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THE RESOLVENT FOR A CONVOLUTION KERNEL
SATISFYING THE DOMINATION PRINCIPLE

BY

CHrISTIAN BERG and JespErR LAUB (*)
[Kebenhavns Universitet]

ABSTRACT. — Let N be a convolution kernel on a locally compact abelian group.
It is shown that if NV satisfies the domination principle and is non-singular, then there
exists a splitting N = Ny + N’ of N in which N, is a resolvent kernel and N’ is
N-invariant. Furthermore, the singular part N’ of N is either Ny-invariant or a
Ny-potential of a N-invariant measure. These results simplify Theorems of M. ITo.

REsUME. — Soit N un noyau de convolution dans un groupe abélien localement
compact. Pour N satisfaisant au principe de domination et étant non singulier, on démontre
qu’il existe une partition N = N, 4+ N’ de N, ou N, est un noyau a résolvante et N’
est N-invariante. De plus, la partie singuliere N’ de N est ou bien Ny-invariante ou bien
un Ny-potentiel d’une mesure N-invariante. Ces résultats simplifient des théorémes de
M. I16.

Introduction

Let G be a locally compact abelian group and N a convolution kernel
on G satisfying the domination principle. In [2], IT0 introduced a family
(N,)p>o of convolution kernels, which in later papers ([3], [5]) turned
out to be the resolvent family for the regular part N, of N. Some of
the proofs in these papers are complicated, so it is of interest to give a
simple and unified treatment of the resolvent and the regular part of N
based entirely on the Riesz decomposition theorem, and this is the aim
of the present paper.

A complete proof of the Riesz decomposition theorem was given in [7],
which will be a prerequisite for the present paper. Less general versions
of the Riesz decomposition Theorem appeared in [3] and [4], and the
treatment in [3] assumes knowledge of the resolvent and the regular part.

(*) Texte regu le 16 octobre 1978.
Christian BERG and Jesper LAus, Kegbenhavns Universitets Matematiske Institut,
Universitetsparken 5, DK-2100 Kgbenhavn ¢ (Danemark).
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374 C. BERG AND J. LAUB

The idea behind our treatment is as follows:

For each p > 0, we have p N+g; < N, so let N = (p N+¢g,) * N+,
be the Riesz decomposition of N with respect to p N+¢g, as sum of a
(p N +¢,)-potential, generated by a measure N, and a ( p N +g,)-invariant
measure 1,. The measures N, and n, are uniquely determined, and this
leads to the resolvent equation for (N,),,,. For p tending to zero, N,
increases to the regular part of N.

Preliminaries

In the following, G denotes an arbitrary locally compact abelian group,
and N a convolution kernel on G satisfying the domination principle.

A positive measure & on G is called N-excessive, if N satisfies the relative
domination principle with respect to & (N < &) (¢f. [4], [7]). The set of
N-excessive measures is a vaguely closed convex cone E (N), which is
infimum-stable, and every & € E (V) is the vague limit of an increasing
net of N-potentials. For an open subset Q = G and g measure E € E(N),
the reduced measure NRé1 of & over Q (with respect to N) is defined
(¢f. [7D as

NRE =inf{teE(N); 1 =& in Q}.
We write RY instead of yR when N is clear from the context.

Let 7~ denote the set of compact neighbourhoods of 0 in G. A measure
Ee E(N) is called N-invariant if Rg" = for all Ve¥". The set of
N-invariant measures is a convex cone I(N), closed under increasing limits.

Definition. — The singular part N' of N is the limit N’ = limy,c RY
of the decreasing net (RY), .4, when Ve ¥ increases to G.

The regular part Ny of N is Ny = N—N’'. Note that Ny, > 0.

The convolution kernel N is called singular (resp. non-singular) if Ny =0
(resp. Ny # 0).

The following Riesz decomposition theorem will be essential later

(¢f. [7D.
PROPOSITION 1. — Suppose N is non-singular. Every &€ E(N) has a
decomposition
E=Nxp+n, where mel(N).
The invariant part W is uniquely determined, and the measure p is
uniquely determined if (and only if) N satisfies the principle of unicity
of mass.
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RESOLVENT FOR A CONVOLUTION KERNEL 375

We shall use some alternative characterizations of N-excessive and
N-invariant measures.

LemMA 2 (ITO [4], LAuUB [7]). — Suppose N is non-singular. A positive
measure & is N-invariant if (and only if ) there exists a net (M), 4 of positive
measures with compact support such that

Nx)XTE, Ay — 0.

In Corollary 6 below the conclusion of Lemma 2 is shown to be valid

also for singular kernels.

The following result is well-known and not difficult to establish.

LeMMA 3. — Let N=1/a) > 0" be an elementary kernel (a > 0).
Then

(i) EeE(N) < o*xE<§,

(i) neI(N) < o*n=n.

For ¢ > 0, the convolution kernel N+c g, satisfies the domination
principle and the principle of unicity of mass, where g, denotes the Dirac
measure at 0. Moreover, it is easily seen that if N < & then N +c gy < &,
i,e. E(N) < E(N +csgy). For Ve? , we consequently have

NRIEJV = (N+cao)RI:VIfl-ceoa
so that N +c g, is non-singular.
The following Lemma is an extension of [4] (Corollaire 1, p. 340);

the hypothesis of N being non-singular is removed.
LEMMA 4. — For ¢ > 0, we have
I(N) = I(N+cgg).

Proof. — Suppose first that ne I (N+c¢g,). By Lemma 2, there exXists
a net (A,),. 4 of positive measures such that (N+cgg) *A, T n and A, — 0.
Therefore, we have n = lim N\, and then ne E(N). For Ve?,
we find '

M= w+eoRy <yRE <.

hence n eI (N).

Suppose next that n € I(N). Then ne E(N) < E (N+c gy), and since
N+c g, is non-singular, 1 has a Riesz decomposition

TI = (N+CSO)*Vc+nc’
where n,e I(N+cgy) < I(N). We shall prove that v, = 0.
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376 C. BERG AND J. LAUB

Let Ve ¥, and choose a net of positive measures (y,),. 4 With compact
support in [ ¥ such that Np, T RY. Since N < n the net (M * 1,)uc 4
is increasing and

lim m*p, <.

Now choose (Ay)s.p such that N Az T 1, and if N is non-singular with
the additional property that A; — 0. We then claim that

limg(N—REY) = Ag=0.
This is true, because if N is singular then N = RY, and if N is non-singular
then N—RY has compact support and Ay — 0. We then have
n =1limy N * Ay =1limzRY * 4,
= limg(lim, N  p, * Ag) < lim,m % i,

hence n = limy N p,.

Since n e I(N), we similarly find limyn, *p, = n.. If pg denotes
a vague accumulation point of (p,),. 4, We may assume that p,— pgy,

and since Nxp, < N and Nxv, exists, Deny’s convergence Lemma
([1], Lemma 5.2) shows that

limy g, * v, = pep * v,.

If we convolve all terms in the Riesz decomposition of 1 with p, and go
to the limit, we obtain
n=RY *v.+cpgy * v, +1..

Finally, letting V increase to G, Deny’s convergence Lemma shows that
Hew * v, — O because supp (1gp) S [V, and hence
n=N#*v.+n.,
which compared to the original decomposition gives v, = 0, so we have
n=mn.€I(N+cggy).
As an application of Lemma 4, we prove the following result which
will not be used in the sequel, but it might be of independent interest.
PROPOSITION 5. — The following conditions about N are equivalent:
(1) N is singular.
@ii)) I(N) = E(N).
(iil) There exists a net (A, 4 Of positive measures with compact support
such that N\, T N and A, — 0.
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RESOLVENT FOR A CONVOLUTION KERNEL 377

Proof:

(i) = (ii): Let p be a positive measure such that N+ p exists. By
Lemma 1.8 in [7], the net RE’, , decreases to N p as ¥ increases to G,
hence R, , = Np for all Ve so that Nxpel(N). Since every

measure £€ E(N) is an increasing limit of potentials Ny, we get
E(N)< I(N).

(ii) = (iii): By Lemma 4, we have N e I(N+¢g,), so by Lemma 2 there
exists a net (A,),.4 such that (N+gy)*A, T N and A, — 0. Therefore,
N*)A,— N, and (N*1A,),. 4 is increasing because N+g, < N.

(iii) = (i): Let ¥ € 77, and suppose that N+ A, T N and A, —»0. Writing
A, as sum of its restrictions Xa| W and A, |[W to W and [W, where
Wev is a compact neighbourhood of V, we have N« (MH:W)—’ N.
By the domination principle for measures, we find RY > N+ (A, | [W),
so taking limits for e 4 we get N < RY’, which proves (i).

COROLLARY 6. — The conclusion of Lemma 2 is valid also for singular
convolution kernels satisfying the domination principle.

Proof. — In order to show that a N-invariant measure & is the limit
of an increasing net (N+\A,) for which A, — 0 one proceeds like in
(ii) = (iii) above. In order to prove the converse one proceeds like
in (iil) = (i).

A family (N,),so of convolution kernels is called a resolvent if

N,=N,+(@q—-p)N,* N, for p,q>0.

A convolution kernel N is called a resolvent kernel if there exists a
resolvent (N,), o such that N = lim,,, N,.

A resolvent kernel N satisfies the domination principle, and for every
Vev there exists a balayaged measure &, of & on [V with respect
to N such that RY = Nxepy (of. [4], § 3). Since supp gy < [V, we
have limy &y = 0, and therefore N’ = limy ¢ R =0 because of the
dominated convergence property of a resolvent kernel (¢f. [4] or [6]).

Suppose now that N is a non-zero resolvent kernel. KIsHI showed
in [6] that lim,,, p N, exists and is the normalized Haar measure ok
of a compact subgroup K of G. The group K is the periodicity group
for N,i.e. K= {xeG; N*e, = N}.

If w is a positive measure such that N« p = N, it follows that N, xpu = N,
for all p, hence by the convergence Lemma of DENY that p+og = 0.
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378 C. BERG AND J. LAUB

This shows that p is a probability measure supported by K. In particular,
every pseudo-period of N (i.e. a point xeG such that N+g, is
proportional to N) is a period for N.

Denoting by # 'k the set of compact neighbourhoods of K we consequently
have N*gy # N for any Ve? . This implies that the series
Yo (ggy)" converges and the following formula holds

N=(N=N*gp)*Y2olety), VeVk

Using this notation, the sets E(N) and I(N) can be characterized
in the following way:

ProPOSITION 7. — Let N be a non-zero resolvent kernel with resolvent
(Np)pso- Then

() EeEN)«Vp>0:pN,xE <&

(i) neI(N)<Vp>0E3p>0):pN,xn=n.

(iii) e E(N) =V VeV gy *xE <§ and og*E =&

(i) nelI(N)<=VVeVg:gy*n=m and og*n =M.

The invariant part of §e E(N) is given as lim,,op N, *&.

Proof:

(ii): If N is a resolvent kernel then N+1/pey = 1/p Y 2o (p Np)"is an
elementary kernel for every p > 0 and hence Lemma 3 and 4 show that

nel(N) < neI(N+l80) < pN,xn=n.
p

“@{d)=>": For £Ee E(N), Proposition 1 shows that & = Nxp+n,
where neI(N), and from this Riesz decomposition we obtain

PN, *E=pN,* Nxpu+n<¢&.

“(i) <= ’: From p N, § < & follows by Lemma 3 that N+(1/p) g, < &.
Letting p tend to infinity we find that N < &.

“ (iii) = *”: The statement holds for N-potentials and hence for every
N-excessive measure.

¢ (iii) <= >’: Lemma 3 proves that & is excessive with respect to the
clementary kernel Ny, = )& (g;,)", so there exists a net (A,), 4 of positive
measures such that Ny A, T& Using N = (N—N+*g)* Ny, we get

N * 2, 1E* (N—N * ggy),
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RESOLVENT FOR A CONVOLUTION KERNEL 379

so that Ex(N—Nx¢gy)e E(N). Defining ay = (N—N*¢gp,) (G), we
have
i(N—Nvl\-séV) —»og asV|K,
ay
which implies that
E=E+xwgeE(N).

«(iv) = ”’: By Lemma 2 there exists a net (A,),. 4 of positive measures
such that N*A,Tn, A,—0. Since N—N=*gp, has compact support,
we get

N—n * gy = lim, (N —N % g;p) % A, = 0.

«(iv) <= *’: By (iii) n € E(N ) and hence 1 = N * p+§, where { e I (N ),
but sincen = n*gy, = (Nrep,) *p+G, we get p = 0and thenneI(N)-

If € € E (V) has the Riesz decomposition § = N+ p+mn, where ne€ I (N),
we find p N, x§ = (N—N,) x p+n, hence

n=1lim,,,pN,x&.
Main result
THEOREM 8. — Let N be a non-singular convolution kernel satisfying

the domination principle. There exist a non-zero resolvent (N,),.o and a
positive measure v such that

) N=N,x(pN+g+v) for p>0.

The resolvent kernel N = lim,,o N, exists, and denoting by K the
compact periodicity group of N, the measure v can be chosen such that
vxg, =V for all xe K and veI(N).

Proof. — Letp > Obefixed. Then p N +¢, is a non-singular convolution
kernel satisfying the domination principle and Ne E(p N+g,). By
Proposition 1, there exist positive measures N, and 7, such that

N=(pN+g,)*N,+n,,

where n,eI(p N+g,) = I(N). Furthermore, N, and m, are uniquely
determined, N, because p N+¢, satisfies the principle of unicity of mass.

For ¢ > p > 0, we have ‘
N=(qN+gy)*Ny;+n,=(q—p)N*N,+(pN+¢) * N,+1,,
=(q_p)((pN'l_eO)*Np+np)*Nq+(pN+80)*Nq+nq’
=(PN+g)) *(N,+(g—p) N, * N)+n,+(q—p)n, * N,.
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380 C. BERG AND J. LAUB

The measure M, +(q—p) N, * N, is N-invariant because both m, and 1,
are so (¢f. [7]). By the unicity of the Riesz decomposition with respect
to p N+¢y, we conclude

N,=N,+(@—p)N,*N, for O0<p<yg,

2
@ n, =Mg +(@—p)n,* N, for 0<p<aq.

This shows that (N,),, is a resolvent family, and since N, < N for all p
we get that N = lim,,, N, exists. The resolvent kernel N is non-zero,

because N = 0 would imply that NeI(p N+¢g,) = I(N), hence that N
is singular. Moreover N > m, > n, for p < g so the limit 1 = lim,_,n,
exists and belongs to 7(N). From (2), we get

3 Mo =My +qgN,*xn, for g>0,

which by Proposition 7 shows that m, is excessive with respect to the

resolvent kernel N, but since from (3) lim,, o g N, * 1o = 0, the N-invariant
part of m, is 0. There exists consequently a positive measure v such

that ng = Nxv. The measure v need not be uniquely determined. In
fact, N has a compact periodicity group K, and denoting the normalized

Haar measure of K by wg, we have as well ng = N+ (wg * V), so by
replacing v by wg+v, we may and will assume that v is periodic with
each xe K as period. In this case, v is easily seen to be uniquely
determined. From (3) follows

Ny =1\~H—v—qu*1\~l*v =N, *v,
which implies (1).
Using p Nl,*f\; < N and that Nxv exists, the convergence Lemma of
Deny implies that lim,,,pn, = og*v=v, so veE(N). Since
No = Nxve I(N), it is easy to see that ve I (NV), (¢f. [7], Corollary 2.4).

LEMMA 9. — Let N, and N, be non-zero convolution kernels satisfying
the domination principle and N < N,. Then

I(Ny)nE(N;) S I(Ny).

Proof. — The relation < being transitive (¢f. [4]), it follows that
E(N,) € E(N;). For nel(N;) nE(N,)and Ve, we then have

n = N1R1F]V S NzR‘rc]V < n’
which proves that n e I(N,).
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RESOLVENT FOR A CONVOLUTION KERNEL 381

THEOREM 10. — Let N be a non-singular convolution kernel satisfying
the domination principle, and let (N,),- and v be as in Theorem 8.

Then we have lim,,o N, = Ny and No < N, where N, is the regular
part of N. The Riesz decomposition of N with respect to Ny is

4 N = Ny *(go+V)+ N’
and
N'eI(Ny) N I(N).
The singular part N’ of N is N-invariant and given as
©) N =Nyxv+N-
Proof. — From Theorem 8 we know that the resolvent kernel
N =lim, o N, exists, and also that pN,* N < N, hence N < N.

Furthermore, N has the N-invariant part N' = lim,,op N,* N, so by
Lemma 9 NP is also N-invariant. Letting p — 0 in (1), we find

(6) N = N *(gg+V)+ N

Since Mg = NxvelI(N), we have Nxv+N'eI(N), so for Ve¥:
N*v+N = NRI%‘;HM < yRY,

which implies

(N N*v+N' <N,

where N’ is the singular part ~of N.
For Ve ¥k, let g, be a N-balayaged measure of & on (V. Then
E, =N *8§y+(1\~7—1\7*86,,) *veE(N),
and using (6) and &, * N’ = N, we find
&y = ltl*e’c,,+1§'*v+N".

In [V, we have N« gy = K’, hence &, = N in [V, so by the definition
of reduced measure, we get yRE < &,. Letting V increase to G, we
find using lim,;; N*xgp, = 0 that

N, = iimVTGNRva < limytagy = N *V+Ni,

~

which combined with (7) yields N’ = N*v+N' and hence Ny = N.

With the notation as in Theorem 8 and 10, we further have the following
proposition.
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382 C. BERG AND J. LAUB

PROPOSITION 11. — If N’ = Nyxv+N' is the Riesz decomposition of
the singular part N’ of N with respect to the regular part Ny of N, then
either v or N' is zero.

Proof. — Suppose that v # 0. Since ve E(N) there exists a net
(My)ge 4 Of positive measures such that Nx A, T v, and since N, * v exists,
this shows that also N* N, exists. Finally, since N < N also N N,
exists. Using N e I(N,), it follows that

N'=pN,*N'<pN,*N' for all p>0,
and hence N* = 0.

PROPOSITION 12. — Let N be a non-singular convolution kernel with
regular part No. Then N and N, have the same pseudo-periods. In
particular, the group of pseudo-periods for a non-singular convolution
kernel is compact.

Proof. — Suppose that No*e, = cN,. Since N, < N, it follows
that Nxg, = cN. Conversely, if Nxg, =cN, then N'xg, =cN'
because N < N'. Using N = Ny+N', we get Ny*xge, = ¢ N,.

Let Ve ¥ be fixed. For every open relatively compact set ® = G such
that ¥V < o, let p,y be a balayaged measure of g, on @\ V' with respect
to N such that yR§\ = N*p,,. With this notation, we have the

following result.

ProposITION 13.
. (i) Every accumulation point for the net (Lo\y)o a5 © incredses to G is
a balayaged measure of €, on tV with respect to N,.

(i) yRY = y,RE +N'.

(iii) If N satisfies the principle of unicity of mass limgyg Beny exists
and y RY = No*limg;g povy -

Proof. — Since N* g,y < N, the net (Hu\y)o Is vaguely bounded.
Let pgy be an accumulation point and assume that pe.y — pgy (For
notational simplicity we do not write the subnet). From (1) follows

(8) N*uu)\V=pr*N*uo)\V+Np*p‘w\V+v*Np*p'm\V'

We have N po\p = vRyY T yRE so the first term on the right-hand
side increases to p N, yRY'. Since N,* N exists, Deny’s convergence
Lemma implies that

limg N * pony = N * gy
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RESOLVENT FOR A CONVOLUTION KERNEL 383

Finally, since v+ N, e (N ), we have as in the proof of Lemma 4 that
lim, v& N, * iy = V*x N, so (8) leads to

) ~RY = pr*NRIcVV-'-Np*(utV-i_V)'

This shows that yRY € E (IV,), and since N’ < yRY < N the Ny-invariant
part of yRY is equal to N* which is the Ny-invariant part of N’ as well
as of N. Letting p— 0 in (9), we get

NRE = No* (ugp+V)+N' = No* pgy + N,

so it is clear that pgy is a balayaged measure of &, on [} with respect to N,.
Let &, be a balayaged measure of &, on v with respect to N, such
that y RS = No*sgp,. Then No*gp, < No*p,, and with the notation
from the proof of Theorem 10, we have
NR}tVV <&y = NO*SEV"‘N’,
hence

(10) ~RY = Noxppy +N' > Noxepy+N' > yRY.

We shall finally prove (iii). When N satisfies the principle of unicity
of mass, N and hence also N, have no pseudo-periods, so N, is a
Hunt kernel. Therefore &g, is uniquely determined by the formula
noRY, = No*gp,, and every accumulation point pgy of (He\p)e is equal
to g;,. Therefore lim, po\y = &y

Remarks
1° The singular part of N+c g, is equal to the singular part N’ of N.
In fact, for Ve ¥, we have observed that

NRI%V = N+c£oR1tVIf|-cso 2
hence N’ = (N+ceg,). Since N'elI(N)=I(N+cg,), we also have
N/ = N+canR1'iII'/ < N+chRIcV‘fl-ceo >

which shows that N’ < (N-+cgp)'.

2° Suppose that N’ = Nyxv where v #0. If N is shift-bounded
(i. e. the set { Nx¢,; x€ G } is vaguely bounded) then N, (G) < .

In fact, since ve E(N) there exists a non-zero measure A > 0 such
that N x A<vand then
No*N*}\,g No*v= N' < N.

The shift-boundedness of N implies that Ny * A (G) < 1, hence N, (G) < .
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If N = Nyxv with v # 0, and N is not shift-bounded, N, need not
be of finite mass as the following example shows:

G = R, N = (lyo, o (x)+€7) .

The regular part of N is the Heaviside kernel 1]0,00( and N' =v = ¢

If N is shift-bounded and N, (G) < oo, then N’ is a N,-potential,
because I(N,) does not conlain any shift-bounded non-zero measures.
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