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A COMPUTATION
OF THE EQUIVARIANT INDEX
OF THE DIRAC OPERATOR

BY

NicoLe BERLINE and MicHiLE VERGNE (*)
TO J. DIXMIER

RESUME. — Nous donnons une démonstration des formules de points fixes d’Atiyah-
Singer pour I'opérateur de Dirac tordu sur une variété riemanienne M, en utilisant I'équation
de la chaleur sur sa variété des repéres P. En particulier, le genre 4 fait son entrée en scéne
comme Jacobien de I'application exponentielle sur la variété P.

ABSTRACT. — We give a proof of the Lefschetz fixed-point formulas of Atiyah-Singer for
the twisted Dirac operator on a compact spin manifold M by using the heat equation on
the frame bundle P. In particular, the 4 class makes its entrance as the Jacobian of the
exponential map on the manifold P.

Introduction

In this article, we give a simple proof of ATIYAH-BOTT-SEGAL-SINGER’S
([3), [4], [5)) fixed-point formulae for the twisted Dirac operator D, on a
compact Spin manifold M. Our method relies on the heat equation on
the frame bundle P of M.

Recall that the index density 4 was computed independently by GILKEY
[14] and Patop! [21] using the heat equation method on M and their
familiarity with differential geometry.

Recently, some physicists (ALVAREZ-GAUME [1], FRIEDAN and WINDEY
[11], WITTEN (see [2])) came up with the idea that the index density 4 and
its related mysterious function

j—IIZ (x)____ (s_h..f)-llz’
X
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306 N. BERLINE AND M. VERGNE

should appear naturally. Indeed, soon after, E. GeTzLER ([12], [13]) and
J. M. Bismut [9] gave direct proofs of the formulae of Gilkey-Patodi. In
E. Getzler, the class A appears due to the approximation of the kernel of
¢'°# by the kernel of an harmonic oscillator, while in J. M. Bismut j~ /2 (x)
is related to the law of random areas in R%.  For us, the class 4 make its
entrance as the Jacobian of the exponential map on P. Thus our desire
to understand the striking similarity between Kirillov universal formula
and index formulae ([7], [8], [22]) is partly fulfilled.

As it should appear clearly to the reader, our proof contains some
transfers of the probabilistic approach of J. M. Bismut and uses an idea
of E. Getzler. It seems however worthwhile to write our own proof, as
our method, bound by our own limitations, requires little. Furthermore,
our method applies as well to the case of a group action. It gives the
index density on the fixed point submanifold. The only other direct
approach to this result is the probabilistic method of J. M. Bismut [9].

To illustrate the basic simplicity of our method, we now give a quick
proof — which should be read before going on with the rest of the paper — of

the simplest case, index D=J. A, where D is the Dirac operator on the
M
spin manifold M. [Notions not defined in the introduction may be found

in the text of the article.]

Let M be a spin manifold. LetI'(¥)=I'(¥")® I'(¥ ") be the decom-
position of spinor fields in even and odd spinors, D* (resp. D7) the
restriction of the Dirac operator D to I' (¥ ") (resp. ' (¥ 7)). As proposed
by ATivaH-BotT [3], the use of the fundamental formula of McKEan-
SINGER [18],

index D =dim ker D* —dim ker D~

=tr(e”® 2 )—tr (e"*®"P7), for all 1>0,

reduces the calculation of the index of D to the study of the asymptotics
of the right hand side. We indicate now how to carry out this calculation
by relating D? to the scalar Laplacian of the frame bundle of M.

Let M be a spin manifold of dimension n=2I, V=R", g=s0(n),
G =Spin (n) the two-fold cover of SO (n). We also identify g with

A?V. Let P— M be the frame bundle of M. Let o/ (P) be the algebra
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A COMPUTATION OF THE EQUIVARIANT INDEX OF THE DIRAC OPERATOR 307

of forms on P. Consider the fundamental 1-form 6 e /! (P) ® V, defined
by

0,(X)=u"'(ne X) for XeT,(P).

Let e ! (P) ® g be the Levi-Civita connection. Then 6 @ o define
a trivialization of the tangent bundle to P, TP=P x (V @ g).

The manifold P has a canonical Riemannian structure by considering
T, P as the direct orthogonal sum of its horizontal tangent space and its
vertical tangent space g.

Let P’ - P be the two-fold cover of P with structure group G. The
lifts to P’ of the forms 6, ® are still denoted by 6, . We have
TP'=P' x(V@®g). For xeV &g, we denote by x the vector field on P’
such that (0 @ w)(x)=x. Similarly P’ is considered as a Riemannian
manifold. The curves t — u expta for ae g, ue P’ are geodesics of P’. Let
e; be the canonical basis of R", e; an orthonormal basis of g. The
Laplacian A is given on the space of function on P’ by

0.1 A=Z(E;)2+Z(Eu)2-

Let T be an irreducible representation of the group G in a vector space
V., ¥ ,=P xV /G be the associated vector bundle. We identify the space
of sections I'(¥") of ¥", to the subspace of C®(P’, V) of V, -valued
functions on P’ satisfying

fug)=1(®)""'f(w), ueP, geG.

Remark that the restriction of A to I'(¥",) differs from the operator
¥ :(2,)* by a scalar (image of the Casimir of g in the representation 1).

Consider on M, P’, G the volume forms dx, du, dg. Letk (1, u, u’)(1>0)
be the C=-kernel of the operator e’*. Let

k*(t, ug, u)=J‘ k(t, ug, ug~')t(g)dg.
G

Then, for fel'(¥",), the function u — k*(t, uy, u).f (u) is a function on
P’/G =M and the kernel of the restriction of ¢"* to I'(¥",) is given by:

0.2 (e'A-f)(uo)=I (k™ (t, ug, u).f (w))dx.
M
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308 N. BERLINE AND M. VERGNE

In particular, let S=S* @ S~ be the spinor-space (see Section 1). We
denote by p* the representation of G in S*. We obtain the spin bundles
F*, #~. Denote by %* the characters of p*, p~.

0.3 Let A, ug, u)= f K (G, o, ug~") (00" —17) &) de.
G

The function u = A(t, u, u) is a function on P’/G=M, that we denote
by A(t, x). Denote by A*, A~ the restrictions of A to I'(¥*). The
operator A* @ A~ coincides with the square of the Dirac operator, except
for a Oth-order term [17] which is easily seen to be irrelevant in the
calculation of the index density (see Section 3). We have then:

0.4 tr 4" —tr e’“:J A(t, x)dx,

M
and

index D =J. lim, . o A (2, x) dx.
M
We will indeed see that, for every xe M,

I(x)=lim, . ,A(t, x)
exists. The density I(x)dx is called the index density.

Consider Qe o/?(P)® g the Riemannian curvature of the manifold
M. Consider the function

2 _e

-a/2
—————) for aeg=so(V).

a

Jjv(a)=det, (

Let /i=j;”2(—(ﬂ/2i1t)) be the Chern-Weil form on M, associated to
the G-invariant analytic function j; '/ on g. Let us prove:

0.5 Let xe M, then lim, _ o A(t, x)dx=[A,]"™*.
Proof. — Let u above x, then
AL, x)=J ke, u,ug™")(x* —x7)(g)ds.
G
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A COMPUTATION OF THE EQUIVARIANT INDEX OF THE DIRAC OPERATOR 309

Let {y(a) be a cut-off function on g identically 1 near 0 and of small
support. As, for t =0, k(t, u, u) is very small outside the diagonal, we
can compute 0.5 by

0.6 lim,. o‘[ k(t, u, u exp—a)(x* —x7) (exp a) ¥(a)j,(a)da,
]

where dg =j, (a) da in exponential coordinates.

Let uge P’ exp,, : T,,(P’) = P’ the exponential map. Let 0(uo, u) be
the tangent map to exp, at the point exp.'(u). Then
0(ug, u): T, (P)— T,(P). For any N uniformly on P’ x P’,

0.7 k(t, up, u)y=(4nt) %im P2 g-01/40 4w v

x (z:”:o I Ui (4o, u))+0 (tN—dim P'2)+ l)

with Ug (uq, u)=(det (0 (uo, u))) "2 As T,,(P’) and T, (P’) are both iden-
tified with V@ g we can consider 6(u,, u) as an endomorphism of
V&g Wedenote J(u, a)=0(u, u exp a).

The restriction of Q, to the horizontal tangent space at u define an
element of A?V*®g (still denoted by Q) by e Ae;—Q,(e, e).
If a=Za;;e; A e, we denote by (£,, a) the contraction of Q, by a, i.e.
(Qm a)=za|‘jQu (eb ej)Eg'

It is easy to prove (see 2.20, 2.21) that

0.8 J(u, a)lg:l_.___exp(——ada)’
ad a
1 —expy (—Q,, a)/2
0.9 J(u, a)|V=ex —a L .
( )l pv(—a) Q.. a)2

Thus we have

0.10 lim, .o A(t; x)=lim,  o(4nt)~ " (@ nt) %ime2
fe‘llﬂllzl‘lj;lﬂ(_ «Q a)/2)j°”2 (a)
V(a)(x* —x " )(expa)da.
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310 N. BERLINE AND M. VERGNE

To express the right hand side, we introduce the distribution Super-
Diracon g

0.11 (6-,, @)=(Pff(9). 9)(0),

where Pff is the constant coefficient operator on g=A? V corresponding
to the polynomial Pfaffian of a, i.e.

I!Pff(a)e, ne; A ... Ae,=a A ... Aa
The skew-invariance of Pff under O (n) shows that, for ¥ invariant by
O (n)
0.12 5.1 (¥9)=V(0)5_, (0).

We have
(x* —x7) (exp a)=(—2i)" Pff(a)j}/*(a).

The functions j}/2, j}/? are O (n)-invariant functions on g.

As Pff(a) is a harmonic polynomial on g homogeneous of degree [,
Pff(a)e~""*!*/* is an eigenfunction for the Fourier transform, thus the
following formula results:

If @ is a C® function on g with compact support:

0.13 lim,_ o(4mt) ' (4np) dime2
X’[e"”a"z/‘:(x-t—_x—)(exp a)(p(a)da =(i1t)_'(5_l, (p)

To prove 0.5, we need only to compute the value of the distribution §_,
on the function a —j; 2 (- (Q, a)/2).

More generally, let E be a vector space and P be a polynomial function
on E (or a germ at 0 of an analytic function on E). Then, as Al¢venl p*
is a commutative algebra, P extends to a polynomial function:

P . Alcven] V* ® E — Aleven] Vt.

Let ®eA?V*Q®E, then P(®)eAl***" V*. For aeg=A?V, we denote
by (®, a) e E the contraction of ® by a. The function Pg(a)= P (D, a))
is a function on g. It is immediate to see that

3_,(Pg)=[P (D)™
and the formula (0. 5) results.
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A COMPUTATION OF THE EQUIVARIANT INDEX OF THE DIRAC OPERATOR 311

The paper is organized as follows: In Section 1 we specify notations
for the Clifford algebra, even and odd spin representations, etc., and we
give the technical asymptotic result (Proposition 1.23, generalizing 0.13)
which will be essential in our derivation of the index density formula. In
Section 2 we make the necessary computations concerning the Riemannian
structure on the frame manifold and its two-fold covering P’. In Section
3 we relate the index density of a twisted Dirac operator on M to the
corresponding heat kernel on P’. Then, with the help of Morse lemma,
the identification of the equivariant index density as a differential form
on the fixed point set is reduced to the computation of a Gaussian integral
which was done in 1.23. It turns out that all the information needed
about the asymptotics of the heat kernel is contained in the graded
terms — with respect to the natural filtration on the Clifford algebra, the
use of which is a key idea in E. Getzler—and these can be computed
explicitly.

We would like to thank M. Andler, Y. Benoist, M. Duflo, I. Segal for
helpful comments.

1. Clifford algebra, spinors and the distribution Super Dirac

1.1. Let V=R" with its canonical basis e,, e,, ..., e, orientation,
inner product, etc. In the whole article, we will assume that n is even,
n=2l

Let C (V) be the Clifford algebra of V. It is defined as the quotient of
the tensor algebra T (V) by the ideal generated by the elements

x@y+y®x+2{x,y>=0 for x, yeV.

The Clifford algebra inherits a natural filtration, where C'(V) is the
subspace of C (V) spanned by products of at most i elements of V. The
corresponding graded algebra is isomorphic to the exterior algebra
AV. We denote by gr=@ gr' the canonical map @,C' (V) = A V.

We denote by A* V the (commutative) algcb-ra of even elements in A V
and by C* (V) the subalgebra of C (V) generated by products of an even
number of elements of V.

1.2. The complexified Clifford algebra C (V) ®g C has a unique (up to
equivalence) irreducible representation in a complex vector space S of
dimension 2'. This representation, denoted by p, identifies C (V) ®gC

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



312 N. BERLINE AND M. VERGNE

with End S. The space S is called the space of spinors and p the spin
representation.

Put a=e,e,...e,eC(V). Then a®=(—1), and p(a) decomposes S
into the sum S* @ S~ of the even and odd spinor spaces, where

S*={veS, p(@v=i"'v},
S~ ={veS, p(@)v=—i"'v }.

The subalgebra C* (V) leaves S* and S~ stable. We denote by p* the
corresponding representations of C* (V) in S*.

Define the supertrace of an element ae C (V) by

st(a)=i'tr p (aa).

Then, for ae C* (V), the supertrace is given by
st(a)=tr p* (a)—tr p~ (a),

and, for ae C(V), we have

gl (@)=2""'i'st(a)e, ne;A... A e,

1.3. We identify A2V with the subspace g=@,,Re;e; of C* (V) via
the map e;Ae;—ee. Then V is invariant under the map
v—t(a)v=av—uva, for aecg. The endomorphism t(a) is infinitesimally
orthogonal and the representation t of g in V defines an isomorphism of
g onto so(n). We note that t(e;e;/2)=E;; where

E e;=—e,
E;e;=¢ (i #)),
E;e,=0 for ki, j.

We may write a.v for t(a)v.

1.4. The universal covering group G =Spin(n) of SO (n) can be realized
as a subgroup of the group of invertible elements of C* (V). The map
exp : g — G coincides with the exponential map in the algebra C (V). We
denote by the same letters p, p* the restriction to G and g of the spin
representations. Then the spin representation of the Lie algebra g is the
differential of the spin representation of the group G.

TOME 113 — 1985 — N° 3



A COMPUTATION OF THE EQUIVARIANT INDEX OF THE DIRAC OPERATOR 313

1.5. For aeg, we define a linear transformation of g by

l1—exp (—ada)

h@= ad a

Then (as in any Lie algebra) we have for q, beg.
d

1.6 % &P (a+€b)|,-o=(exp a) J,(a) b.
3

Define j, (@) =detJ,(a). Since det, exp ada/2=1 we have

exp(ada/2)—exp—(ada/2)

1.7 Jo (@) =det, —

Define
exp 1(a)/2—exp—1(a)/2
t(a) '

Jjv(a)=det,

The functions j, and j, have analytic square roots on g, such that
H2O=j22 ) =1.

1.8. The Pfaffian Pff(a) of an element ae A2 V =g is defined by

aAaAI""Aa=Pff(a)e,A...Ae,,.

It is easily verified that for aeg
st(exp a)=2'i"" Pff (a)j}/? (a).

1.9. We identify g with its dual g* through the scalar product normali-
zed by ||e; A ¢;]|=1.

Denote by Pff(J) the differential operator with constant coefficients on
g which corresponds to the polynomial function a — Pff (a).

We define the distribution SuperDirac &_, on g by
6_,(p)=(PIf(J). 9)(0). We identify the symmetric algebra S (g)=S (g*)
with the algebra of polynomial functions on g.

The injection

g*~AV-A*Y,

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



314 N. BERLINE AND M. VERGNE

extends to a canonical algebra homomorphism
A: S(@@*)-=A*V.

Then the distribution Super Dirac, considered as a linear map on S (g*),
factors through A.

Precisely, let us define a linear map t_, on AV by

1.10 wl=t_ (We, A...Ae,
Then
1.1 1 (p)=t_,(49),

1.12 Denote by S (g*) the algebra of formal power series on g.
The canonical homomorphism A clearly extends to S (g*). We still
denote by A the homomorphism

C°(@ =AYV
obtained by composing A with the map
C=(9) S (g%,
given by the Taylor series expansion at the origin. Then 1.11 holds with
0eS(g*) or @eC™(g).

1.13. The full orthogonal group O (n) acts on V, g, AV, etc. The map
A commutes with these actions. Remark that the only O (n) invarant
elements in AV are the scalars. Thus if ¢, y€C®(g) and ¢ is O (n)-
invariant, we have

A(PY)=0(0)A V)
and by 1.11.
1.14 S_1(e¥)=0(0)5_, (V).

1.15. We will compute the distribution 8 _, on functions on g obtained
by the following procedure: let E be a finite dimensional vector space, let
@S (E*) be a polynomial function on E. Since the algebra A* V is
commutative, ¢ extends to a polynomial map

o: AMTVR®E-SATV.
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A COMPUTATION OF THE EQUIVARIANT INDEX OF THE DIRAC OPERATOR 315

In particular, for Qe A2V ® E, @(Q) is an element of A* V.

For aeg=A?V, we denote by (L, a)eE the contraction defined by
the scalar product on g. We obtain a polynomial function on g by

Pa(a) =0 ({Q a)).
The following relation is immediate

thus
Sy (v =t_, (9 ().

As in 1.12 all this still holds for ¢ in S (E*) or in C* (E).

The distribution &_, will appear in the study of the asymptotics of the
heat kernel associated to the Dirac operator on a spin manifold M.

Denote by da the Lebesgue measure on the Euclidean vector
space g. The following proposition is well known:

1.17. ProPOSITION. — (i) Let @ be a C*® function with compact support
on the Euclidean space R™, then

lim,_.o(41tt)""’2J- e~ o4 o () dv=0(0).
rR™

(ii) Let @ be a C* function with compact support on g, then

lim, L o(4m¢)~!-dim ./z.[ e~ 114 pPff (g) o (a)da=(27) "'5_, ().

Proof. — For the convenience of the reader we give a proof of
(ii). Remark that the Pfaffian is a harmonic polynomial homogenous of
degree | on g. Recall the:

LEMMA. — Let P be a homogeneous harmonic polynomial of degree | on
. - 2 . . . . .
R™. Then the function x — P(x)e ""*!""/2 is an eigenfunction with eigen-
value i~! for the Fourier transform

(ff)(X)=(21t)""2‘[ e” 27 f(y)dy.
r"

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



316 N. BERLINE AND M. VERGNE

Proof. — Consider the harmonic oscillator

H=3T, 5—2"‘:

Then
f — eilnl/at eiuH/t.

As P is harmonic and homogeneous of degree I, the function
P(x)e "1 js an eigenfunction for H with eigenvalue — (m +21).

From the lemma we obtain:

(4np)imdime2 Je'" «114 Pff (a) @ () da

=(2m)~am “’2(21'1t)"J’e""‘"2 PIT (8) (F ¢) () dE.

This last expression has an asymptotic expansion in powers of t, when

. . - 2 . « .

t — 0, given by the Taylor expansion of e *"%!", In particular the limit
exists and is given by (ii).

1.18 CoroLLARY. — Let @ be a C® function on g with compact
support. Then:

lim, _ o(4ne)~!-dim sze"""’/" st(e)@(a)da=(in)"'5_, (o).

Proof. — We have (1.8) st(e)=(—2i)' Pff(a) j¥*(a), and j¥'? is O (n)-
invariant, with j}’2(0)=1. The result follows from (ii) and 1. 14.

To compute the equivariant index of a twisted Spin complex we will
need a generalization of 1. 18, Proposition 1.23 below.

1.19. Let E be a finite dimensional complex vector space. = We identify
End(S ® E)=EndS ® End E with C(V)® End E.

We extend the supertrace to C(V)®End E by setting
st(a ® b)=st(a) trg(b) for aeC(V) and beEnd E.

We still denote by trg
1®@tr;: ATVQEnd E-A*V.

We fix a section map o: A*V —S(g) of the map A in 1.9. We
denote also by o themap o ® 1: A* V® End E - S(g) ® End E.

TOME 113 — 1985 — N3



A COMPUTATION OF THE EQUIVARIANT INDEX OF THE DIRAC OPERATOR 317

A first generalization of 1. 18 is the following.

1.20. ProrosiTioN. — Let ® be a compactly supported C* function on
g with values in C* (V) ® End E.
Then

lim, . o (4mg) 1~ %m 824

x Ie-"‘"’/" st((e*® 1)@ (a)) da

=<in)"8_l(“*trso(gr‘%<a))(§>)'

Proof. — Modifying ® outside a neighborhood of 0eg does not change
the asymptotics of the integral. Since the endomorphism J (a) in 1.6 is
invertible for small a, we may suppose that @ is of the form

D(a)=(Jg(a)by). . .(Jg(a) b))o (a),

with b,, ..., bjeg and @eCZ?(g, End E). By Campbell-Hausdorff
formula, we have for a, beg

e—aep+tb___eﬁf (c. a, b)

where f is a g-valued function, analytic in a neighborhood of (0, 0, 0),
such that

f(0, a, b)y=J,(a)bd.
Therefore

j=0

e et =Y S, b)
j!
where
®;(a. b)eC¥(V) and  gr'¥®,(a. b)=(J,(a)by.
Put

1.21 Y(a)= —Le‘af*"b" C +¢/’1(p(a)|q= .. .=gj=0

€, .. .Cg

Then, for ® as above,

gri? @ (a)=gr'? ¥ (a).

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



318 N. BERLINE AND M. VERGNE

Using induction on j, we see that if suffices to prove 1.20 for the
function ¥ of the form 1.21. For such a ¥, performing the change of
variables a+¢€,b,+... +¢;b;—~a, we see easily that the limit of the
integral in 1.20 is the same as

lim, . o (47 g)~!=dm aﬂj (by, a)... by, aye oW st ()t @ (a) da.
8

For k>1 we have {(ada)*b;, a)=0, thus we have

(Jg(@)b,a)=(b,a),
and we obtain 1.20 by applying 1. 18.

1.22 We will need a further generalization of 1.18 in the following
situation:

Let V=V,@® V, be an orthogonal decomposition of V'=R", with V,
identified to R*c and V, to R?1. For i=0, 1 we denote by g, G; the

Lie algebra so (V;) and the corresponding Spin group, considered as subsets
of the Clifford algebra C(V,). We have a canonical identification

CN=CVe)®C(V))

We denote by 6%, the Super Dirac distribution on g and by &%, the Super
Dirac distribution on g,. We denote by st' the supertrace on C(V,).

1.23 ProrosiTION. — Let y, be an element of C(V,) and let ® be a
compactly supported C* function on g x V, with values in C*/ (V) ® End E.

Then

lim, _ g(dmp) '"dm o2y

XJ e-m-nzﬂlru’wsl((eﬂyl ® 1)®(a, v))dadv
axVy
—(im)lost! (y,) 8%, (" — 10 (gr* 0 (a, 0”(3))'
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A COMPUTATION OF THE EQUIVARIANT INDEX OF THE DIRAC OPERATOR 319

Proof. — Put ¥(a, v)=(y, ® )®(a, v). Since C(V,)cC*1(V), we
have Y (a, v)e C2U+'" (V). Applying 1.20 to this function, and 1.17 (i)
we obtain

1.24 lim, . o(4me)~'=9m &/2=1y gl +j

N Je- Uall2+1eli?ye gt (g8 y, @ 1) D (a, v))dady

=(in)"5"—x<“—’"sc(gr‘“”""l‘(a; 0))(‘51))'

We have

]
1.25 gr¥*2)((y, @ 1) ®(q, 0))=(2_) "st!(y,) g1 @ (a, 0) A @,
T

where o, is the canonical element of A?"1 (V,). Denote by p the projection
A*V—> A"V, and by p, the projection S(g)— S(g,) associated to the
decomposition V=V,@® V,. Denote by A, the canonical map
S(go) > A*V, Then Agep,=p-A and for ue A* V we have

1, (uo,)=1%, (p.u).

Therefore, using 1. 11, we deduce 1.23 from 1.24, 1.25 and the obvious

relation
A (a - oW, <E)>=2"l ®,.
2

2. Riemannian structure on the frame bundle

Let M be a C* manifold. We denote by & (M) the algebra of exterior
differential forms on M, by .o/ * (M) the commutative subalgebra of even
forms.

2.1. Let M be an oriented Riemannian manifold of dimension
n=21 Let P be the principal bundle of oriented orthonormal frames
and n : P — M the canonical projection. An element ue P is an isometry
of V=R" with T, M, if x=n(u). The group SO (n) operates on the right
on P by (u, g)—ug. The vertical tangent space to the fibers is then
identified with q.
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Consider on M the Levi-Civita connection. Let we o/’ (P) ® g be the
corresponding 1-form. The horizontal tangent space at ue P is

{ XeT,P such that o, (X)=0}.

Denote by 6e/'(P)® V the fundamental 1-form on P defined by
0,(X)=u"'(ne X), for XeT,P. Let Qeo/*(P)®g be the curvature

form on M.
Recall the structure equations
2.2 do=—o A 6,

2.3 dm=Q—%[m, o).

2.4. The form 6 @ o determines a canonical trivialisation of the tangent
bundle, TP=P x (V @ g).

2.5. Suppose that M admits a spin-structure. Thus there exists a
principal bundle P’ with group G =Spin (n) such that

P=(P’ ® SO (n))/Spin (n).

For ue P, geG denote by R(u)g or ug the action of G on P’. The
lifts to P’ of the forms 6, ®, Q will also be denoted by 6, o, Q. The
tangent bundle TP’ to P’ is also trivialized in TP'=P' x(V @ g), by 6 ® w.

2.6. For xeV@&g, we denote by x the vector field on P (or P’)
such that (6 @ w)(X)=x. It is easy to obtain the following commutation
relations:

2.7 (a, b)=][a, b)~ for a, beg,
2.8 [a, x)=(ax)~ for aeg, xeV,
o((x, y)=-Q(x, )
2.9 - , yev.
{ 0 (. 71)=0 for x, ye

We may also write the formulae 2.7, 2.8 as
2.10 [E, ;]:(t(a)x)- for aegq, xeV®ag,

where 1 denotes the canonical representation of g in V @ g.

2.11. Consider on g the inner product defined by 1.9. As the tangent
space T, P is the direct sum of the horizontal space isomorphic to T, M
and the vertical space isomorphic to g. it has a canonical inner
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product. We will then consider P as an oriented Riemannian
manifold. The trivialisation T, P~V @ g is an isomorphism of Euclidean
spaces. Consider the Levi-Civita connection V* (or simply V) on the
Riemannian manifold P. It is determined by its connection matrix in the
trivialisation TP=P x (V @ g), i.e. by the endomorphism I, (x) of V& g,
defined by:

(6@ 0),(V:))=T,(x).y.
We compute now I', (x) omitting the subscript u. We need a notation:
the restriction of Q, to the horizontal space at u defines an element of

A*V*®g, by (x, y)| = Q,(x, y) for x, ye V. We still denote this element
by Q,.

Let aeg=A?V, the contraction (€, a) of Q, by a is then an element
of g. Explicitly, if

a=y, <i<j<aBij€i N €)

(Qm a) = Z al'j Qu (gn gj)

LEMMA. — Let a, begand x, yeV. Then

2.12 F(x)y== 39 7,
2.13 I‘(x)a=£(ﬂ, a)x,
2.14 I"(a)x=ax+%(Q, a)x,
2.15 F(a)b:%[a, b].

Proof. — Let x,, x,, x, be elements of V @ g, then
2T (xg) Xz x3> =Xy, Xa) X3 ) =Xy, [Xz0 X3) D =< [X,0 X3), X, ).
Thus formulae 2. 12, 2. 15 are immediate consequences of 2.7, 2.9.
Similarly:
2{T(x)a, yy=—<ax, y>={x, ay > +{Q(x, ), a).
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As a is antisymmetric, we have (ax, y >+ {x, ay>=0 and
(QE P, 5= 2T, cresea QG Dt a1y
by definition of the scalar product on g,
= Tciesenl 06 )% 0y

by one of the symmetry property of the curvature tensor. Thus we
obtain 2. 13.

The relation 2.14 is a consequence of 2.13 and of the no-torsion
property of V, i.e. V;x—V.a=[a, x).

2.16 LEMMA. — Let xeV and aeq. The integral curves of the vector
fields x and a are geodesics of P. In particular, we have, for uc P, geG

2.17 exp,a=u exp a
2.18 (exp,X)g=exp,, (g ' x) .

Proof. — The first assertion follows from the relation V;x=0, V;a=0.

The integral curves of a are by definition the trajectoires s—u exp sa
of the one parameters subgroups of G, hence 2.17. The curve (exp, sx)g
has tangent vector R(g)« x=(g ' x)" hence 2.18.

2.19. Let ueP. The map exp, defines a diffeomorphism of a
neighborhood of 0 in T,P on a neighborhood of u in P. Let
XeT,P~V @g. The tangent map to exp, at the point X is a linear map
from T,Pto T, x P. Both spaces being identified with V @ g, we denote
by J(u, X) the corresponding automorphism of V@ g. It is possible to
compute it explicitly, when Xeg.

PrOPOSITION. — Let ue P and aeg. Then

I__e—-da
2.20 J(u, =
. o)l ada
1 —exp (—1/2(Q,. a))
2.21 J(u, = —a). L .
(u, a)|y=exp (—a) 20 a)

Proof. — Let xo€ V @ g. Consider the application R? — P defined by:
u(s, ty=exp,(s(a+ txo)~).
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Let
Y ()= %(s, 0 and (=0 ) (Y

Then
J(u, @). xo=y(s)] =1

Denote by R the curvature of the manifold P. The Jacobi vector field
Y (s)=0u/0t is determined by the differential equation:

S (3 u) o
ds ds ot os’ o) os’
and the initial conditions y(0)=0, y’ (0)=x, (see [6]).

We have, for t=0, u(s, 0)=u exp sa, du/ds=a. Thus, at the point
u(s)=u exp sa, we have:

2.22 V;V;Y=R(a, Y).a.

By definition of T, if I',(a)=T,,.a, we have:

2.23 (9@m)(V5V,;Y)=<£ +I',(a))<i +l",(a)).y(s)
ds ds

Let us fix s,, and let vo=y(sg)- Then:
Ru (so) (E‘ Y) . 5’—: (VEV60 - Vl?o VE- V(t (@vg)~ ). a
= V.; Vﬁo .a— Vn (a) vo)

=V(V;00—(1(a) o)) = Vi(t(a).vo) +(1(a)? 1) .

~.a,asVz;a=0

by no-Torsion property.
Thus:
2.24 (8@ w)(R,,(a ).

d d
= —+T —+T
(ds+ ,(a))(ds+ s(a))v0

=2T,(a). (1@ vo+T(a)’ vy)|

s-s0°
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The equality of 2.23 and 2. 24 gives the differential equation:

dy

2.25 el

+21"() +2F(a)(1(a)y(8)) —1(@)’y(s)=0.

Let us also denote by t the natural representation of G in V @ g.

From the G-invariance of the Riemannian connection of P, it follows
that, for ge G, ue P, xeV@g

2.26 (@) 'I,(x)1(g)=T,,(t(8) ' x)
Let y(s)=t(exp—sa)x(s). Then 2.25 becomes:

dz
2.27 d—+2(l‘ L(@)— t(a))——O

As y(0)=0, y’ (0)=x,, the initial conditions are x(0)=0, x’(0)=x,. The
endomorphism I',(a)—1t(a) preserves the decomposition V @g, thus
J(u, a) also preserves this decomposition. If x,€V, x(s) for all s and
from 2.14

d*x dx

— +-(Q,, a)— =0.

ds? ( )ds

By integration we obtain 2.21.

If xo€g, then x(s)eg for all s, and we obtain the well known formula
2.20.

We now establish a formula that we will use for the determination of
the equivariant index. The reader can come back to read the proof of
this proposition when needed. Let g(u, u’) be the square of the geodesic
distance between two points u, ¥’ of the manifold P.

2.28. ProPOSITION. — Let ueP, yeEnd V and aeg. Define for veV,
v and a sufficiently near 0, h(v, y, a)=q(exp,v, exp,(yv) exp a). The
map v+ h(v, v, a) admits O V as critical point. Its Hessian at 0 is given
by the quadratic form:

Q, a)2
s = (1- 2 \ I—=y)v ,
Q(v,a)(v)= (1—(exp ( a)/2)y)v pap——y a)/2( Y)v
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Proof. — Denote u(t)=exp, tv. Let X(t)e V @ g the vector such that
2.29 €xp, o X (t) =exp, (tYv)” exp a.

Then h(tv, v, a)= || X (®)||>

We need to compute the development at order two of || X(1)|]% at
t=0. Fort=0, X(0)=a. Let us first calculate X, = dX/dt|,., by diffe-
rentiating 2.29. We have:

d 3} ~ 0 -
a expu(t)X(t) |:=o= EE(CXP.,(;)G)*' a exp, X (1) |:=o-

exp,na=u(t),  exp a=exp,tv,

€XP a=E€XP, oxp oL(€XP—a).7,

¢ ~ -
a exp, ,a=((exp—a).v) .

With the notation of 2.19,

2 exp, X (0120 =0 0. X))

The right hand side of 2.29 is the integral curve of ((exp—a)yv).
Thus we obtain:
(exp—a).v+J(u, a). X, =(exp—a)yv, i.e.

_ 1/2(Q, a)
! 1—exp—1/2(Q, a)

2.30 X Ay—1re.

In particular X, € V, thus
h(tv, vy, a)=<a+tX,,a+tX,>+o(t)=Ca, a)+o(t) as {(X,, a)=0.
Thus 0 is a critical point of the map v| — h(v, v, a).
Put w(s, t)=exp, (s xXm).
Then X (1) =éw/és (0. 1).
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d d(/ow ow
—_— X[ 2=— —_—
dt” ()“ dt(< ds as>,=o)
ow ow
=2( Vo, X
< % bs 6s>,=o

ow ow
=2( Vyp | ¥
< d/ds ot s >

_22<8w ow
ds \ ot Os

, by no-torsion,
s=0

0
as V,,,—=0.
%1% Bs

s=0

The differential equation for the Jacobi vector field dw/dt implies that

ow ow
<—a?, a_s> =A(t)+sB().

Hence

4 2
~lxwlF=280.

We now compute the linear term in the expansion of B(t) at t=0.
For s=0, 6w/dt(0, t)=v (2.16).
Thus A(t)=<v, X({t)>=t{v, X, D+0().

Fors=1, A(N+B(1)= <a—w(|, 0. 2, t)).
ot 0Os
We have already seen, from
€XPu (1) X(f)-=cxp.,(t Yv)“ expa

that
ow -~
—"(l. t)=(exp (—a)yv) .
ot

It remains to calculate dw/ds(1, t).
We write ow/0s(s, t)=(a+tZ(s)+0(t))". The equation V,, /ds=0
for the geodesic s — w(s, t) gives us:

0= ;—(a+lZ(s))+r_,(,_ w@+tZ(s))(a+tZ(s))+o(1).
s
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As I, (a) a=0, the linear term in ¢ of this equation, gives the equation:

2.31 %Z(s)+l‘w(,_ @ Z($)+T, . o)(Z(s))a=0.

Let Z(s)=exp—saZ,(s). Using 2.26, 2.31 gives us the differential
equation:

dz,

2.32 — +2I',(Z,(s))a=0,
s

with initial conditions Z, (0)=Z (0)=X,€eV.

As the application x — I',(x) a preserves the decomposition V @ g, the
curve Z,(s) remain in V, and the integration of 2.32 gives
Z,(s)=exp(—s(Q,, a)/2) X,.

Finally:

A()+B(t)=t <yv, exp— %(Qu, a)Xl> +o(1),

B(t)=t<exp%(Q,,, a)yv, X,> —{v, X, >+o0(1).

As X, is given by 2. 30, we obtain our proposition.

3. Supertrace of the heat kernel and the equivariant index of the Dirac
operator

We start this section by stating some well known facts on the asymptotics
of the Heat kernel of a compact Riemannian manifold. Then we will
compare the square of the twisted Dirac operator D, of a spin-manifold
to a horizontal Laplacian A, on the manifold P’. We will finally deduce
the asymptotics of the trace of the kernel of the operator (y€'P?), where y
is an isometry of M, from the asymptotics of the kernel of ¢'*¢ and Morse
lemma.

3.1. Let Q be a Riemannian manifold, with Levi-Civita connection V<,
volume form dx and Laplacian A. Let &, be a local choice of orthonormal
vector fields on Q. The Laplacian A is the second-order differential
operator acting on functions on Q, given locally by the expression
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A=X.E,.E,—VE.E. The operator ¢ (for t>0) is a smoothing operator
with a C®-kernel k (¢, x,, X), i.e.

(et.f )(xo)=f k(t, xo, X) f (x)dx.
Q

Let ¥ (x, y) be a cut-off function on Q xQ identically 1 in a small
neighborhood of the diagonal of Q. Let g(x, y) be the square of the
geodesic distance between x, y. W is chosen in order that g(x, y) is well
defined on Supp (¥). Let Exp,: T,Q — Q be the exponential map and
6(x, y): T,Q = T,Q the tangent map to Exp, at the point Exp, o).

Let us fix xo€Q and let
Jo)=detB(xo, ),  r()=q(xo, N'%

Let ® be the radial vector field rd/dr along the geodesic joining x, to y(y
varies in a small neighborhood of x,). Define inductively the functions
y = U;(x,, y) by the differential equations:

R. (Ui’ijo(}’)”z)='ijq()’)”2 (A.U;-y)

and the initial condition Ugy(xq, Xo)=1.
We then have

Up (x0, ,V)=.l'(z()’)_”2=d¢t 0(xq, ¥) 12

Recall (see [6]) the:

3.2. ProrosiTiON [19]. — For every integer N, we have uniformly on
2x0,
k(t, xo, y)=(4m1) ™2 Y (x,, y)

x e~ 9(x0. YVt (Z?-o U,(xo, ¥) t‘)+0 (tN—(dim Q/2)+ 1).

More generally, let & — Q be a complex hermitian vector bundle over
Q with a hermitian connection V. For £ a vector field on Q, we denote
by V, : I'(&) = I'(&) the covariant derivation. The Laplace operator A,
acting on the space of sections I' (&) of the bundle & is defined locally by
the. expression:

Be=1,Vy V= Vg o,
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Let V be a C® section of the bundle End (£). We suppose that
V(x)=V(x)*. Let us consider the operator A,— V acting on I'(&). The
operator e'#¢~")(¢1>0) has a C*-kernel k,(t, xo, y) eHom(&,, &,). We
fix xo€ @, and define E,=¢&,,. We identify & with &* using the hermitian
structure. We extend the covariant derivative V, to E, ® I' (€*).

Consider the section y+s U, (x,, y) of

E,®T(€* (i.e. U;(x, y)eHom(&,, &,,),

defined inductively for i=0, 1, ..., by:
3.3. V(U rijq (}’)”2)="ijg (}’)”2 A,;—W).U,_,

and the initial condition
Up (xg, Xo)=Id€e E, ® ES.

We then have:

Uo (x, y)=det 8(x, y) "2 1(x, y)
where
t(x, y)eHom (£,, 6.)

denotes the parallel transport along the geodesic from x to y. The proof
of 3.2 ([6], [20]) leads similarly to:

3.4. ProposiTION. — For every integer N, we have uniformly on Q x Q:

ke(t, X0, ¥y)=(4m1)~ 4™ D2¥ (xo, y)
x e~ (x0. Y4t (z::o Ui(xo’ }') ti) +0 (,N -dim Q2+ l)'

3.5. Consider a spin manifold M and let P - M be a principal spin-

bundle over M of group G=Spin (n). As in Section 2, we consider P’
itself as a Riemannian manifold.

Let S be the space of the spin representation p. Then P'x ;S=%is
the spin bundle over M. As the decomposition S=S* @ S~ is stable by
p, the spin bundle ¢ is the direct sum of the even and odd spin bundles

SFr=P' xS, S =P xS,
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The group G acts on the space of C* functions on P’ by (g.f) (u) =f(ug).

Consider the action of G on the tensor product S ® C*(P’). The
subspace (S ® C® (P"))°<S ® C® (P’) can be identified to the space I' (%)
of sections of the bundle &. Explicitly

I'(#)={ f, S-valued C* functions on P’, such that f (ug)=p(g)~! f(u)}.

3.6. More generally, let & = M be a complex vector bundle over M of
typical fiber E=CY Consider the bundle n* (&) over P’ and its space of
sections I'(n*&£). If x=n(u), n*(&),=¢,, so the group G acts on I'(n* &)
by (g.f) () =/ (ug).

Consider the action of G on the tensor product S ® I'(n*&). The
subspace (S ® I'(n* £))¢ of S ® I'(n* &) is then identified with the space
of sections of the bundle ¥ ® & over M.

Explicitly:

3.7 T(¥®&)={feS®TI (r* &) such that f (ug)=(p)® 1)™' f(w)}.

Let V be a hermitian connection on &. Denote its curvature by
Q. We will consider Qf as a section of A2T* M ® End &. We pull back
the connection on & to a connection on n*&. If £ is a vector field on P’
we denote the covariant derivative by V, : I'(n*&) - '(n*&). We also
denote by V, the operator 1 ® V, on the space S ® I'(n* &).

Let us note that, for aeg, peI' (n* &).
d
3.8 (V;0) (u) = d—;tp(u expea)| -o

39 Let D: T(¥®8)-T(¥® &) be the Dirac operator. In the
identification 3.7, D is given by the formula:

D=21 cica(C(e)® V).

The operator D maps I'(&%* ® &) into I'(¥~ ® &) and vice versa. We
denote by

D*: T(¥*"®E—-T(¥ ®6E)
and
D : T(¥ ®E-T (Y R®8),

the restrictions of D.
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The operator D? leaves stable the decomposition
MH=TL" @HBI(¥ ®F).

We denote by D2 (resp. D?) the restrictions of D2 to I'(¥* ® &) (resp.
' ®49)).

3.10. Denote by A, the Laplace operator of the bundle n*&. Let
E;,1<i<j<n, be the basis of g introduced in 1.3.
Then:

-~

{e, 1<i<n, 2E;, 1<i<j<n},

ij

is an orthogonal frame of the Riemannian manifold P. From 2.12 and
2.15, A, is given by:

Al=21 Sisnviivii+21 Si(an4VEijV§ij‘

The operator A, commutes with the action of G on I'(n* ¢&).
We also denote by A, the operator 1 ® A, on S® I' (n* ).

3.11 LemMa. — The operator Y, .., 4V Vi operates on
N ® &)=S ® I'(n* &) by the scalar
= —(dimg)= — "(nz_ I).

Proof. — Foraegand feS ® I'(n* &), we have
d
(Va /) w)=—f (wexp ea)| -

Thus, if f verifies 3.7, V; f=—(p(a)® 1) £ The element ¢;¢; of the
Clifford algebra is such that (e;e;)’=—1. As E;;=1(1,2¢,¢,).. we obtain
our lemma. ‘

3.12. Let k(u)= —le‘.<j$"<9,,(5,-. E,—)e,-. e;> be the scalar curvature
of the manifold M (k (1) depends only of x=mn(u)). Define a section of
Ends (S) ® End (n* &) by

3.13 V,(u)=(1+ ik(u)) ld+2lSiqsnc(e,-)c(ej)@Qf(ue,-, ue;).
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Remark that:
3.14 Veug)=(p(@) '@ DV, () (pg)®1).

Thus the multiplication of ¥V, commutes with the action of G on
S®TI'(n*&#). The formula of Lichnerowicz for D? is given by the
following:

3.15. ProposiTION [17] :
D*=(—A;+Vy)|T (¥ ® ).
Proof:
EEDW ice)c(e)®V,V,
=—1QZ%,V,V.+ %Zc(ei)c(ej) ®[V:, V,-]],

using the commutation relations of the Clifford algebra.
Now

Vi Val=Via, o)+ Q5 (ue;, ue)).

From 2.9 [e, e]= —(Q(e, €)))” is a vertical vector field on P’ thus, if
feT (¥ ®¢) '

Ve, (S ) =(p(Q(e, €)@ 1) f (u).
and

sz(u)= _Zi V;',V;.,f(u)
1 - ~
+ E(Zi_jc(ei)c(ej)p(n(eh eN®1) f(u)

+(T c(e)c(e;) ® Qf (ue,, ue))) f (u).

A classical formula, using the symmetries of the Riemanian curvature
Q, shows that

- ~ 1
S, je@)ce)p @ eN=2kw Id

From 3.11, we obtain 3. 15.
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3.16. Consider the Riemannian volume forms dx, du, dg, on the orien-
ted Riemannian manifolds M, P, G. For a continuous function ¢ on

P’, we have:
J' q>(u)du=J' (J. q)(ug)dg)dx.
P M \JG

3.17. The operator ¢®~Y9(¢t>0) on S ® I'(n* &) is given by a C=
kernel with respect to the measure du on P’. We denote this kernel by
ke (t, up, uyeEnd S ® Hom(¢,, &,,),
for
Uy, UEP’, Xo="(Up), x =1 (u).
Since A, and V, commute with the action of G on S®I'(n*&) we
have
3.18 ke(t, uog, ug)=(p(8) ™' ® 1) ky(t, uo, w)(p(R)® 1)

for geG.
Define, for uy, ue P, n(u)=x, n(uy)=x,.

3.19 £, ug, u)=J ke (1, ug, ug™") (p(8) ® 1)dg.
G

Then, for feT (¥ ® &), ks (t, u, u). f (W) €S ® &, and depends only of
x=n(u).

3.20. ProposITION. — For fel (¥ ® &), we have:
@2 .f)(ug)= j Ko (t, ug, u). f (w)dx.
M

Proof. — This follows immediately from the formula 3.16 and the
property 3.7.

3.21. Let H be a group of orientation preserving isometries of M. If
y€ H, the natural lift of ¥ to P is an isometry of the Riemannian manifold
P commuting with the action of G. We will assume that the action of H
on P lifts to an action on P’ which will be denoted by y.u for ye H and
ueP’.

Let us assume that the action of H on M lifts to an action on the vector
bundle & preserving the connection.
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For yeH, we denote by I(y) the action of Y on & The restriction
I(y), of I(y) to &, is an isomorphism of the Hermitian vector spaces
&, &, The group H acts on I'(n* &), thus on S @ I'(n* &) by

Y- N@=ARI®) f(v "u).

As v is an isometry of P’ and its action on & preserves the connection, the
action of H on S ® I'(n* &), commutes with A,, V,. Thus the kernel
k4 (t, uq, u) satisfies the relation:

3.2 (1®1(y 1) ky (6, Y™ ug, wy=ky (¢, uo, YU)(1 @ 1(Y),)-

As the action of H on P’ commutes with G, H preserves I' (¥ ® &), and
for fe (¥ ® 8).

3.23 (ye '®.f)(up)

=J (k-‘ (tv u09 Y u) (l ® I(Y)x) f (u)) dx
M

=j q ke(t, ug, Yug " (p(® ® l(Y),)-f(u)dg)dx-
M G

For ge G and uy=ue P,, the map
ke(t, u, Yug™")(p(8) ® 1(¥)o)

is an endomorphism of S® &, which preserves S*® &, and
S ® &,. We define its supertrace as in 1. 19.

Let
3.24 A, v, x)=j st(ke(t, u, Yug™")p(g) @ 1(y),) dg
G
(the right hand side depends only on x=m (u)).
Recall that we can compute the equivariant index

tree, p+ (Y)-tr., p- (y) of the Dirac operator by the fundamental formula
of McKEAN-SINGER [18] :

3.25. For every t>0,
tUye p* (Y) —thyey p- (Y)=tr(ve"”‘)—tr(ve"”z-)=J- A(t, v, x)dx.
M
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Let M, be the manifold of fixed points by the action of y on M. If
x¢M,, the elements u, yug™' are distinct for all g in G. Let ¥(x) be a
cut-off function equal to 1 in a small neighborhood of M,. As, fort—0
k¢ (t, ug, u)is small at all orders outside the diagonal of P’ x P’ a partitition
of unity gives:

3.26 lim,_.oJ- A, v, x)dx=lim,-oJ‘ A, v, x)¥ (x)dx.
M M

Assume that M, is oriented. Let 4" M, be the normal bundle to M,
in M. Let U be a tubular neighborhood of M,. By the exponential
map, U is isomorphic to a neighborhood of the zero section of /" M,. We
denote by p : U — M, the corresponding fibration, and by

pr: ATH(U) - (M),

cpt

the integration along the fibers of compactly supported forms.
We then have

J A, vy, x)¥ (x)dx =J‘ pe (W (x) A (1, v, x)dx).
M

My

We will see that lim, _, o p« (¥ (x) A (2, v, x)dx) exists and we will identify

the limit I(y) as an element of d"""’(M,) (Theorem 3.34). It is clear,
from 3.25, that we have the:

3.27. THEOREM:

Uyer p* (Y)_‘rker D~ (-Y)=J‘ I(Y)
MY
The density I(y) on M is called the equivariant index density.
We now proceed towards its calculation in terms of characteristic forms.

3.28. Let M,, be a connected component of M. We fix x,e M,. The
tangent space T, (M) is the direct sum of the tangent space T, (M,) to

M, and of the normal space N, . The space T, (M,) is the eigenspace
of eigenvalue 1 for the action of y on T, (M). As de‘r,nm;Y= 1, the
dimension of N, is even. We denote by ny=21, the dimension of M,,
n, =21, the dimension of .47, .
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Let us decompose as in 1.22 V=R" in
V=V,8®V, with V,=R", V,=R".
We consider as in 1.22, C(V,), C(V,), 8¢» 85, Go» G,- The groups G;
are included in C* (V).
Let P, be the subbundle of P|M, consisting of frames u : R" — T, M
which are compatible with the orthogonal decompositions

V= VO@ Vl’ Txo(M)=Txo(M0)®Nxo

and the given orientations. We write u=(ug, u,). Let PocP’'|M, be
the pull back of P,. Let ueP,. There exists an element y, =7y, (v) G,
such that yu=uy,. Remark that y, depends only on the image of u
in Py,

The invariance of the Riemannian connection of M by the isometry y
implies that for veV, and ue P, the element w,(v) commutes with y,,
thus decomposes

, (V)= 0f (v) + o} (v),
with ! (v)eg; fori=(0,1). The forms w°, w' define canonical connections
on the tangent bundle TM,, and the normal bundle A#” M,,. (The connec-

tion on TM, coincides of course with the Riemannian connection of the
manifold M,.)

Similarly, for v, v’ € V,, the curvature Q, (v, o') decomposes as
Q, (v, v)=0% (v, V') ® Q! (v, V),
where Qi (t, t")eg, for i=0,1, and the form Qe o/3(P,) ® g, is the curva-
ture of the connection above. Furthermore
3.29. Q! (v, t’) commutes with Ady,.

Consider the Gy-invariant function on g, (1. 7).

exp (a/2)—exp( —a/2)>"2
a

a—jy2(a)= (dct,,o

Extend it as in 1.15 to a function on A* T,P ® g, with values in
A* T,P. Define the Chern-Weil form:

- _ Q°
A (=5)
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Then A(M,) is basic i.e. the pull back of a form on M, which we
denote by 4 (M,).

3.30. Let g,€G,, the function on g,, a »(—1)"t det, (1—g,¢*) has a
square root on g, denoted by D'/?(g,, a) such that:

D'?(g,, 0)=(—1)" St!(g,).
We have
D'2(g,, a)=|det,, (1—e"g,)| > (St* (g,)) ! |dety, (1—g,)| /2

It is easy to see that the form D"2(y,(u), —Q}/2in) on P, is basic
and defines an invertible form on M, We denote its inverse by
D™V2(y, A" My).

3.31. We denote by ch(y, &) the form on M, given at the point x by
£
o 1.0~ ).
* 2in

3.32 THeoreM (DonNELLY-PaTODI [10], GiLKEY [15], BismuT [9)):
lim, - o pe (¥ (x) A (t, v, x)dx)=(ch(y, &)D™V2(y, A" M,) A (M, )™

The proof will follow from several observations.

Let xoe M,. Let us fix ue P, above x,. We write the image of u in
Py as (uq, u,). The fiber p~! (x,) of the fibration p : U — M, is parametri-
zed by a neighborhood of 0 in V,, via the map

U= x(v)=exp,, (1, (r)(ve V,).

Denote by dv the volume form on V,. and by dx, the Riemannian
volume form on M,. At the point x (1) we write

dx=j(xq. v)dx, A dr.
The function j(x,. v) is C* on a neighborhood of 0 in V, and
J(xo. 0)=1.
Let us write
@ (v)=j(xo, ) ¥ (x (1))
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Then @ is C* and compactly supported and
¢ (0)=1
At the point x,, we have:
Pe(W(x)A(L, v, x)dx)=A(t, ¥, xp)dx,,

with
Z(t, g x0)='[ A (ta Ys x(v))d)(l)) dU.
Vi
The point exp, ve P’ projects on x (v), for ve V,. Thus we have:
A, Y, x(v)= f st (ke (t, exp, 0, ¥ (exp,0)8™ ) (P (&) ® | (Vs ) d8-
G

We have
Y exp, v=exp,, v=exp,,, () =exp, (¥, 1) " ¥,.
Thus:
3.33 A@, v, x(v)

=J st(kg (1, exp, v, €xp, (Y, ) 718" ) (P (8) ® 1(Y), () d8
G
=J st(k,(t, exp, v, exp, (Y, ) 8~ 1) (P (7)) ® 1(¥)x ) dg-
G

Let us trivialize the bundle &|p~'(x,) by parallel transport along the
geodesics s — x(sv). Thus all the fibers of & | P~ '(x,) are identified with
Eo = Jxo.

3.34 The linear map:
I(Y)x - wa) -4, (Y100

is identified with an endomorphism of E, which we denote by I(y, v). We
write

lO = I(Yv 0) = '(Y)xo
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Similarly the linear map
ke(t, exp, D, €xp, (Y1) 871 : S® &, 40— S ®Ey oy
is considered as an endomorphism of S ® E,.
The function
t— ke (2, exp, D, exp, (v,0) 2™ @ (v),

is rapidly decreasing as t — 0 if g is far from the origin in G. Thus we
can use exponential coordinates on G. Let ¥ (a) be a cut-off function on
g, equal to 1 on a small neighborhood of 0. Then d(expa)=j,(a)da
(1.7) and

3.35 I(y, xo)=lim, . o A (t, ¥, Xo)
liml - OJ St(k‘(t’ expu;’ expu(‘Yl v) ~exp( _a))
gxVy

x(p((exp a)1,) ® (v, v))) @ (v) ¥ (@) j, (@) da dv.

We will replace the kernel k, by its expansion (3.4), with
N>dim P/2. This will not change the limit in 3. 35.

Recall the notations 3.3. In the present situation, the sections
u — U;(uqy, u) of the bundle

End SE,®n*&, .
are determined by the system of differential equations
3.36 V(U rji)=rji2 (A, =V U;_ |,
Up (ug, uo) =1,

where A, denotes the Laplace operator on the bundle n*&. (We use the
fact that V,(x)=V,(x)*.)
We identify End S with the Clifford algebra C(V). Then

Ve(w)eC*(V)®End &,.
The differential equation implies immediately:
3.37. Lemma:
' U(up eC¥(V)@ Hom(8,, £,)  for i=0,1, ...
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Put

¢;(a, v)=U, (exp,v, exp,(y,v) ~exp (—a))
and
h(a, v)=gq (exp, ¥, exp, (Y, )" exp (—a)).

Let Q,(a) be the Hessian of the function v — h(a, v) at the crititcal
point 0e V,. Since det, (1—7v,)#0 we see from 2. 23 that Q, (a), conside-
red as a symmetric endomorphism of V,, is positive and invertible for
small a. Thus 0 is a non degenerate critical point. By Morse lemma,
there exists a local diffeomorphism of V:

v—v' =F,(v),
such that
F,(0)=0, dF,(0)=0Q, (a)'’?,
and
ha, )= llal} + [
Let us write:
dv=m(a, v')dv’; then m(a, 0)=det Q, (a)~ '3,
®;(a, v')=0,(a, v); then @;(a, 0)=®d,(a, 0),
I'(y, a, v')=1(y. v); then [I'(y, a, 0)=1,,
afa, t')=@ ()Y (a); then af(a, v’) is compactly supported

and a(a. 0) is identically equal to 1 in a neighborhood of 0 in g.

In 3.35 we replace k, by its expansion (3.4) with N>1/2 dim P and
we perform the change of variables r —1". We obtain

3.38 I(y. xo)=lim, _ o(4mp)~!-dim 82
XJ e el B S (T o1 0 (. 0)
axVy

x(p(expay,)®I'(y, a. v)))j,(a)a(a, v)m(a, v)dadr

=lim, o(4m)"""“”"" e~ Mall2ileltiar
axVy

YN ot sti(p (exp ay, ® 1) G, (a, v))dader,
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with
G(a, v)=js(a)a(a, v)m(a, v)(1 ®I' (v, a, v)) D;(a, v).

Since ®; (a, v)e C* (V) ® End E,, the limit in 3. 38 exists by proposition
1.23 and is given by:

3.39 I(y, xo)=(im)~"' 8%, (g),

where g is the function on g, defined by:

340 g@=sti(v) trEO(c<27=0 &G, (a, om<§)>,

where o is a choice of a representatives in S(g) of elements of A*V
(1.19). We have:

3.41 Gi(a, 0)=jg(a)(det Q,(a))"'"*(1 ® l) ®; (a, 0).

First, we compute Q, (a) for aeg,,.
If
"=le.-<,-s..o“ii"i’\ejego and  ueP,,
then (Q, @)=Y, ¢ icno %iiu(@s e,;) decomposes by 3.29 as
(Q,. a)=(Q. a)® (Q}, a),

where (Q., a)eg; for i=0, 1.
Since u is fixed. we omit the subscript u.

3.42. LemMma. — For aeg,,

- Q'. a2
=(l—y;! Q,. a))2 1=7,).
Q.(a)=(1—y; exp ((Q). a)/ )(cxp(m,‘ a)/Z)—l>( 1)

Proof. — We use 2.28. Note that a is replaced by —a. Since
(Q!, a)eg, commutes with v,, it is enough by 2.28 to show that, for any
beg, commuting with y,, the endomorphism

b
(I_y;leh)( - ]>(I =)

of V, is symmetric.
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But this can be written as

b b b b,

f—1 l—e?t e"—l_l—e""h'

It follows from 3.42 and 1.7 that for aeg,,.
3.43 det Q, (a)=det, (1—exp(—Q', a)/2)y,)
xdety, (1—7v,) jy,' (Q', a)/2).
We compute now gri*!®;(a, 0)e A* (V) ® End E,,.
Put:
REW)=Y, cicj<n® A €;® Qf (ue;, ue)e AV ® End E,.

Multiplication by R®(u) defines an operator on the algebra
A*V®End E,. This operator is also denoted by R* (u).

Let a — t(a) be the representation of ¢ on AV which extends the
representation on V. We also denote by t(a) the operator t(a) ® 1 on
AT V®End E,.

Put,

Jjp-(@)=det 0 (u, u exp (—a))
Finally denote by 1 the unit element of A* ¥V ® End E,. We have:
3.44. PROPOSITION:

Zzzo gri?1 @, (a, 0)=j, (a)~ ' o @o-@+RE W) |

Proof. — We consider the system of differential equations 3. 36.
Put,
fi(s)=jp-(sa)'”? gr'?1 @, (sa, 0),
F(s)=Zs' fi(s)
R* (s) = R® (u exp ( —sa)).
Remark that R®(s)=¢**'® R® (u).

The operator Vg, restricts to u exp (g)=exp,(g) as the Euler vector
field. Thus, taking the gradation in account, 3.36 implies

diF(s)= —R*(s)F(s)= — (&' R* (u)) F (s).
s
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It follows that B(s)=e**@ F(s) is a solution of

dia(s)=—(r(a)+k‘(u»8(s), B(O)=1,
S

and this proves the proposition.
Let us denote by X' the kernel of the map
A, ®1: S(go) ®End E; »A* (V,) ® End E,

Using 3.44 we compute mod X", the function
3.45 a0 (X g, (q, 0))(‘-2’)‘

Denote by ad a the derivation of S (g) associated to aeg.

Then

t(a)cA=A-ada
and

(ada.¢)(a)=0 for ¢e§(g).

Therefore 3.45 is equal, mod X, to

_<(Rf(), a>).

3.46 a—jp (a)~'? exp( 5

By 2.20, 2.21, we have

j.»(a)=j,,(a)jv(<Q “>).

2

For aeg,, we define

Q°, . Q!
3.47 jp.(a)=j.(a)jvo(< 2">),,,(< 2‘”).

By 3.43, 3.46 and 3.47 we have now identified all the ingredients
necessary to the computation of the left hand side in 3.39. Remark that
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Jjoo=1mod X, Recalling the definition of D'/ (y,, a), (3.32), we obtain
that the function g in 3. 39 is equal mod X", to

a—»D‘”z('Yu - ____<Q‘2, a>>j?o"2(———<902’ a>>tl‘£o(lo exp— <———R‘(;)’ a>>.

By 1. 16, this implies the theorem.
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