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A NOTE ON FUNCTIONAL EQUATIONS OF
THE P-ADIC POLYLOGARITHMS
BY

ZpzistAw WOJTKOWIAK (*)

RESUME. — La fonction polylogarithme Lin(2) d’ordre n est définie sur le disque
ouvert de rayon 1 par la série Z;‘;l P /k™. Cette fonction se prolonge analytiquement
en une fonction multiforme sur tout plan complexe. La méme série Zf:l 2% /k™ définit
une fonction analytique p-adique sur le disque unité ouvert dans C, (la complétion de
la cloture algébrique de Qp ). Les analogues globales p-adiques des fonctions Li, (2) sont
construites dans le cadre d’une analyse p-adique rigide. Ce sont des polylogarithmes p-
adiques. Dans ce papier nous trouvons les conditions suffisantes et nécessaires pour une
existence d’une équation fonctionnelle de polylogarithmes en termes des applications
induites par des fonctions rationnelles sur les groupes fondamentaux étales de la droite
projective moins un nombre fini de points.

ABSTRACT. — The n-th order polylogarithm L,(z) is defined by the series
Z:"zl z*/k™ on the open unit disc. This function has multivalued analytic prolon-
gation to C \ {0,1}. The same series Z;’;l 2% /k™ defines an analytic p-adic function
on the open unit disc in C, (a completion of an algebraic closure of @ at some place
above p). The global p-adic analogues of the functions Lin(2) are constructed in the
frame of rigid analysis. These functions are p-adic polylogarithms. In this paper we give
sufficient and necessary conditions to have a functional equation of polylogarithms in
terms of maps induced by rational functions on etale fundamental groups of projective
lines minus finite numbers of points.

Dedicated to the memory of Prof. J. Frank Adams

0. Introduction

Let n be an integer. The series 3 7o, 2% /k™ converges on the open unit
disc around 0 in the field of complex numbers C. Hence it determines
an analytic function on this disc. This function can be extended by an

(*) Texte regu le 23 février 1990, révisé le 8 mars 1991.
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344 Z. WOJTKOWIAK

analytic continuation to a multivalued analytic function on C\ {0,1}. We
denote this function by Li,(z) and we call it the n-th order polylogarithm.

The functions Li,(z) are special cases of Chen iterated integrals
(see [Ch]). We recall their definition. Let wi,...,w, be one-forms on a
smooth manifold M and let v : [0,1] —» M be a smooth path from z to 2.
Let 4% : [0,1] — M be a restriction of v. We define by a recursive formula

/wl,...,wn 2/(/ wl)ng,...,wn.
v v oIyt

If z is fixed and wy,...,w, are closed one-forms on M such that all
possible products w;; A --- Aw;, vanish, then F(z) = fv Wi,..., Wy iS an
analytic multivalued function on M. We shall write also f;,y Wiyeen,Wn
or f; W1,...,wn to denote the multivalued function F(z).
It is clear that Li,(2) = /z dz v%’ S dz
0o 1—2 =z z

Let p be a finite prime of Q and let C, denote a completion of an
algebraic closure of Q at some place above p. Then the series

ad 4
Zn,p(z) = Z
k=1

determines an analytic function on the open unit disc around 0 in C,.
However one cannot use analytic continuation to extend this function
because the open unit disc is the maximal analytic domain for it.

The global p-adic analogs of Li,(z) are constructed in the framework
of rigid analysis. Our basic reference is the paper of COLEMAN (see [C]).
We briefly sketch the necessary results from [C], asking the reader to
consult [C] for any details.

To define iterated integrals in the p-adic realm we consider the following
system of differential equations

(*) fll = ! ) f2’ = fl s ey f7/1 — f‘n—l .

Z — zZ — Qa9 Z — Qp

k
n

o

Let a € C, \ {a1,...,a,}. We pose the following initial conditions

(**) fl(a) = Oa f2(a) = O’ fee s fn(a) =0.

We set D = C, \ {ai,...,an}. The following result is the direct
consequence of [C] (Theorem 4.3, Lemma 5.2 and the whole section V

in [C)).

ToME 119 — 1991 — ~° 3



FUNCTIONAL EQUATIONS OF P-ADIC POLYLOGARITHMS 345

THEOREM A. — Let us choose a locally analytic homomorphism
log : C; — C,.

There exists a logarithmic F-cristal M(D) on D = C, \ {a1,...,an}
such that the system of differential equations (*) has a unique solution
fi1(2),..., fn(2) in M(D) which satisfies the initial conditions (**).

It follows from the theory presented in [C] that the functions fi(z) are
locally analytic. The function f,(z) we shall denote by

 dz dz dz
, Yo
. Z—0Q1 Z—as Z—an

and we shall call it an iterated integral in the p-adic realm.

The p-adic polylogarithms are defined in the section VI of [C]. We
recall here their definition. Let D = C, \ {0, 1}. We consider the following
system of differential equations

*1) f=—"0 g=2 ., gt
We pose the following initial conditions
(**2) ll_% lr(2) = 0.
THEOREM A’. — Let us choose a locally analytic homomorphism

log : C;, — C,. Then there exists a logarithmic F-crystal M(D) on
D = C, \ {0,1} such that the system of differential equations (*1) has
a unique solution f1(z),...,L,(2) in M(D) which satisfies the initial
condition (**s3). The function £ (z) extends to a locally analytic function
on Cp \ {1} such that £,(0) = 0.

We shall denote £;x(z) by Lix(z) and we shall call it the k-th p-adic
polylogarithm. The function Lig(2) is analytic at 0 and has the convergent

X _n
z
Taylor expansion Z oF at 0. In fact we shall use only the fact that
n=1
. : “odz dz . . :
functions Li, (z) and e exist in the p-adic realm, that
. 2—01 Z—an
they are locally analytic, that their Taylor power series at some points
“coincide” with the Taylor power series of the corresponding complex
functions and that the logarithmic F-crystal, where live p-adic iterated

integrals satisfies a uniqueness principal.
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346 7. WOJTKOWIAK

The complex polylogarithms Li, (z) have a lot of remarkable properties.
For example, for small n, they have functional equations which generalize
the functional equation

logzy = logz + logy

satisfied by the logarithm. The dilogarithm
z _ 1 _
Liy(2) = / —log1-2) .
0

z

satisfies the functional equation

Li2(1fx ’ 1—%_3;> :Li2<1 2:5) +Li2(1 fy)
— Liz(#) — Liz(y) — log(1 — z) log(1 — y)

(see [A]). In LEWIN’s book one can find more examples (see [L1]).
The basic reference for p-adic polylogarithms is the paper of COLEMAN
(see [C]). For more general review of various aspects of polylogarithms
and iterated integrals one can consult [Ca].

In this paper we give some sufficient and necessary conditions to have
functional equations of polylogarithms. We discuss complex polyloga-
rithms and p-adic polylogarithms as well. One of the main results is the
following theorem.

THEOREM. — Let K be the field of compler numbers or a p-adic
completion of the algebraic closure of Q at some place above p. Let

fi: X = PY(K)\ {ay,...,a,} — Y = P'(K)\ {0,1, 0}

(¢ = 1,...,N) be regular maps. Let ny,...,ny be integers. There is a
functional equation

N
Z n; Lin (fi(2)) + terms of lower degrees =0
=1

N
if and only if Zm(fi)* = 0 in the group

Hom (T (m1 (X, 2)8,) /T (m1 (X, 2)%);
I (m (¥, 9))/ (T (m1 (Y, 0)%) + Ln)

ToME 119 — 1991 — ~° 3



FUNCTIONAL EQUATIONS OF P-ADIC POLYLOGARITHMS 347

where m (X, x)%, is the £-profinite quotient of the etale fundamental group
of X and where (f;). are maps induced by f; on the etale fundamen-
tal groups. Ly, is a closed subgroup of T™(m1(Y,y)%,) defined in the follow-
ing way. If K is the field of complex numbers C, then L, is topologically
generated by all commutators in ey (loop around 0) and ey (loop around 1)
which contain e at least twice. If K is a non-Archimedean field C, then
any isomorphism C, ~ C induces an isomorphism

m (PH(C,) \ {0, 1,00},9), & m (P1(€) \ {0,1,00},1),
and L, C T™(m (PY(Cp) \ {0,1,00}),) is the image of

nf,.n ¢
L,cT (71' (Pl(C)\{O,l,oo},y)et)
under this isomorphism.

We give also a sufficient and necessary condition to have a functional
equation in terms of a differential Galois group of a certain system of
differential equations.
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1. Canonical unipotent connection on a
projective line minus several points

If p is any prime of Q let C, denote a completion of an algebraic
closure of Q at some place above p. This definition includes also the case
when p = co and then C, = C is the field of complex numbers.

Let X = PY(C,)\{a1,...,ant1}. Observe that X is an affine algebraic
variety over C,. Let (X)) be the algebraic De Rham complex of smooth,
algebraic differential forms on X. Let A'(X) be a C,-subspace of Q!(X)

generated by linear combinations with Cp-coefficients of one forms
fori =1,...,n+ 1. Observe that

zZ— Q;

AY(X) = Hhp(X).

Let H(X) be the dual of the C,-vector space A'(X). Let Lie(H(X)) be
a free Lie algebra over C,, on H(X). Let

L(X) := Jim(Lie(H(X)) /T" Lie(H(X)))

be the completion of Lie(H (X)) with respect to the filtration given by
the lower central series. We equipped L(X) with a group law given
by the Baker-Campbell-Hausdorff formula and a topology given by the
inverse limit of finite dimensional Cp-vector spaces with its natural p-adic
topology if p < oo and the complex topology if p = co. We shall denote by
7(X) this topological group. Observe that each quotient 7(X)/I"n(X)
is an affine algebraic group, so 7(X) is an affine pro-algebraic group
and L(X) is its Lie algebra.

Definition. — The one form wy € AY(X) ® H(X) corresponds
to id g1(x) under the natural isomorphism

AY(X)® (AY(X))" ~ Hom(A'(X), A (X)).

ToME 119 — 1991 — ~° 3



FUNCTIONAL EQUATIONS OF P-ADIC POLYLOGARITHMS 349

We consider wx as an element of A'(X) ® L(X).

Let T(H(X)) be a tensor algebra over C, on H(X). Let I be an
augmentation ideal of T(H (X)) and let

T[H(X)]] := fim T (H (X)) /I"

n

be the completed tensored algebra. Observe that T(H(X))/I" is a finite
dimensional vector space over C,. Hence T[[H(X)]] is equipped with
the topology of an inverse limit of finite dimensional Cp-vector spaces.
Let P(X) be a group of invertible elements in T[[H(X)]] with leading
term equal 1. From the discussion given above it follows that P(X) is
affine, pro-algebraic group over C,.

Remark. — T[[H(X)]] is nothing else but an algebra of non-commutative
formal power series over C, on H(X).

In T(H(X)) and T[[H(X)]] we consider the Lie algebras of Lie elements
(possibly of infinite length in a case of T[[H(X)]]). These Lie algebras are
naturally isomorphic with Lie(H(X)) and L(X) respectively. After the
identification of L(X), which is the underlying set of w(X) with the Lie
elements (possibly of infinite length) in T'[[H(X)]] the exponential map

exp : m(X) — P(X)

is defined by the standard formula
exp(w)=1+£+w—+~-

where we consider w € w(X) as a Lie element in T[[H(X)]]. The
exponential map is a continuous monomorphism of topological groups,
whose image is a closed subgroup of P(X).

The inverse of exp is defined on the subgroup exp(n(X)) of P(X) and
it is given by the formula

logz=(2-1)—3(2-12+3(z-1P°-1z-1)"+--
and homomorphisms exp and log are mutually inverse isomorphisms
exp : m(X) &= im(exp) : log.

Let p(X) be a Lie algebra of P(X). We identify v € H(X) with a
tangent vector to P(X) given by [0,1] 3¢t —1+t-v e P(V)ifC,=C

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



350 Z. WOJTKOWIAK

is the field of complex numbers and by the differentiation in the direction
of v if C, is arbitrary.

After this identification we shall consider wx as an element of
AY(X) ® p(X) and provisionally we shall denote it by

o(X) € AY(X) ® p(X).

LEMMA 1.2. — The morphism id X exp : X x m(X) — X x P(X) maps
wx tnto Wx.

Proof. — Let v € H(X). Then exp(tv) and 1 + tv define the same
tangent vector. If C,, is non-archimedean one observes that exp tranforms
the differentiation in the direction of v on m(X) in the differentiation in
the direction of v on P(X).

It is clear that there is no need to distinguish between wx and @y,
hence we shall denote both forms by wx.
Let X = PY(Cy) \ {z1,...,%r4+1} and let Y = PY(Cp) \ {v1,---,¥s+1}-

Let N .
1@ =a]]e e /T~ b)m™

be a rational function. Let us assume that f restricts to a regular map
f: X =Y. Then f induces

F5rANY) - ANX) and f, : H(X) — H(Y).

The map f, induces the following five maps which we shall denote by the
same letter f,

f+ : Lie(H(X)) — Lie(H(Y));
fo : LX) — LY), fu:m(X) — 7w(Y);

fo:p(X) —p(Y), fi:P(X)— P(Y).

Hence 7( ) and P( ) are functors on the category of pointed projective
lines and regular maps. We shall denote by G( ) any of them. In this way
we avoid formulations of separated statements for () and for P( ).

LEMMA 1.3. — Let X,Y and f : X — Y be as above. Let
fxfi: XxGX)-=Y xGY)

ToMmE 119 — 1991 — ~° 3



FUNCTIONAL EQUATIONS OF P-ADIC POLYLOGARITHMS 351
be induced by f. Then we have
([d®f)wx = (f* ®id)wy,
where f*: AY(Y) — AY(X).
Proof. — The form wx (resp. the form wy) corresponds to id4,(x)

(resp. to idg1(y)). The lemma follows immediately if we observe that
idgi(x)of* = f* oid1(y).

2. Horizontal sections of the canonical connection
Let X = PY(C,) \ {a1,...,an41}. Let us consider a principal P(X)-
bundle
XxP(X)—X

equipped with the integrable connection given by wx.
Let us choose a base of A'(X) given by one-forms

w =T1(2)dz, ... | wp,=T(2)dz.

Let Xi,...,X, be a dual base of H(X). Then P(X) is a multiplicative
group of non-commutative, formal power series with constant terms
equal 1 in non-commutative variables X1,..., X,.

Let p be a finite prime. Let us choose a locally analytic homomorphism
log : C; — C,. Then it follows from section 0 (THEOREM A) that
there is a logarithmic F-crystal M(X) on X such that iterated integrals
[l winyoswi, (T €X,i1,...,0m € {1,2,...,n}) exist in M(X).

PROPOSITION 2.1. — Let p be any prime of Q. Let

X = Pl(Cp) \{a1,...,an41}

and let ¢ € X. Let wy,...,w, and X1,...,X, be as above.
(i) Let p be a finite prime. Then the map

W3 ze (5143 {(-DF /Zwil,...,wik}xik ----- X;,) € X x P(X)

(the summation is over all non-commutative monomials in X1,...,Xy) is
a horizontal section of a principal P(X)-bundle X x P(X) — X equipped
with an integrable connection given by wx. We shall denote this map
shortly by

X3z (2,Ax(z;7)) € X x P(X).

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE
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(ii) Let C, be the field of complex numbers C. Let vy be a path in X
from x to z. Then the map

X520 (z,l +Z{(—1)k/ Wirye oy wiy 1 X X) € X x P(X)
z?’y

is a horizontal section of a principal P(X)-bundle X x P(X) — X equipped
with an integrable connection given by wx. We shall denote this map
shortly by

X 32+ (2,Ax(2;2,7)) € X x P(X)
or by

X 3z (2,Ax(2;7)) € X x P(X).

(iii) The initial condition Ax(z;z) = 1 determines Ax(z;z) (and
Ax(z;z,7) if Cp = C) uniquely.

Proof. — The system of differential equations for the coeflicient fi(2)
at X, -+ X, - X, of the horizontal section is the following

() dfi = ~w;, dfo=—-fiw,, ... , dfi=-fr1w;
with the initial condition
filz) =0, fa(x)=0, ... , fu(z)=0.

If C, = C the solution of the system (*) is given by the iterated integrals
(—1)¢ f:v Wiyye .., wi, for £=1,... k where v is a path from z to 2. If p
is finite then the functions (—1)* f; Wiys---swip, £ =1,...,k, exist in the
logarithmic F-crystal M(X) and satisfy the system (*).

The uniqueness principal is valid for analytic functions on a connected
open set in the complex situation and for functions in M (X) in the p-adic
situation (see [C], Theorem 5.7). This implies (iii).

We shall denote by

X352 (2,6x(z1) € X x7(X)

a horizontal section of a principal w(X)-bundle X x n(X) — X
equipped with the connection form wx which satisfies the initial condition
Ux(z;z) = 0. If C, = C we shall also write £x(z;z,7) instead of £x(z; )
to indicate the dependence on a path ~. It follows from LEMMA 1.2 that

exp(lx(,2))= Ax(z).
Hence we have

£x(z3) = log(Ax (2 0).
This implies that £x (z; ) exists (in M(X) if p is finite) and it is uniquely
determined by the initial conditions.
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COROLLARY 2.2.

Let X = PI(CP)\{al,. . .,an+1} and letY = Pl(Cp)\{bl,.. .,bm+1}‘
Let f : X = Y be a regular map. The map fx f, : X xG(X) - Y xG(Y)
maps horizontal sections of the bundle X x G(X) — X equipped with the
connection wx into horizontal sections of the bundle Y x G(Y) —» Y
equipped with the connection wy i.e. we have

(2.2.1) follx(z2)) =ty (f(2); f(z)) if G()=mn()
and
(22.2) f(Ax(z2)) = Av (f(2); f(2)) if G()=P().

Proof. — The corollary is an immediate consequence of LEMMA 1.3 and
PROPOSITION 2.1.

3. Functional equations

Let X be a projective line P!(C,) minus a finite number of points.
We recall from section 1 that G(X) is an affine, pro-algebraic group. Let
Alg(G(X)) be an algebra of polynomial C,-valued functions on G(X).

Let X = PY(C,)\{a1,...,an41} and Y = PY(Cp)\{b1,...,bm+1}. Let
f : X — Y be a regular map. Let x,2 € X. Our principal tool to derive
functional equations are equalities from COROLLARY 2.2

(2.2.1) fr(Ex(z2)) = by (£(2); f(2))
and
(2.2.1) Fe(Ax(z2) = Ay (f(2); f(2)).

THEOREM 3.1. — Let fi,...,fn be regular functions. Let Ty,..., Ty
belong to Alg(G(Y)) and let p(t1,...,t,) be a polynomial in variables
thyen e tn.

(i) Let G( ) =«( ). There is a functional equation

W B (A AE)) Ta(lr (fn(), Sn(@) ) } =0
if and only if
(2) p(Ti 0 fiey-., T o fa+) = 0.

(i) Let G( )= P( ). If p(Ti 0 fie,..., T o fn+) = O then

{1 (A (A=) £1@)), - T O (P (2), S (@) ) } = 0.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE
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Proof. — Let us assume that we have the identity (2). The iden-
tity (2.2.1) implies that

Ti(fir (€x (2;2))) = Ti(Ly (f:(2); fi(2))).

Substituting 7;(fi (¢x (z;x))) by T;(€y (fi(2); fi(z))) in the formula (2)
we get the functional equation (1). The same arguments show also
part (ii).

Let us assume that we have a functional equation (1). Let C, = C be
the field of complex numbers. Observe that the subset

{tx(z;2,7) e 7(X) |y € m(X,2)}
of m(z) is Zariski dense in 7(X)/I?n(X). Hence this subset is Zariski
dense in 7(X)/T*n(X) for any k. The vanishing of a regular function

p(Tiofi+,...,Tyo fn+) on a Zariski dense subset implies that this regular
function is the zero function.

Now we shall assume that p is finite. Let us choose an isomorphism of
fields a: Cp = C. If

alt, .. = iy, (1) (82)2 - (tn)™ € Cyllta, .., tn]]
then we set
q“(tr, ... tn) = Za(ah,m,in)(tl)il(tz)iz ()™ € Clltry -y ta])-
If X = PY(Cp) \ {a1,...,ant1} then we set

X :=PYO)\ {a(ar),...,a(ant1)}

N z \* . dz * e en
Let us identify ( l) with (m) . After this identification,

if T € Alg(n(X)) then T® € Alg(n(X®)).

Let ¢;(2) be a Taylor series of T;,(¢y (fi(2); fi(x))) at € C,. Then
if follows from (1) that p(qi(2),...,gn(2)) = 0 and consequently also
p*(g¥(2),...,q%(2)) = 0. The power series ¢f(z) is a Taylor power
series of T*(lya(fX(2), f&(a(z)))) at a(z) € C. Hence locally, in a
neighbourhood of a(z) we have a functional equation

p (T (tr ol @) 47 (0@) ). T (a3 Fi (0(@) ) } =0
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FUNCTIONAL EQUATIONS OF P-ADIC POLYLOGARITHMS 355

By the principle of analytic continuation we have

{72 (b a2 7 (@), £7(1) ), } =0
for any smooth path v from a(z) to z. Hence we have
P{T o et T o 3} =0
by the result proved above for the field of complex numbers. This implies
p{Tio fir,...,Tno fn-} = 0.
We recall that Lie H(Y") is a free Lie algebra on
Yi=(w)" ... , Yn=(wn)"

where wy, ..., W, is a base of A'(Y"). We fixed a base By of Lie H(Y') given
by basic Lie elements corresponding to the ordering Y1, .. ., Yy, (see [MKS],
Theorem 5.8). Let v € By and let v* € Hom (Lie H(Y'),C) be a linear
functional on Lie H(Y") dual to v with respect to the base By . We consider
the linear functional v* € Lie H(Y') as an element of Alg(w(Y")). We set

Lo,8y (z;) := v* (Ly (2;2)).

If the choice of the base By is clear we shall omit the subscript By and
we shall write £,(z;x) instead of £, 5, (2; ).

The following results are immediate corollaries of THEOREM 3.1.

COROLLARY 3.2. — Let f1,..., fn be regular functions, let nq,...,ny
be integers and let vy,...,vN be homogeneous of degree n and let they
belong to the base By of Lie(H(Y)). There is a functional equation

N
S nilly, (fi(2); fi(@)) = 0

i=1

if an only if
f)m(vz‘ o (f):) =0
in Hom (I (X) /Fn+17r()g;l C,), where
(fi)s : T"m(X) /D" im(X) — Dn(Y) /T in(Y)

is induced by f;.
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COROLLARY 3.3. — Let Bx be a base of Lie H(X) given by basic
Lie elements. The functions {L,(z;2,) | v € Bx} are algebraically
independent on X.

Now we shall concentrate on polylogarithms. Let
Y = P1(C,) \ {051; 00}.
Let By be a base of Lie H(Y') given by basic Lie elements corresponding
to the ordering ey = (%)* and e; = ( dz
g € = 2 1=

and ep41 := [en, o). Let e}, denote the linear functional on Lie H(Y) dual
to e, with respect to the base By. We shall consider e} as an element
of Alg(n(Y)).

We recall that L., (z;z) = e}, (fy (z;z)). To simplify notation we set

Ln(z;2) := L, (2;2).

Let 7, : P(Y) — Cplleo, e1]]* — C, associate to an element of P(Y) its
coefficient at e} - e; . We set

Lin(z;7) := (-1)" Tt (Av (25 2)).

1) . Let us set ez := [eg, €]

It is an easy observation that

£ —dz d d
Lln(z,l')Z/ i —za""—z,

9
z—1 =z z

where dz/z appears (n — 1) times.

We shall express the function £,(z;z) by functions Lig(2; ). Let

A = exp(aep) + Z bnt1eg el € P(Y).

n=0
We recall that

logt=(t—1) -1t -1 +i¢t—-1P° -3t -1)*+---
Let ¢n41 be a coefficient at el - e; in the power series log A. We have

i+j<n

1 a’ 1 a’ts
Cn41 = bpy1 — 5( Z z-_'bn+1—i) + g( Z i1 bn+1—z‘—j)
1<i<n i=j=1 " "7°
i "“iﬁn a” ot b ) +
1 i1 Tk
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We shall compute the coefficient at a*b,4;_. Observe that this coef-
ficient is equal to a coefficient at z* in a power series

Plz) = —h(e" =) + (e~ 1 §(e" — 1) +

We have
(e = 1)+ (2)(e* —1) =loge® = 2.
Hence o
B; .
p(z) = Z —, z*
where B; are Bernoulli numbers (B; = » B, = 12, 3 = 0,...). The

immediate consequence of this discussion 1s the following lemma.

LEMMA 3.4. — We have
", By
Cnt1 = bpy1 + Z T aFbny1—k.
k=1

This Lemma implies the following result.
COROLLARY 3.5. — We have

. " B dz\k .
Ln+1(z;2) = Lipg1(2;2) + Z k—’: (/ ——) Lipt1-x(2;2).
k=1 z

z
( (O{b?()er)ve that L£o(2) := Lis(2) + & log zlog(1 — z) is the Rogers function
see [R]).

THEOREM 3.6.

Let X = PYCp) \ {a1,...,an+1} and let Y = PY(Cp) \ {0,1,00}.
Let fi,...,fn : X = Y be regular functions and letny,...,nn be integers.
There is a functional equation

(0) Zm fz(z fi(z )) =

if and only if one of the following equivalent conditions is satisfied :
N

(1) Zniez o (fi)« = 0 in the group
i=1

Hom (I (X)/T"* 7 (X); Cp) ;
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N
(2) Zni(fi)* =0 in the group

=1
Hom (I (X )\pn+17(x); T"m(Y) /(T2 (Y) + Ly,)),

where Ly, is a Cp-vector subspace of T"w(Y) /T x(Y) generated by all
commutators in ey and ey which contain e at least twice;

N
3) an(fz)* =0 in the group

=1

Hom (T" (m (X, 2)8,) /T (m1 (X, 2)4 )3
L™ (1 (¥, 9)6) /(T4 (m (Y, 9)%) + Ln))

where T, (X, x)%, is the L-profinite quotient of the etale fundamental group
of X and where (f;)« are maps induced by f; on etale fundamental groups.
L, is a closed subgroup of T™(m1(Y,y)%,) defined in the following way.
If C, is the field of complex numbers C then L, is topologically generated
by all commutators in eg (loop around Q) and ey (loop around 1) which
contain ey at least twice. If C, is a non-archimedean field then any
isomorphism C, ~ C induces an isomorphism

w1 (PH(Cp) \ {0,1,00},9)", = (P1(C)\ {0,1,00},1)",

and L, C T (PY(Cp) \ {0,1,00}, )% is the image of

L, C Fn(ﬂ'l (PI(C) \ {0, 1’00}’3/);)

under this isomorphism.

Proof. — Tt follows immediately from COROLLARY 3.2 that (0)
and (1) are equivalent. Observe that L, = kere}). This implies that
(1) and (2) are equivalent. Observe that the map induced by f; on
quotient groups I'"w(X)/T"+17(X) “coincides” with the map induced
by fi on T™(m (X, x)%) /T (71 (X, 7)%). This implies that conditions (2)
and (3) are equivalent.

Definition 3.7. — Let n be a natural number. We note 1dt(n) a
polynomial in variables Lik(g;(2)), where k < n and g;(2) are rational
functions.
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COROLLARY 3.8. — There is a functional equation

N
(1) an Lln(fz(z)) - Lln(fz( ))) + ldt(n) =0

=1

if and only if
N

(2) > ni(fi)e =0
=1

in the group Hom(I"7(X) /T n(X); T"x(Y) /(T n(Y) + Ly)).

Proof. — Let us assume that Y% n;(f;). = 0. THEOREM 3.6 im-
plies that Zf;l n; Ln(fi(2); fi(z)) = 0. It is a trivial observation that
Lin(z;x) = Lin(2) — Liy(z) + 1dt(n). Hence COROLLARY 3.5 implies that

S [Lin (7(2) — Ein (1:0))] + 1) =

=1

Let us assume that (1) holds. Let C, = C be the field of complex
numbers. Calculating the monodromy of the function Li,(2) on elements
of I™71(Y,y) we get a linear function é, from I'"7(Y,y)/I" 71 (Y,y) to
(2mi)™ - Z which after the identification of ey € 7(Y) (resp. e; € 7(Y))
with a loop around 0 (resp. loop around 1) coincides with

2m)" - el : T"x(Y)/T" (V) - C.

Calculating the monodromy of Li,(fi(2)) on I'*m (X, x) we get a linear
function

6n 0 (fi)s : TP (X, 2) /Ty (X, 2) — (2m)" - Z

where (f;)« : m(X,z) — m(Y,y) is the map induced by f;. The
functional equation (1) implies that we have Ef\;l nién o (fi)s = 0
in Hom(I'"my (X, z)/T"* 17 (X, z); (27i)"Z). This condition is of course
equivalent to (2).

Let C, be a non-archimedean field. We rewrite the equation (1) in the
form

N
Y niLin(fi(2); filx)) +1dt(n) = 0

i=1
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where ldt(n) is a polynomial in Ly(g;(2);g,(z)) (here & < n and
gj(z) are rational functions) and constants. We replace the functions
Lin(fi(2); fi(z)) and Lix(g;(2);g;(x)) by their Taylor power series at .
We choose an isomorphism « : C, ~ C and we interpret the Taylor power
series over C, as Taylor power series of complex functions Liy( ; ). Hence
we get a functional equation of complex polylogarithms

N
> naLin (£2(2); 7 (x)) +1dt(n) = 0

=1
and this situation we have already considered.

Now we shall show that the ideal of polynomial relations between
functions Li,(f;(2)), where f;(z) are rational functions is generated by
linear relations from THEOREM 3.6.

Let f1(2),..., fn(2) be rational functions. Let p(z1,...,ZN,t1,...,tR)
be a polynomial whose degree with respect to z1, ...,z is strictly smaller
than k. We set

LDTy(n) := p(Lin(f,-(z)), o Lin (£ (2)), T, ... ,TR)

where T = 1dt(n),...,Tr = ldt(n).

We recall that I is a homogeneous ideal in Cplzy,...,z,,] if the
following two conditions holds :

(i) for any two homogeneous elements in I of the same degree, their
sum is in I;

(ii) for any homogeneous element @ in I and any homogeneous ele-
ment ¢ in Cp[z1,...,Zy)], the element ¢- a is in 1.

THEOREM 3.9. — Let f1(2),..., fn(2) be rational functions. Let

I’n(fla“'va)
= {p(xl,...,xN) € Cplzy,...,zN)

| p(z1,...,2N) homogeneous of degree k > 0,

p(Lin(f1(2), -, Lin(fn(2))) + LDTi(n) = 0}

Then L,(f1,..., fn) is a homogeneous ideal generated by a finite number
of linear forms in x1,...,zN.
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Proof. — 1t is clear that I,,(f1,..., fv) is a homogeneous ideal. Let X =
PY(Cp) \ {a1,...,a¢} be such that the maps f; : X — P1(C,) \ {0,1, 00}
are regular for ¢ = 1,..., N. It follows from THEOREM 3.1 and the fact
that p(z1,...,zy) is homogeneous that

p(Lin (fl(z))a HE) Li, (fN(Z))) + LDTk(n) =0

if and only if p(ek o (f1)«,... €5 o (fn)«) = 0 in Alg(w(X)). This is
equivalent to the condition p(e} o(fi).,...,eLo(fn)s) = 0in S(V*) where
V =TI"r(X)/T" 1 7x(X) and S(V*) is the symmetric algebra over C, on
the vector space V* = Hom(V,C,).

Then I,(f1,...,fn) is the maximal homogeneous ideal contained in
ker(Cylz1,...,on] — S(V*)), where 7(z;) = e, o (fi)s. The map 7 is
induced by a linear map @f;l Cpz; — V*. Hence the ideal I,(f1,..., fn)
is generated by one-forms.

4. Sometimes it is easier without 273

In this section p is a finite prime, so we are working in a p-adic realm.
Let

Pra(2) = Z a;(10g 2)* Lint1-i(2)

1=0

(Li; (z) = —log(1 — 2)). Let V41 C Cpt! be given by

_ n+1 = Ok — .
Var1 = {(ao, ., a,) €C; |§(n+1_k)! =0}

LEMMA 4.1. — Let

z n—1 — P
%(Pnﬂ(z))—an[(log ) Zlog(l 2) (lfg_ i ]

=, (log2)' Lin_i(2)
=> B e
=0
If (ao, .o ,O!n) € Vn+1 then (,30, e 7/671,—1) € Vn
Proof. — We have

Br = ag + (k + 1)ak+1 if k<n-—1,
Br-1=an_1+ (n+1)a,.
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Hence .
— B = a; + (i + 1)a;4q
;(n—z)! ; (n—1)!
_a  w~ (m+1) o
= +;(n+1—z‘)!‘“‘0‘

The p-adic k-th polylogarithm satisfies the functional equation
/1 . (log 2)*

* =) = (=1)k+1 _yk+10g2)”
*) Lit () = (~1)" Lia(2) + (1) 2%
(see [C], Proposition 6.4).

LEMMA 4.2. — Let P,y1(2) be such that (ap,...,an) € Var1. Then

1

Pasa () + (1" Pasa () = 0.

Proof. — This follows immediately from (*).

Following [C], we set
lim’ f(2z) = lim f(2)

z—a zZ—a
2€K

if all the limits on the right side exist and coincide, for an arbitrary finitely
ramified extension K of @, such that coordinates of a are in K.

LEMMA 4.3. — Let P,;1(2) be such that (ag,...,0an) € Vyy1. Then
limO' Poy1(2) =0 and lim’ P, 1(2) = 0.
2 zZ—00

Proof. — The fact that logz is bounded on any finitely ramified
extension of @, and Liy(0) = 0 implies that the first limit vanishes. It
follows from LEMMA 4.2 that the second limit vanishes.

Now we give some examples of functions P, 41 (2) such that the sequence
of coefficients (ap,...,an) € Vpt1.
Ezample 1. — Let
—1)* —1)" _1\n+1
(1) (1", (=ym
n! (n+1)!

i<n and a,=

We must show that the expression Z?:Jrol (=1)!/i!(n + 1 —i)! vanishes.
Observe that this expression is a coefficient at 2"*! in the power series

e %-e* =1, hence
n+1 i
> =
—il(n+1-1)!
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The function

; (logz ' Lip—(2) + % (log 2)" Li; (2)

appeared in [L2] while its single valued analogue in [W4].

FEzample 2. — Let a; = ;ﬁ—; where §; are Bernoulli numbers 8y = 1,
Br=—1%,B=2% B3 =0,.... Observe that 3.1 B;/i!(n+1—4d)!isa
-3 (e* — 1), hence

coefficient at z"*! in the power series

: Bi _
;i!(n+1—i)! =0.

n
The function Z b (10g 2)"Liny1-4(2) appeared in [D2] and in a non

1=0
explicit way in [W2] as a solution of a system of differential equations

defining horizontal sections.

Ezample 3. — Let

1

ap=1 «a; =0 for 0<i<n and an:—m-

1

The corresponding function is Li,41(2) + CEN (log 2)" log(1 — z).
Observe that dim V,,1; = n. Hence for n = 1 there is only one function
(up to a multiplication by a constant) such that its sequence of coefficients

belongs to V3. This is the Rogers function Liz(z) + § log(2) - log(1 — 2).

We hope that a function P,,;(z) such that its sequence of coeffi-
cients (ag,...,a,) € Vui1, has all functional equations without lower
degree terms. We give a partial result in this direction. We shall imitate
D. ZAGIER (see [Z1)).

Let Ajoc(Cp) be a ring of functions which are locally analytic on some
C,\ several points. Let Sym*(C,(2)*) be the k-th symmetric power of the
multiplicative group C,(2)*. Let us set

L1 (Cp(2)7) 1= Sym™ 1 (C,(2)*) @ (Cpl2)* A Cpl2)*) ® Q/R
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where R is generated by expressions of the form
(**) 0 0Ofi20a0bBc

+HO - O0fr20b®c®a

+/10 - Ofn20c®a®b

and
(***) 1O OcCp-10Cp QCni1
where ¢; € Cp fori =1,...,n+ 1. Let Kny1 : Lnt1(Cp(2)") = Aloc(Cp)
be given by

Kni1(10f0...0 fa1) @ fu A fat1 ® Q)

= QA1)+ Alfat) - (AUni1) - BUfa) = Af) - B(fas1))

where A(f) =log f and B(g) = ¢'/g.
Let B(Cy(2z)*) be a free abelian group on the set C,(z)*. We shall
denote by [f] the generator corresponding to f € Cp(2)*. Let
bn+1 : B(CP(Z)*) — Ln+1 (CP(Z)*)
be a homomorphism given by
b ([f) =fo-0f0fol-f

PROPOSITION 4.4. — Let

Py z) Zaz 10gZ) Ling1- z( )
=0

be such that (ag,...,0n) € Vpp1. If f= an[fk] € kerb, 41, then we
have k=1

an (Pn+1 (fr(2)) — Pn+1(fk(z0))) =0
k=1

where 2o s a fized element of C,.

Proof. — Let n = 1. The space V5 is one-dimensional generated
generated by (1,—3%). Then for Py(2) = Liz(z) + 3logzlog(l — 2) we
have

45 009) = o { Bt

k=1
(1- fiu(2))
-2 (e
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m
Hence Z ng(P2(fi(z))) is constant. Assume that the theorem holds for n.

k=1
We have
45 N~ file)
i Z; Poy1(fr(z I;nk AOh Qn(fr(2))
[ fi(2)
> "k{fﬁ(z) (log fi(2))"™ " log(1 - fi(2)))
- P og a2
n—1
where Q,(2) = Zﬂz log 2)* Lin—4(2) and
1=0

Bi = a; + (2 + 1)ai+1 if i<n-—-1, Bpi=ap_1+ (n + l)an.

The second summand is equal t0 o Kpnt1((bnt1(f)) = 0. Let v,_o(f(2))
be a valuation of a rational function f(z) at z — a. The first summand

Sonefr(2)/ fe(2) - Qn(fr(2)) is equal to

Y Y meea () 2 ((2)).
k=1

a€C,U{o0}

For any a € C, the element

> v (fe(9) [£el2)] € B(Cy(2)")

k=1

belongs to ker b,,. By LEMMA 4.1 and the inductive assumption the expres-
sion Yy, nkvV.—qo(fr(2))Qn(fr(2)) is constant. It follows from LEMMA 4.3
that this constant is zero. Hence (d/dz) 3" jv, mk Pnt1(fx(2)) vanishes and
the function Y y- , nxPri1(fe(2)) is constant.

COROLLARY 4.5 (Conjectured by L. LEWIN (see [L2], pp. 7-8)). — Let
N

f= Zn,[fz(z)] € B(Cp(2)*) belong to kerby1. The lower degree terms
i=1

of the functional equation of Liny1(2) for f involve only constants and

logarithms.
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Proof. — The sequence (1,0,...,0,—1/(n + 1)!) belongs to V;, ;1. Let
. 1
Pn+1(z) = L1n+1(z) + (n+—1)'
TION 4.4 that

log zlog(1 — z). It follows from PROPOSI-

> i ( w1 (fi(2)) — n+1(fz(~’v)))

=1

This implies the corollary.

5. Differential Galois groups and functional equations
Let

*) X' = AX

be a linear system of differential equations on P'(C,) where X(z) :=
(X1(2),...,X5(2)) and A(z) = (Aij(2))ij=1,.,n. Assume that the ele-
ments of the matrix A are in K = Cp(z — a). Assume also that the
functions A;;(z) for 4,5 = 1,...,n have no poles at a € C,. Then there
exists n-solutions Y, ...,Y, of (*) in Cp[[z — a]] linearly independent over
C,. The subfield F' = Cp(z — a)(Y1,...,Y,) of the field of fractions of
C,l[z — a]] is preserved by the derivation 0 = G The differential
Galois group of F/K is the group Auts(F/K) of automorphism of F'
which commute with d and fix K (see [An]).

Our fundamental example is the following system of differential equa-
tions

T
7y =0, ¥=22,
) L . T T,
L 0 /__1, e, r_ n—1
Tl_l—z’ TQ_z Tn z

with initial conditions 7y = 1, ¥(a) = 0 and Tix(a) = 0 for £ > 0.
Its differential Galois group G, is given by the following automorphisms
of F=Cp(z—a)(¥,Th,...,Tp) :

¥i— ¥+
0((1,,31,...,,8»,7,) :

,J—k'__),]rk_f_z(kﬁl) ‘Ilk—i
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fork=1,...,n, where a, 3y, ..., 3, are independent parameters. Observe
that

0((1,61,. . >ﬂn) oe(a',ﬂi,. .. )ﬂ’fm)
/1

(07
=0(a+a, 81+ 81,8+ B + Ay
Cwan
By + By + oy + By ):

The group G, is a nilpotent, affine, algebraic group over C,. The nilpo-
tence class of G,, is n, G2* = C,®C, and, for each k < n, ['*G,/T**+1G, ~
C, is generated by the class of some 6(0,...,0,B,...) with By #0,a =0
and B; = 0 for ¢ < k. Observe that

Galp(F/Cp(z — a)(¥,T1,..., Tp)) = TFHG,.

Let fi(2),..., fm(z) be rational functions on P'(C,). We consider the
following system of differential equations

T' =0, \1:;=:r-fi

(F*¥) fi
fi fi
,Tll,izT'l_fi’ Tk’,¢=77e—1,i'7;
k=2,...,n,%=1,...,m with initial conditions

T=1 Yia)=0 and 7;,(a)=0.
Let G be a differential Galois group of the system (***). Let
Fs = Cp(z - a')(lI’ia ﬂ,i)i:l,...,m,

Then Galy(F,/C,(z —a)) = G and Galy(F,/F;) = T**1g.

THEOREM 5.1. — There is a functional equation

G > niTni(z) +p(2) =0
=1

m
where p(z) € F,—1 and Z |ni| > 0 if and only if dim TG < m.

=1
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Proof. — The differential Galois group G is given by the following
automorphisms of the field F,, :

U, — U, +

0((i)i=1,...,n> Br,i) i=1,....n :

k=1,....m

Bei
=01

k
Tsi — Tii + Z Ty
(=1

The parameters o, Bx,; need not be longer independent hence we have
dimG < m(n + 1). We shall denote by 6(8k,i,) the element 6 of
Auty(F,/Cy(z — a)) such that all a; = 0 and all Bi; = 0 but Brys20-

Let us assume that we have a functional equation (****). Applying

0(Bn1) 0 0(Bn2) 0 00(Bn,m) to (****), we get

n

> " ni(Tni(2) + Bni) + p(2) =0.

i=1

Hence 3., n;08n; = 0. Observe that the group I'"G is generated by
elements 6(8,,,;) ¢ = 1,...,m. This implies that dimI'"Gg < m.

The group I'"G is an abelian group, quotient of C7*, generated by the
elements 0(8,;) for i = 1,...,m. Hence every element # € I'"G has the
form

0(Bn,1) © 0(Bn,2) 0 -+ 0 0(Bn,m)-

Let us assume that dimI'™G < m. Then there is a non-trivial relation

S niBri = 0 for any 0 = 6(Bn,1) © 0(Br2) 0 -+ 0 8(Bpm) € IG.
Observe that the function Y .-, n;7, () is fixed by ['"G, because

0 : ZniTn,i(z) — Zni(%,i(z) + ﬂn,i)
i=1 =1

m

= niTni(2) + Y nibni-
=1 =1
The isomorphism Autg(Fy,/F,—1) ~ I'™G implies that

m
Z nﬂ'n,i(z) € F, 1.

=1
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Remark. — Solutions of (**) are

Zd # dz dz dz
To =1, lI’(Z):‘/ —Zz: 779(2):/ gy =y —
a a

1—-2 =z z

and solutions of (***) are

$i(2) fi® 4z d dz
T=1 Tiz)= / &, Tii(2) = / L2
fila) # §
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