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THE UNIVERSAL ORDINARY DISTRIBUTION

BY

DanieL S. KUBERT (*)

RESUME. — Soit k un entier positif. Soit U* le groupe abélien libre sur Q*/Z*, modulo
le sous-groupe des relations de « distribution », définies plus loin. On appelle U* la
distribution ordinaire universelle de dimension k. Nous développons les propriétés
fondamentales de U*, qui trouvent des applications dans la théorie des nombres
algébriques et la théorie des fonctions modulaires. Soit U* (N) le sous-module engendré
par I'image de (1/N)Z*/Z* dans U*. Notons par Z* (N) l’ensemble des éléments
primitifs d’ordre N dans (1/N) Z*/Z*. Parmi d’autres résultats, nous montrons que
U*(N) est un Z-module libre de rang égal a la cardinalit¢ de Z¥ (N). De plus,
U*(N) ® Q est isomorphe (comme GL; (Z/N Z)-module) au Q-espace vectoriel libre
sur I’ensemble ZF (N). On développe également la théorie des distributions de Bernoulli,
ainsi qu’un autre modgle pour la distribution universelle ayant sa source dans un travail
récent de Sinnott.

ABSTRACT. — Let k be a positive integer. Let U* be the free abelian group on Q¥/Z*
modulo the group of distribution relations (defined below). We call U* the universal
ordinary distribution of dimension k. We work out some of the basic structure theory
for U¥, having applications in algebraic number theory and the theory of modular
functions. Let U*(N') be the submodule generated by the image of (1/N) Z*/Z*in U*,
Let Z¥ (N) denote the set of elements primitive of order N in (1/N) Z*/Z*. Then
among other things, we show that U* (N) is a free Z-module of rank equal to the
cardinality of Z¥ (N). Furthermore U* (N) ® Q is isomorphic to the free Q-vector
space on the set Z¥* (N), as a GL, (Z/N Z)-module. The theory of Bernoulli distributions
is also developed as well as another model for the universal distribution having its source
in recent work of Sinnott.

Let k be a positive integer. Let M be the abelian group (Q/Z)*. Let f
be a function from M to an abelian group 4 which satisfies the identity

ZNb=mf(b) = f(m)’

for all m € M and all positive integers N. We say then that fis an ordinary
distribution from M to A.

(*) Texte regu le 16 mai 1978.
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180 D. S. KUBERT

Given M there is an abelian group U, and a map
0: MUy,

which is the universal distribution for M. In other words, if f: M — A4
is a distribution, there exists a homomorphism f, : Uy — A4 such that
the following diagram commutes:

8

N
A

It is obvious how to construct U,. One simply takes the free abelian
group on M, modulo the distribution relations.

The motivation for this study comes from the fact that ordinary
distributions arise naturally in number theory when k£ = 1, and in the
theory of modular forms when k = 2. Let Q® be the maximal abelian
extension of Q, which by Kronecker’s Theorem is generated by all roots
of unity. Let 4 = (Q*)*/Q¥*, so 4 is an abelian group under multiplication.
We define

M U

f: Q/Z-A4,
by £(0) = 1, and for x € Q/Z, x # 0, we let f(x) = 1—e>*™*, The identity
H§N=1(1—CX) = 1"‘XN,

shows that f is an ordinary distribution (see [B]).
Another distribution when k£ =1 comes from the Bernoulli polynomial
B, (X) = X—(1/2). If xeR, we let { x) be the unique number such that

0<{(x)><1 and x={x)modZ.

Let A = Q, and put f(x) = B; ({x)). Then fis an ordinary distribution
from Q/Z to Q. MAZUR uses this to obtain a measure theoretic approach
to p-adic L-functions (see [M]).

A third distribution when k& = 1 comes from the p-adic gamma function
which has been used by Gross and KOBLITZ to prove a version of Deligne’s
conjecture for periods of Fermat surfaces (see [G]).

In the case k = 2, the Siegel functions generate a natural ordinary
distribution. Let a = (d¢y, ;) € Q? and a ¢ Z2.
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UNIVERSAL ORDINARY DISTRIBUTION 181

Define g, by the g-expansion
8o =—gitP B 2ri @m0 (1 _ g )2 (1-47q.) (1 —q¥q.),

where z = a;t+d,, q,=¢e*"", and B, (X) = X*—X+(1/6) (see [L],
p. 251).

It is easy to see that if a = a’ mod Z2, then g, = g,- modulo constants.
Let A be the group generated by the functions g, modulo constants. Then
we define a map

g: (Q/Z)* -4,

by g (d@) = g,, which is well-defined by the above remark. It is then easy
to check that g is an ordinary distribution.

Let U* denote the universal distribution associated with (Q/Z)*.

Then U* is naturally a GL, (2)-module, where Z is the completion of Z
under the ideal topology, and

Z~]1],Z,
The module structure is derived from the natural action of GL, (i)

on (Q/Z)*, and the fact that GL, (Z) takes the group of distribution
relations into itself.

We shall determine exactly the structure of U* as a group, and we show
that U* is free. We also give a canonical system of free generators. We

also determine precisely the structure of Q ® U* as a GL, (i)-module.
In the present paper, we first produce free generators for U* (N).

Next we give two examples of universal distributions on (Q/Z)*. The
first one arises from a classical construction of Stickelberger elements,
and the second is related to some ideas of SINNOTT [S].

In the paper which immediately follows the present one, we calculate
the cohomology groups of U* as a module over the group { +id}. We
are motivated to do this for the following reasons. First in the case
when k = 2, we have shown in [K 2] that the calculation of the unit group
in the modular function field involves the determination of H® (+ id, U?).
More precisely, it had been shown earlier that the Siegel units given above
have rank equal to the rank of the full set of modular units. In [K 2],
we show that the group of units modulo the Siegel units is in fact a
Z/2 Z-vector space, which injects naturally into H° (+ id, U?), and
which maps onto H° (+ id, U?(N)) when N is odd.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



182 D. S. KUBERT

In [S], SINNOTT calculates the index of the Stickelberger ideal for
composite N. He finds that this index equals the odd part of the class
number of the cyclotomic field of conductor N times half the square root
of the order of H' (+ id, U' (N)). He also calculates the index of the
units in the cyclotomic field of conductor N modulo the circular units,
and finds this index to be the even part of the class number times a power
of 2, again closely related to the order of H® (+ id, U* (N)).

The group H® (£ id, U! (N)) also represents an obstruction in [6] to
getting the field of definition predicted by DELIGNE for certain periods of
Fermat surfaces, thus providing another motivation for its study.

1. Free generators for U* (N)

In this section, we show how to produce a set of free generators
for U¥(N). Let F¥(N) be the free abelian group

lk k_ 1zz)k
21 (N/ .

We let F* be the free abelian group on Q¥/Z*, so we have an injection
for each positive integer N :

(1.1) 0—- F*(N) - F*,
Let D* be the subgroup of F* generated by the distribution relations. Set
DY = F*(N) n D*.

We define a related group D*(N) as the group generated by elements
(1.2) Yup=a(b)—(a),  with M|N, and ae%l VAV 18

Thus D*(N) < D%. We will show that, in fact, D*(N) = Df. We
define U*(N) = F*(N)/Dk, so we have a surjective map

(1.3) F*¥(N)/D*(N) - U*(N) - 0.

For M ] N define

(1.4) Z¥ (M) = {xeﬁl"/l" such that x has order M}.

TOME 107 — 1979 — N° 2



UNIVERSAL ORDINARY DISTRIBUTION 183

Thus Z} (M) is the set of primitive elements in (1/M) Z*¥/Z¥. When k
is fixed, we often omit the subscript k and write simply Z* (M).

We now exhibit explicit generators for F* (N )/D* (N') whose cardinality
is equal Z}(N). We shall see later that U* (N) has free rank at least
equal to this cardinality, so we can conclude that our generators are free,
that therefore

D*(N) = Dy,
and finally that U* (V) is a free Z-module of rank | ZX*(N)|.

Let N =[] p"® be the prime power decomposition of N. We say
that M is an admissible divisor of N if (M, N/M) = 1. This means that
if p divides M, then p"® divides M. Using k-tuples to describe elements
of Q¥/Z¥, we denote by e (N) the element

1
(1.5) e(N)—(N,O, ...,0).

Note that Z* (M) is naturally the direct product of the sets
Z*(p"®),  where p|M.

Let Z* (M, p) be the subset of elements of Z* (M) with p-component
equal to e(p" ). Let

(1.6) T*(M)=Z*(M)— U, mZ*M, p) if M#1,
T*(1)={0}.

Then let

a”n T(N) =y T*(M) where M is admissible, M |N.

The Theorem we wish to prove is the following.
THEOREM 1.8.
(i) The cardinality of T(N) is | ZF(N) ]
(ii) T(N) is a free basis for U*(N).

From (i) and the lower bound, we shall obtain for the rank of U* (N ),
to prove (ii), it suffices to prove the following Proposition.

PROPOSITION 1.9. — T (N) generates F(N)/D (N).
We see immediately that

T(N) =11 v [2*@"P)~{e(" ™) }u{0}].

Thus the first part of the Theorem follows immediately.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



184 D. S. KUBERT

We now prove Proposition 1.9. Set A (N) = F(N)/D (N). Let B(N)
be the group generated by the image of T'(N) in 4 (N). We say that
an element ¢ € (1/N) Z¥/Z* is available if the image of (¢) in F (N )/D (N)
belongs to B(N). We must show that each element of (1/N) Z¥/Z* is
available. We induct on the number of prime factors of N. Suppose
first that N = p", where p is prime. The only element of Z* (M) which
is not available is e (p"). But since by the distribution relations

Yiezran(® =0,
we see that e (p") is available. If M | Nand M # 1, and t € Z * (M), then

1= ez v, mys=:(S)

so t is available. Finally (0) is available, because (0)e T(N). Thus
the Proposition is proved in the prime power case.

Let A’ (N) be the group generated by the elements (¢) for te Z* (M),
where M is admissible.
LeMMA 1.10. A(N) = A" (N).

Proof. — Let M be an admissible divisor of N. Let E be a positive
integer dividing M and having the same prime factors as M. Then

(1) = Zs e 2+ (M), (M/E) s=1(5)-
This proves the Lemma.

So by the Lemma, we must show that B(N) = A’ (N). By induction
we know that M is admissible divisor of N, M # N, then

A' (M) = B(M) = B(N).
Hence it suffices to show that if 1€ Z* (), then 1€ B(N). Set
W(N) = Up|NZ*(N’ p)'

We must show that if # € W (V) then ¢ € B (N), since these are the elements
excised from Z* (N). Given te€ W(N), let V' (¢) be the set of primes p
such that te Z* (N, p). Set

v =V |
We induct on v (¢) to show that each ¢ is available. Define
(1.11) W, = {teW (N) such that v(f) =i}.

TOME 107 — 1979 — N° 2
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Then
W (N) = I_[?=1W/i

is the disjoint union. We make use of the following Lemma.
LeEMMA 1.12. — Given te W(N) and p such that te Z* (N, p). Set
Y = yeZ*(N) such that p"®Py = p"@¢.

Suppose that Y—{t } is available. Then t is available.

Proof. — Let Y, be the set of p"®~! multiples of elements of Y. Then
the distribution relations show that

Y= {p"®7 1},

is available. Write N = p"® M. By induction, z = p"® ¢ is available,
and so is weZ* (M) for which pw = z. Now by the distribution
relations,

2se Y,,(S)'l'(w) = Z.

We conclude that p"®~1t is available. But then using the obvious
distribution relation, we see that ¢ is available.

Suppose now that t € W,. There is a unique p such that te Z * (N, p).
We claim that if ye W(N) and p"® y = p"® ¢ then y = t. To see this,
since p"®y = p"®P ¢ we may write the partial fraction decomposition

t=Yqnarpd@+e@"®),  y=Y4|narpa@+a(p).

Since te W,;, we have a(q) # e(q"?) for ¢ #p. So if ye W(N),
then a (p) = e (p"®) implies y = t. Applying Lemma 1.12, we conclude
that W, is available.

Suppose te W', and by induction that W, is available for s <r.
Choose p such that te Z* (N, p). Let Y be as in Lemma 1.12. Then

YollsWi=t
Indeed, suppose y is in the intersection on the left hand side. We have
1=Ygspa(@+e(@"”) and  y=3,.,a(@)+a(p).

Thus v (¥) < v (¢), with equality if, and only if, a (p) = e (p"®), which
implies that y = ¢, as claimed.

Applying Lemma 1.12 shows that W' is available, and concludes the
proof of Proposition 1.9 and Theorem 1.8.
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2, The Cartan group

Let k£ be a positive integer. Given a prime number p, there is a unique
unramified extension of Q, of degree k, which we denote by Q:. We
denote the integers of Qj by oj, or also o,. The units o¥* form a
group C",‘ = C,, which is the non-split unramified Cartan group of degree k
associated with the prime p, the Cartan group for short. Given a positive
integer n, we define

@1 ot (p") = of/p" ok,
We set
2.2 C*(p") = o}/(1+p"o}p),
and we call C*(p") the non-split Cartan group of level p". We have
(2.3) C*(p") = (" (P"N*.
Let N be a positive integer,
A A
Set

2.4 o= leNUk(p" @) and C*(N)=o} = HPINCk(p"(”)).

The groups C*(N) clearly form a projective system and we denote
by C* the projective limit, which is the non-split Cartan group of degree k.
Clearly,

2.5) ct=1],ck

If k is fixed in the course of a discussion, we will often omit the
superscript k.

There is a natural isomorphism
1
o“(N) ~ Hpmjv— 0,/ »

as an o* (NV)-module, with 1 going to the element with coordinate 1/N at
each prime p under the natural map. As a group,

1 .. . 1 k
I, Nﬁo',‘,/o';, is isomorphic to (NZ/Z) .

TOME 107 — 1979 — N° 2
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The group C*(N) corresponds under this isomorphism to the primitive
elements of ((1/N) Z/Z)*, i.e. to Z¥(N). In particular, the order
of C*(N) equals the number of primitive elements of ((1/N)Z/Z)", and we
may consider that C*(N) acts simply transitively on Z* (V).

Let L be a field and fix k. Denote by L* (N) the free L-vector space
generated by the primitive elements of ((1/N) Z/Z)*. Then L*(N) is a

module over GL, (Z), which factors through GL,(Z/N Z). Let M | N.
Then we have an injection

(2.6) 0 L*(M)>L*(N)
as GL* (i)-modules, which is defined as follows. If x is a primitive
element of ((1/M) Z/Z)* set

i(x) = Z(N/M)y=x(y),

where the sum is taken over primitive elements y in ((1/N) Z/Z)* such
that (N/M)y = x. The map is clearly a GL, (i)—morphism. We wish
to identify this map with a map on the Cartan group rings. Let L [C*(N)]
be the group ring of C* (N). If M [ N, we have an injection of C*-modules

2.7 0 L[C*(M)]>L[C*(N)],

given by
l(x) = ZyExmodM(y)’
where x e C¥ (M) and ye C*¥(N). Maps (2.6) and (2.7) are identical
under the isomorphism of o*(N) with J], |n (1/N) ook,
Denote by L { C* ) the injective limit of L[C* (N)]. We shall construct

ordinary distributions from (Q/Z)* to L { C*), i.e. homomorphisms
from U* to L C*). Let

9: Q/Z-L
be a map such that if M| N and ae(1/M) Z|Z, then
2.3) Nk_lZ(N/M),b=a(P(b) = Mk—l(P(a)-

(This may be called a distribution of weight k—1.) We shall construct
an associated distribution ® with values in L < C*), i.e. a map

®: U->L(CY

A Hpo‘;")npzp

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE
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188 D. S. KUBERT

be a surjective homomorphism. Then we have naturally derived surjective
homomorphisms
Ay: o*(N)-Z/NZ

which satisfy an obvious consistency property. If xe(1/N) Z*ZF, we
may consider N x € o* (N) as seen above. Set

2.9 q)(x)=ZceC"(N)(P(1%}"N(CNx))c_1-

We must first check that this map is consistent and then that the distribution
relations are satisfied. So suppose x € (1/M) Z¥/Z*, where M |N. We
must show

1 - 1 _
(2.10) ZceC"(N)(p<N)‘N(CNx)>C 1=Zdeck(M)(P(MlM(de))d L

as elements of the injective limit.
To see this, fix d, and let { ¢} be such that cmod M = d. Then in
the group ring,

-1 _ -1
d —ZcmodM=dc .

Now Ay (¢ N x) = Ay (¢ N x), considering ¢ N x as an element of o* (M),
and

N N
Ay(ecNx)="—"—Ay(cMx)=—XA);(dM x),
m(cNx) v, M ) Y M )

which proves (2.10). We now show that the distribution relations are
satisfied. Let xe(1/M) Z*/Z*. We wish to show that if M | N, then

(2.11) i y=x P () = O (x).
But
Z(N/M)y=xq)(y) = Z(N/M)y=x zceck(N)(P(]%}w(CN.V)>c_l-
Now
N

1 1
— . —Ay(cNy)= —Ay(cN x)mod Z.
M N n(cNYy) N n ( )

Furthermore Ay maps o* (N) onto Z/N Z. If ze (1/N) Z/Z is such that

(N/M)z = I{Z-x,v (cNx),

TOME 107 — 1979 — N° 2
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then there exists y such that (1/N)Ay(c Ny) = z. It is clear from the
elementary divisor Theorem that the number of such y is equal to (N/M)*~ 1.
So

Z(N/M) y=x@() = Zc e Ck(N) (N/M)k— ! Z(N/M) z=(1/N) Ay (cNx) P (@) !

1, . -

= ®(x).

In the next section we exhibit functions ¢ satisfying (2.8).

3. Bernoulli distributions
The following relation is equivalent to (2.8).
3.1 N7 Y =0 @ (D) = 0 ().

simply by replacing N/M by N. We consider the special case when L = R
is the field of real numbers. We also consider functions ¢ which
satisfy (3.1) for a e R/Z. Choosing ¢ € (0, 1), we may rewrite (3.1) as

~N— t r
3.2 NN Lol —+ — )=o),
(3.2 2r=0 @ Nt W o)

PROPOSITION 3.3. — Let ¢ (t) be of class C**V on (0, 1), and assume
that ¢ satisfies (3.2) for all positive integers N. Then there is a constant o
such that

@ () = a B, (1),
where B, (X) is the k—th Bernoulli polynomial.
Proof. — The polynomial B, (X') is defined by the series
uX

k

ue u
=) B.(X)—.

e'—1 Z g )k!

It is a classical fact that B, (z) satisfies (3.2), and can easily be shown
from the above definition (see for instance [L], p. 230). If ¢ satisfies (3.2)
for a certain integer k, then ¢’ satisfies (3.2) for k—1. By induction,
@' (t) = a B, (¢), so ¢’ is uniquely determined up to an additive constant.
Since B, (¢) satisfies (3.2), and since for any number ¢ # 0 the function

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE
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B, (t)+c does not satisfy (3.2), the Proposition follows if we prove
it for k = 1. Differentiating twice, we get

- _ t r
N (L4 L) =g,
o(P(N N 0" (D)

Since ¢” is bounded on (0, 1) by assumption, letting N — oo we conclude
that " (¢) = Ofor all #. So @” is linear. Since B, (¢ ) satisfies (3.2) while
B, (¢)+c does not, the Proposition is proved.

We wish to find a function ¢ such that the associated distribution @ gives
an isomorphism from U* to its image. The Bernoulli distribution does not
accomplish this since the polynomial B, (z) is odd (resp. even) as k is
odd (resp. even) under the map x+> 1—x. As we have seen in [K 1],
B, (¢) essentially yields the universal even or odd distribution, depending on
the parity of k. Proposition 3.2 says that we must loosen the smoothness
conditions on ¢ to accomplish this.

Let L now be the field of complex numbers C. Let ¢ be an L?-function
from R/Z to C. I am indebted to D. RoOHRLICH for the following Lemma.

LeMMA 3.4. — Let ¢ € L? ((0, 1)), and suppose ¢ satisfies (3.2) for all
positive integers N. Let a (N) be the N-th Fourier coefficient of ¢. Then:

a=0, aW=22, a-m="22

Jor all integers N > 0.
Proof. — For ce Z, set

1
(T)(c)=f ¢ (1) e 2™ dt.
0
By (3.2) we have

1 .
o(c) = N"“lj Zlg_l(p<jiv + I%)e_z"i“dt
0

— I\JkJVIZN‘l (P t_ + i e—Zm’ctd __t_
0 & N N N

Set ¢’ = ¢t/N. Then
1 .
fp(c) _ Nkf Zg_l(p(t'+ J_)e—ZnicNt’ dr
0 N
1/N . )
= ivkzl(‘)}_lj\ (P(tl"l‘ J_)e—chNt' dt/
0 N

1
— NkJ\ (P(t/)e—ZnicNt’ dtl.
0
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Putting ¢ =0, N # 1, we see that a(0) = 0. Putting ¢ = 1, we get
a(N) = a(1)/N*. Putting ¢ =—1, we get a(—N) = a(—1)/N¥, which
proves the Lemma.

So the family of L?-functions satisfying (3.2) for fixed k is essentially
one-dimensional. It is easy to see that

(_ 1)(k/2)— 1 ki e2m‘nt e-—2m’nt ) )
3.5 B()=—— D> —+ if k is even,
(3.5) 0= T
(_ 1)(k+ 1)/2 k! o e2m‘nt e—21tint . )
B(t)=—F— D —— if k is odd.
k( ) i(2 TI',)k Z 1 nk nk
Let
2mint
(3.6) G=Y, i for k>1,
n

Gy (1) = log(1—€*™),

where the log is the principal branch, and 0 < ¢t < 1. If k > 1, we check
easily that G, (¢) satisfies (3.2), namely
e21:i (t/N+j/N)n

N-1 t L J\_ -1
Z’=°G"(N+N)_Z"=° 30=1—7———

2nitn/N

_ Vo € N-—1 j2nijn/N
= Lln=1"T_3  L.j=0

Nk

eZm'tn/N
= ZN |n N %

n
2mnint
1 - € 1

TNELAmTIT R =Nk—1G"(t)'

For k = 1, we have the representation

e21tint

3.7 G () =log(l—-e*")=Y2, —

which is valid by the Abel summation formula for 0 < ¢ < 1. By consider-
ing exp G, (1) = 1—e*", it is easy to see that G, (¢) satisfies (3.2) for
0 <t < 1. The corresponding relation to that for ¢ = 0 is

(3.8) Y46, ( ziv) = logN.
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So G, (t) will not strictly produce a distribution. We might say it produces
a modified distribution. We may however produce a function ¢ satisfying

(3.1) for each ae Q/Z by choosing u e i*, setting @ (0) to any arbitrary
value, and
(3.9) o(a) = G, (ua)— G, (a) for aeQ/Z, a#0.

Using (3.9) one can then construct the universal distribution for k = 1 from
the function G, (). We shall leave the details to the reader, and give
the Theorem here only for k > 1.

THEOREM 3.10. — Let @, be the distribution associated with the function
G, (t) for k > 1. Then:

(i) The map ®, gives an isomorphism of U*(N) with its image,
as C* (N)-modules.

(ii) Let ®, (N) be the image of U* (N) under ®,. Then

@, (N)® C=C[C*(N)].

Proof. — Since U*(N) has a set of generators T (N) of cardinality
| Z¥ (N)| = | C¥(N) |, it suffices to prove that @, (N) has free rank | C* (V) |,
and thus it suffices to prove (ii). This is equivalent to showing that for each

character y of C* (N), the x-component of ®, (N) ® C is non-trivial, since
@, (N) is a C* (N)-module by construction. By (2.10), the x-component is

(3.11) S(®, x) = ZceCk(N)i(c)(P<%)"N(CNx))'

But from [KL], we find that for each y, the sum S (®, %) is non-zero if, and
only if, for each character V of (Z/NZ)*, we have

(3.12) Zce(mmcm( f) £0,

where fis the conductor of V. In our case, £ > 1, we have

2nicn/ f
c e
(P(—)=Z:°=1 T

Zc e (Z/f2Z)* V(o ( ;) = Zc e(Z/fZ)* V(o) Z:; 1

Z\l!

Hence

e2nicn/f

(C) eann/f
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By standard properties of Gauss sums, we know that

nicn =0 if (n’f)7é1’
Yev(e)e™ ”{;eo if (n, f)=1.

SO

V(n)

2nicn/ f
v@e = S(X)Z(n,f)m—n;—

nk

[
n=1 Zc
where

SW =YW@ and Y ot Y = Lk, ¥) %0,

nk
by the product expression for the L-series. This proves the Theorem.
4, The rational distribution
In this section, we present another model for the universal distribution,
taking its values in Q ¢ C*), and which we therefore call the rational

distribution. For the case k = 1, the image of the distribution appears in
SINNOTT [S], although it is not identified as such.

We will define maps
*(N): 1% 7MZF - Q [C" ™],

which will be GL, (2)—morphisms, after a choice of basis for o* (N). We
have a natural bijection

% o (N)/0* () - o* (N)/N o*(N),

obtained by x> Nx. A choice of basis identifies o* (N) with Z*/N Z¥,
which then becomes a C* (N)-module.
Letae(1/N) Z¥/Z*. Let f(d) be the order of ain (1/N) Z¥/Z¥. Define

1 |
4.1 —X(a) =< xe—Z"*|/Z* such that x
4.1 N (a) { N /

is primitive and (N/f (a))x = a}.
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In terms of the Cartan group, we can then write
4.2 X (a) = {ce C*(N) such that
(N/f (@) ¢, = (N a),mod p" @},

where (N a), is the p-th coordinate of N g, for p | N.
Let N=[]4"@. For p|N define the set X, (N) by

4.3) X,(N) = {c=1(cp),eC*(N) such that if g #p
then ¢, = p 'modq"@o, }.

If X is a subset of C* (N), we define

4.4 $(X) = Yxex(x).
We now define r*(N) = r (N) by

X, (N
@.9) r(N)(a)=s(X<a))Z,,m>(1—sl—(i:(LN))-|)),

sothat r (N) (@) e Q[C(N)]. We first show that r (¥) is a GL, (N)-map.
ProrosiTiON 4.6. — Let Ye GL,(N). Then
r(N)(ya) = v(r(N)(a)).
Proof. — It is clear that f(y a) = f(a). Set

_ _s(X,(N))
Tl 5)

Multiplication by € is an element of End (Q* (N)). Then
r(N)(@) =¢e(s(X(a))) and r(N)(ya)=2(s(X(ya))).

From (4.1), it is clear that s (X (y @)) = v s (X (@)). So it suffices to show
that

ve=¢y for all yeGL,(N).
Let

@.7) &, () = 1— 3 E2 V)

| x,@)]
It then suffices to show that ye, (N') = €, (N) 1y, or that
s(X,(N)Y(@ =7v(s(X,(N))c) for ceC*(N).
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Now s (X, (N)) ¢ = s(X), where
X = {xeC*(N) such that x,=p "¢, for all g # p},
y X = {xeC*(N) such that x,=p~'(yc,) for all g # p}.

Thus ye, (N) = €, (N) Yy, and the Proposition follows.
Next we show that the maps y (V) are compatible with the injective

limits. If M| N, weleti:Q[C(M)]— Q[C(N)] be the map of (2.7):
ProrosiTiON 4.8. — If M | N, the following diagram commutes.

1 r
2, 21255 QC ()]

l l

1
N VATV A s Q[C*(W].

Proof. — Let ¢y, c; € C*(M). Set

N=[Lr® and M=[Lp"
Then

.. C(M
“4.9) i(c, c) = (M)

ca i(ey)i(cy).

If g is the number of distinct prime factors of f(a), we have

iron@ =( { gf‘;)){ ) O @I i1~ )

Now i(s (X (@) = 5 (Xy (@) because

(M|f (a))x, = (M a),mod p" ®,
is equivalent with
(N/f (a))x, = (N a), mod p" ®.

Buti(l) = Z (c), where the sum is taken for ¢ = 1 mod M,

H(5(X, (M) = s(X,,(N))i(n{_f(_v%?T'.
So P
i Xp(M)) . Xp N
lef(a)’(l— EI(XWET) = lef(a)'(1)<l— EI(X—p((AF)I))

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



196 D. S. KUBERT

But
S(Xy (@) i(h) = [i(1)|s (Xn(@) = :CCE—A";)): $(Xy(a),

which proves the Proposition.

PROPOSITION 4.10. — The maps r (N) define a distribution. Precisely,
let f(a) = N and M| N. Then

Ymp=maT (N)(b) = r(N)(M a).
Proof. — By induction we may assume that M = g is prime. We
distinguish the cases ¢ | (N/g) and g ¥ (N/q).
First suppose ¢ | (N/g). In this case, each b such that gb = ga is primi-
tive, i. e. has order N. So

Yr(N)(b) = Z,,s(X(b))leN(l_ Sl(;(pl))

Set @’ = qa. Since g ] (N/g), it follows that p | f(a) if, and only if, p I N.

So
S(X,,))
| X, |

(0 @) =X Gy (1
So we need only show that
X(qa) = Ugp=ga X (b)-
Since b is primitive, we have X (b)) = { Nb }, and
ce X(qa) if and only if ¢, = Na, for p+#q and gc,=qNa,.
But this is equivalent to g¢/N = ga. So
2o (X () =5(X (q(a))),
and the Proposition is proved in this case.
Next suppose g X (N/q). If gb = qa then b, =a, for p # q and
q (b;—a,) € v,. Since q ¥ (N/g), it follows that ga, e o,. Define b to be

the element such that l_)q =0, and if g # p, then I_Jq =a,. Thusif gb = ga
and b does not equal b, we see that b, ¢ 0,,and that f(b) = f(a) = N. Now

) Y ip=aa (N (B) = Tos5 7 (N) (B)+ 7 (N) (b).
Ifb # b we have

rN)(b) =TI, (l—s(x”)).
" Tx
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Therefore

Yors " (N) (D) = Qo (N b))nplN(l— S|(;{ﬁ|))

= (Zbaei(N b))Hp#(l _1(;3'))

1 X
A b))IL,*;(l - SI (XI) )

Set a’ =qga. Then f(a) =f (l;) = N/q. Furthermore,

X(b) = {ceC(N) such that gc, = Na,mod p"® if p'#'q
and gc,=0modq }

r(N)(b) = S(X(B))l'[p*q<1_ Sl(;fpl))

Now from the above,
$(X9) Y5 (N D) = | X, | s(X (b))
So
1
| X,|

Srss (X)W b»n,,*q(l— sf;‘f) —r(N)(B),

and thus

Yqamas F(N) (B) = (Tpe3 (N b))nm(l_ s|(;|))

It is immediate from the Definitions that
s(X (@) = Yp+5(N b).
Since

The Proposition is proved in this case also.

THEOREM 4.11. — The maps r (N) define the universal distribution, and
we have

r(N)UN)® Q= Q[C(N)].

Proof. — Let V(N)=r(N)U(N) and Vo (N) = Q®V(N). Then
V(N)isa C(N)-module. Recall that a divisor M of N is called admissible
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if (M, NJM) = 1. Then the distribution relations show that V(N ) is
generated as a Z-module by r(N) b, where f(b) = M, M admissible.
Since for any element ¢ e C (N) we have

cr(N) (b) = r(N)(cb)}

we conclude that the elements r (N) (1/M) with admissible divisors M of N
generate V(N) as a C(N)-module. Here 1/M means the element with
p-component 1/M for each p | N,

1 1
MGW 0,/0,.
Put R(N) = Z[C(N)] and R, (N) = Q[C(N)]. Let

4.12) V, = s(X(p"PIN)) R(N) + (1 - SI(TX”l))R(N).
p
Then we claim that
V, ® Q = Ro(N).
We first see that

13,1 =1%,1(1- 58+

so it suffices to show that
s(X)es(X (" PIN))R(N).
Let A e C(N) be such that A, = p~! mod ¢" @ for g # p. Now
X (p"PIN) = {ceC(N) such that ¢, = 1modq"®@ for q # p}.

So AX(p"PIN)=X, and s(X,)es (X (p"P/N))R(N). Thus the
following Proposition will prove the Theorem.

PROPOSITION 4.13. — V(N) = [[,1n V-

Proof. — The proof here follows as in SINNOTT [S]. Set

Vy=11, 8%, and N=][, yp.
Also let
= 1_ S(Xp)
» .
| X, |

As an R (N )-module, Vy is generated by the following elements:

n(q)

- q
qu(N/M)S<X< N
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But it is easy to see that

oo (3(55) ()

where M = lel_f " @ and M is admissible. Moreover,

]._IpIHYp=np|M'Yp’

which proves the Proposition and thus also Theorem 4.11.
We now summarize our knowledge about U* (X).

THEOREM 4.14.

(i) U*(N) is a free Z-module of rank | C*(N)|.

(i) U* (N) ® Q is isomorphic to the free Q-vector space on Z;f (N) as
a GL, (Z|N Z)-module.

(iii) D*(N) = Dk.

(iv) The map ®, (N), k > 2, is an isomorphism of U* (N) with its image
as a C* (N)-module.

(V) The map r, (N), k > 1, is an isomorphism of U* (N) with its image,
as a GL, (Z|N Z)-module.

Finally, we draw some conclusion about the universal even and odd
ordinary distribution. We define U* to be the quotient module of U*
obtained from the relations

(x)—(—x) =0, xeQYZ¥.
We define U* to be the quotient module of U* obtained from the relations
®+(=x)=0, xeQz*

Let Uk (N) (resp. U* (N)) be the groups generated by the image of
(1/N) Z¥/Z* in U* (resp. U*). We have the following Corollary.
COROLLARY 4.15.
(i) U* (N) ® Q has rank equal to (1/2) | C* (N) |.
U* (N) has rank equal to (1/2) | C*(N)|if N > 2.
(i) If N = 2, then rank U* (N) @ Q = 2*—1, and

rank UXx () @ Q = 0.
If N =1, then

rankUX (N)® Q=1 and rankU* (N)®Q=0.
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(iii) We have isomorphisms as Z]2 Z-vector spaces:
U* (torsion) ~ H ' (+id, U"),
HE (torsion) ~ H° (+id, U*).

Proof. — Statements (i) and (ii) follow directly from Theorem 4.17 (ii).
To prove (iii) we use Theorem 4.17 (i). Suppose

ueU (N), nu=0.

Let u belong to U*(N) such that the image of u in U* (N) is . Then,
since nu is a relation, we have

n(@+(-uw) =0,

where —u represents the action of —1 as an element of GL, (i) onu. Since
U* (N) s torsion free, we must have (u) +(—u) = 0, orue Z! (+ id, U*(N)).
Then u = 0 if and only if u is a boundary. The argument is similar for
U* (torsion). This proves Corollary 4.15.

When k = 1, the resultats of Corollary 4.15 (i) and (ii) were previously
obtained by Bass [B] and Yamamoro [Y] in the even and odd casse
respectively. In the case k = 2, the calculation of H® (& id, U*) has an
intepretation in the theory of modular forms (see [K 2]). We will calculate
these cohomology groups in a following paper.

Appendix

The following broader notion has also proved useful in certain appli-
cations, e. g. Bernoulli polynomials on Q/Z, and also [Ma], [Mi]. Let 4
be an abelian group and let

g: QYZ- 4,

be a map. We say that g is a distribution of weight w (a positive integer),
if for each positive integer N we have

(A1) N”Y vp=ag(b) = g(a).

For k = 1, the Bernoulli polynomial B, (X ) yields a distribution of weight
w—1. One may clearly speak of the universal distribution on Q¥%/Z* of
weight w, and we denote it by U* *. We may also speak of the level
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groups U* “ (N). There is a rational isomorphism of U* ® (N) into the
group ring Q [C* (N)] given by

—w w XI,N
A2  FeN)@ =S s(X(a))n”m)<1_p s|(X,,(§V))|))’

where ae (1/N) Z¥/Z*. We have the following analogue of Theorem 4.17.

THEOREM :

(i) U** (N) is a free Z-module of rank | C* (N) |.

(i) U**(N) ® Q is isomorphic to the free Q-vector space on Z¥ (N)
as a GL, (Z|N Z) -module.

The proof is as follows. By (A 2) we see as before that U* “ (N) has
free rank at least | C*(N) | The Theorem will therefore follow if we can
show that U* * (N) is generated as an abelian group by at most | C*(N) |
elements. It is clear from (A 1) that the elements we chose in Section 1 in
the case w = 0 will no longer generate U**(N) for w > 0. We now
proceed as follows. Define

(A3 ay= Z(N/f @) b=a(D)s
S0
(A4) (N/f(@)*<a) = (a).

We prove the following, distribution law’’ for { a ).

LeMMA. — Let p be a prime such that p divides N|f (a).

() If p|f(a), then
Zpb=a<b> = <a>°
(i) If p X f (@), then

Zpb=a,f(b)=pf(a) {b)=<a >—Pw<P_la >
Proof. — For (i), we have
Yov=alb> =015 £ @e=5(C)

= Z(N/f (a)) c=a @@= (at).
For (ii), we have

Lov=a, s &y=psr @< D> =D Xtiny s @e=p(€)
=2 @ne=a(©) =X vp £ @e=p-1a(C)
={a>—P" Y /s @pa=p-1a(d) by (A1)
=<ad—p“{p~'a).
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‘We may now proceed as in Section 1 to show that the family of elements
{<{a>} with ae T(N) generates U**(N) by using the distribution
relations for (@ ). This completes the proof of the Theorem.

One special feature when w > 0 is that U** (N) ® Q has as a Q-basis
the elements (x), where x € Z;* (N). This may be proved easily by induction.
We must only show that the elements of exact denominator N/p belong to
the Q-vector space generated by Z* (V). This is obvious from the distri-
bution relations if (N/p, p) # 1. Suppose p ¥ (N/p). Let xe ZF (N/p).
Then modulo the distribution relations and the image of Z* (N) in U* * (N),
the element (x) is congruent to p* (p~! x), where

(p~'x)eZ¥(N/p).

Let v be the order of p in (Z/(N/p) Z)*. Then by induction we see that (x)
is congruent to p*’(x) modulo the image of ZX*(N) in U**(N). So
(p""—1) (x) belongs to the group generated by Z* (N) in U* * (N). Since
w > 0, we have p*—1 # 0, and the result follows by tensoring with Q.
The corresponding statement when w = 0 is not true.
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