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A FRAMEWORK TO STUDY
COMMUTATION PROBLEMS

BY

ALrFoNs VAN DAELE
[Kath. Univ. Leuven]

REsuMmE. — Soient 4 et B deux algébres involutives d’opérateurs sur un espace hil-
bertien s#, telles que chacune d’elles soit contenue dans le commutant de I’autre.
On énonce des conditions suffisantes sur 4 et B, en termes de certaines applications
linéaires, n: 4 » # et ' : B - s, pour que chacune de ces algebres engendre le
commutant de 1’autre. Cette structure généralise d’une certaine fagon celle d’une algébre
hilbertienne a4 gauche; elle permet de traiter le cas ou 1’algébre de von Neumann et son
commutant n’ont pas la méme grandeur.

ABSTRACT. — If 4 and B are commuting *-algebras of operators on a Hilbert space 52,
conditions on A and B are formulated in terms of linear mapsn : 4 - #andn’ : B - ¢
to ensure that 4 and B generate each others commutants. This structure generalizes
the structure of a left Hilbert algebra in some sense. It makes it possible to deal with
cases where the von Neumann algebra and its commutant are not necessarily of the same
size.

1. Introduction

Very often in the theory of von Neumann algebras it is a problem to
determine the commutant of a given von Neumann algebra. Probably,
the most famous example to mention here is the commutation theorem for
tensor products of von Neumann algebras. If M and N are von Neumann
algebras acting in Hilbert spaces s and % respectively, and if M @ N
is the von Neumann algebra on # ® A generated by the operators m ® n
with m € M and n € N, then the commutation Theorem for tensor products
states that the commutant (M ® N ) of the tensor product M ® N is
equal to the tensor product M’ ® N’ of the commutants M’ and N’'. This
Theorem was first proved in a number of special cases, but it was only
until 1967 that TomiTA gave a proof in full generality using his theory
of modular Hilbert algebras ([10], [12]).
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290 A. VAN DAELE

Also, in other situations, the theory of modular or left Hilbert algebras
has been a usefull tool to study commutation problems. Recently, it was
used in the theory of crossed products of von Neumann algebras to deter-
mine the commutant (M ®, G)" of the crossed product M ®,G of a
von Neumann algebra M with a (spatial) action o of a locally compact
group G on M ([1], [2], [11]).

However it is not always possible to use the theory of left Hilbert
algebras as such. Very often it is necessary to reduce the general case
to a special case where it is possible to use left Hilbert algebra methods.
The main reason for this is that the left von Neumann algebra % (&)
of a left Hilbert algebra &/ is always “equal in size’’ with its commutant
as JZ (H)J = % () where J is the canonical involution associated
to /. The reduction to the case where M and N have separating and
cyclic vectors in the tensor product case is a good illustration of such
a reduction [8].

Another fact we want to mention here is that in some cases it turned
out that the full theory of left Hilbert algebras is not needed to solve
commutation problems. Again a good example is provided by the tensor
product case; there a number of more direct proofs have been obtained
Jater. Recently, such a proof has been given by M. RIEFFEL and myself,
using only bounded operators [5]. The proof is based upon the following
result: Given two *-algebras A and B of operators on a Hilbert space #,
both of which contain the identity, and such that 4 and B commute,
that is 4 = B’ (or equivalently B = A’); then if ® is vector in # cyclic
for 4, we have that A and B generate each others commutants, that
is A” = B’ if, and only if, 4, ®+i B; ® is dense in #, where A, and B,
denote the self-adjoint parts of 4 and B respectively.

The present paper deals with a generalization of this Theorem. It is
formulated in a framework that also generalizes the structure of a left
Hilbert algebra in some sense. We have called it a “commutation system”’
because we feel it is a powerful structure to solve commutation problems.

In section 2, we introduce commutation systems, and we prove the
main theorem. In section 3, we treat the problem of associating commu-
tation systems to a given von Neumann algebra. In section 4, we study
“full commutation systems’’ behaving very much like full (achieved) left
Hilbert algebras. Finally, in section 5, we give some examples. In a
forthcoming paper with R. ROUSSEAU, we intend to apply our results
to the theory of crossed products [7].
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COMMUTATION PROBLEMS 291

It should be mentioned here that also M. RIEFFEL has developed a
structure for commutation problems [4], but there seems to be no real
relationship between the two approaches except for the fact that in both
cases it is possible to treat von Neumann algebras different in size from
their commutants.

2. Commutation systems

Let A and B be *-algebras of operators on a Hilbert space #, and
suppose that 4 and B commute, that is that every operator in 4 commutes
with every operator in B. We now want to introduce a structure in
which it is possible to formulate conditions to ensure that 4 and B generate
each others commutant.

A first quite natural condition is that 4 and B act non-degenerately
on #, that means that if Ees# is such that a§ =0 for all ae 4,
then & = 0, and similarly for B. This is of course equivalent with
the assumption that 43¢ and B are dense subsets of #. By
von Neumann’s double commutant Theorem, we then have that the
weak operator closure A~ of A equals the double commutant 4" of A4,
and similarly for B.

In the commutation Theorem of [5] mentioned in the introduction,
we have in fact a very simple structure. There conditions are formulated
in terms of a vector @ in 5. It is assumed that o is cyclic for 4 (or B),
and that 4, ©+i B, ® is dense in # where A; and B, denote the self-
adjoint parts of A and B respectively.

However it is not always possible to find cyclic vectors and even if it
is possible there might be no cyclic vector for which it is easy to check
the conditions. Therefore we need something more general. Now a
vector ® can be considered as a map n: 4 — 5 by n(a) = aw, and
similarly there is the map n' : B— # defined by 1’ (b) = b®. The two
maps are related by the formula an’ (b) = bn(a) for all ae 4 and b€ B.
On the other hand, if n and 1’ are such maps, and if they are continuous
(with respect to one of the weaker topologies) they must come from a
vector. Indeed, if they are continuous we may assume without restriction
that A and B contain the identity. Then the relation an’(b) = bn (@)
with @ = b =1 implies n' (1) = n(1). Put ® = n (1), then using the
Lemma 2.1 below we get n(@) = n(@.1) =an(l) = ao and simi-
larly ' (b) = b .
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So there are good reasons to consider such maps as a generalization
of the structure with a single vector. So as before let 4 and B be commuting
*-algebras of operators acting non-degenerately on a Hilbert space .
Furthermore let 1 : 44— and n’' : B— be linear maps satisfying
the relation

an'(b)=>bn(a) for all acA, beB.

We will then formulate conditions on 4 and B in terms of the mappings n
and 7.
We first give some easy but usefull results on the objects just defined.

2.1. LemMA. — Let A, B, n and ' be as above. Then:
(@ n(ay @) = ay m (ap) for all ay,a,€ 4,
n' (by by) = by ' (by) for all by, b, € B;

(ii) real linear combinations of elements of the form 1 (a* a) with ae A
are dense in m (4,), and similarly for B;

(iii) n (4,) andin’ (By) are real orthogonal, that is Re { n(a),in' (b)) =0
whenever a€ A, and be By or equivalently {n(a),n' (b)) is real for
all aec A, and b e B,.

Proof:

(i) Let be B and a,, a, € A. Then:

bn(a;a,) =a;a;n'(b) =a, bn(ay) = ba;n(ay)
and as this holds for all be B and B acts non-degenerately we get
n(a; a;) = a; 1 (ay). Similarly for B.
(ii) Let o denote the closed real subspace of 5 generated by vectors

n (e* a) with ae 4. Let ae A, and k a non-zero positive integer. Then
trivially

a*n(a) =n(a“a) = in((a"+a)(a"+a)—(a"—a)(a"—a»,

so that a*n (@) e #. Then for every real polynomial p without constant
term we get p(@) M (@) €4 and as the range projection e of a can be
approximated by such polynomials of @ we also get en (@) e #. Now
let b € B then:

ben(a) = ebn(a) = ean’(b) = an’(b) = bn(a)

and again this implies en (@) = n(a) so that m(¢)eA. This proves
the result.
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(iii) If ae 4 and b e B, we get

{n(a*a),n’ (b)) = {a*n(a),n (b))
= {n(a),an’ (b))
=M@,bn(a)>

which is real as b is self-adjoint. By (ii) then also { 1 (@), n’ (b) ) is real
for all ae A; and b e B, This completes the proof.

Now, we want to impose conditions to ensure that 4 and B generate
each others commutant. In view of what we have seen, it would be quite
natural to impose something like 1 (4,)+im’ (B,) being dense. However
this condition appears to be to strong. Weaker conditions seem to be
possible and will make it easier to find mappings  and i’ for which the
conditions can easily be checked (especially see [7]).

We introduce the following definition.

2.2. DEFINITION. — By a commutation system we mean a pair of
commuting *-algebras 4 and B of operators acting non-degenerately on
a Hilbert space 5#; together with linear maps N : 4 —># and ' : B—#
such that:

@A) bn(a) =an’'(b) for all ac 4, be B;
(ii) the set Bn (A4) of linear combinations of vectors b 1 (@) is dense inJ#;

(iii) the projection [n (4)] onto the closure 1 (4)~ of n (4) belongs to
the weak closure B~ of B, and similarly [0’ (B)] € 4~;

@iv) n (4)+in’' (By) is dense in n (4)+n’ (B).

Remark that, by (i), Bn(4) = A1’ (B) so that the formulation is
completely symmetric in 4 and B. A condition like (ii) is of course
necessary to avoid trivial cases like n = " = 0. In fact, condition (ii)
and condition (iv) are quite natural in view of earlier works [3]. Only
condition (iii) is new but it turns out to be necessary for the proof of the
main theorem below. However it is an easy one to verify and the condition
follows anyway if 4 and B generate each others commutant. Indeed, by
Lemma 2.1, n (4) is invariant under 4 and so [ (4)]e A’ = B" = B~,
and similarly for B.

2.3. THEOREM. — If (4, B, m, M) is a commutation system, then A and B
generate each others commutant.
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Proof. — Remark that we are in a situation where we can use Lemma 2.1.
First, let ae A, be B and x self-adjoint in A’, then:

{M(a), b*xn'(b)> = bn(a), xn'(b))
=an'(b), xn'(b)>
= {xan'(b), n'(b)>.

This expression is real as x and a are commuting self-adjoint operators.

Similarly, (' (), a* yn(a) ) is real for all ae 4, be B, and y € B..
So a*yn(a) Lin' (B) with respect to the real scalar product. But,
from [n(4)]e B”, it follows that m (4)~ is invariant for B’, and so
a*yn@en()”. As also n(4y)+in’ (By is dense in n (4)+n’ (B),
we get that

N~ s (M@)+in'(BY)” =n(4y)” +in' (By)".
So
a*yn@en(4)”+in' (B)~ and a*yn(a)Lin'(B).

Then a*yn(a)en(4,)”. Combining the two results, we obtain that
Ca*yn(a), b¥*xn' (b)) is real for all ae4,be B, xe A, and ye B..

Now

<a*yn(a), b*xn’'(b)> = {byn(a), axn'(b) > = {ybn(a), xbn(a)>

= {xybn(a), bn(a)>.

Because this is real, we get
{xybn(a), bn(a)) =<bn(a), xybn(a))
= yxbn(a), bn(a)).

From this it is possible to obtain that xy = yx by polarization and the
fact that Bmn (4) is dense in # (see e. g. [8]). Indeed consider first

V(ay, az) = {(xy—yx)bn(ay), bn(az)).

Then V¥ is a sesquilinear form and V (a, @) = 0 for all a, hence ¥ = 0.
Next consider

@ (by, by) = {(xy—yx)bym(ay), b,n(az) ).

Then also ¢ is sesquilinear and ¢ (b, b) = 0 for all b, hence ¢ = 0. By
the density of Bn(4), it then follows that xy = yx for all xe 4, and
y € B, and by linearity therefore also when xe 4" and ye B’. As 4 and B
commute, this implies that 4’ = B”".
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2.4, Remark. — In the proof of the previous Theorem, we have used
that [n (4)] € B~, but we did not use the other condition [n' (B)]e 4™.
As we mentioned already this follows then from the conclusion 4’ = B”.
Therefore to have a commutation system it is sufficient to check that
[n (4)] € B™ as the other condition [’ (B)] € A~ will automatically follow.

In close connection with this remark we also have the following result.

2.5. THEOREM. — Let A and B be commuting *-algebras of operators
acting non-degenerately on a Hilbert space #, and let n:A—H# and
N : B— H# be linear maps such that:

(i) bn(a) = an’ (b) for all ac A, be B;

(i) n (A +in’ (By) is dense in .

Then (A, B, n, n') is a commutation system, in particular A’ = B".

Proof. — We always have that n (4y)+in’ (By) = n(4)+n' (B). Now
as the weak closures of 4 and B contain the identity, we get

N s Bn4)” and 1’ B)s4n'(B)” =(Bn4)".

Son(4)+n'(B) =€ (Bn(4))~. So the density of n (4,)+in’ (B,) implies
the density of Bn (4). So conditions (i), (ii) and (iv) of definition 2.2
are fulfilled.

Now if we look back at the proof of Theorem 2.3, we see that
condition (iii) was only used to obtain that

a*yn@eny)” +in' (B~ for aeA and yeB.

This is automatically fulfilled here as 1 (4,)+in’' (B,) is dense. Therefore
the proof of this Theorem goes through, and we get 4" = B” also here.
But then we know that [n(4)]eB” and [n’ (B)]eA” and so also
condition (iii) of 2.2 is fulfilled. This completes the proof.

It was suggested to us by M. RIEFFEL that also in the general case
condition (iii) might follow from the other conditions in 2.2. However
we have not been able to show this, nor did we find a counter-example.

In sections 3 and 4, we will find some types of converses of the above
commutation Theorems. Let us now finish this section by giving the
relation with left Hilbert algebras.

2.6. PROPOSITION. — Let o/ be a left Hilbert algebra. With the usual
notation in left Hilbert algebra theory [10], let A = n (), B = 7' ('),
n=n"'andn =n'"", then (4, B, n, W) is a commutation system with
N~ =n"(B)” =4#. Conversely if (4, B,n,n) is a commutation
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system such that n(A)~ =n'(B)” = then o = n(A) can be made
into a left Hilbert algebra by giving it the *-algebra structure from A.
Moreover B 1’ (/') and t = n"' and o’ = n'~L.

Proof. — If o is a left Hilbert algebra it is well known that 4 = = (&)
and B = n'(&') are commuting *-algebras of operators acting non-
degenerately on # = &/~. From the relation n (§) &' = n’ (§') & for all
& e o and &' € &/’ and the fact that m and n’ are non-degenerate it follows
that = and 7’ are injective. Then we can define n = n~! and n' = n' !
and, rewriting the same relation, we get bn(a) = an’(b) for all ae 4
and b€ B. Now because 1 (4) = & and 1’ (B) = &’ we have that 1 (4)
and 0’ (B) are dense. Furthermore n (4,)+in' (By) = & +i /. and this
is dense as we know from left Hilbert algebra theory (see e.g. [6],
Lemma 5.12). So, by Theorem 2.5, (4, B,n, ') is a commutation
system. Conversely, let (4, B, n, ') be a commutation system such
that 1 (4) and 1’ (B) are dense. From an’(b) = bn(a) for all ae 4
and b e B, it follows that n (¢) = O implies ¢ = 0. Similarly n' () =0
impliesb = 0. Somandn’ are injective. Then we can consider &/ = 1 (4)
and equip & with the *-algebra structure it inherits from A. In particular

n(m(a))n(az) =n(ay).n(az) =n(a,a;) = a;n(ay),

so that m(n(a;)) = a; and ©= = n~'. Then the first three axioms of a

left Hilbert algebra are easy to verify. Finally n(4,) Lin’(B;) and
H =nm (4)” = & implies that n’ (B) = A+, Son’' (B) s A +iAt
and as ' (B) is also dense we have # ni#" = {0}. This then proves
the last condition to have a left Hilbert algebra [6].

Then b m (@) = an’ (b) for all ae A and be Bimplies that b & = (§) 1’ (b)
and b* & = n (§) 1’ (b*) for all £ € & so that v’ (b) € &’ and ©’ (v’ (b)) = b.
Hence also n’ = n'~! and B < ' ().

3. Association of a commutation system to a von Neumann algebra

In this section, we start from a von Neumann algebra M acting in a
Hilbert space and we will prove the existence of commutation systems
(4, B, n, ') so that 4” = M and hence B” = M’. The situation is similar
to the case of left Hilbert algebras. However there is one important
difference : for any von Neumann algebra M there is a left Hilbert algebra </
such that M is isomorphic to the left von Neumann algebra £ (&) of &,
for commutation systems we actually get M equal to A”. This makes it
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possible to use our Theorem 2.3 in more general situations (for a good
example, see [7]).

There are two different posibilities to associate commutation systems
to a given von Neumann algebra.

So let M be a von Neumann algebra in a Hilbert space #. In the
first approach, we start from a maximal family of vectors { §; };.; such
that the projections e; = [MM'E;] are mutually orthogonal. Here
[MM'E;] denotes the projection onto the closed subspace generated by
vectors of the form xx’ §; with xe M and x' e M'. Of course e;e M "' M’
and ), ,e; = 1. Define

A={xeM; xe;=0 except for a finite number of indices i},
B={x'eM’; x'e;= 0 except for a finite number of indices i}.
Remark that &; = e;&; so that x&; = 0 for all but a finite number of
indices when x e A. Therefore we can define
n(a)=2ie1a&i when aeA4,
nb) =Y, bE when beB.
(The summation only runs over finite subsets of 1) We will show that

(4, B, m, ) is a commutation system with 4" = M and B" = M'. We
first prove the following Lemma.

3.1. LeMMA. — With the notations of above, A and B are dense self-
adjoint ideals in M and M’ respectively.

Proof. — Let ay, a,€ A, choose finite subsets J;, and J, of I such
that a, e; = 0 for all ie I\J, and a, ¢; = 0 for all i e I\J,. Then
(a;+ay) e; =0 for all ie I\J whenJ = J, uJ,. Furthermore if a € 4
then a* e; = e; a* = (ae))* will be zero except for finite number of i.
So 4 will be self-adjoint. Also x € M and a € A implies easily xa € A and
it follows that A is a self-adjoint ideal. Similarly for B.

To prove the density observe that e, = Y., e; belongs to A4 as well
as B for all finite subsets J of I, and that e, — 1 as J increases.

3.2. PROPOSITION. — (A4, B, M, M) is a commutation system.

Proof. — From Lemma 3.1, we know already that 4 and B are
commuting *-algebras of operators acting non-degenerately in 5#. Clearly,
n and N’ are linear, and if ae A and b € B, we trivially have

bn(a) = bZieIaE.:i = Zielbagi =Zie1ab‘t=i
=an'(b).
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Now, if xe M, then xe;e 4 for all je I, and

rl(xej) = Zis]xejgi = Ziel xejeigi
=xe;§; =xE&;.

If moreover x" € M’, then x" ¢;e B and x"e;n (xe;)) = x' e; x§; = x' x §;.
Hence B n (4) contains all vectors of the form x’ x &; with x'e M, xe M
and je I, and such vectors span a dense subspace by assumption.

The only condition that remains to be checked is the density of
n(4)+in (By) in n (4)+n’ (B). Indeed here we know 4” = B’ so that
automatically [n (4)] e B” and [0’ (B)]e A4".

Now, for any vector ®, we have that M ;w+i M, ® is dense in
Mo+M o ([5], [9D.

In particular, for every ae M and je I, we get that

ate(ME;+iM.E))".

Now, if x e Mg, then xe; € A, as e; is central and n (xe;) = x&; as we
saw already. Similarly if x"e€ M, then x'e;e B; and n' (x"¢)) = x" §;.
Therefore M E;4+i M &; = n(4)+in’ (By), and we obtain that

atje(m(4y)+in'(By))~ for all aeM and jel.

In general, n(a) = Y., a&; for any ae A and as we only have a finite
sum we get 1 (@) € (M (4))+in' (By))~. Similarlyn’ (b)e(n (4y)+in' (By)~
for all be B. Therefore we have 1 (4)+n' (B) =« (M (4)+in' (By))~ so
that n (4,)+in’ (B,) is dense in 1 (4)+1n’ (B).

We conclude with the following result.

3.3. THEOREM. — If M is a von Neumann algebra in #, then there exist
dense self-adjoint ideals A and B of M and M’ respectively and linear
mappings M and ' such that:

(i) an’ (b) = bn(a) for all ac A, be B;

(i) Bn (A) is dense in H#;

(iii) n (4 +in' (By) is dense in m (A)+n' (B).

In particular, (A, B, 1, n’) is a commutation system. If moreover the
center of M is countably decomposable one can assume A = M, B = M’
and that there is a vector ® such that M (a) = a® and that n' (b) = b o
for ae A and be B. So ® is a vector such that:

(i) MM’ o is dense;

(i) Myo+i M, o is dense in M o+ M o.
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Proof. — The first part is essentially the content of the preceding
Proposition. If M n M’ is countably decomposable the index set must
be countable and we can normalize the vectors &; such that ), ;|| & || < co.
Then we put o =Y,.,&, then [MM o]=>Y,.,¢ =1 Finally,
M,o+i M o is always dense in M o+ M’ o.

Now we come to the second approach. Here we start from a maximal
family of vectors {&; };.; such that the families of projections

{ei=[M'E] }ic, and {ef =[ME&] }ict
are both orthogonal families. Put
e=2ielei and e'=2iele§a

then (1—e) (1 —¢’) = 0 by maximality (¢f. [9], Theorem 1.5). As before
define

iel

A={xeM; xe;=0 except for a finite number of indices i},
B={x"eM’; x"e;=0 except for a finite number of indices i},
n(a) =Zie1aE.~i if aed,
n’(b)=2ie1b§i if beB.
Also here 1 (a) and 1’ (b) are well-defined as all sums are finite.

3.4. PROPOSITION. — A and B are dense left ideals in M and M’ respec-
tively, the maps M and M’ are linear and satisfy:

(1) bn(a) =an’ () for all ac A and b e B;

(ii) m (4y)+in’' (By) is dense in H#.

Proof. — As in Lemma 3.1, it is easy to show that 4 and B are left
ideals in M and M’ respectively. For any finite subset J & I, we have
thatf, = Y., e;+(1—e)isin 4 and also f; — 1 as J increases. Therefore
as A is a left ideal, it must be dense. Similarly for B.

As before also bn(a) = an’ (b) for all ae A and be B. It remains to
show that n (4)+in’ (By) is dense in . Put

fr=1-e+Y;c;e;,
fi=1—€+), 6,
&, =Zie]&i

for any finite subset J of I

Then M &,+iM;&; is dense in ME+M'E,. Let xeM, then
x&eM;E,+i M, E,)” and if we apply f, f; we get

fix8 = fixf1& = fi [3xEe(fy fi M&s+ify fy MGE))™.
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Now if xe M, then f; x fe A, and n(f, xf)) =/, x &, =f, /] x &,.
Therefore f, fj M &, en (4, and similarly f, f; M. &, en’ (By).

So we get . _
¢ frxEre@A)+in' (BY)

for all xe M and finite J. Now if x = xe; and jeJ, we get
SixGie((4)+in' (By)~

and in the limit as J increases we get x §; € (n (4,)+in’ (By)~. Similarly

we get x' §;e(m(4y)+in’'(By))” and by assumption # is spanned by

the vectors x §; and x'§; with xe M, x’e M’ and j running through I.
Again we can conclude by the following result.

3.5. THEOREM. — If M is a von Neumann algebra in 5, then there are
dense *-subalgebras A and B of M and M’ respectively and linear mappings
n:A—# and v : B—H such that:

(i) bn(a) = an’ (b) for all ac A, be B;

(ii) M (A9 +in' (By) is dense in S .

In particular, (A, B, n, ') is a commutation system. If moreover either M
or M’ is countably decomposable one can take A = M and B = M’ and
then there is a vector ® such that n(a) = a® and n' (b)) = bw®. So o is
a vector such that M, w+i M ® is dense (and so in particular M o+ M’ ®
dense).

Proof. — With the notations of before consider A* N 4 and B* n B
and consider the restrictions of n and i’ to these sets. Then we can use
Proportion 3.4 as A* N A 2 A* A which is still dense and (4* N A), = A,.

Finally if M or M’ is countably decomposable the set I is countable
and again after normalizing, ® = Y., &; will be the desired vector.

The advantage of the second approach is that we get a commutation
system such that n (4,)+in’ (B,) is dense in the Hilbert space, while the
advantage of the first one is that 4 and B are two-sided ideals.

4. Full commutation systems

In this section, we will define full commutation systems, and we will
see how any commutation system can be enlarged to a full system. In[7],
it turned out to be necessary to work with such systems.

Let A be a *-algebra of operators acting non-degenerately on a Hilbert
space , and let 1 be a linear map from 4 to s#. To such a pair we

associate a new pair (4, ) as follows.
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4.1. NoTATION. — Let 4 and 1 be as above, then denote by A the set of
operators b e A" such that there exist vectors &;, &, in # satisfying

at,=bn@ and a&,=>b*n(a) for all acA.

Because 4 acts non-degenerately the vectors &; and &, are uniquely defined
by b. Therefore we can define a map n : 4 —# by the relation

bn(a) =an(b) for all acA, beA.

4.2. LEMMA. — A is a *-subalgebraof A', 1\ is linear, and 1y (b, b,) = b, n(b,)
for all by, b, e A.
Proof. — Let ae A, by, b, € Af, then

a(M(b)+n(by)) = an(by)+an(b,) = byn(a)+b,n(a) = (b;+b,)n(a),

and similarly
am®D+n(b3) = (by+b2)*n(a)

and it follows that b, +b, € A and that

N(by+by) =n(b)+n(by).
Also :
ab, ﬁ(bz) =ba ﬁ (b2) =bybym(a)
and
ab3n (b}) = b3bin(a) = (by b)*n(a),

so that b, b, € A and 7 (by b,) = by 1 (by).

So we have associated a pair (;4\, M) to the pair (4, n). It would of
course be nice to be able to repeat this procedure. This however can only
be done when also 4 is non-degenerate. Unfortunately it seems difficult
to impose easy conditions on the pair (4, n) to ensure that A acts non-
degenerately.

Suppose however that we start from a pair of commuting *-algebras A4
and B acting non-degenerately on ## and that we have given linear maps
nN:4—# and 1’ : B—# such that bn(a) =an’'(b) for all ae 4

and be B. Then of course B < A and 1 | B = n'. In particular, A acts
non-degenerately as B does.

Now if 4 is non-degenerate we can repeat the construction and consider

the pair (2, ﬁ). We have the following Lemmas.
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4.3. LemMmA. — If A acts non- -degenerately, then A is 6-weakly dense
in A" so that in particular A" = A". Moreover we have that A c A cA”
and that 0 |4 =n.

Proof. — Let {e,} be a met in 4 such that ||e|| <1, and ¢, —1
strongly. Take xe A’ and consider x, = ¢, xe,. Then x, converges

strongly to x. To prove that x, € /f, let ae A and consider
ae, x ﬁ (e) = e, xa ﬁ (e) = erxe, M (a),

) ae x* A (e}) = (e, xe)* n (a),
so that xle A.

Because A’ = = A", we clearly have that 4 = A < A” and that n | A=n.

Because 4 = A and A is non-degenerate, this is also true for A and we
can repeat the operation once more. As was to be expected we get

A n=dH

4.4 LmMA. — A= A andﬁ = 1.

Proof. — By Lemma 4.3 applied to .2, we know al/r\eady that 4 = j
and thaAt %lzf = 1. So it remains to show that 2 — A. Therefore

let beA/A\, then

an(b)=bn(@ and  an(b*)=b*n(a) for all acA.
As 22/1 and ﬁIA =1, we also get

aﬁ(b)=bn(a) and afk](b*)=b*n(a) for all aed
so that be A.

We now come to some kind of converse of the commutation Theorem
of section 2.

4.5. PROPOSITION. — Let A and B be commuting *-algebras of operators
acting non-degenerately on # and let W:A—H and n' :B— K be
linear maps such that b n (@) = an' (b) for all ae A and be B. Suppose

moreover that A=Band B= A, thenm (4)+in' (By) is dense inm (4)+1' (B).
Remark that under the above condition of course 1’ = 1 and 1 = 1".

Proof. — Let Ee# be real orthogonal to m (4y)+in'(B,). Then
Re (& n(@) =0 and so <& n(@>+<{n(a),&) =0 for all ae4,.
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Then as the scalar product is linear in the first term and conjugate linear
in the second variable we can obtain

K& n(@)d>+<{m(a*),E>=0 for all ac4
and similarly as also & L in’(B,) we can obtain
(&N (B)>—<N' ("), £>=0 for all beB.
From the first relation with a = af a, and a;, a, € 4 we get
<a & m(az)>+<{n(ay), a;,§) =0.

Then define A to be the closed subspace of # @ # generated by the
vectors (a &, n (@) with ae A. Denote linear operators on # @ # by

2x2 matrices and let P = <€ " ;) be the projection on 4. Then

. 0<p<land 0<qg<1and as X is invariant for the diagonal action
of A, we get that p,gre A'.

As (0 &, (@) e, we obtain P(a &, n(a) = (a&, n(a) and so

(6)) pa&+rn(a) =ag,
) r*at+qgn(a) =n(a) for all aeA.

As also (a; &, n(ay) >+{n(ay), a, &> = 0 for all a,, a, € A we get that
m(a), a&) LA so that P(n(a),a) =0 and

3) pn(a)+raé =0,
4) r*n(a)+qa& =0 for all aeA.

The equations (1) to (4) can be rewritten as

1) a(l-p)§ =rn(a),
@) ar*& =(1-g)n(a),
(3" ar§ =—pn(a),
“) ag§&=-r*n(a)

and as B = A it follows that r, p, l—q e B and that
n'(p)=-ré, n' () =01-p)§,
n(1-9)=r*¢ 1 (¥ =-q&
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Then we use that (& n' (b)) >— ' (b*), &) = 0 with b = pr. We get
(& p(1—p)E>+(r*rE, > =0,

which implies that p (1—-p) £ = 0 and r§ = 0. Now, from the fact that P
is a projection, we get p*+rr* = p so that rr*& = p(1—p)& = 0 and
also r*& = 0. Then, for all ae 4, we get
r*rn(@=q(1-g)n(a)=qan' (1-q) = qar*§=0
so that also r* rn(a) = 0. Then rn (@) = 0 and by (1’) it follows that
a(l-p)& =0 for all @ and hence (1—p)& =0 and p& = E.
Finally

<& m(a)) =<p& na)) =< pn(a))=<§ an'(p)) =—<&arg> =0
so that & L n (4).
By symmetry also & L n’ (B) and the result follows.

With the previous result, we came very close to commutation systems.
We now introduce full commutation systems.

4.7. DEFINITION. — A commutation system (A4, B, n, ") is called full
if A=Band B = 4.

4.8. PROPOSITION. — Let A and B be commuting *-algebras of operators
acting non-degenerately on #, and let W: A—# and v : B—H be
linear maps such that:

(i) bn (@) = an’ (b) for all ac A, be B;

(ii) B (4) is dense;

(i) A= B and B = A;
then (A, B, n, ) is a full commutation system.

Proof. — From the previous result, we know that n (4,)+in’ (B,)is dense
in n(4)+n’ (B). From A =B it also follows that B" = A" = A’ by
Lemma 4.3, so that [n(4)]eB” and [n'(B)] € 4". Then all axioms
are fulfilled.

4.9. THEOREM. — Let A and B be commuting *-algebras of operators
acting non-degenerately on #, and let 1 : A—H and W : B— H be
linear maps such that bv (@) = an' (b) for all aec Aand be B and such
that B (A) is dense. Then (A, B, 1, ') can be extended to a full commu-
tation system, that is there is a full commutation system (Ay, By, Ny, N})
such that A < A;, BS By andny |4 =n and | B =1".
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A
Proof. — Consider (4, 4, 1, ) and apply the previous results.
One might think that also (I}, A, M, 1) is a full commutation system
that extends (4, B,n, n'). In general, this will not be true since the

relation an (b) = b1’ (a) may fail to hold for some acB and be A
To see this take e. g. for 4 any von Neumann algebra in a Hilbert space #
and assume that 4 has a cyclic vector ® but that 4 is not all of & (#).
Define also B=C1 and n(@ =a® and n' () =bo for all ae 4
and b € B. Then the assumptions of the Theorem are fulfilled. A simple
argument yields that /I = A’ with ﬁ (b)) =bo for be A’ and B= B(H)
with 7' (@) = a o for ae B (#). Clearly an (b)) = b1’ (a) will not hold
for some ae B (#) and be A’ as it will be possible to find such ¢ and b
not satisfying ab ® = ba .

We also remark that there is a relationship with the notion of full
(= achieved) left Hilbert algebras. Indeed if we consider the commutation
system (4, B, M, ) = (n (), o' (), n~ L, n'~1) associated to a left
Hilbert algebra o/ as in Proposition 2.6 we can easily see that B = A
since &/’ can be characterized as those vectors &; € # such that there is
a bounded operator b and another vector &, satisfying b& = n (€) &,

and b*E& = (§) &, for all £e . Therefore also B=n (") and we
will have that (n (&), n’ (&£), n~ %, n'~1) is a full commutation system if,
and only if, o/ is a full left Hilbert algebra.

We now finish this section by introducing the equivalent of left and
right bounded elements in the theory of left Hilbert algebras.

So let (4, B, n, n') be a commutation system.
4.10. NOTATION:
A~={beA'; JEes such that a& =bn(a) for all aeAd};
E:{aeB’; Ite# such that b&=an'(b) for all beB}.
Also deﬁile a mapping n’ :AN—:n# by an’ () =bn(a) for all ac A
and be 4, and a mapping 1 : B—# by bn(a) = an’(b) for all beB

and a € A. Clearly B = A and 4 = B and the notations n’ and n are
consistent as the new mappings are extensions of the old ones.

It is immediate from the definitions that A=An z"{* and B=Bn l;*

4.11. PROPOSITION. — B and A are o-weakly dense left ideals in A" and B”
respectively. If xe A" and a€ B then m (xa) = xn (@) and if ye B" and
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be A then n' (b)) = yn' (b). Moreover if (A, B,n, ') is a full commu-
tation system, then bm (@) = an’ (b) for all ae B and be A and

A {bed’;3EeH# such that at =bn(a) for all aeB}
B= {aeB';3te# such that bE=an'(b) for all beA}

Proof. — The proof of the first part of this Proposition can be obtained
with methods similar to those used in Lemma 4.2. The density follows

from the fact that 4 = Band B < A. Suppose now that we have a full com-
mutation system. Because Aisaleftideal in B", we get A*AdcdnA*=4
and since our commutation system is assumed to be full so that A=B
we get A* 4 = B. We know that b N (@) = an’ (b) for all a eBand be B.
We apply this with b = bf b, where by, b, €A and we get

bib,n(a) =an’(b{ by) = abin'(by) =bian’(hy).
Then as 4 is non-degenerate we find b, n (@) = an’ (b,) for all aecB

and b, eA. It then follows from the definition that the last statements
are correct. Several conclusions can be obtained from this result. There
is one we especially want to mention here since it will be used in [7].

4.12. PROPOSITION. — Let M be a von Neumann algebra on a Hilbert
space H#, then there exist c-weakly dense left ideals N and N of M and M’
respectively, and linear maps n: N—# and v’ : N—# such that:

() bn (@) = an’ (b) for all ae N and beN;

(i) n (N)+in' (V) is dense in A ;

(iii) N= {beM’';Ee# such that a& =bn(a) for all aeN};

(iv) N ={aeM;Ec# such that b =an(b) for all beN}.

Proof. — By Theorem 3.5 there exist a commutation system (4, B, n, 1)

such that 4" = M and B" = M’ and n (4,)+in’ (B;) dense in #. By
Theorem 4.9, we can assume that (4, B, n, 1) is a full system. Then

if we put N=Aand N = E, we obtain the result from Proposition 4.11.
Remark that, by 4.11, it is notationally consistent to denote the two

ideals by N and N. In fact N = N.
5. Applications

In this section, we want to apply the commutation theorem of section 2
to give new proofs of two well known results. In a forthcoming paper,
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we will apply the theory to give a new proof of the so called commutation
Theorem for crossed products [7].

5.1 THEOREM. — Let X be a locally compact Hausdorff space with a regular
Borel measure pn. Let # = L, (X, 1) and let M be the von Neumann
algebra on 3 generated by multiplications on L, (X, 1) by continuous
complex valued functions on X with compact support. Then M = M'.

Proof. — Denote by C.(X) the space of continuous complex valued
functions on X with compact support. For fe C,(X) let m, be multi-
plication by f on L, (X, p). Put 4 = B= {m;;feC,(X) } and define
n=n'byn(m;) =f Thentriviallyan'(b) =bn(a)forallac 4andbe B.
Also

n(4)+in' (B) =n(4)+in(4y) =n(4)

which is dense and an application of Theorem 2.5 gives A” = B’ proving
the Theorem.

For our next example, we consider a locally compact group G with a
left Haar measure ds. Define left and right translations in L, (G) as usual
by (A f) () =f(s™' ) and (psf) () = A ()" f (t5) where s, t € G,
fe L, (G) and A is the modular function.

5.2. THEOREM. — The commutant of the von Neumann algebra generated
by the left translations { \g; s € G } is the von Neumann algebra generated
by the right translations { p,;teG }.

Proof. — Let

A ={Jg(s))»sds; gGCc(G)}’
B ={jg(5)Pst§ geCc(G)},

where the integrals are considered in the weak topology. It is well-known
and easy to check that 4 and B are commuting *-algebras of operators
in L, (G), that they act non-degenerately and that 4” is the von Neumann
algebra generated by {A;s€G} and B” the von Neumann algebra
generated by { p,;s5€G }.

Define 1 on 4 and i’ on B by

n (fg(S) As dS) =g,

n'(jA(S)"’zf(S")pst> =f
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((jg(S)kst).f)(t)= g ) (D) ds

= ng(S)f(S_lt)ds

Then:

= ng(tS)f(S_l) ds

= | fGTHAE ™ (peg) (D) ds

= ((jf "HAE ™ p, dS> g) ®.

This relation implies that 1 and 1’ are well defined and that a i’ (b) = b 1 (a)
for all ae 4 and b e B. We will now show that n (4,)+i 1’ (B,) is dense.

Now: " L
(fg(s) ?»sds> = Jg(s) Ag-1ds = fA(s_l)g(s" YA ds

and m (4,) consists of those functions g € C, (G) satisfying

g(s)=AG" g™

<JA(S)’”2 f6™ Psd5>* = ”A(S)_”2 f (™) pg-rds

™

Similarly

= | AGHAGYH Y21 (5) p, ds

— (a0 =T @p.as

o

and n’ (B,) consists of those functions fe C, (G) such that

fE& =16
Now any fe C,(G) can be written as

B 1 Ayt =
f(s)_<1+A(s)f(s)+1+A(s-1)“s ))

A As) AT =x
+l_i(1+A(s)f(s') TN )>

proving that m(49)+in’ (By) is dense. Again an application of our
Theorem 2.5 yields the result.
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