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Bull. Soc. math. France,
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THE UNIVERSAL ORDINARY DISTRIBUTION
BY

DANIEL S. KUBERT (*)

RESUME. — Soit k un entier positif. Soit U1' Ie groupe abelien libre sur Q^/Z", modulo
Ie sous-groupe des relations de «distribution », definies plus loin. On appelle U1' la
distribution ordinaire universelle de dimension k. Nous developpons les proprietes
fondamentales de Uk, qui trouvent des applications dans la theorie des nombres
algebriques et la theorie des fonctions modulaires. Soit If ( N ) Ie sous-module engendre
par 1 "image de (l|N)Zk|Zk dans (7fc. Notons par Zj* (N) 1'ensemble des elements
primitifs d'ordre N dans (l|N)Zk|Zk. Parmi d'autres resultats, nous montrons que
U k ( N ) est un Z-module libre de rang egal a la cardinalite de Zj* (N). De plus,
U k ( N ) ® Q est isomorphe (comme GLk WN Z)-module) au Q-espace vectoriel libre
sur 1'ensemble Zj* (N). On developpe egalement la theorie des distributions de Bernoulli,
ainsi qu'un autre modele pour la distribution universelle ayant sa source dans un travail
recent de Sinnott.

ABSTRACT. — Let k be a positive integer. Let U1' be the free abelian group on Q^Z*
modulo the group of distribution relations (defined below). We call Uk the universal
ordinary distribution of dimension k. We work out some of the basic structure theory
for (/fe, having applications in algebraic number theory and the theory of modular
functions. Let U" (N) be the submodule generated by the image of (1/AQ Z^Z" in L^.
Let Zf(N) denote the set of elements primitive of order N in (l/AQZ^Z^. Then
among other things, we show that (/fc (AQ is a free Z-module of rank equal to the
cardinality of Zj* (N). Furthermore U11 (N) ® Q is isomorphic to the free Q-vector
space on the set Zf (N), as a GLk (Z/7VZ)-module. The theory of Bernoulli distributions
is also developed as well as another model for the universal distribution having its source
in recent work of Sinnott.

Let A: be a positive integer. Let M be the abelian group (Q/Z)^. Let/
be a function from M to an abelian group A which satisfies the identity

Lv^/W==/(m),
for all m e M and all positive integers N. We say then that/is an ordinary
distribution from M to A.

(*) Texte recu Ie 16 mai 1978.
Supported by N.S.F. grant, Sloan Fellow.
Daniel S. KUBERT, Mathematics Department, Cornell University. Ithaca, N.Y. 14853

(Etats-Unis).
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180 D. S. KUBERT

Given M there is an abelian group U^ and a map

8: M-^UM,

which is the universal distribution for M. In other words, if/: M—^ A
is a distribution, there exists a homomorphism /^ : £/^ —>- A such that
the following diagram commutes:

5

It is obvious how to construct U^' One simply takes the free abelian
group on M, modulo the distribution relations.

The motivation for this study comes from the fact that ordinary
distributions arise naturally in number theory when k = 1, and in the
theory of modular forms when k = 2. Let Q^ be the maximal abelian
extension of Q, which by Kronecker's Theorem is generated by all roots
of unity. Let A = (Q^/Q*, so A is an abelian group under multiplication.
We define

/: Q/Z->A,

by/(0) = 1, and for x e Q/Z, x ^ 0, we let/(x) = 1 -e2^. The identity

n^id-s^i-^
shows that / is an ordinary distribution (see [B]).

Another distribution when k = 1 comes from the Bernoulli polynomial
BI (X) = X-(l/2). If x e R, we let < x > be the unique number such that

0 ^ < x > < ! and x == <x>modZ.

Let A = Q, and put/(x) = B^ «^». Then/is an ordinary distribution
from Q/Z to Q. MAZUR. uses this to obtain a measure theoretic approach
to 7?-adic ^-functions (see [M]).

A third distribution when k = 1 comes from the ^-adic gamma function
which has been used by GROSS and KOBLITZ to prove a version of Deligne's
conjecture for periods of Fermat surfaces (see [G]).

In the case k = 2, the Siegel functions generate a natural ordinary
distribution. Let a = (a^, a^) e Q2 and a ̂  Z2.
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UNIVERSAL ORDINARY DISTRIBUTION 181

Define ga by the ^-expansion

ga = - ̂ 1/2) B2 (al) e2^2 (al-1)/2 (1 - ̂ ) 0°°= i (1 - ̂ ) (1 - ̂ z).

where z == ^ T+^, ^ = ^2n" and ^ W = X^-X^I^) {see [L],
p. 251).

It is easy to see that if a s a' mod Z2, then ga = Sa' modulo constants.
Let A be the group generated by the functions ga modulo constants. Then
we define a map

g: (Q/Z)2-^,

by g (d) = ga, which is well-defined by the above remark. It is then easy
to check that g is an ordinary distribution.

Let V^ denote the universal distribution associated with (Q/Z)^.
Then U1' is naturally a GL^ (Z)-module, where Z is the completion of Z
under the ideal topology, and

z^ripz,.
The module structure is derived from the natural action of GL^ (Z)
on (Q/Z)^ and the fact that GL^ (Z) takes the group of distribution
relations into itself.

We shall determine exactly the structure of U1' as a group, and we show
that Uk is free. We also give a canonical system of free generators. We/\
also determine precisely the structure of Q ® U1' as a GLj, (Z)-module.

In the present paper, we first produce free generators for ^(W).
Next we give two examples of universal distributions on (Q/Z)*". The

first one arises from a classical construction of Stickelberger elements,
and the second is related to some ideas of SINNOTT [S].

In the paper which immediately follows the present one, we calculate
the cohomology groups of U^ as a module over the group { ± id }. We
are motivated to do this for the following reasons. First in the case
when k = 2, we have shown in [K 2] that the calculation of the unit group
in the modular function field involves the determination of H° (± id, U2).
More precisely, it had been shown earlier that the Siegel units given above
have rank equal to the rank of the full set of modular units. In [K2],
we show that the group of units modulo the Siegel units is in fact a
Z/2 Z-vector space, which injects naturally into H° (± id, U2), and
which maps onto HQ (± id, ^(N)) when N is odd.
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182 D. S. KUBERT

In [S], SINNOTT calculates the index of the Stickelberger ideal for
composite N. He finds that this index equals the odd part of the class
number of the cyclotomic field of conductor N times half the square root
of the order of H1 (± id, U1 (N)). He also calculates the index of the
units in the cyclotomic field of conductor N modulo the circular units,
and finds this index to be the even part of the class number times a power
of 2, again closely related to the order of H° (± id, U1 (N)).

The group H° (± id, U1 (N)) also represents an obstruction in [6] to
getting the field of definition predicted by DELIGNE for certain periods of
Fermat surfaces, thus providing another motivation for its study.

1. Free generators for Uk(N)

In this section, we show how to produce a set of free generators
for U^N). Let F^N) be the free abelian group

Iz^/z^flz/zY.
N \N )

We let Fk be the free abelian group on Q^/Z^, so we have an injection
for each positive integer N :

(1.1) O^F\N)^F\

Let D^ be the subgroup of 7^ generated by the distribution relations. Set

D^=Fk(N)nD\

We define a related group ^(TV) as the group generated by elements

(1-2) T.Mb=a(b)-(a), with M|N, and ae^Z^Z".
N

Thus ^(W) <= Z^. We will show that, in fact, D^ (N) = D^. We
define U k ( N ) = F k ( N ) / D ^ , so we have a surjective map

(1.3) F1' (N)/^ (N) -> (/fc (N) ̂  0.

For M \ N define

(1.4) Z,* (M) = J x e 1 Z'/Z^ such that x has order M I.
I ^ J

TOME 107 — 1979 — N° 2



UNIVERSAL ORDINARY DISTRIBUTION 183

Thus Z *̂ (M) is the set of primitive elements in (1/M) Zk/Zk. When k
is fixed, we often omit the subscript k and write simply Z* (M).

We now exhibit explicit generators for F1' (N)|Dk (N) whose cardinality
is equal Z ^ ( N ) . We shall see later that ^(TV) has free rank at least
equal to this cardinality, so we can conclude that our generators are free,
that therefore

D\N)=D^

and finally that U k ( N ) is a free Z-module of rank | Z ^ ( N ) |.
Let N == P]/?"00 be the prime power decomposition of N. We say

that M is an admissible divisor of N if (M, N/M) = 1. This means that
if p divides M, then p"^ divides M. Using A-tuples to describe elements
of Q^Z^ we denote by e ( N ) the element

(1.5) ^(N):=/-0,...,oV

Note that Z* (M) is naturally the direct product of the sets

Z*^"^), where p\M.

Let Z* (M,T?) be the subset of elements of Z* (M) with ^-component
equal to e(pn(p)). Let

(1.6) T*(M)=Z*(M)-Up|M^*(M,p) if M^l,

T*(l)={0}.
Then let
(1.7) T(N)=\JM T* (M) where M is admissible, M | N.

The Theorem we wish to prove is the following.

THEOREM 1.8.
(i) The cardinality of T ( N ) is \ Z^ (N) |.

(ii) T ( N ) is a free basis for U k ( N ) .
From (i) and the lower bound, we shall obtain for the rank of 1̂  (N),

to prove (ii), it suffices to prove the following Proposition.

PROPOSITION 1.9. - T ( N ) generates F ( N ) / D ( N ) .
We see immediately that

T(N)=Y[,^[Z^pn(p))^{e(pn(p))}u{0}].

Thus the first part of the Theorem follows immediately.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



184 D. S. KUBERT

We now prove Proposition 1.9. Set A ( N ) = F ( N ) / D (N). Let B(N)
be the group generated by the image of T ( N ) in A (N). We say that
an element t e ( 1 / N ) Z^/Z^ is available if the image of ( t ) in F ( N ) / D (N)
belongs to B(N). We must show that each element of ( 1 / N ) Z^/Z^ is
available. We induct on the number of prime factors of N. Suppose
first that N = p", where p is prime. The only element of Z* (M) which
is not available is e(p11). But since by the distribution relations

LeZ*(N)(0=0,

we see that e ( p " ) is available. If M \ N and M + 1, and t e Z * (M), then

^ = zL/S6Z*(N),(N/M)s==r(5)?

so t is available. Finally (0) is available, because (0)eT(N). Thus
the Proposition is proved in the prime power case.

Let A' (N) be the group generated by the elements (Q for t e Z* (M),
where M is admissible.

LEMMA 1.10. A ( N ) == A ' ( N ) .
Proof. — Let M be an admissible divisor of N. Let E be a positive

integer dividing M and having the same prime factors as M. Then

(0 = ^seZ*(M),(M/£)s=r(5)-

This proves the Lemma.
So by the Lemma, we must show that B ( N ) = A' (N). By induction

we know that M is admissible divisor of N, M ̂  N, then

Af(M)=B(M)c:B(N),

Hence it suffices to show that if t e Z ^ ( N ) , then t e B ( N ) . Set

^w-Upiiv^Wp).
We must show that if t e W(N) then ^ e 2? (N), since these are the elements
excised from Z* (AQ. Given te W(N), let ^(Q be the set of primes p
such that t e Z* (M 7?). Set

i;(0=|F(0|.

We induct on i;(0 to show that each t is available. Define

(1.11) W, == {teW(N) such that v(f) = f}.

TOME 107 - 1979 - N° 2
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Then
TF(N)=LI?^

is the disjoint union. We make use of the following Lemma.

LEMMA 1.12. - Given t e W ( N ) and p such that t e Z ^ ( N , p ) . Set

Y = y e Z * ( N ) such that p"(p) y = p" ̂ t.

Suppose that Y— [ t ] is available. Then t is available.
proof. - Let Yp be the set of^"^"1 multiples of elements of Y. Then

the distribution relations show that

^-{P"^-1^

is available. Write N = p " ( p ) M. By induction, z = p " ( p ) t is available,
and so is w e Z * ( M ) for which pw = z. Now by the distribution
relations,

Zsey,(s)+(w)=z.

We conclude that p " ^ ' 1 1 is available. But then using the obvious
distribution relation, we see that t is available.

Suppose now that t e W^. There is a unique p such that t e Z * (N, p).
We claim that if y e W (N ) and p " ( p ) y = p " ( p ) t, then y = t. To see this,
since p11 (p) y = /?"(p) t, we may write the partial fraction decomposition

t==^^N^^a(q)+e(pn(py), y == ̂ ^,^pa(q)+a(p).

Since teW^ we have a (q) + e (f(4)) for q ^ p. So if y e W ( N ) ,
then a (p) = e (^n(p)) implies y = t. Applying Lemma 1.12, we conclude
that W^ is available.

Suppose t e W1', and by induction that Ws is available for s < r.
Choose p such that t e Z* (N, p). Let Y be as in Lemma 1.12. Then

Yr^Y[^W,=t.

Indeed, suppose y is in the intersection on the left hand side. We have

t = ̂ pa(q)+e(pn(p)) and y = E^a(^)+a(p).

Thus v ( y ) ^ v ( t ) , with equality if, and only if, a ( p ) = e(pn(p)), which
implies that y = t, as claimed.

Applying Lemma 1.12 shows that W is available, and concludes the
proof of Proposition 1.9 and Theorem 1.8.
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2. The Cartan group

Let k be a positive integer. Given a prime number j?, there is a unique
unramified extension of Qp of degree fc, which we denote by <y. We
denote the integers of Qj; by o^, or also Op. The units o^ form a
group C^ = Cp, which is the non-split unramified Cartan group of degree k
associated with the prime p, the Cartan group for short. Given a positive
integer n, we define

(2.1) ^\Pn)=^lpn^
We set

(2.2) Cfc(p")=^/(l+^),

and we call Ck (/?") the non-split Cartan group of level /A We have

(2.3) C^")^^))*.

Let A^ be a positive integer,

N-n^Np"^
Set

(2.4) ^(N)=Yi^^k(pn^) and C^N) = 0;$ = n^W^).

The groups C^ (N) clearly form a projective system and we denote
by C^ the projective limit, which is the non-split Cartan group of degree k.
Clearly,

(2.5) c^n^.
If k is fixed in the course of a discussion, we will often omit the

superscript fe.
There is a natural isomorphism

^(^ripi^o^,
as an o^ (^)-module, with 1 going to the element with coordinate 1/N at
each prime p under the natural map. As a group,

1 / 1 ^
]~Ip i jv- ^pl^p is isomorphic to ( -Z/Z).

TOME 107 — 1979 — N° 2
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The group Ck (N) corresponds under this isomorphism to the primitive
elements of ((I/TV) Z/Z)^ i. e. to Z^ (7\0. In particular, the order
of C^ (N) equals the number of primitive elements of ((l|N)Z|Z)k, and we
may consider that C k ( N ) acts simply transitively on Z^ (N).

Let L be a field and fix k. Denote by 1} ( N ) the free L-vector space
generated by the primitive elements of ( ( l / N ) Z/Z)^ Then ^(N) is a
module over GLj, (Z), which factors through GLj, WN Z). Let M \ N.
Then we have an injection

(2.6) O-.L^M^L^N)

as Gl} (Z)-modules, which is defined as follows. If x is a primitive
element of ((1/M) Z^ set

^)=£(N/M)y=:cOO.

where the sum is taken over primitive elements y in ((l/JV)Z/Z)k such
that (N/M)y = x. The map is clearly a GLj, (Z)-morphism. We wish
to identify this map with a map on the Cartan group rings. Let L [C* (N)']
be the group ring of C^ (N). If M [ N, we have an injection of C^modules

(2.7) 0 ̂  L [€' (M)] -^L [C' (N)],

given by
^00=EyE:;cmodM(30»

where xeC^M) and ^eC^). Maps (2.6) and (2.7) are identical
under the isomorphism of o^AQ with rip|iv (1/^) °^°^

Denote by L < C^ > the injective limit ofL [C^ (^)]. We shall construct
ordinary distributions from (Q/Z^ to L < C^ >, i. e. homomorphisms
from ^ to L < C^ >. Let

(p: Q/Z-^L

be a map such th^t if M | ̂  and flr e (MM) Z/Z, then

(2.8) ^-^(NW.^aCPW-M^^^).

(This may be called a distribution of weight fe-1.) We shall construct
an associated distribution <I> with values in L < Ck >, i. e. a map

0: l/^L^)
as follows. Let

^ ao^-azp
BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



188 D. S. KUBERT

be a surjective homomorphism. Then we have naturally derived surjective
homomorphisms

^: ^W-^Z/NZ

which satisfy an obvious consistency property. If x e ( l / N ) Zk/Zk, we
may consider N x e s ^ ^ N ) as seen above. Set

(2.9) ^M =Ecec.(N)(pf-^(cNx)V1.

We must first check that this map is consistent and then that the distribution
relations are satisfied. So suppose x e (1/M) Zk/Zk, where M \ N. We
must show

(2.10) T.c^m^(^N(cNx)\c-1 =^ec.(M^(^M(dMx)\d-1.
\N ) \M )

as elements of the injective limit.
To see this, fix d, and let { c} be such that c mod M = d. Then in

the group ring,
j - i _ v -i
u ~ L^cmodM=dc •

Now ̂ ^ N x ) = ̂ ( ^ N x ) , considering c N x as an element of ^ (M),
and

^(cNx) =N^(cMx) = ̂ (dMx),
M M

which proves (2.10). We now show that the distribution relations are
satisfied. Let x e (1/M) Zk/Zk. We wish to show that if M \ N, then

(2-11) T.WM)y=^(y)=W.

But

E(N/M) y=x ̂  (y) = E(N/M) y=x Zr e C^ (N) 9 ( „ ̂ N (.C N y) j C~ \

Now
N 1 1
,- • -^N(cNy)= -^(cNx)modZ,
M N N

Furthermore ̂  maps ^ ( N ) onto Z/N Z. If z e ( 1 / N ) Z/Z is such that

(N/M);z=l^(cNx),
iV

TOME 107 - 1979 - N° 2
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then there exists y such that (lyW)^v(c N y ) = z. It is clear from the
elementary divisor Theorem that the number of such y is equal to (JV/Af)^"1.
So

E(N/M)y=^o(};) =SceCfc(N)WM)k~l E(iV/M) z=(l/N) ̂  (cN:c) (? 00 C~ 1

=Ecec.(N)(p[^iv(^x)V1 by (2.8)

=0(x).

In the next section we exhibit functions (p satisfying (2.8).

3. Bernoulli distributions

The following relation is equivalent to (2.8).

(3.1) N^^^Mb)^^).

simply by replacing N/M by N. We consider the special case when L = R
is the field of real numbers. We also consider functions (p which
satisfy (3.1) for ae R/Z. Choosing te (0, 1), we may rewrite (3.1) as

0.2) N^T^^+^y^
PROPOSITION 3.3. — Let (p(0 be of class C^4'^ on (0, 1), and assume

that (p satisfies (3.2) for all positive integers N. Then there is a constant a
such that

(p(0=aB,(Q,

where Bj,(X) is the k—th Bernoulli polynomial.
Proof. — The polynomial B^(X) is defined by the series

ueux -VR m^^--£B,(X)^.

It is a classical fact that B^(0 satisfies (3.2), and can easily be shown
from the above definition (see for instance [L], p. 230). If (p satisfies (3.2)
for a certain integer k, then (p' satisfies (3.2) for fe—1. By induction,
cp' ( t ) == a B^ (t), so (p' is uniquely determined up to an additive constant.
Since B^(Q satisfies (3.2), and since for any number c ̂  0 the function
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B^(0+c does not satisfy (3.2), the Proposition follows if we prove
it for k = 1. Differentiating twice, we get

N-'Î V^^)-,•(,).

Since q/' is bounded on (0, 1) by assumption, letting A ^ — > o o w e conclude
that cp" (0=0 for all t. So (p" is linear. Since Bi ( t ) satisfies (3.2) while
BI (0+c does not, the Proposition is proved.

We wish to find a function (p such that the associated distribution 0 gives
an isomorphism from U^ to its image. The Bernoulli distribution does not
accomplish this since the polynomial Bj^(Q is odd (resp. even) as k is
odd (resp. even) under the mapx»-> 1—x. As we have seen in [_K I],
Bfe (t) essentially yields the universal even or odd distribution, depending on
the parity of k. Proposition 3.2 says that we must loosen the smoothness
conditions on (p to accomplish this.

Let L now be the field of complex numbers C. Let (p be an Z^-function
from R/Z to C. I am indebted to D. ROHRLICH for the following Lemma.

LEMMA 3.4. - Let q)eL2 ((0, 1)), and suppose (p satisfies (3.2) for all
positive integers N. Let a (N) be the N-th Fourier coefficient of (p. Then:

».-o, ,(N)- ,̂ ^-w,-3^
for all integers N > 0.

Proof. — For c e Z, set

$(c)= f ^We-^'dt.
Jo

By (3.2) we have

^(c)=Nk-l[\^^(t-+J-\~2"c'dt
Jo \N N /

=Nk[l^~lv(L+j-}e-2mctd(l-\
Jo \N N J \NJ

Set t ' = t/N. Then

q>(c) = N" flE^l<p(('+ ̂ e-2^''dt'

fi/N / , \
=^Zr1 (pif'+^jtr2'"^^'

^V*! (pCOe"2"^''^'.
Jo

TOME 107 — 1979 — N° 2
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Putting c = 0, N + 1, we see that a(Q) = 0. Putting c == 1, we get
af(AO = ^(l)/^. Putting c ==-1, we get a(-N) = a(-l)/N\ which
proves the Lemma.

So the family of Z^-functions satisfying (3.2) for fixed k is essentially
one-dimensional. It is easy to see that

/ 1 \ ( f e / 2 ) - l » } / 2 n i n t - 2nint \

(3.5) Bfe(o- (2^ ^M^4"^") i f fe iseven9

(_l)(^D/2fct^ .2^ ̂ -2^(_r\(k+l)/2^ /2nint g2nint\

^^ r. ^ -^=i(-^r-——r-} it ^ is odd.
((271)" \ n"' nk }.(2^ Ln=1^ -^

Let
2nint

(3.6) G^O^^i^-r- for fe> l-n

G,(t)=log(l-e2nit),

where the log is the principal branch, and 0 < t < 1. I f / ; > l , w e check
easily that 6^(0 satisfies (3.2), namely

/ f j \ 2ni(tfN+j/N)n
^N-1^ I l . J \ VN-1 Voo e

j=0 ^fe -+ - == Lj=0 Ln=lE N-l^ ( t . J \ \^N-1 yoo <

7=0 \N N)'^^0 Ln=1' nk

2nitn/N
_ Voo e \^N-1 2nijn/N

~ "JV^"

2nitn/N

=Z.|»N——

1 p1^ 1

^E^i——=——G.(0.N4-1""'1 n* N'

For ^ = 1, we have the representation
2nint

(3.7) G,(t)=los(l-e2sit)=^e——,
n

which is valid by the Abel summation formula for 0 < t < 1. By consider-
ing exp G'i (0 = \-e2ni\ it is easy to see that G'i (Q satisfies (3.2) for
0 < t < 1. The corresponding relation to that for t = 0 is

(3.8) ^G/^=logN.
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So Gi (t) will not strictly produce a distribution. We might say it produces
a modified distribution. We may however produce a function (p satisfying
(3.1) for each a e Q/Z by choosing M e Z*, setting (p (0) to any arbitrary
value, and

(3.9) <p(^)= G^(tia)-G^(a) for aeQ/Z, a ^ 0.

Using (3.9) one can then construct the universal distribution for k = 1 from
the function G'i (?). We shall leave the details to the reader, and give
the Theorem here only for k > 1.

THEOREM 3.10. — Let Oft be the distribution associated with the function
Gk(t)fork> 1. Then:

(i) The map Oft gives an isomorphism of V^ (N) with its image,
as C^ (N)-modules.

(ii) Let Oft ( N ) be the image of U1' (N) under Oft. Then

Oft(N)®C=C[Cfc(N)].

Proof. — Since U1^ (N) has a set of generators T^ (N) of cardinality
| z^ (AQ | == | C^ (-AT) |, it suffices to prove that Oft (N) has free rank | Ck (N) |,
and thus it suffices to prove (ii). This is equivalent to showing that for each
character ^ of Ck (N), the ^-component of 0^ (TV) ® C is non-trivial, since
^ (A^) is a C^ (AQ-module by construction. By (2.10), the ^-component is

(3.11) 5(0,x)==Ecec.(N)X^)<p(-^(^Nx)y

But from [KL], we find that for each 5C, the sum S (0, %) is non-zero if, and
only if, for each character \|/ of (ZyWZ)*, we have

(3.12) Zce(z//z)^(c)9^)^0,

where/is the conductor of \|/. In our case, k > 1, we have

,0)-L--.c\ ^ e^
7 l=JL«=i—ft—-
.// n

Hence
/ C \ ^2n»C»y

Sc e (Z//Z)* ̂  (̂  <P ( . j = EC e (Z//Z)* ̂  (<•) S^ 1 ———ft-

' ,. \ p2nicn/f
^ \ \^ i / -\ \-^on £?

^v- v ̂ ^^^~ zL"=i Z^c—— ^
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By standard properties of Gauss sums, we know that

V xl/rc^2^^0 if 01'^1'Lc^VWe ^ ^ (n,/)=l.

so

yoo y^^^^-s^y ^Z^»=l Z^c————fc———— ^WZjCn,/)^!—fc-
M 71

where

^(v^Zc^)^1^ and E(^)=i^=L(fe,^0,
n

by the product expression for the L-series. This proves the Theorem.

4. The rational distribution

In this section, we present another model for the universal distribution,
taking its values in Q < Ck >, and which we therefore call the rational
distribution. For the case k = 1, the image of the distribution appears in
SINNOTT [S], although it is not identified as such.

We will define maps

r\N): IZ'/Z^Q^W],
N

/^
which will be GL^ (Z)-morphisms, after a choice of basis for ^ (N). We
have a natural bijection

i O^N^CN) -^ O\N)IN o\N),
N

obtained by x\-> NX. A choice of basis identifies o^^) with ZY/VZ^
which then becomes a C^ (^)-module.

Let a e ( 1 / N ) Z^Z^. Let/(^) be the order of a in ( 1 / N ) Z^/Z^ Define

(4.1) ]-X(d) = Le^-Z^ such that x
N [ N

is primitive and (N//(a))x = a >.
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In terms of the Cartan group, we can then write

(4.2) X (a) ={ceCk (N) such that

(^//(^^(N^modj/100},

where (Na)p is the^-th coordinate of TV a, for;? | N.
Let N = ]~[ cf (q). For p \ N define the set Xp (N) by

(4.3) Xp (N) = { c = (c,), e C^ (N) such that if q ̂  p

then C q = p " 1 mod ̂ "(g) o^ }.

If X is a subset of C^ (^), we define

(4.4) 5(Z)=L^(x).

We now define ^ ( N ) = r ( N ) by

(4.5) rW^^^X^E.^^/l-^^V

so that r(N)(a)eQ [C (^ )]. We first show that r (N) is a 04 (AO-map.

PROPOSITION 4.6. — jL^^ Y e G'4 (JV). TA^

r(N)^a)=j(r(N)(a)).

Proof. - It is clear that/(y a) =/(a). Set

—n fi SWN^\lLl/(fl\ T^wf/
Multiplication by s is an element of End ((^ (N)). Then

r(N)(a) = s(s(X(a))) and r(N)(Y^) = £(s(X(ya))).

From (4.1), it is clear that s (X(y a)) = y s (X(a)\ So it suffices to show
that

ye = sy for all yeGLj^(N).
Let ^-^f.
It then suffices to show that ySp (N) = Qp (N) y, or that

s ( X p ( N ) ) y ( ^ = y ( s ( X p ( N ) ) c ) for ceC^N).
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Now s (Xp ( N ) ) c = s (X), where

X == {xeC^N) such that x^ = p~1 ̂  for all q ̂  p},

yX = {xeC^N) such that ^ = p'^jCq) for all ^ ^ p}.

Thus y & p ( N ) = Qp(N)y, and the Proposition follows.
Next we show that the maps y ( N ) are compatible with the injective

limits. If M | N, we let f : Q [C (M)] -^ Q [C (AQ] be the map of (2.7):

PROPOSITION 4.8. — IfM | TV, the following diagram commutes.

^/Z^QIC^M)]

^/Z^QCCW

froo/. - Let c^, c^ e C" (M). Set

N = rip P"(i)) and M = [Ip P"'0>).
Then

(4.9) ((ci c2)=c(^((Cl)i(c2).
C(lVj

Ifgis the number of distinct prime factors of f(d), we have

'""'̂ -(^^•"^^"'-•(-i^)-
Now i (s (XM (a)) = s (Xn (a)) because

(Mif (a)) x, = (M a), mod p" <">,
is equivalent with

( N I f (a)) x, = (N a\ mod p" M.

But i (1) = ̂  (c), where the sum is taken for c s 1 mod M,

i (s (^ (M)) = s (X, (N)) f (1) l-^^l .
i-^pWI

So

n /i ^^(^^-n ,ri^i ^(^pW)^^^^^^T^wTr^'^^^^'-iz^/
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But

s(X^(a)) i(l) = I 41) \s(X^(a)) =\c(N)\s(X^(a)),
|C(M)|

which proves the Proposition.

PROPOSITION 4.10. - The maps r ( N ) define a distribution. Precisely,
let f(d) = N and M [ N. Then

YMb=Mar(N)(b)=r(N)(Ma).

Proof. — By induction we may assume that M = q is prime. We
distinguish the cases q \ (N/q) and q )( (N/q).

First suppose q \ (N/q). In this case, each b such that qb == qa is primi-
tive, i. e. has order N. So

E^(N)w=E,5(z(fr))npiN(i-^y
Set a' = qa. Since q \ (N/q), it follows that p \f(a') if, and only if, p \ N.
So

r(N)(ar)=s(X(qa))n^Jl-s^}.
\ \xp\ /

So we need only show that
X(qa)=[}^X(b).

Since b is primitive, we have X(b) = [ Nb }, and

ceX(qa) if and only if Cp = N Op for p ^ q and qCq = qN Oq.

But this is equivalent to qc/N = ^a. So

:^5(X(fc))=5(^(a))),

and the Proposition is proved in this case.
Next suppose q )( (N/q). If qb = qa then bp = Op for p ^ q and

q (bq-Oq) e Oq. Since q )( (N/q), it follows that q0q e o^. Define b to be
the element such that bq --= 0, and if q ^ p, then bq= Oq. Thus if ^6 = ^a
and b does not equal b, we see that ̂  ̂  o^, and that/(6) = f(a) = A .̂ Now

E..=,a^W(fc) == £^,r(N)(fc)+r(iV)(fc).
TfZ? 7^ & we have

r(N)W=(Nfc)^pl/l-s,(^y
V \xp\ /
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Therefore

^r(N)(b) = (Z^(N&))np|ivfl- sw}
\ \xp\ /

=(E.^(Nfc))a./i-^)\ i^i /
-^(^.^(^(Nwa^fi-5,^).

l^-d \ l ^ p l /

Set a' = qa. Then /(^') = f(b) = ̂ . Furthermore,

^(fc) ={ceC(N) such that ̂  = Napmodp"^ if p^^

and ^Cg =fimodq}

r(N)(b) = s(XW)Y[,Jl- ̂ V

Now from the above,

s(^)E6^(Nfc)=|^|5(X(fc)).

So

—^(Z^^^cN^n^/i-^) = ̂ ww,
1^1 V l ^ p l /

and thus

Î = (̂N)(&) = (^^-(N^np^fi-^V
\ I -A^ I /

It is immediate from the Definitions that

s(X(af))=^(Nb).
Since

r(N)(a') = 5(Z(a'))np^fl- ̂ V
\ I ^p\ /

The Proposition is proved in this case also.

THEOREM 4.11. — The maps r ( N ) define the universal distribution, and
we have

r(N)U(N)(8Q=Q[C(N)].

Proof. - Let V{N) = r ( N ) U(N) and FQ (N) = Q ® V(N). Then
V (N ) is a C (N )-module. Recall that a divisor M of N is called admissible
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if (M, N/M) = 1. Then the distribution relations show that V ( N ) is
generated as a Z-module by r ( N ) b , where f(b) = M, M admissible.
Since for any element c e C (N) we have

cr(N)(b)=r(N)(cb)]

we conclude that the elements r (N) (1/M) with admissible divisors M of N
generate V ( N ) as a C (^-module. Here 1/M means the element with
^-component 1/M for each p \ N,

M^0^-

Put R ( N ) = Z [C (N)] and .RQ (N) = Q [C (7\0]. Let

(4.12) Fp = s (X (P^^IN)) R (N) + (l - 5W ) ̂  (N).
V Iz? I /

Then we claim thatThen we claim that

We first see that
Vp(SQ=Ro(N).

I v I I v 1 / 1 ^^p^ , /v \
\xp\=\xp\(l~~T—T ]+s(xp^

\ \^p\ /
so it suffices to show that

sfX^es^X^^/N^RW.

Let K e C (N) be such that \ == p~1 mod q" ( q ) for q + p. Now

X^^IN) = [ceC(N) such that c^ == Imodq"^ for q + p}.

So X A- (/?" ^yW ) = Xp and ^ (2p) e s (X (/?"(p)/^)) R (N). Thus the
following Proposition will prove the Theorem.

PROPOSITION 4.13. - V(N)=]\p^V^
Proof. — The proof here follows as in SINNOTT [S]. Set

^=]"L|^ and N=r[p|NP.
Also let

^i-w
1^1

As an R (^V)-module, Vy, is generated by the following elements:

/ /^"^)\\ — —
Hz I (N/M)^ X^ —— j jnp i MYp for all divisors M \ N.
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But it is easy to see that

n^>« )̂)-< )̂)
where M = ]~] i^/?"^ and M is admissible. Moreover,

I L l M Y p = l L | M Y p ?

which proves the Proposition and thus also Theorem 4.11.
We now summarize our knowledge about U1' (N).

THEOREM 4.14.
(i) L^ (N) is a free Z-module of rank \Ck(N)[
(ii) U1' (N) ® Q is isomorphic to the free Q-vector space on Zf (N) as

a GLj, WN Z)-module.
(111) Dk(N)=Dk^
(iv) The map ̂  (N), k ^ 2, is an isomorphism of V^ (N) with its image

as a C1' (N)-module.
(v) The map r^ (N), k ^ 1, is an isomorphism of U k ( N ) with its image,

as a 04 (Z/N Z)-module.
Finally, we draw some conclusion about the universal even and odd

ordinary distribution. We define U^ to be the quotient module of U1'
obtained from the relations

(;c)-(-jc)=0, xeW.

We define £/t to be the quotient module of Uk obtained from the relations

(x)+(~x)=0, xeQ'/Z*.

Let U^ (W)(resp. U^ (N)) be the groups generated by the image of
( 1 / N ) Zk|Zk in U^ (resp. £/*). We have the following Corollary.

COROLLARY 4.15.
(i) U^ (N) ® Q has rank equal to (1/2) | Ck (N) |.

U^ (N) has rank equal to (1/2) | C^ ( N ) \ if N > 2.
(ii) IfN = 2, then rank U^ (N) ® Q = f-1, and

rankC/&.(N)®Q=0.
IfN=l, then

rank U\ (N) ® Q = 1 and rank U", (N) ® Q = 0.
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(iii) We have isomorphisms as Z/2 Z-vector spaces:

U\ (torsion) w H 1 (±id, U^

H^ (torsion) w H ° (±id, l/^).

Proof, - Statements (i) and (ii) follow directly from Theorem 4.17 (ii).
To prove (iii) we use Theorem 4.17 (i). Suppose

ueU\(N), nu=0.

Let u belong to ^ (N) such that the image of u in U\ (N) is M. Then,
since nu is a relation, we have

^(00+(-i0)==0,

where - u represents the action of -1 as an element of GL^ (Z) on M. Since
U1' (N)is torsion free, we must have (u) +(- M) = 0, or u e Z1 (± id, U^ (N)).
Then u = 0 if and only if u is a boundary. The argument is similar for
U^ (torsion). This proves Corollary 4.15.

When k = 1, the resultats of Corollary 4.15 (i) and (ii) were previously
obtained by BASS [B] and YAMAMOTO [Y] in the even and odd casse
respectively. In the case k = 2, the calculation of H° (± id, U^ has an
intepretation in the theory of modular forms (see [K 2]). We will calculate
these cohomology groups in a following paper.

Appendix

The following broader notion has also proved useful in certain appli-
cations, e. g. Bernoulli polynomials on Q/Z, and also [Ma], [Mi]. Let A
be an abelian group and let

g: Q'/Z^A,

be a map. We say that g is a distribution of weight w (a positive integer),
if for each positive integer N we have

(Al) ^Lv^g(&)=g(a).
For k = 1, the Bernoulli polynomial B^ (X) yields a distribution of weight
w-1. One may clearly speak of the universal distribution on Q^Z^ of
weight w, and we denote it by U^ \ We may also speak of the level
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groups U^ w (N). There is a rational isomorphism of U^ w (N) into the
group ring Q [C^ W] given by

(A2) rk•w(N)(a)=/(a)-•?5(^(a))^.lna)(l-PW^^V

where a e ( 1 / N ) Zk/Zk. We have the following analogue of Theorem 4.17.

THEOREM :
(i) U^ w (N) is a free Z-module of rank \ C^ (N) |.
(ii) U k s w ( N ) (S Q. is isomorphic to the free (^-vector space on Z^ (N)

as a GLj, (Z/N Z) -module.
The proof is as follows. By (A 2) we see as before that [/k' w (N) has

free rank at least | C^ (N) |. The Theorem will therefore follow if we can
show that U^ w (N) is generated as an abelian group by at most | C^ (N) \
elements. It is clear from (A 1) that the elements we chose in Section 1 in
the case w = 0 will no longer generate £7^w (N) for w > 0. We now
proceed as follows. Define

(A3) <^>=Ew/(a))^aW,

SO

(A4) (N//(a)r<a>=(a).

We prove the following, distribution law" for < a >.

LEMMA. — Let p be a prime such that p divides Nlf(a).
(i)yp\f(ct), then

Ep^a<^>=<^>.
(^)ffp^f(fl\ then

^pb^f(b)^pf(a)<b>=<a^-pw^p'~la).

Proof. — For (i), we have

2^pb==a ̂  ^ ̂  == 2^» /^(Nfp) f (a) c=fc (c)

=£(N//(a))c=fl(^)=<^>-
For (ii), we have

Xp&=a. / (b)^pf (a) ( b ) == l^b IL(N/P) f (a) c^b (c)

= Lwf (fl)) c=fl (c) ~L(N/p) f (a) c=p- ifl (c)
==<^>-PWEw/(a))d=p-la? by (Al)
——(a)-^^-1^.
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We may now proceed as in Section 1 to show that the family of elements
{ < t f > } with a e T ( N ) generates U ^ " ^ ) by using the distribution
relations for < a >. This completes the proof of the Theorem.

One special feature when w > 0 is that U^ w (N) ® Q has as a Q-basis
the elements (x), where x e Zj* (JV). This may be proved easily by induction.
We must only show that the elements of exact denominator N/p belong to
the Q-vector space generated by Z^ (N). This is obvious from the distri-
bution relations if ( N / p , p ) ^ 1. Suppose p ^ (N/p). Let xeZ^ (N/p).
Then modulo the distribution relations and the image ofZ,* (N) in U kf w (N),
the element (x) is congruent to pw (p~1 x), where

(p^x)eZ^NIp).

Let v be the order ofp in (Zf(N/p) Z)*. Then by induction we see that (x)
is congruent to p^ (x) modulo the image of Z^(JV) in Ukfw(N). So
{p^-1) (x) belongs to the group generated by Z^ (N) in U kf w (N). Since
w > 0, we have pwv—\ ^ 0, and the result follows by tensoring with Q.
The corresponding statement when w = 0 is not true.
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