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A NOTE ON FUNCTIONAL EQUATIONS OF

THE P-ADIC POLYLOGARITHMS

BY

ZDZISLAW WOJTKOWIAK (*)

RESUME. — La fonction polylogarithme Lin(z) d'ordre n est definie sur Ie disque
ouvert de rayon 1 par la serie ̂ ^ ^/A^. Cette fonction se prolonge analytiquement
en une fonction multiforme sur tout plan complexe. La meme serie V^00. ^/A^ definit
une fonction analytique p-adique sur Ie disque unite ouvert dans Cp (la completion de
la cloture algebrique de Qp ). Les analogues globales p-adiques des fonctions Lin(z) sont
construites dans Ie cadre d'une analyse p-adique rigide. Ce sont des polylogarithmes p-
adiques. Dans ce papier nous trouvons les conditions suffisantes et necessaires pour une
existence d'une equation fonctionnelle de polylogarithmes en termes des applications
induites par des fonctions rationnelles sur les groupes fondamentaux etales de la droite
projective moins un nombre fini de points.

ABSTRACT. — The n-th order polylogarithm Ln(z) is defined by the series
E^Ll zk''t^n on tne Q?611 unit disc. This function has multivalued analytic prolon-
gation to C \ {0,1}. The same series ̂ ^ zk f^ defines an analytic p-adic function
on the open unit disc in Cp (a completion of an algebraic closure of Q at some place
above p). The global p-adic analogues of the functions L\n(z) are constructed in the
frame of rigid analysis. These functions are p-adic polylogarithms. In this paper we give
sufficient and necessary conditions to have a functional equation of polylogarithms in
terms of maps induced by rational functions on etale fundamental groups of projective
lines minus finite numbers of points.

E

Dedicated to the memory of Prof. J. Frank Adams

0. Introduction
Let n be an integer. The series ̂ ^i ^ k / ^ converges on the open unit

disc around 0 in the field of complex numbers C. Hence it determines
an analytic function on this disc. This function can be extended by an

(*) Texte recu Ie 23 fevrier 1990, revise Ie 8 mars 1991.
Z.WOJTKOWIAK, Institut des Hautes Etudes Scientifiques, 35, route de Chartres, Bures-
sur-Yvette, France.
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344 Z. WOJTKOWIAK

analytic continuation to a multivalued analytic function on C \ {0,1}. We
denote this function by Li^(z) and we call it the n-th order poly logarithm.

The functions Un(z) are special cases of Chen iterated integrals
(see [Ch]). We recall their definition. Let cc;i,...,^ be one-forms on a
smooth manifold M and let 7 : [0,1] -^ M be a smooth path from x to z.
Let 7^ : [0,1] —^ M be a restriction of 7. We define by a recursive formula

j ^i, . . . ,0^ := y (^ C^ij CL;2 , . . . , ^n .

If x is fixed and c < ; i , . . . , ̂  are closed one-forms on M such that all
possible products cc^ A • • • A c^ vanish, then F{z) = f c^ i , . . . ,ujn is an
analytic multivalued function on M. We shall write also J^ c^i,...,^
or J^ c<; i , . . . ,c^ to denote the multivalued function F{z).

T+ • 1 ^ ^ T • / \ /'2 d/^ d^ d^it is clear that Lin(z) = / ———5 —? • • • ? —•
Jo 1- z z z

Let p be a finite prime of Q and let Cp denote a completion of an
algebraic closure of Q at some place above p. Then the series

00 ^

^(z) = E ̂
k=l

determines an analytic function on the open unit disc around 0 in Cp.
However one cannot use analytic continuation to extend this function
because the open unit disc is the maximal analytic domain for it.

The global p-adic analogs of L'in(z) are constructed in the framework
of rigid analysis. Our basic reference is the paper of COLEMAN (see [C]).
We briefly sketch the necessary results from [C], asking the reader to
consult [C] for any details.

To define iterated integrals in the j?-adic realm we consider the following
system of differential equations

/*\ fl _ 1 r l _ Jl ft Jn-l

0 ^-^oT' ^"T"^' • • • ' fn=^an'

Let a C Cp \ { a i , . . . , a^}. We pose the following initial conditions

(**) /i(a)=0, /2(a)=0, ... , fn{a)=0.

We set D = Cp \ { a i , . . . ,a^}. The following result is the direct
consequence of [C] (Theorem 4.3, Lemma 5.2 and the whole section V
in [C]).
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FUNCTIONAL EQUATIONS OF P-ADIC POLYLOGARITHMS 345

THEOREM A. — Let us choose a locally analytic homomorphism

log : C; ̂  Cp.

There exists a logarithmic F-cristal M{D) on D = Cp \ {ai,...,a^}
such that the system of differential equations (*) has a unique solution
/i(z),..., fn{^) in M{D) which satisfies the initial conditions (**).

It follows from the theory presented in [C] that the functions fk(z) are
locally analytic. The function fn(^) we shall denote by

[ z dz dz dz
j^ Z - Ol ' Z - 02 ' ' Z - On

and we shall call it an iterated integral in the p-adic realm.

The p-adic polylogarithms are defined in the section VI of [C]. We
recall here their definition. Let D = Cp \ {0,1}. We consider the following
system of differential equations

1 /> n
(^ \ C 1 - ni ^-l HI ^n-1( i ) ^=7-r ^=^' • • • ' ^n=—
We pose the following initial conditions

(**2) Hm^)-0.

THEOREM A'. — Let us choose a locally analytic homomorphism
log : C^ —)• Cp. Then there exists a logarithmic F-crystal M(D) on
D = Cp \ {0,1} such that the system of differential equations (*i) has
a unique solution ^i(^),... ,^n(^) in M(D) which satisfies the initial
condition (**2). The function £k(^) extends to a locally analytic function
on Cp \ {1} such that 4(0) = 0.

We shall denote 4(^) by Life (z) and we shall call it the k-th p-adic
poly logarithm. The function Li^(^) is analytic at 0 and has the convergent

00 z71

Taylor expansion V^ —^ at 0. In fact we shall use only the fact that
n

n=l

functions Lin(z) and / ———•> • • • ? ——— exist in the p-adic realm, that
J^ z - ai z - an

they are locally analytic, that their Taylor power series at some points
"coincide" with the Taylor power series of the corresponding complex
functions and that the logarithmic F-crystal, where live p-adic iterated
integrals satisfies a uniqueness principal.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



346 Z. WOJTKOWIAK

The complex polylogarithms Li^(z) have a lot of remarkable properties.
For example, for small n, they have functional equations which generalize
the functional equation

log xy = log x + log y

satisfied by the logarithm. The dilogarithm

f-log(l-^)Li^r^-^d.
Jo z^W) = I —————————
J o

satisfies the functional equation

LiJ———.-^)=LiJ^)+LiJ——)
vl — x 1 — y ^ \ \ — x / \ l — y y

- L'^(x) - Li^y) - log(l - x) log(l - y)

(see [A]). In LEWIN'S book one can find more examples (see [LI]).
The basic reference for p-adic polylogarithms is the paper of COLEMAN
(see [C]). For more general review of various aspects of polylogarithms
and iterated integrals one can consult [Ca].

In this paper we give some sufficient and necessary conditions to have
functional equations of polylogarithms. We discuss complex polyloga-
rithms and j?-adic polylogarithms as well. One of the main results is the
following theorem.

THEOREM. — Let K be the field of complex numbers or a p-adic
completion of the algebraic closure of Q at some place above p. Let

f, : X = P\K) \ { a i , . . . , an} —. Y = P1 (K) \ {0,1, oo}

(z = 1 , . . . , N) be regular maps. Let yii,..., n^ be integers. There is a
functional equation

N
^ HI Lin{fi(^)) + terms of lower degrees = 0
i=l

N
if and only if V^ ̂ z(/i)* = 0 in the group^ i \ j z ) ^ —

i=l

^om(^n(7^^x)i,)/^n+l{7^^x)i^

^n(7^l(y,^)/(^7^+l(7^l(y,^)+LJ)

TOME 119 —— 1991 —— N° 3



FUNCTIONAL EQUATIONS OF P-ADIC POLYLOGARITHMS 347

where 71-1 (X, x)^ is the £-profinite quotient of the etale fundamental group
of X and where (fz)^ are maps induced by fi on the etale fundamen-
tal groups. Ln is a closed subgroup ^/T^Ti-iC^,?/)^) defined in the follow-
ing way. If K is the field of complex numbers C, then Ln is topologically
generated by all commutators in eo (loop around 0) and e\ (loop around 1)
which contain e\ at least twice. If K is a non-Archimedean field Cp then
any isomorphism Cp w C induces an isomorphism

TTi (P1^) \ {0, 1, 00},2/)^ TTi (P^C) \ {0, 1, CX)}^)^
" ^ ( r-»1 / - r - \ \ f r \ t 1 \ ^

and Ln C P^Ti-^P^Cp) \ {0,1, oo})^) is the image of

LnCr-^^P^C)^^!^}^)

under this isomorphism.

We give also a sufficient and necessary condition to have a functional
equation in terms of a differential Galois group of a certain system of
differential equations.
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Plan
0. Introduction
1. Canonical unipotent connection on a projective line

minus several points
2. Horizontal sections of the canonical unipotent connection
3. Functional equations
4. Sometimes it is easier without 2m
5. Differential Galois groups and functional equations.

1. Canonical unipotent connection on a
projective line minus several points

If p is any prime of Q let Cp denote a completion of an algebraic
closure of Q at some place above p. This definition includes also the case
when p == oo and then Cp = C is the field of complex numbers.

Let X = P^Cp) \ { a i , . . . , a^+i}. Observe that X is an affine algebraic
variety over Cp. Let ^*(X) be the algebraic De Rham complex of smooth,
algebraic differential forms on X. Let A^X) be a Cp-subspace of ^(X)

generated by linear combinations with Cp-coefficients of one forms ———
Z — CLi

for z = l , . . . , ? z + l . Observe that

A\X)=HDn(X).

Let H{X) be the dual of the Cp-vector space A^X). Let Lie(H(X)) be
a free Lie algebra over Cp on H{X). Let

L(X) :=llm(Lie(U(X))/^7^Lie(JC:f(X)))
n

be the completion of Lie(H{X)) with respect to the filtration given by
the lower central series. We equipped L(X) with a group law given
by the Baker-Campbell-Hausdorff formula and a topology given by the
inverse limit of finite dimensional Cp-vector spaces with its natural p-adic
topology ifp<oo and the complex topology lip = oo. We shall denote by
7v(X) this topological group. Observe that each quotient 7^(X)/^n7^(X)
is an affine algebraic group, so 7r(X) is an affine pro-algebraic group
and L{X) is its Lie algebra.

Definition. — The one form ujx ^ A^X) 0 H(X) corresponds
to id^i(x) under the natural isomorphism

A\X) 0 (A\X)Y % Hon^A^JO.A1^)).

TOME 119 —— 1991 —— N° 3



FUNCTIONAL EQUATIONS OF P-ADIC POLYLOGARITHMS 349

We consider ujx as an element of A1(X) 0 L{X).

Let T(H{X)) be a tensor algebra over Cp on H(X). Let I be an
augmentation ideal of T(H(X)) and let

T[[H(X)}}:=]lmT(H(X))/In

n

be the completed tensored algebra. Observe that T^^X))/!" is a finite
dimensional vector space over Cp. Hence r^i^X)]] is equipped with
the topology of an inverse limit of finite dimensional Cp-vector spaces.
Let P(X) be a group of invertible elements in r[[^(X)]] with leading
term equal 1. From the discussion given above it follows that P(X) is
affine, pro-algebraic group over Cp.

Remark — T[[H(X)}] is nothing else but an algebra of non-commutative
formal power series over Cp on H(X).

In T(H(X)) and r[[J:f(X)]] we consider the Lie algebras of Lie elements
(possibly of infinite length in a case of r[[If(X)]]). These Lie algebras are
naturally isomorphic with Lie(H(X)) and L{X) respectively. After the
identification of L{X), which is the underlying set of 7r(X) with the Lie
elements (possibly of infinite length) in r[[I:f(X)]] the exponential map

exp : TT(X) —> P(X)

is defined by the standard formula

. . . w w2

exp(w) = 1 + ^ + ̂  + • . •

where we consider w C 7r(X) as a Lie element in T^^X)]]. The
exponential map is a continuous monomorphism of topological groups,
whose image is a closed subgroup of P(X).

The inverse of exp is defined on the subgroup exp(7r(X)) of P{X) and
it is given by the formula

\ogz = {z - 1) - ̂  - I)2 + ̂  - I)3 - ̂  - I)4 + . . .

and homomorphisms exp and log are mutually inverse isomorphisms

exp : 7r{X) tz^ im(exp) : log.

Let p(X) be a Lie algebra of P(X). We identify v e H(X) with a
tangent vector to P(X) given by [0,1] 3 t ̂  1 + 1 ' v C P(V) if Cp = C

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



350 Z. WOJTKOWIAK

is the field of complex numbers and by the differentiation in the direction
of v if Cp is arbitrary.

After this identification we shall consider ujx as an element of
A^X) (g) p{X) and provisionally we shall denote it by

cj{X)eA\x)^p(X).

LEMMA 1.2. — The morphism id x exp : X x 7r(X) —> X x P(X) maps
UJX into LJx -

Proof. — Let v € H{X). Then exp(tv) and 1 + tv define the same
tangent vector. If Cp is non-archimedean one observes that exp tranforms
the differentiation in the direction of v on 7r(X) in the differentiation in
the direction of v on P(X).

It is clear that there is no need to distinguish between ujx and ujx^
hence we shall denote both forms by ujx'

Let X = P^Cp) \ {x^..., Xr+i} and let Y = P^Cp) \ {y^..., ̂ +1}.
Let

f{z)=a'[[(z-a^/]^[(z-b,Y

be a rational function. Let us assume that / restricts to a regular map
f :X ->Y. Then / induces

r^y)-^1^) and f.:H{X)——H(Y).

The map f^ induces the following five maps which we shall denote by the
same letter f^

f^:Lie{H(X)) ——Lie(^(V));

/ , : L ( X ) — — L ( y ) , /, : Tr(X)-. Tr(y);

f^:p(X)^p{Y)^ /, : P(X) —— P(Y).

Hence 7r( ) and P( ) are functors on the category of pointed projective
lines and regular maps. We shall denote by G{ ) any of them. In this way
we avoid formulations of separated statements for 7r( ) and for P( ).

LEMMA 1.3. — Let X , Y and f : X —>Y be as above. Let

f x /, : X x G(X) -^ Y x G(Y)

TOME 119 —— 1991 —— N° 3



FUNCTIONAL EQUATIONS OF P-ADIC POLYLOGARITHMS 351

be induced by f. Then we have

(id^f^ux = (/* 0id)cc;y,

where /* : A^V) -^ A^X).

Proo/. — The form ujx (resp. the form ujy) corresponds to id^m
(resp. to id^y)). The lemma follows immediately if we observe that
idAi(x)0/* = /* oidAi(r) .

2. Horizontal sections of the canonical connection
Let X = P^Cp) \ { a i , . . . ,a^+i}. Let us consider a principal P(X)-

bundle
X x P(X) —> X

equipped with the integrable connection given by ujx-
Let us choose a base of A1{X) given by one-forms

^i=Ti(^)d^ ... , iJn=/Tn(z)dz.

Let Xi , . . . ,Xn be a dual base of H(X). Then P{X) is a multiplicative
group of non-commutative, formal power series with constant terms
equal 1 in non-commutative variables Xi , . . . , Xn-

Let p be a finite prime. Let us choose a locally analytic homomorphism
log : Cp —> Cp. Then it follows from section 0 (THEOREM A) that
there is a logarithmic F-crystal M(X) on X such that iterated integrals
J^c^,...,^ {x C X, zi , . . . ,^ c { l ,2 , . . . , 7 i} ) exist in M(X).

PROPOSITION 2.1. — Let p be any prime o/Q. Let

X=P l (Cp) \{a l , . . . , a ,+ l}

and let x C X . Let uj\,..., uj^ ^d X\,..., Xn he as above.
(i) Let p be a finite prime. Then the map

w^z^(z^+^[(-l)k r^,...^}^.....^) e x x p ( x )

(the summation is over all non-commutative monomials in Xi,..., Xn) is
a horizontal section of a principal P{X)-bundle X x P(X) —>• X equipped
with an integrable connection given by ujx' We shall denote this map
shortly by

X 3 z ̂  (z, \x(z; x)) C X x P(X).

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE
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(ii) Let Cp be the field of complex numbers C. Let 7 be a path in X
from x to z. Then the map

X 3 z ^ ^1+^{(-1)^ f c^...^}^...^) e X x P ( X )
J^^

is a horizontal section of a principal P(X)-bundle XxP(X) —> X equipped
with an integrable connection given by ujx' We shall denote this map
shortly by

X 3 z — — (^Ax(^,7)) ^ X x P ( X )
or by

X 3 zv—> {z,\x{z\x)} eX x P { X ) .

(iii) The initial condition \x(x;x) == 1 determines \x(z;x) (and
\x{z\x^) if Cp = C) uniquely.

Proof. — The system of differential equations for the coefficient fk(^)
at X^ • • • X^ • X^ of the horizontal section is the following

(*) d/i = -^, d/2 = -fl ^2 ^ • • • . ^fk = -fk-l ^ik

with the initial condition

fi(x)=0, Mx)=0, ... , fk(x)=0.

If Cp == C the solution of the system (*) is given by the iterated integrals
(—1)^ J^ uj^ 5 . . . , ujif, for £ = 1, . . . , k where 7 is a path from x to z. If p
is finite then the functions (-l)^J^^,...,^, i = 1, . . . , k, exist in the
logarithmic F-crystal M(X) and satisfy the system (*).

The uniqueness principal is valid for analytic functions on a connected
open set in the complex situation and for functions in M(X) in the p-adic
situation (see [C], Theorem 5.7). This implies (iii).

We shall denote by

X 3 z —— {z^x(^x)) C X x TT(X)

a horizontal section of a principal 7r(X)-bundle X x 7r(X) —^ X
equipped with the connection form ujx which satisfies the initial condition
^(.r;rr) == 0. If Cp = C we shall also write ix{z\x^) instead of ix^'-, x)
to indicate the dependence on a path 7. It follows from LEMMA 1.2 that

exp(^x(^))= \x(z\x).
Hence we have

£x(^x) =log(\x(z;x)).

This implies that ix^'fX) exists (in M{X) ifp is finite) and it is uniquely
determined by the initial conditions.

TOME 119 —— 1991 —— N° 3
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COROLLARY 2.2.

LetX=Pl(Cp)\{a^...^^l}andletY=Pl{Cp)\{b^...^+l}.
Let f : X -^ Y be a regular map. The map fxf^'.Xx G(X) -^ Y x G(Y)
maps horizontal sections of the bundle X x G(X) —>• X equipped with the
connection ujx into horizontal sections of the bundle Y x G(Y) —>• Y
equipped with the connection ujy i'G. we have

(2.2.1) f^x{z;x))=£Y(f(z);f(x)) if G ' ( ) = 7 r ( )

and

(2.2.2) f^\x(z;x))=\Y(f(z);f(x)) if G( ) = ? ( ) .

Proof. — The corollary is an immediate consequence of LEMMA 1.3 and
PROPOSITION 2.1.

3. Functional equations
Let X be a projective line P^Cp) minus a finite number of points.

We recall from section 1 that G(X) is an affine, pro-algebraic group. Let
A].g(G(X)) be an algebra of polynomial Cp-valued functions on G(X).

Let X = Pl(Cp)\{a^... ,0^+1} and Y = P^Cp)^,... ,^+i}. Let
/ : X —> Y be a regular map. Let x, z C X. Our principal tool to derive
functional equations are equalities from COROLLARY 2.2

(2.2.1) f^^(z;x))=£Y(f(^f(x))

and

(2.2.1) f.{>x^x))=\y(f(z^f(x)).

THEOREM 3.1. — Let /i,..., f^ be regular functions. Let 7i, . . . , TN
belong to Alg(G?(y)) and let p (^ i , . . . , ^n) be a polynomial in variables
tl,...,tn-

(i) Let G{ ) = 7r( ). There is a functional equation

(1) p{7l(^(A(^Ji(rr))),...,T,(^(^(^)jN^)))}=0

if and only if

(2) p(Tio/i.,...,7^o/^) =0.

(ii) LetG{ ) = ? ( ) . If p(T^ o f^,... ,TN o f^) =0 then

p{Ti(Ay(/i(^);/i(^))),...,T,(Ay(^(^)J^(^)))}=0.
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Proof. — Let us assume that we have the identity (2). The iden-
tity (2.2.1) implies that

T^{£x^x)))=T,{£y{f^f,{x))).

Substituting T,(/^x(^))) by r,(^y(/,(z); f,(x))) in the formula (2)
we get the functional equation (1). The same arguments show also
part (ii).

Let us assume that we have a functional equation (1). Let Cp = C be
the field of complex numbers. Observe that the subset

{^(^7)^(X)|7C7ri(X^)}

of 7r(x) is Zariski dense in ^(JQ/r2?!-^). Hence this subset is Zariski
dense in 7^{X)/^k7^{X) for any k. The vanishing of a regular function
p(7i o /i * , . . . , TN o /TV* ) o11 a Zariski dense subset implies that this regular
function is the zero function.

Now we shall assume that p is finite. Let us choose an isomorphism of
fields a : Cp w C. If

q{t^ ... ,^) = ̂ >^,.^l) l̂(^)^2 • • • (in)1- € Cp[[^i,... ,^]]

then we set

^(^^..^^^^^.(a^,...^)^)^^)12-'-^)^ CC[[^...,^]].

If X = P1 (Cp) \ {ai,..., dn+i} then we set

X^P^C^Mal),...,^^!)}.

( C\ Z \ * / (\.Z \ *
Let us identify ——— ) with ( ———-,—r ) . After this identification,

z - d i ) \z-a{ai)^
if T e Alg(7r(X)) then T" e A^TT^)).

Let qi(z) be a Taylor series of T,(^y(/,(^);/.(a;))) at a; C Cp. Then
if follows from (1) that p(qi{z),... ,97v(^)) = 0 and consequently also
pa(q^{z),...,q(^(z)) == 0. The power series q^(z) is a Taylor power
series of T^ya(^(z)Jf(a(;r)))) at a{x) e C. Hence locally, in a
neighbourhood of a{x) we have a functional equation

^{Tla(^a(Aa(^;Aa(^)))).•••.^^(^(^);^(^))))}=
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FUNCTIONAL EQUATIONS OF P-ADIC POLYLOGARITHMS 355

By the principle of analytic continuation we have

pa{rla(^a(Aa(^);Aa(^))Jla(7))),.•.,}=o

for any smooth path 7 from a(x) to z. Hence we have

a{q-a fa qra fa 1 — n
P \1^ ° J i ^ ' - ' ^ N ° J N ^ f — ^

by the result proved above for the field of complex numbers. This implies

p{7io/ i* , . . . ,7^o/^} =0.

We recall that Lie H(Y) is a free Lie algebra on

Vl^^i)*, ... , Ym=^mY

where uj\,..., ujrn is a base of A1 (V). We fixed a base BY of Lie H(Y) given
by basic Lie elements corresponding to the ordering Vi , . . . , V^ (see [MKS],
Theorem 5.8). Let v C By and let z>* e Horn (LieH(Y),C) be a linear
functional on LieH(Y) dual to v with respect to the base BY - We consider
the linear functional v* C Liejy"(y) as an element of Alg(7r(y)). We set

^V,BY (^;x) ''= ^* (^r(^;x)) •

If the choice of the base BY is clear we shall omit the subscript BY and
we shall write Cv(z^x) instead of £-u,23y(^;^)-

The following results are immediate corollaries of THEOREM 3.1.

COROLLARY 3.2. — Let j\,..., fpf be regular functions, let n\,..., UN
be integers and let v\,..., VN be homogeneous of degree n and let they
belong to the base By ofLie{H(Y)), There is a functional equation

N
^n^(fi(z)^f,(x)) =0
i=i

if an only if
N

E^*0^)*)-0
i=l

mHom^TrW/r^Tr^Cp), where

(/,),: r^w/r^^x) —^ r^yvr^^y)
is induced by fi.
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COROLLARY 3.3. — Let Bx be a base of LieH(X) given by basic
Lie elements. The functions {C,v(z\Xo} \ v e Bx} are algebraically
independent on X.

Now we shall concentrate on poly logarithms. Let

Y=P\C^\{0^'^}.

Let By be a base of LieJf(y) given by basic Lie elements corresponding

to the ordering eo = ( — ) and e\ = (——-) . Let us set €3 :== [ei,eo]
and e^+i := [e^, eo]. Let e^ denote the linear functional on LieH{Y) dual
to en with respect to the base BY' We shall consider e^ as an element
ofAig(7r(y)).

We recall that Ce^(z'^x) = e^(-^y(^;rc)). To simplify notation we set

Cn{z;x) := Ce^(z',x).

Let Tn : P(Y) ̂  Cp[[eo,ei]]* -> Cp associate to an element of P(Y) its
coefficient at e^ • e\ . We set

Un^x) := (-ir^Tn-liXY^x)).

It is an easy observation that

_ , . r -dz dz dz
L^x)=j^ -^^"-^

where d z / z appears (n — 1) times.

We shall express the function Cn(z',x) by functions Lik(^'iX). Let
00

A = exp(aeo) + ̂  &n+i e^ d e P(V).
n=0

We recall that

log^ = (t - 1) - ̂  - I)2 + ̂  - I)3 - \(t - I)4 + ... •

Let Cn+i be a coefficient at e^ • ei in the power series log A. We have

?' i+j<n , 1 .
l ( V^ a L \ l ( V^ a 1, ^

Cn+1 = On+i - 2 ^ ̂  -j- ̂ +1-^ + 3 ^ 2 ^ ^77 on4-l-^-^
l^^n * i=j=l '

, /+^<t^ a.+.+fc ^
- 4 ^ Z. ^TTIT6^1-^-'8^""

t=J=fc=l •'
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We shall compute the coefficient at a^bn+i-k' Observe that this coef-
ficient is equal to a coefficient at zk in a power series

^) = -j(e2 - 1) + j(e2 - 1)2 - ^(e2 - I)3 + ....

We have
{ez-l)+^z){ez-l)=\ogez=z.

Hence
y °° n

^.^T-l'El^
n=l

where Bi are Bernoulli numbers (2?i = -^ B^ = ̂  B^ =0 , . . . ) . The
immediate consequence of this discussion is the following lemma.

LEMMA 3.4. — We have
n ^

Cn+1 = &n+l + ̂  —— C^bn^l-k'

k=l K '

This Lemma implies the following result.

COROLLARY 3.5. — We have

Cn+l^'^x) =Lln+l(z',x)+^—— ( / ——\ L\n+l-k(z\X\

k=l K ' Jx z

(Observe that C^{z) := Li^{z) + j log z log(l - z) is the Rogers function
(see [R]).)

THEOREM 3.6.
Let X = P^Cp) \ {ai,...,^+i} and let Y == P^Cp) \ {0,1, oo}.

Let /i,..., fpf : X —>• Y be regular functions and let n\,..., n^ be integers.
There is a functional equation

N

(0) ^nz^n(fz^fz(x))=0
i=l

if and only if one of the following equivalent conditions is satisfied :
N

(1) ^ n^ o (/,)„ = 0 in the group
i=l

Hom^TrW/r^^W;^);
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N

(2) ^^rii(fi)^ = 0 m ̂ e group
2=1

Hom(^n7^(X)\^^l,(x);^n7^(y)/(^n+17^(y)+L,)),

w/^ere L^ is a Cp-vector subspace of^n7^(Y)/^n+17^(Y) generated by all
commutators in Co and e\ which contain e\ at least twice;

N

(3) ^.^i(fi)^ = 0 in the group,rii{fi)^ =U m
2=1

Hom^^Tri^^^J/r^^Tri^^);

^(^(y^^jAr^^TT^y^^j+L,))

w^ere 71-1 (X, rc)^ %s ^e i-pro finite quotient of the etale fundamental group
of X and where (fz)^ are maps induced by fi on etale fundamental groups.
Ln is a closed subgroup of r^TT^Y,^/)^) defined in the following way.
If Cp is the field of complex numbers C then Ln is topologically generated
by all commutators in eo {loop around 0) and e\ (loop around 1) which
contain ei at least twice. If Cp is a non-archimedean field then any
isomorphism Cp w C induces an isomorphism

^{P\Cp) \ {0,l,oo}^)^ (P^C) \ {0,l,oo}^

and Ln C r^^P^Cp) \ {0, l,oo},2/)^ is the image of

L, c r^^c) \ {o,i,cx)}^)y

under this isomorphism.

Proof. — It follows immediately from COROLLARY 3.2 that (0)
and (1) are equivalent. Observe that Ln = kere^. This implies that
(1) and (2) are equivalent. Observe that the map induced by fi on
quotient groups ^n7^(X)/^n+17^(X) "coincides" with the map induced
by /, on 1̂ (71-1 (X, ̂ Vr^-^Tri^ x)^)' This implies that conditions (2)
and (3) are equivalent.

Definition 3.7. — Let n be a natural number. We note ldt(n) a
polynomial in variables Lik(gi(z)), where k < n and gi(z) are rational
functions.
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COROLLARY 3.8. — There is a functional equation

N

(1) ^ n, (Li,(/,(z)) - Un(f,{x))} + ldt(n) = 0

if and only if

N

(2) ^>.(^)*=0

in the group Hom(^n7^(jC)/^n+17^(X);^n7^(y)/(^n+17^(y) + LJ).

Proo/. — Let us assume that Z^i^(/z)* = 0. THEOREM 3.6 im-
plies that Y,,^niCn{fi{z}\ fz(x)) = 0. It is a trivial observation that
Lin{z',x) = L'in(z) - Lin(x) + ldt(n). Hence COROLLARY 3.5 implies that

N

^n, [Lin{fi(z))-Un{f,(x))] +ldt(n) =0.
i=l

Let us assume that (1) holds. Let Cp = C be the field of complex
numbers. Calculating the monodromy of the function L'in(z) on elements
of P^TT^y, y ) we get a linear function en from ^^(V, ̂ )/^n+17^l(y, y ) to
(27^^)rl • Z which after the identification of CQ e 7r(y) (resp. ei C 7r(y))
with a loop around 0 (resp. loop around 1) coincides with

(27TZ)71 • e^ : ̂ n7^(y)/^n+17^(y) ̂  C.

Calculating the monodromy of Lin(fi(z)) on r^Ti-i^a;) we get a linear
function

en o (/,)*: r^i^vr^Tri^) — (2^)" • z
where (/^ : 71-1 (X,rr) ^ 7ri(y,?/) is the map induced by fi. The
functional equation (1) implies that we have Y^^i'^i^n ° (/%)* = 0
in Hom(^n7^l(X^)/^n+17^l(X^);(27^^)7^Z). This condition is of course
equivalent to (2).

Let Cp be a non-archimedean field. We rewrite the equation (1) in the
form

N

^ n, Lin (fi(z); fi(x)) + ldt(7i) = 0
i=i
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where ldt(n) is a polynomial in Lk{gj{z),gj{x)) (here k < n and
gj(z) are rational functions) and constants. We replace the functions
Lin(/z(^);/z(^)) and Lik(gj(z)',gj(x)) by their Taylor power series at x.
We choose an isomorphism a : Cp w C and we interpret the Taylor power
series over Cp as Taylor power series of complex functions Li^( ; ). Hence
we get a functional equation of complex polylogarithms

N

^^Li,(/f(^);/f(^))+ldt(n) = 0

and this situation we have already considered.

Now we shall show that the ideal of polynomial relations between
functions Lin(fi(z)), where fi(z) are rational functions is generated by
linear relations from THEOREM 3.6.

Let fi(z),. ..,/A^) be rational functions. Let p{x^,... , X N , t ^ , . . . ,tn)
be a polynomial whose degree with respect to x ^ , . . . , XN is strictly smaller
than k. We set

LDTk(n) := p(Lin(f,(z)),... ̂ {f^z)}^... ,7^)

where 7i = ldt(7i) , . . . , Tp = ldt(n).

We recall that I is a homogeneous ideal in Cp[a;i,. . . ,Xm} if the
following two conditions holds :

(i) for any two homogeneous elements in I of the same degree, their
sum is in J;

(ii) for any homogeneous element a in J and any homogeneous ele-
ment c in C p [ x - i , . . . , Xm}, the element c • a is in I .

THEOREM 3.9. — Let fi(z),..., / N { z ) be rational functions. Let

In{fl^ ' • • ,/7v)

= ^ p ( x ^ , . . . , X N ) C Cp[x^,...,XN\

I p(.ri,..., xpf) homogeneous of degree k > 0,

p{Un{f,(z))^ . . . , Un{fN(z))) + LDT,(n) = o}.

Then In(fi,' • - , /A^) is a homogeneous ideal generated by a finite number
of linear forms in x\,..., x^.
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Proof. — It is clear that I n ( f i , ' ' - ? / N ) is a homogeneous ideal. Let X =
P^Cp) \{a i , . . . , a J be such that the maps /, : X -^ P^Cp) \ {0, l,oo}
are regular for i = 1,... , N . It follows from THEOREM 3.1 and the fact
that p(^i , . . . , x^) is homogeneous that

p(Lin{f,(z))^..., Lin(fN(z))) + LDT,(n) = 0

if and only if p(e^ o (/i), , . . . ,e^ o (/^),) = 0 in Alg(7r(X)). This is
equivalent to the condition p(e^o(/i)^, . . . ,e^o(/^)^) = 0 in S(V*) where
V = r^TrpO/r^T^X) and 5(y*) is the symmetric algebra over Cp on
the vector space V* = Hom(V, Cp).

Then Jn(/ i , . . . , / N ) is the maximal homogeneous ideal contained in
ker(Cp[a;i,...,.z:7v] JL-^ S(V*)), where 7r(a;,) = e^ o (^)^. The map TT is

induced by a linear map ©^=1 ^p^^ —> ^*- Hence the ideal In(fi, " ", fN)
is generated by one-forms.

4. Sometimes it is easier without 27rz
In this section p is a finite prime, so we are working in a p-adic realm.

Let
n

Pn+lO) = ̂ ai(\OgzYL'ln+l-i(z)
i=0

(Lii(^) = -log(l - z)). Let y,+i C C^+1 be given by

y^={(ao...,a.)cC-|E(,^^=^

LEMMA 4.1. — Let

^P r ^ [(^g^"110^!-^ , (log^t^(P^(.))-a,[—————^—————+-Y^1

E_n - l (log^)^L^-,(^)
- ^ z '

2=0

J/(ao,...,aJ e Vn+i then {f3o,..., ftn-i} € Vn.

Proof. — We have

Afc = ̂  + (^ + 1)0^+1 if k<n-l,
f3n-l = CLn-1 + (^ + l)an.
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Hence
n—l /•, n—1 , / . ., ^

E A ^ V-^ CLj + (Z + IJQz+l
^ - ̂  ! - 2^ f.,_ ^ » + a^^(n-z)! ^ ^-i)\

ao ^ (n-hl) .
-^+^^+l-^)\a^=()'

The p-adic A;-th polylogarithm satisfies the functional equation

(*) Li,Q)=(-l)^Li,(.)+(-l)^tl^|^

(see [C], Proposition 6.4).

LEMMA 4.2. — 2^ Pn+i(^) be such that ( ao , . . . , an) e Vn+i. r/^en
^+lQ)+(-l)n+lPn+l(^)=0.

Proof. — This follows immediately from (*).

Following [C], we set

\im'f(z)=^f(z)
z~^a z^K

if all the limits on the right side exist and coincide, for an arbitrary finitely
ramified extension K of Qp such that coordinates of a are in K.

LEMMA 4.3. — Let Pn+i{z) be such that (ao , . . . ,Q^) e Vn+i. Then
lim'P^+i^) = 0 and W Pn+i(z) = 0.
z-^Q z-^oo

Proof. — The fact that logz is bounded on any finitely ramified
extension of Qp and Li^;(0) = 0 implies that the first limit vanishes. It
follows from LEMMA 4.2 that the second limit vanishes.

Now we give some examples of functions Pn+i{z) such that the sequence
of coefficients (ao , . . . , On) e Vn+i.

Example 1. — Let

(-1)' -r • . (-1)71 (-l)^1
^ = -—— it z<n and a^ =- v——+-———,•z\ n\ (n+1)!

We must show that the expression ^^o1 ("I)1/2! (n + 1 — z) ! vanishes.
Observe that this expression is a coefficient at ^n+l in the power series
^-z . ̂ z ^ ^ hence

vj (-'>• .0Z-^ .! f^ -4-1 - ̂  » u-^ z ! ( ^ + l - z ) !
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The function

^n (-IY . f-l^+1

^ ̂ (k)g^Li,_^) + ^-^yy (log^Li^)

appeared in [L2] while its single valued analogue in [W4].

Example 2. — Let ai = — where /^ are Bernoulli numbers /?o = 1,
/?i = -^ A = ^ A = 0,...'. Observe that ^o AA! (n + 1 - z ) ! is a
coefficient at ^n+l in the power series ——— • (e^ — 1), hence

e^ — 1

n ..
y" A =o
^i\(n+l-i)\ u-

n /?•
The function V^ — (log^)^Li^+i_^(^) appeared in [D2] and in a non

i=0 l -
explicit way in [W2] as a solution of a system of differential equations
denning horizontal sections.

Example 3. — Let

OQ = 1, ai = 0 for 0 < z < n and On = —-,———-.-•
(n+ 1)!

The corresponding function is Lin+i(^) + 7———-. (log^logCl — z).
[n + 1)!

Observe that dim Vn+i = n. Hence for n = 1 there is only one function
(up to a multiplication by a constant) such that its sequence of coefficients
belongs to V^. This is the Rogers function Li^(z) + ^ log(^) • log(l — z).

We hope that a function Pn+i(z) such that its sequence of coeffi-
cients (ao,. . . ,0^) e Vn+i, has all functional equations without lower
degree terms. We give a partial result in this direction. We shall imitate
D. ZAGIER (see [Zl]).

Let Aoc(Cp) be a ring of functions which are locally analytic on some
Cp\ several points. Let Syrn^Cp^)*) be the A;-th symmetric power of the
multiplicative group Cp(^)*. Let us set

L,+i(C^)*) := Sym71-1^^)*) 0 (C^)* A Cp^)*) 0 q/R
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where R is generated by expressions of the form

(**) fi © • ' ' © fn-2 © a (g) & 0 c
+ fi © • • ' 0 fn-2 © b 0 c 0 a

+ A © • • • © /n-2 © C © a (g) 6

and

(***) Ci © • • • © Cn_i 0 C^ 0 C^+i

where c, e C; for z = 1,... ,n + 1. Let J^+i : L^+i(Cp^)*) ̂  Aoc(Cp)
be given by

^n+l ((A © /2 © ... © fn-l) © /n A /^+i © Q/)

= aA(A). • . A(/,_i). (A(/,+i). B(fn) - A(fn) • ̂ (/n+i))

where A(/) = log/ and B(g) = g ' / g .
Let ff(Cp(z)*) be a free abelian group on the set Cp(^)*. We shall

denote by [/] the generator corresponding to / e Cp(^)*. Let

bn^:B(C^zy)—.L^i{C,(zr)
be a homomorphism given by

^+1 ([/]) = / © • • • © / © / © ! - / .
PROPOSITION 4.4. — Let

n

^+10) =^ai(\ogzYLin^^{z)
^

&e snc/^ that (ao,. . . ,o^) e Yn+i. J/ / = ^^/c[A] e ker&^+i, ^en we
have k=i

m

Y,nk(Pn+l[fk(z)} - Pn^l{fk{Zo))) =0
k=l

where ZQ is a fixed element of Cp.
Proof. — Let n = 1. The space V^ is one-dimensional generated

generated by (1,-j). Then for P^(z) = L[^(z) + jlog^log(l - z) we
have

l TTi rri f £ 1 f \

^E"^^^^))^-^71^^1^!-^^)
k=l k=l ^^^ )

{l-fk(z))', , , ,J--T^^r10^^}
=4x2(W))=o.
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m

Hence ̂  rik(P2(fk(z))) is constant. Assume that the theorem holds for n.
k=l

We have

i m m pi / \

- ̂ >A+i (A(.)) = $> ̂  • Q.(/,(.))
(" fc=i fc=i •m^

m ( fi ( \

+""E^ ^((log/^r-'logO-/^)))
fc=i '-•/fc^

(i-A(^ ,, ,^1
• i-W (logfk(z)) }

n-1

where Qn(z) = ̂  /?,(log z)1 Lin-i(z) and
1=0

A = ai + (% 4- l)o!2+i if % < n - 1, /?n-i = OLn-i + (n + l)a^.

The second summand is equal to anKn^((bn+i(f)) = 0. Let Vz-a{f{z})
be a valuation of a rational function f(z) at z — a. The first summand
E^/^)//^) • Qn(fk(z)) is equal to

. m

E ^Ta E"^—^^))3"^^))-
aeCpU{oo} A;=l

For any a € Cp the element

m

^W-a{fk(z))[fk(z)} €^(C^)*)

A;=l

belongs to ker &^. By LEMMA 4.1 and the inductive assumption the expres-
sion E^Li ^k^z-a(fk{z))Qn(fk(z)) is constant. It follows from LEMMA 4.3
that this constant is zero. Hence (d/d2;) E^Li ^kPn-\-i[fk{^)) vanishes and
the function ̂ ^i ^kPn-{-i(fk(z)) is constant.

COROLLARY 4.5 (Conjectured by L. LEWIN (see [L2], pp. 7-8)). — Let
N

f = ̂ ^[.A^)] ^ ^(Cp(^)*) belong to ker bn+i. The lower degree terms
z=i

of the functional equation of Lin-}.i(z) for f involve only constants and
logarithms.
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Proof. — The sequence (1,0, . . . , 0, -l/(n + 1)!) belongs to l^+i. Let

^n+i0) = Li^i(^) + /——--log2:log(l - z). It follows from PROPOSI-[Tl -r L ) .
TION 4.4 that

N

^nz(Pn^{fz(z))-Pn^l{fz(x))}=0.
z=l /

This implies the corollary.

5. Differential Galois groups and functional equations
Let

(*) X ' = AX

be a linear system of differential equations on P^Cp) where X(z) :=
(X^(z)^..,X^(z)) and A{z) = (A^))^^.,^. Assume that the ele-
ments of the matrix A are in K = Cp(z - a). Assume also that the
functions A^(z) for ij = 1,... ,n have no poles at a (E Cp. Then there
exists n-solutions V i , . . . , Yn of (*) in Cp[[z - a]} linearly independent over
Cp. The subfield F = Cp(z - a)(Y^... ,Yn) of the field of fractions of

Cp[[z - a}} is preserved by the derivation 9 = ————- The differential
d(z — a)

Galois group of F / K is the group AuiQ^F/K) of automorphism of F
which commute with 9 and fix K (see [An]).

Our fundamental example is the following system of differential equa-
tions

(**)
' T o = 0 , ^=^,

'r< _ ^o rri T\ ^-/ Tn-i71 ~Y~z' 72=^' • • • ' Tn=——

with initial conditions To = 1, ^(a) = 0 and Tk (a) = 0 for k > 0.
Its differential Galois group Qn is given by the following automorphisms
o{F=Cp(z-a)^,T,,...,Tn):

^ i—> ^ +Q!

0(a,/?i....A) :

A „
7-fc h^ Tfc + Y^ pi ^k-i

zr(&-^) !
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for k == 1, . . . , n, where a, /? i , . . . , /3n are independent parameters. Observe
that

0(a,A,...,/3,)o0(a^^...,^)

= 0(a + c/^i + /^A + ̂  + A^p

/?3+/?3+/^+/?l|^-)-

The group ̂  is a nilpotent, affine, algebraic group over Cp. The nilpo-
tence class of Qn is n, Q^ = Cp^Cp and, for each k < n, ̂ Qnl^^Qn ̂
Cp is generated by the class of some 0(0 , . . . , 0, /?/.;,...) with /3k ~^ 0, a = 0
and f3i = 0 for i < k. Observe that

G^o{F/Cp{z - a)(^, T i , . . . , T,)) ^ F^1^.

Let / i (^) , . . . , /^(^) be rational functions on P^Cp). We consider the
following system of differential equations

f r=o, ^ = T ^
(-***) J J z

1 f fI /T-V /TT' J z /T-/ /-r- J i
I 1^ ~ ' 1 _ f ' yA;^ = ^fc-i^ • v-1 J z J i

k = 2 , . . . , n, i = 1, . . . , m with initial conditions

T = 1, ^,(a) = 0 and T^(a) == 0.

Let G be a differential Galois group of the system (***). Let

F,=Cp{z-a)(^^i)z=i,...^
fe=l,...,5.

Then Gala(Fn/Cp{z - a)) = Q and Gab(^/F,) % r^^.

THEOREM 5.1. — There is a functional equation

m

(****) ^n,Uz)+p{z)=0
i=l

m

where p(z) e Fn-i and ̂  |̂ | > 0 if and only ifdim^G < m.
i==i
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Proof. — The differential Galois group Q is given by the following
automorphisms of the field Fn :

^z i—> ̂ , + a,

<?((^z)z=l,..,7i,A^) 2=1,...,n :
fe==l,...,m

^ /^T^ ̂  T., + y p^ ^-i
^^-£)\ "

The parameters c^, /^ need not be longer independent hence we have
dim^ < m(n + 1). We shall denote by (9(/?^o) ^e element 6 of
Aut^(F^/Cp(^ - a)) such that all a, = 0 and all f3ki = 0 but AfcoWo.

Let us assume that we have a functional equation (****). Applying
^(/?n,l) o ^(/?n,2) 0 • • • o e{^m) to (****), we get

n

^rn(Tn^z) + f3^) +p(z) = 0.
2=1

Hence ^^=1 ̂ ^n,^ = °- Observe that the group F^ is generated by
elements 0(/3n,z) i = 1,... ,m. This implies that dimr^^ < m.

The group VQ is an abelian group, quotient of C^, generated by the
elements 0{/3n,i) for i = 1,... ,m. Hence every element 0 C P^ has the
form

^(/?n,l)o^n,2)o.-.o^^).

Let us assume that dimF^ < m. Then there is a non-trivial relation
Elli^A^ = 0 for any 6 = 6(^1) o 0(/3^) o ... o 6(^m) e F71^.
Observe that the function ̂ ^ UiTnA^ is fixed hy ^7l^5 because

m m

6 : ̂  1tiTn,i(z) ̂  Y^ rti(Tn,i(z) + /3n^)

2=1 ^=1 m m

= ̂ n,T^(^) + ̂ n,/3n,,.
2=1 2=1

The isomorphism Auta^n/Fn-i) « F71^ implies that

m

^niTn^(z) € Fn-i.
2=1
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Remark. — Solutions of (**) are

r dz _ , . [ z dz dz dz
To=l, ^(z)= —. Wz)= ———z^'"'^

Ja z Ja i ~ z z z

and solutions of (***) are

^ , . . [f^ dz - / , f^ dz dz dz
T = 1, ^(^) = / —, T^{z) = / ——, — ' • • - — —

JfiW z Jf.W L - z z z
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