Lr(I,L9(M)) — cllfll garzpse -

O

In order to control the nonlinear term in the proof of the local existence (see
Theorem 2.1) we have assumed and used the L? (L) norm estimate of the flow
(Corollary 1.3). We deduce it from estimate (48) using the Sobolev imbeddings.
Those state that for o, ¢ and d such that og > d we have W9(M) — L*(M).
We want to find in which dimension we can deduce the control of the LP (L)
norm. We combine the admissibility condition d/q = d/2 — 2/p, (p,q,d) #
(2,00,2) with the Sobolev condition for ¢ = 1 — 3/2p — e. This yields the
condition

3 d 2
(49) 1—%—€>§—5'
Consequently, d < 2 and this proves corollary 1.3. For d = 3 the Strichartz
inequality (2) does not give us control of the LP(L°) norm.

To our knowledge, in the case of domains of R3, a local existence result
in H', for instance for a cubic nonlinearity (8 = 2), remains an open problem.
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