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ON TOPOLOGICAL RIGIDITY OF PROJECTIVE
FOLIATIONS
BY A. LiNs NETO, P. SAD, B. SCARDUA (¥)

ABSTRACT. — Let us denote by X (n) the space of degree n € N foliations of the
complex projective plane CP(2) which leave invariant the line at infinity. We prove
that for each n > 2 there exists an open dense subset Rig(n) C X(n) such that
any topologically trivial analytic deformation {F:}icp of an element Fy € Rig(n),
with 7t € X(n), for all t € D, is analytically trivial. This is an improvement of a
remarkable result of Ilyashenko. Other generalizations of these results are given as well
as a description of the class of nonrigid foliations.

RESUME. — SUR LA RIGIDITE TOPOLOGIQUE DES FEUILLETAGES PROJECTIFS.
Nous désignons par X(n) I'espace des feuilletages de degré n € N du plan projectif
complexe qui laissent invariante la droite de 'infini. Nous démontrons que, pour chaque
n > 2, il existe un sous-ensemble ouvert et dense Rig(n) C X(n) tel que toute
déformation analytique et topologiquement triviale {F }+cp d’un élément Fy € Rig(n),
avec F; € X(n) pour tout t € D, est analytiquement triviale. Cela améliore un résultat
remarquable de Ilyashenko. On donne aussi d’autres généralisations de ces résultats
ainsi qu’une description de la classe des feuilletages non rigides.

Introduction

Let Fol(M) denote the set of singular (holomorphic) foliations on a
complex manifold M. An analytic deformation of F is an analytic family
{Fi}tey of foliations on M, with parameters on an analytic space Y, such
that there exists a point o € Y with Fy = F. For reasons of simplicity we
will only consider deformations where the germ of analytic space (Y,0)
is (D, 0) where D C C is the unitary disk and 0 € C is the origin.
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A topological equivalence (resp. analytical equivalence) between two
foliations F, F; is a homeomorphism (resp. biholomorphism) ¢ : M — M,
which takes leaves of F onto leaves of Fj, and such that ¢(sing F) =
sing F1. The deformation {F;}iep is topologically trivial (resp. analyti-
cally trivial) if there exists a continuous map (resp. holomorphic map)
¢: M xD — M, such that each map ¢, : M — M is a topological equi-
valence (respectively an analytical equivalence) between F; and Fg.

Let C C Fol(M) be a class of foliations on M ; {F; }+ep is a deformation
in the class C, when F; € C, for all t € D. A holomorphic foliation F € C
will be called topologically rigid in the class C if any topologically trivial
deformation in the class C is analytically trivial.

We denote by F(n) the class of foliations of degree n € N of CP(2)
(see [8]). Let us fix an affine space C? C CP(2) and denote by X(n), the
space of foliations of F(n) which leave invariant the line at the infinity
Lo, = CP(2)\C?. A well-known theorem of Y.Ilyashenko establishes
topological rigidity for a residual class of foliations on the 2-dimensional
complex projective space CP(2), leaving invariant a fixed projective line.

THEOREM (see [14], [5], [9]). — For any n > 2 there exists a residual
subset I(n) C X(n) whose elements are topologically rigid foliations in the
class X(n).

In this paper we find an open and dense subset of X (n) of topologically
rigid foliations. In fact, we will work with a weaker notion of trivial
deformation. Instead of following continuously all the leaves of a foliation
along the deformation, our idea is to follow only the leaves in some
subset as small as possible, invariant under topological equivalence, and
see if this control implies analytical triviality. Our choice here is the set
of separatrices of the foliation, and the useful A-lemma from Complex
Analysis permits in general to follow all leaves in its closure. On the other
hand, it can be shown that foliations which belong to a certain open
and dense subset of X'(n) have dense separatrices; these foliations will
ultimately have only analytically trivial deformations.

To be more precise, let us denote by S; C M, the set of separatrices of
each foliation F;. The deformation {F: }iep is s-trivial, when there exists a
continuous family of maps ¢; : Sy — M, t € D such that ¢q is the inclusion
map, ¢:(So) = St, and ¢, is a continuous injective map from Sy into M.
By continuity we mean that we have fixed a metric d in M (compatible
with the topology of M), such that for any compact set K C M it holds

pél}(%xso{d(@(l?),@o(il’))} — 0 as ¢ —t.
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TOPOLOGICAL RIGIDITY OF PROJECTIVE FOLIATIONS 383

We have in mind the cases M = CP(2) and M = C2. We introduce the
following terminology :

DEeFINITION 1. — Let C C Fol(M) and F € C. Then F is s-rigid in
the class C, when any s-trivial deformation in the class C is analytically
trivial.

We remark that a topologically trivial deformation is also a s-trivial
one. Our main result for CP(2) can be stated as follows :

THEOREM 1.1. — For each n > 2, X(n) contains an open dense subset
Rig(n) such that any foliation in this set is s-rigid in the class X(n).

In particular, the foliations in Rig(n) are topologically rigid. These
foliations are essentially characterized by the properties :

(i) Lo is the only algebraic solution of the foliation;
(ii) the singularities at Lo, are hyperbolic.

Now we state the corresponding result for C2 :

THEOREM 1.2. — For n > 2, any deformation in Rig(n) which is s-
trivial in C? is analytically trivial in CP(2).

As a consequence we have that : any deformation in Rig(n) which is
topologically trivial in C? is analytically trivial in CP(2). This answers to
a question motivated by the rigidity result of [14].

A similar situation occurs in [11], where deformations of germs of
certain singular foliations are considered : along the divisor introduced
after desingularization the deformation is not topologically rigid a priori.

The reader may think of topological triviality instead of s-triviality in
Theorems 1.1 and 1.2; we prefer to work with s-triviality to single out
basic features of the foliations involved.

Although we do not describe the non s-rigid foliations, we are able to
give some information about the non topologically rigid foliations. Let us
denote by Fol(M, S) the subspace of Fol(M) of foliations which leave the
compact analytic curve S C M invariant.

THEOREM 2.1. — Let S C CP(2) be an irreducible algebraic curve and
F € Fol(CP(2),S5) be a foliation which satisfies :
(i) the singularities of F along S are hyperbolic.
(ii) any singularity of F has ezactly two local transverse separatrices.
If F is non rigid in the class Fol(CP(2),S) then F is defined by a
logarithmic 1-form (Darbouz foliation).

As in [13] we may obtain examples of non rigid Darboux foliations.
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384 A.LINS NETO, P. SAD, B. SCARDUA

THEOREM 2.2. — Let M be a projective surface with a very ample
irreducible algebraic curve S C M. Let F € Fol(M,S) be a foliation
with hyperbolic singularities along S and given by a holomorphic map
of linear bundles o : L — TM, where L is a linear bundle such that
HY(M,Op (L)) = 0. Choose a rational 1-form w which defines F on M.
Then, either F is topologically rigid in the class Fol(M, S) or F admits a
Liouvillian first integral of the form F = [ w/H , where H = exp [ n for
some closed meromorphic 1-form n with simple poles on M.

When M is simply-connected, Theorem 2.2 can be completed by a
description of the foliations which admit a Liouvillian first integral : they
are defined by closed rational 1-forms or by rational pull-backs of Riccati
equations

(R) p(z)dy — (y®a(z) + yb(z))dz =0

on C x C, where S corresponds to (y = 0) (see [2]).

As a matter of fact, Theorem 2.1 is a particular case of Theorem 2.2 :
conditions (i) and (ii) in its statement prohibit the presence of dicritical
singularities, which appear in pull-backs of Riccati equations (when not
of Darboux type).

In order to make clearer the proofs of these two theorems, we explain
in § 5 how to get a topological rigidity theorem for foliations in Fol(M, .S),
where M is a projective surface and S C M is an irreducible algebraic
curve. We point out that some of the steps used to prove such a rigidity
theorem are well-known from several authors (6], [10], [11], [12], [14],
[16], [19].

We are grateful to the referee for many valuable observations, including
a correction in the end of the proof of Theorem 4.

1. Preliminaries

A foliation F € X(n) can be described in C? by a polynomial vector
field

0 0

where P(z,y) and Q(z,y) are polynomials of degree < m, with some of
the components of degree n, and without common factors (see [8]).

Let ¢ € U be an isolated singularity of a foliation F defined on an
open subset U C C2%. We say that ¢ is nondegenerate if there exists a
holomorphic vector field X tangent to F in a neighborhood of g, such
that DX (q) is nonsingular. In particular ¢ is an isolated singularity of X.

TOME 126 — 1998 — ~° 3



TOPOLOGICAL RIGIDITY OF PROJECTIVE FOLIATIONS 385

Let ¢ be a nondegenerate singularity of F, the characteristic numbers
of q are the quotients A and A~! of the eigenvalues of DX (q), which do
not depend on the vector field X chosen as above. If A ¢ Q4 then F
exhibits exactly two (smooth and transverse) local separatrices (see [5] for
a definition) at g say, S;' and S, which are tangent to the characteristic
directions of a vector field X as above, and with eigenvalues )\;]" and A,
respectively. The characteristic numbers of these local separatrices are
given by

A oM
I(F,5;) =5 I(F5)) =%
q q

The singularity is hyperbolic if the characteristic numbers are nonreal. We
introduce the following spaces of foliations :

S(n) = {F € F(n)/ the singularities of F are nondegenerate},

T(n) = {F € S(n) / any characteristic number X of F
satisfies A € C\Q4 },
A(n) =T(n) N X(n).
It is well-known that T'(n) contains an open and dense subset of F(n)
(see [8]).
The first step of the proof of Theorem 1.1 is to use the following
theorem :
THEOREM 3. — The space A(n) contains an open dense subset My(n),
such that if F € My(n) then :
(i) Lo is the only algebraic solution of F.
(ii) The holonomy group of the leaf Lo\ sing F is non solvable.
(iii) sing F N Lo, consists of hyperbolic singularities.
Then we adapt the ideas of [14] to our situation. In the proof of
Theorems 2.1 and 2.2 we must consider the case where the holonomy
group of the leaf S'\ sing F is solvable. The following result is a particular

case of a more general situation studied in [2] and plays an important
role :

THEOREM. — Let F be a foliation on a projective surface M and S C M
be a very ample irreducible algebraic curve invariant by F. Assume that
the singularities of F in S are hyperbolic and that the holonomy group of S
is solvable. Then, given a rational 1-form w which defines F in M, there
exists a closed rational 1-form n with simple poles in M, which satisfies

dw=nAw.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



386 A.LINS NETO, P. SAD, B. SCARDUA

2. Proof of Theorem 3
In this section we prove Theorem 3. We begin with a preliminar result :

ProposITION 1. — Let Fy € S(n). Then
#singFo=n?+n+1=N(n)=N.

Moreover if sing(Fo) = {p,...,pX} where p? # pY if i # j, then there are
connected neighborhoods U; 3 p;, pairwise disjoint, and holomorphic maps
@ :U C S(n) — Uj, where U > Fqy is an open neighborhood, such that for
F e U, sing(F)NU; = p;(F) is a nondegenerate singularity. Moreover,
if Fo € T(n) then the two local separatrices as well as their associated
eigenvalues depend analytically on F. In particular S(n) is open in F(n).

This result is proved in [5] as a consequence of the Implicit Function
Theorem for holomorphic mappings. We remark that

FeAn) = #(singF N L) =n+1and #(sing F N C?) =n?.

Let us make a definition :

Let F € A(n). We enumerate singF = {py,...,pn} in such a way
that {p1,...,pn2} C C? and p; € Le for all j > n? + 1. We also
enumerate the local separatrices of the singularity p; as Sf and Sj_ for

all j € {1,...,n2} and denote by S? the separatrix of p; transverse to L
for all i € {n? +1,..., N}. We denote by

I(F,Sf), I(F,S7)

the characteristic numbers associated to the local separatrices S;", S; res-
pectively. Let us choose a neighborhood U of F in F(n) as in Proposition 1
above, in such a way that U > F — I(]-'l,S;r) and U 3 Fy = I(F1,S})
are holomorphic maps. We denote

S(F)={S},5;,8) |ie{1,...,n*}, ie{n®*+1,...,N}}

and also denote

S(Flan = {S},5; |5 €{1,...,n°}}.

J

DEFINITION 2. — A configuration is a subset C C S(F). The configu-
ration C'is finite if we have C C Sg,. Given a configuration C' we define

I(F,C)= Y I(F,S5)+ > I(F,87)+Y I(F,S).

Sfec s;ecC SYecC

TOME 126 — 1998 — ~n° 3
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If C = 0 then we define I(F,C) = 0. If S ¢ CP(2) is an invariant
irreducible algebraic curve then we define the configuration of S as the
configuration C(S) defined by the local separatrices of F contained in S,
and put I(F,S) = I(F,C(S)).

Let C be a configuration. Then we can split C in three parts
C=AUBUK,

where
K ={S)ecC},
A={Sj€C|SJ-‘§ZC}U{S’]-'eClS;'géC},
B:{SjeC’lS{GC}U{SJTGCIS;'GC}.

We also write

a=a(C)=#4, f=p(C)=#B, k=kC)=4#K.

In what follows we will consider configurations C satisfying the follo-
wing properties :

(a) k=#K >1,

(b) C # S(F).

ProposITION. 2. — Let F € A(n) be as above, and let S # Lo, an
irreducible invariant algebraic curve. Write C(S) = AU B U K as above.
Then C(S) satisfies properties (a), (b) and the following :

(c) I(F,C(S)) =k -pB>1.

Proof. — Part (a) follows from Bezout’s Theorem.
In order to prove (c) we recall [8] where it is shown that

0 < I(F,S) =3k — X(5)
where X (5) is the Euler characteristic of the normalization S of the

curve S. Since S has only nodal singularities, which correspond to local
separatrices in B which meet transversely, it follows from the Hurwitz

formula that - 1)(k — 2 .
X =22 By )
so that I(F,C(9)) = k? — 3.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



388 A.LINS NETO, P. SAD, B. SCARDUA

Now we prove (b) : If C(S) = S(F) then k = n+ 1,3 = 2n?, so that
by (c) we have

I(F,C(8)) = (n+1)*>—2n® = —n* 4+ 2n + 1.

Therefore, I(F,C(S)) =1if n =2, and I(F,C(S)) < 0if n > 3. On the
other hand, in [8] it is proved that if I(F,C(S)) =1 then S is a straight
line, which is not possible if C(S) = S(F). []

DeriniTION 3. — Let n € N, we define the subset

M(n) = {F € A(n) | for all configuration C' C S(F),
such that k(C) > 1 and C # S(F)
we have I(F,C) # k(C)? — B(O)}.

REMARKS.

(1) f n > 2 and F € M(n) then F admits no irreducible algebraic
invariant curve S # L

(2) M(n) is open in A(n).

(3) M(1) =
(4) A(n) \ M(n) is an analytic subset of A(n), because it is defined
(locally) by a finite number of equations of the form I(F,C) = k? — §3.

We prove the following result :
THEOREM 4. — M (n) is dense in A(n) if n > 2.

Proof. — Since A(n)\ M(n) is an analytic subset of A(n), it suffices to
prove that M(n) # 0 (see also [8]). Given n > 2 and b € C, we consider
the foliation

F(b) : (apz — y™ + bx™)dy — (y — 2™ + byz" " ')dz =0

(1+ a)?
(n? —1)a

ag=-1—¢+ T2€+\/a BV?2,
LI 725_\/ _

ag

where ag is a root of = —2+ /2. We take

where a = 3¢ 4+ 2/, 8 = ¢+ ¢ and ¢ = n? — 1. Notice that ap < 0. It is
enough to prove the following lemma, :

TOME 126 — 1998 — ~n° 3
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LEmMMA 1. — There exists € > 0, such that for an open dense subset
AC{beC|0< b <€} we havebe A= F(b) € M(n).
Proof. — Let us fix the following notation : given any configuration
C C S(F (b)) we put
I(F(5),C) = Io(b).
The configuration C' = C(F(b)) = C(b) depends continuously on b if we
choose b in such a way that F(b) is as in Proposition 1, and in this case

I (b) depends holomorphically on b. Thus it is enough to show that for any
configuration C satisfying properties (a) and (b) we have Ic(b) # k? — .

Cramm 1. — Let C C San be a finite configuration. Then Ic(0) € Z if
and only if either C =0 and Ic(0) =0, or C = Sgy, and Ic(0) = —2n2.

Proof. — Let C' C San be such that I(0) € Z. For b = 0 we have the
following differential equation :

F(0) E=ar—y", y=y-—a"

The singularities in C? are given by :
(1) (0,0) which has characteristic numbers ag, ag *.
(2) The other singularities are given by y™ = aox and y = z", that

is, y”2_1 = a?, so that we obtain the roots y,. ..,y where £ = n? — 1,
and z; = ao_ly?, for j = 1,...,£. The characteristic numbers are given
by the matrix )
ag —ny"~
DX (e = (_ % )

—TlCL‘j

that is, these characterisc numbers are the roots of

2 2
,\+,\—1+2:T_:(_li'_ﬁ0_)_:2_\/§
D —éa()

where T is the trace and D is the determinant of the matrix DX (z;,y;).
Therefore we obtain
V2 V2

Now, since C is a finite configuration we have
Cc{S+, Sy,SF, Sr,....,85, S},

where Sf',t are the local separatrices of the singularity (0,0), and S]:-|E are
the local separatrices of (z;,y;), for j = 1,...,¢. Assume that C # 0.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE
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We claim that C ¢ {SJi | 3 =1,...,¢}. Indeed, otherwise according to
the characteristic numbers calculated above we have

I (0) = —£7‘+£Z

for some r,s € Z, where r > 0, but this is an absurd. Therefore C must
contain at least one of the local separatrices Si. We consider two cases :

e Case 1: {Sf} C C. In this case

Ic(0) =ao+ag'+ Y I(F(0),S)+ > I(F(

sfec S7eC
=ao+ag' +7(— £+[—z)+s(— —‘g—g— gi)
=—2—2€+\/—2_€—(r+s)—\g—:+(r-s)gi.

But since I¢(0) € Z it follows that r = s and
Ic(0) = =2 =20+ V20 — V2 = =2 - 20+ V2(L - 1),

which by its turn implies £ = r, and therefore C = Sgy,. Finally, C = Sg,
implies Ic(0) = —2 — 2¢ = —2n2.

e Case 2: S C Cand Sy ¢ C, or vice-versa. In this case

Ic(0)=—1—£+—€:i:\/a BV2 - m\/——r+s—j:\/

wherer = -1—-¢,s=¢—-2mand m = #{S’;’ | §F c C}. In particular
we have m < ¢. Assume by contradiction that I-(0) € Z, say

r—i—s?:t\/a—ﬂ\@:uez

Then we can write

:I:\/a—ﬁ\/i=u—r—s§ ='v—s?

for v = u — r. Therefore,
1
a—BV2=v%—vsV2+ 552,

TOME 126 — 1998 — ~N° 3



TOPOLOGICAL RIGIDITY OF PROJECTIVE FOLIATIONS 391

which implies 8 = vs and o = v? + %52. Thus we obtain

and then 2as? = 2032 + s*. Replacing the values

a= ge2+2e, B=C+0 (=n?’-1 r=-1-4 s=£0-2m
on this last equation we obtain
(%) (362 + 40) (€ — 2m)? = 26%(1 + £)* + (£ — 2m)*.

In particular, either £ = 2m or £ | (¢ — 2m)*. Notice that £ = 2m implies
£ = 0 using (*). Therefore £ = 2m implies m =0 and n = 1.

We claim that equation (*) has no other solution in Z. Indeed, writting
x = £ — 2m equation (*) becomes

4zt — 4(36% + 40)z* + 82(1+£)* =0
or also,
(222 — (362 + 40))% = P2(£% + 8¢ + 8).
Thus it follows that £2 + 8¢ + 8 = 32 for some integer y € Z. This can be
written as 2 + 8¢ + 16 — y? = 8 and therefore as
(+4—y)(l+4+y) =8

Since for any integer a € Z the numbers a + y and a — y have the same
parity, it follows that these integers can only take the values +2,+4.
Replacing these values in equation (*) we obtain ¢ € {—1,—7}. These
values for ¢ give no solution x € Z. This ends the proof of Claim 1. []

Now we regard the singularities over the line L,,. We consider the
change of coordinates given by v = 1/z, v = y/z. In these coordinates,
F(b) is given by

@ =u(=b+v" —au™ ), ©v=0v"" —14+0u"" (1 - ay).

In particular Lo, : (u = 0) is invariant, and the singularities over this line
are given by v"*! — 1 = 0, so that they can be writen as (0,67) where §
is a primitive (n + 1)-th root of 1, and j € {0,1,...,n}. Let us write

sing F(b) N Loo = {(0,v;) | j=1,...,n+1}.

The characteristic numbers are given by

() 1(70),59) = 22

where ¢(v) = v"! — 1 (recall that v} - v; = 1).

Let C = C(b) C {S(b),...,S52,,(b)} be a nonempty configuration.

(n+1)

V=v; - 1- b’Uj

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



392 A.LINS NETO, P. SAD, B. SCARDUA

Cram 2. — I (b) is not a constant function of b.
Proof. — In fact, let r = #C. We have

lo) =Y 1(FB.8) = (4 )Y
j=1 j=1 Y
=(n+ I)ZT: (1+ 3 v;?bm)
=n+r+n+1) Z (Zv{?)bm.

Thus, if Ic(b) was a constant we should have 3 v =0, for all m > 1.
r j=1
But for m = n+1 we have ) v{‘j*’l = r, which gives a contradiction. This

. =1
proves the claim. [] /

Now we finish the proof of the lemma. Let C be a configuration
satisfying properties (a), (b). Assume that, for b near 0,

Ic(b) = k* — B (> 0).

In particular I5(0) = k? — 3. Let us split C = AU BU K as before, with
a=+#A, =+#B and k = #K. We have

Ic(0) = 14(0) + I5(0) + Ik (0) = Taup(0) + Ik (0).

It follows from the formula (**) above that I (0) = k(n+1), and therefore
I4,5(0) € Z. Hence by Claim 1 we have either

AUB=0 or AUB = Sg,.
We consider these two cases :
Case 1 : AU B = (. In this case
Ic(0) =k(n+1) =k?> - g =k?
(notice that 3 = #B = 0). Therefore k = n + 1. On the other hand

T

Ie() = (n+1) Y

Jj=1

1
1 —b’l)ij

is not constant (Claim 2), so that Ic(b) # k? — 3.
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TOPOLOGICAL RIGIDITY OF PROJECTIVE FOLIATIONS 393

Case 2 : AU B = Sjp. In this case necessarily A = ¢ and B = Sgp, so
that Ig(0) = —2n? recalling that (in this case) 3 = #B = 2n?. Hence

Ic(0) = k(n+ 1) — 2n? = k? — B = k? — 2n?

and then k£ = n + 1 which implies C' = S(F(0)) and therefore C does not
satisfy property (b). The proof of Theorem 4 is now finished. []

Now we complete the proof of Theorem 3. Let

H(n) = {]—' € A(n) | all the singularities of F in Lo, are hyperbolic}

Proof of Theorem 3. — We define
M;i(n) = M(n) N H(n).

According to Theorem 4 and Proposition 1, M;(n) is open and dense
in A(n) (recall that H(n) contains an open and dense subset of X'(n),
see [5]). We obtain (i) from Theorem 4. We proceed to prove (ii). Let
F € Mi(n) and assume by contradiction that the holonomy group
of L\ sing F is solvable. Let us fix a polynomial 1-form w which defines
F|c2. According to [2] we can construct a rational closed 1-form with
simple poles 1 which satisfies dw = 7 Aw (by the hypothesis sing F N Ly,
consists of only hyperbolic singularities so that [2] applies). We give an
idea of this fact : we assume that the holonomy group G = Hol(F, L)
is nonabelian (for the abelian case we refer to [1]). According to [4] there
exists an analytic embedding

k

P2 . }

=, C C
14 apz* Ho €55 0p €

G CH = {cp € DIff(C, 0) | p(2)*

for some k € N. Using the fact that Hol(F, L) contains linearizable
nonperiodic elements, we conclude that there exists an open covering of
a neighborhood of L, by a collection (U, )qaca of open connected subsets
of CP(2) with holomorphic coordinates (Zq,ya) in Uy such that [15] :
(1) DnNU, = {ya =O}7
(2) for any a € A such that U, Nsing F = ¢, F |y, is given by dy, =0
and for any ¢ € Hol(F, L, %) where

Awyﬁ

= (Ta =pa)y  P¥a) = 2

it follows that, if Uy, N Ug # ¢ and singF N (U, U Ug) = ¢, then
Y% = Hap(yh) for some Hop € Hy;
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(3) If go = U, Nsing F # ¢ then U, Nsing F = {q,} is a single point,
To(¢a) = Ya(ga) = 0 and F|y, is given by the normal form

ZadYa — Aaladze =0, A, € C\R.

Moreover, if Ug N Uy # ¢, then Ug Nsing F = ¢ and Ug N U, is simply
connected.

We take the covering {(zq, ya) € (Ua)}aca above. If U, Nsing F = ¢
we write

WU, = 9adYa
and define d p
Yo I
o= (k+1)—== + =22,
g ( ) Yo Jo

Whenever U, NUp # ¢ and (U, UUg) Nsing F = ¢ we have yi = Hap(yf)
for some Hyp(2) = Aapz/(1+ aapz) € Hi, so we conclude that

dyo dyﬁ .
= and ng =14 in U N Ug.
Y+l )\aﬂyzﬂ o a

Clearly 7|y, := 1. defines a closed meromorphic 1-form 7 in a neighbo-
rhood of L\ sing F N Ly,. We remark that 7 extends meromorphically
to sing F N Lo,. Indeed, given a singularity qo € sing F N Lo, NU, we have
that qq is a linearizable singularity of the form

ZadYs — AaYadze =0, Ay € C\R.

We define
dz, dga

Lo Ja

dYa
oy = (k4 DJE + (1= Dah)
where g, is defined by
WU, = 9o * (TadYa — AaYa dTa).

The local coordinate (defined on a transverse section ¥ : (z = 1) at
q € Lo \ SINgF0) Yo = Yax > linearizes the local holonomy of L.
around gg. We may write

w|Ua = ga(xa dya - /\aya dxa) = fja di/\ou
where g, is a meromorphic function, g, = gazit*=. We define
Yo | 9a

Yo Jo

dz, dge.
4 994

Ngo = (k + 1)
Lo G

=(k+1)% + (1= Aak)
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The difference n — 7y, satisfies
(n —Ng) Nw = dw — dw =0,

so that it can be written n — 14 = hg, - w, for some meromorphic
function hg, defined over (zo # 0) and which satisfies

d(hg, - w) =0.

Clearly the poles of hy, are contained in Lo, (notice that the forms 7 and
Ngo| (z.£0) have simple poles contained in the divisor L ). On the other
hand, since Resy_ n = Resr__ 7q,, it follows that hg, - w is holomorphic
along Lo, and therefore hy, - w is a closed holomorphic 1-form which
defines F in (zq # 0). Since A\, ¢ Q it follows that hq, -w = 0. In
fact, as it follows from [15], if we have

df A(zdy — Aydz) =0, X ¢Q,

for some holomorphic function f defined on (z # 0), then f must
be constant (work with Laurent series for f(z,y)). Therefore we have
constructed 7 in a neighborhood of L, in CP(2). According to Levi’s
Extension Theorem [17] the 1-form 7 extends as a closed rational 1-form
on CP(2), with the announced properties. According to the construction
above, the local separatrices of the singularities at L., (and a fortiori the
separatrices of F) are contained in the polar divisor of n, which is an
algebraic curve. This is impossible since F € M;(n). []

3. Holonomy and Rigidity

Let Diff(C,0) be the set of germs of holomorphic diffeomorphisms
at 0 € C, fixing the origin. We will rely heavily on the work of
A.A Scherbakov [16] and I.Nakai [12] concerning the dynamics of non
solvable subgroups of Diff (C,0). A basic fact is that a non solvable sub-
group I' C Diff(C, 0), either has all orbits dense in small neighborhoods
of 0 € C, (dense orbits property, D.O.P. for short), or else there exists
a germ of real analytic curve at 0 € C (holomorphically equivalent to
Im 2* = 0 for some ¢ € N), which is invariant under the action of T.

Here we deal with the holonomy group Hol(F, L.,), of a foliation
F € M;(n), relative to Lo, (which is a non solvable group). We define
for F € Mi(n)
ord(F) =min{k € N [k > 2, 3g(z) = 2+az"+--- € Hol(F, L), a # 0}.
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LEMMA 2. — The function Mij(n) > F +— ord(F) € Z is upper
semicontinuous.

Proof. — We take Fo € Mi(n) and let kg = ord(Fp); there exists
go(2) = z4apz*o+- - - € Hol(Fy, Lo ). We select some singularity po € Loo
of Fy, and denote by

fo(z2) = Aoz + - € Hol(F, Loy ),

the local holonomy map of Fy, relative to Ly, around py € Lo ; we
have |Ag| # 1. We consider

ho(2) =gy "0 fo ' 0 g0 © fo(2)
=z+ag(AP7t = 1)z 4 ...
=z +bpz* + ... € Hol(Fo, Leo).

This element can be analytically followed in a small neighborhood of
Fo € My (n) :

hr(z) = 2+ +brz" + - € HOl(F, Loo)

for F close enough to Fy; we have by # 0, since by # 0. Therefore
ord(F) < ord(Fp). [

Let Ma(n) C M;(n) be the set of foliations such that the holonomy
group at Lo has the D.O.P.

LEMMA 3. — For all n > 2, My(n) contains an open and dense subset
Rig(n) of Mi(n).

Proof. — We start by considering

M{(n) = {Fo € My(n) | ord(F) = ord(F,) for F in a
neighborhood of Fy in Mj(n)}.

The set Mj(n) is clearly open in M;(n). Let V be an open subset of
M;(n); we choose F; € V, such that

ord(F;) = min{ord(F) | F € V}.

It follows from Lemma 2 that F; € Mj(n), so that M{(n) is dense
in M1 (n)
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Let us fix an open connected subset V' C M{(n) and Fy € V \ Ma(n)
(if it exists). We know that there exists a germ of analytic curve S at 0 € C,
which is invariant under the action of Hol(Fy, L). Let

¢=ord(Fy) and ho(z) =z +azt+--- € Hol(Fy, Loo)(a # 0).

The sectors around 0 € C determined by S, that is, the connected
components of U \ S, where U is a small neighborhood of 0 € C, are
fixed under the action of the elements of Hol(Fy, L) which are tangent
to the identity map at 0 € C; let U; be one of these sectors. The two
half-lines L, Lo which are tangent to OU; at 0 € C satisfy Imaz/~! = 0.

Let pg € Lo be a singularity of Fo and fo(2) = Agz+- - - € Hol(Fo, Loo)
be the local holonomy map of Fy at py € L, relative to Lo,. Since

fotohoo fo(z) =z 4+ ar§ 2% 4 - € Hol(Fy, Lo,

we conclude that also
Im(aMy 12471 =0

when z € L; U Ly. It follows that A\~ € R. The same is true in a
neighborhood W of ¥y, namely, we follow fy as fr(z) = Arz +--- and,
if 7 ¢ Msy(n), one has \=! € R. Therefore My(n) N W is open and
dense in W. Lemma 3 follows then easily. []

We proceed now to study deformations of elements of Rig(n), which
are s-trivial. Let then {F;}iep, Fo € Rig(n) be s-trivial. We select a
singularity p(t) and consider some separatrix S} (# Loo); from D.O.P.
and the fact that S} is not algebraic, we have that S} = CP(2).

LeMMA 4. — <. S¢ is a local lamination in CP(2) x De, away from
its singular points, for € small.

Proof. — Proposition 1 implies that [J,,, <e(SHoc I8, for € > 0 small, a
holomorphic embedded surface, where (S} )ioc is the local separatrix that
passes through p(t) which has S} as satured set. Let us consider a regular
point go € CP(2) of Fy, g0 € £ C CP(2) a small transverse disk to F
and W D ¥ an open set where Fy is trivial. Let Ay be the component of
S which passes through ¢ € £, Ay ¢ W; if ¢ € ' € ¥ is close enough
to go and € > 0 is small, one has

U #:(A0) c |J W x {1}

|t]<e Jt]<e
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(¢ is the continuous family of maps given by the definition of s-triviality).
If Aj is any other component, clearly

U $+(Ao) N U ¢e(Ap) =0

|t|<e |t]<e

(these sets will be the laminae of the lamination). Let us prove that
+(Ap) is a holomorphic surface; it is enough to prove that
|t|<e

c(t) = ¢¢(Ao) N (E x D)

is a holomorphic curve (for simplicity, we may assume that c(t) = ¢:(q),
for all |t| < €). We join g € Ag to a point § € (S§)10c by a simple path £,
along S}, and take a section D G transverse to Fy. Again, we may assume
#:(q) € T x {t}. There exists a holonomy map associated to £y from )
to X; it sends ¢ € T to q € ¥, and can be extended to the holonomy
maps ; associated to £y = ¢:(4o), Y1 (9:(q)) = ¢+(q), for € small enough.
The map v defined as ¢; for each [t| < ¢, is holomorphic (since F; is a
holomorphic family), and t — ¢;(§) is holomorphic, so is c(t) as well.
We have then proved that U|t| <e S} laminates a neighborhood of go in
CP(2) x D.. The lemma follows from the density of S} in CP(2). []

We add to the lamination the set Lo, X D.. A priori this lamination
might not be transversely continuous, but surprisingly enough it can be
extended to a holomorphic foliation of CP(2) x D, with singularities :

LEMMA 5. — There ezists a codimension one holomorphic foliation F
on CP(2) x D, such that :

(i) sing F := Ujtj<c(sing F¢ x {t})
(ii) The leaves of F; are the intersections of the leaves of F with
CP(2) x {t}, for each |t]| < e.

Proof. — Let us keep the same notation as in the proof of [ the last
lemma. We have then a lamination in the neighborhood (W x X)) x D,
of go € %, and denote by Ag(g) the component of S§ which passes through

g€X' CX. Let
q(t) = ¢+ (Ao(q)) N ( x {t});

the curve D 5 ¢ — ¢(t) € ¥ x {t} is a holomorphic curve, and the map
hi(q) = q(t) is an injective map defined in a dense subset of X/, and
by the A-lemma [18] it can be extended to all points of $’. The foliation
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F is defined in (W x &') x D, as follows : given ¢ € ¥, we take the
curve ¢(t) as before and ¢; as the leaf of F; restricted to (W x £') x D,
passing through ¢(t); then U, . ¢ will be a leaf of F (which is of course
holomorphic). This method can be carried to any regular point of Fo,
yielding the foliation F , which is completed by the curves of singularities,
obtained following the singularities of Fo (see Proposition 1).

‘We have now to prove that Fisa holomorphic foliation (up to now, it is
a continuous foliation with holomorphic leaves) Let us remark firstly that
L, xD, is a leaf of ]—' in order to prove that Fis transversely holomorphic
along Lo, x Dy, it is enough to guarantee that each map h; : £/ — ¥ x {t}
is holomorphic. Consider ¢ € £'NS} and some fo € Hol(Fy, Lo ) (We may
assume that fy corresponds to the local holonomy around a singularity
of Fp in Ly). This map can be holomorphically followed as f; along the
deformation F;, and since we have s-triviality :

hi(fo(q)) = fe(he(q))

From the D.O.P. we get then
hio fo = fioh

in ¥/, Therefore h; conjugates Hol(Fo, L) and Hol(F;, Lo, ); we invoke
the Topological Rigidity Theorem of [12], [16] to conclude that h; is a
holomorphic map (here is where we use strongly the fact that the folia-
tions F; have non solvable holonomy groups associated to the leaf L,).
Finally, since the leaves of each F; accumulate on Lo, x {t} (Maximum
Principle), we conclude that Fis transversely holomorphic (outside its
singular set), and therefore holomorphic (F extends holomorphically to
the singular set as a consequence of Hartogs’ Theorem [17], because this
set has codimension 2). []

4. Proofs of Theorems 1.1 and 1.2

In this section Theorems 1.1 and 1.2 are proved. The first is proved as
in [14]. Let F € Rig(n) C M;(n) be given (where Rig(n) is defined as
in Lemma 3), with n > 2, and consider an analytic deformation {F;}tep
of F = Fy, which is s-trivial. Let F be the holomorphic foliation in
CP(2) x D, given by Lemma 5. Let us choose a polynomial 1-form

= p(z,y)dy — q(z,y)dz,
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with isolated singularities and which defines F in C2. The foliation F can
therefore be given by a holomorphic 1-form

Q= P(z,y,t)dy — Q(z,y,t)dz + R(z,y,t)dt

in the coordinate system (z,y,t) € C2x D, where P(z,y,t),Q(z,y,t) and
R(z,y,t) are polynomials in the variables (z,y). We state a preliminar
result based on Noether’s Theorem :

LEMMA 6 (see [5], [14]). — Under the hypothesis of Theorem 1.1 there
exists a complete holomorphic vector field X on CP(2) x D which is
tangent to F (that is, - X =0 ). Moreover X is of the form

X 9 9 0
X(@yt) = —b(z,y. 1) 5o +alz.v.) 5+ 50

where a(z,y,t) and b(zx,y,t) are (degree one) polynomials on the affine
variables (z,y).

Proof of Theorem 1.1. — The local flow X, of the vector field X
given by Lemma 6 is such that X;(z,y,0) € C? x {t}, is defined for
all t € D, and the curve t — X}(x,y,O) is contained in the leaf of F
through (x,y,0), because 2 - X = 0. Moreover, the maps v, : C2 — C2,
defined by ¥4 (z,y) = )Z't(:c,y,O) are affine maps, so that they extend to
biholomorphisms of CP(2), which provide the analytical trivialization of
the family {F: }+ep, . In order to finish the proof of Theorem 1.1 it suffices
to use the fact that the set Rig(n) of foliations is open and dense in X(n)
(cf. Theorem 3 and Lemma 3). []

Proof of Theorem 1.2. — We have to construct the same holomorphic
foliation in CP(2) x D, as before. We keep the same notations introduced
in Lemmas 4 and 5. We start by considering the continuous foliation F
with holomorphic leaves in C? x D, (outside the singular locus) given by
those lemmas applied to the separatrix of some singularity in C?. The
problem here is that the triviality of F in the box UJy, .. W x {t}, when
go € L is a regular point of Fy, is not evident : we can not guarantee
that ¢;(Ag) C W x {t} for all sets Aq and |t| < e. We have then to change
the description of the leaves of F in U< [(W\ Loo) x {t}]. Let

Z0((1) = U ¢t(ZO)

Jt|<e
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for ¢ € SoNX. From the s-triviality, if we fix a compact subset K C 3\{0},
we may suppose that Ag(q) C Ujgj<e W x {t} when g € K N Sp. This
compact set K is chosen so that K x {t} contains fundamental domains
for the generators fo,. .., fn,t of Hol(F, L) ; for the moment we work
with one of these generators, say fo:, and put Fo(gq,t) = (fo:(q),t).
If g, fo(q) € K, again s-triviality implies that

Fy(Ao(q)) = Ao(fo(q))-

Now, if ¢’ € £\ {0}, there exists n(¢q’) € N such that ¢’ = fo_n(q,)(q') €K,
define _ @)=
Ao(q') = Fy' ) (Ao(g"),

and this definition independs on the choice of n(q’).

We have then a lamination £ = {A4y(q)}4esns, and we may add
(Loo N VV_) x D, as a lamina. This lamination extends to a continuous
foliation £ in Ult] <« W x {t} by the \-lemma, and the relation

hiofo = fioh

holds. We claim that £ and F [Uje|<e W x {t} coincide. In fact, through a point

q' € ¥ N Sy passes a leaf of £ which coincides with Ag(q') when ¢’ € K ;
by s-triviality, we propagate this property to any point of XN Sy, perhaps
taking ¢ € D smaller depending on the point. Since the leaf and Ay(q’)
are holomorphic surfaces, they have to coincide throughout. We have then
extended F as a continuous foliation by including (L., N"W) x D, as a leaf,
and verifying h; o fo = f; o hy. Finally, the construction does not depend
on the choice of the generator, because we end up with an extension of F,
which is unique. Consequently, h; o f; = f;: 0 he for 0 < j < n, and this
allows us (as in Lemma 5), to prove that F is a holomorphic foliation. []

5. Rigidity in projective surfaces

Throughout this section M is a projective complex surface, S C M an
irreducible algebraic curve and the spaces Fol(M) and Fol(M, S) are the
ones introduced in the beginning of the paper. Any foliation F € Fol(M)
can be described by a holomorphic map of fibre bundles o : L — TM,
where L is a line bundle over M. The topological type of L is given
by its Chern class in H?(M,Z) which replaces the notion of degree of a
foliation. We denote by Fol(M, n) the space of foliations in M with a given
degree n € H%(M,Z). It is known that Fol(M,n) is a complex variety of
finite dimension (see [6]).
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Again we are led to consider the following situation : F € Fol(M),
S C M is a compact analytic solution and F; is an analytic deformation in
the class Fol(M, S) C Fol(M), that is, S is a solution of F;, for all t € D.
We assume that the family F; is topologically trivial. We introduce a
continuous foliation F on M x D by saying that its leaves are the sets

L= (L) x {t},

teD

where ¢; is the continuous family of equivalences given by the topological
triviality, and L is a leaf of F. The singular set is defined by

sing]f' = U sing F; x {t}.
teD

The next proposition is proved in the same spirit of [14]. The basic idea
of using the results of [10], [19] can be found in [11].

ProposITION 4. — Assume that :

(i) The holonomy group Hol(F,S) is non solvable;

(ii) M\S is a Stein manifold;

(iii) sing F NS consists of hyperbolic singularities.

Then F is a holomorphic foliation on M x D.

Proof. — The proof is divided in three parts. First we consider the
nonsingular foliation F' = F|y\ sing7 and prove that its leaves are
analytic submanifolds of (M x D)\sing F. Then we prove that F is
holomorphic in a neighborhood of § x {0} € M x D. Finally we use

the fact that M \ S is a Stein manifold, in order to conclude that Fis
holomorphic in all M x D. Let us denote by

{pi®)1j=1,...,N}

the set of singular points sing 7 N S, where N = N(n). Since Fy has
hyperbolic singularities, there are holomorphic maps D > t +— p;(t) € M,
for j =1,..., N such that

sing(F:) N S = {p1(t),...,pn (1)}

(see [7]). We fix a local transverse section ¥ = D, ¥ N Lo, = {p} so that
¥ x {t} is also transverse to F; if t € D is small enough. We denote by G
the subgroup of the holonomy group Hol(F;, S, X x {t}), generated by the
holonomy maps f;; associated to the singularities p;(t). We know that
these generators of G; depend holomorphically on the parameter t. We
use the following fixed-point result :
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THEOREM (see [9], [16]). — Let G be a nonsolvable subgroup of
Diff(C,0). There ezists an open neighborhood Q of 0 € C, where G has a
dense subset of hyperbolic fized points.

Take a point gy € X, which is a hyperbolic fixed point for some word
fo € Gy. Then, following the same word in G; and using the fact that the
generators of G; depend analytically on ¢, we obtain a holomorphic family
of diffeomorphisms f; € Diff(C,0), whose maps f; have hyperbolic fixed
points ¢; € X, for ¢t small enough, describing a germ of analytic curve.
This implies that the leaf

= J #1(Lq,) x {t}

teD

of F through (g, 0) is analytic along the transverse cut ¥ x D C M x D
in a neighborhood of the point (gp,0) € X. This implies that 'qu is
holomorphic. Now, we use the fact that the set of such hyperbolic fixed
points is dense in a neighborhood 2 of the point p € Yo, in order to
conclude that each leaf L is in fact a uniform limit of holomorphic leaves
in a neighborhood of S x {0} in M x D. This implies that each leaf Lof F
is in fact holomorphic, that is, the foliation F has holomorphic leaves in
a neighborhood of S x {0} in M x D.

It remains to conclude that F is transversely holomorphic. This is
done as follows : the deformation F; is topologically trivial. We may
therefore use the construction in the proof of Lemma 3 in order to obtain
a continuous family {h:}tepo of homeomorphisms h; : (C,0) — (C,0)
which conjugate Gy and Gy, for all ¢t € (D, 0). Since Gy is non-solvable it
follows from the Topological Rigidity Theorem of [16], [12] that z > h:(2)
is holomorphic for each fixed ¢ € (D, 0). This implies that Fis transversely
holomorphic outside the set of separatrices. For each ¢t € D we denote by
sep F; the germ of analytic subset of the local separatrices of F; through
the singularities sing F; N S, defined in a neighborhood of S in M. We
consider the set B

sepF = U sep F.
teD
Then, since F; depends analytically on ¢ € D, and since sing NS consists
of nondegenerate singularities it follows that sep F is a codimension 1 germ
of analytic subset of S x D in a neighborhood of S x D.

Using the fact that the foliation F’ extends continuously to sep F
which has codimension 1, it follows that F is a holomorphic foliation
in a neighborhood of S x {0} C M. Since (M x D) \ (S x D) is a Stein
manifold, it follows that F is in fact a holomorphic foliation on M xD. []
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Using now the techniques of [6] we get then :

ProPoSITION 5. — Let F € Fol(M, S) where M is a projective surface
and S C M be an algebraic very ample curve. Assume that

(i) F is given by a holomorphic bundle map o : Lo — T M, where Lg
satisfies H*(M,Op(Lo)) =0;
(ii) Hol(F,S) is non solvable;
(iii) sing F NS consists of hyperbolic singularities.
Then any F is topologically rigid in the class Fol(M, S).

We may then proceed proving Theorems 2.1 and 2.2.

Proof of Theorem 2.1. — If F € Fol(CP(2), S) is not rigid, then each
local separatrix of F through a singularity ¢ € sing F N S, is contained
in some algebraic leaf of F (otherwise Hol(F,S) would be non solvable
and Proposition 4 applies). Let us denote by C D S the algebraic curve
obtained as the union of the algebraic leaves of F passing through some
singularity ¢ € sing /N .S. By the hypothesis of transversality on the local
separatrices of F in CP(2), C is a nodal curve. We claim that

deg(C) = deg(F) + 2.

To prove this fact, we consider a meromorphic vector field X with
poles at Lo, which defines F (by a projective change of coordinates, L
can be supposed without singularities of F and non invariant). This vector
field has now L, as its line of poles with order deg(F) — 1. Let 65 be
the number of nodal points of S, and ¢ € N the number of the remaining
singularities of F along .S; it follows that

£ =deg(C'\ S) - deg(S).

According to the Poincaré-Hopf Theorem (see [3]) applied to Xz (or
rather to a normalization of S) :

265 + € — [deg(F) — 1] - deg(S) = 2 — 2¢(S),
where g(S) is the genus of S. But
g(S) = %(degS —1)(deg S —2) — 6.

Combining these two expressions we prove the claim.

From [3] we may conclude that F is given by a logarithmic 1-form. This
ends the proof. []
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Proof of Theorem 2.2. — Theorem 2.2 follows from Proposition 5 : if
Hol(F, S) is a solvable group, we may find a closed meromorphic 1-form
7 with simple poles such that dw = 7 A w, in the same way we did in
the proof of Theorem 3. It follows that F' = [ w/H is a Liouvillian first
integral for w, where H =exp [ 7. []
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