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INTEGRATION ON A SEMIANALYTIC SET (*)

BY

MIGUEL E. HERRERA.

Let M be a complex analytic subset of dimension p of the complex
analytic manifold X, and let M* denote the submanifold of the regular
points of dimension p of M. P. LELONG has proved in [8] that a difYe-
rentiable form on X with compact support can be integrated on the
naturally oriented manifold M\ and that the current on X so obtained
is closed. We extend this result to the case in which M is a locally
closed semianalytic set of a real analytic manifold.

In chapter I, we summarize definitions and properties of semianalytic
sets, currents and Borel-Moore homology which are used in this paper.
Instead of relating the currents on a differentiable manifold to the
Borel-Moore homology by means of the identification of the latter with
singular difTerentiable homology, we have preferred to do it directly.
Some proofs can then be shortened, although the definition of integration
currents on a manifold appears to be somewhat different, formally, from
the classical one [14].

In chapter II, we prove, following the method of [8], that if the locally
closed semianalytic set M has dimension p, then each p-homology class c
of M with real coefficients defines a current I (M, c) on X, which can be
called an integration current of M (Theorem II, A, 2. i). In particular,
the current associated in [8] to a complex analytic set M is that defined
by the fundamental class of M [2].

The second result is a Stokes' Theorem (Theorem II, B, 2.i). It is
proved that the border of I (M, c) is the integration current of the semi-
analytic set bM = M—M defined by the topological boundary ()c
of c. It follows immediately that the only closed integration currents

(*) Results in this paper are part of the author's thesis, presented at the University
of Buenos Aires, ig65.



142 M. E. HERRERA.

of M are those defined by projections onto M of homology classes of the
closure M. In particular, Leiong's current is closed, since a complex
analytic set is closed.

Both theorems are proved locally, by projecting a semianalytic set
in R71 into convenient subspaces. To do this, we use -Lojasiewicz' normal
decompositions, slightly modified.

Particular cases of these results have been announced in [6] and [7].
L. BUNGART has announced a Stokes5 theorem for real analytic sets in [3 a].

I am much indebted to Professors S. LOJASIEWICZ and R. RICABARHA
for their valuable suggestions and help.

CHAPTER I.

Preliminaries.

A. Semianalytic sets.

In this chapter, a summary of the theory of semianalytic sets is pre-
sented. The references for definitions, properties and some of the proofs
are [9], [10], [II], [12] and [13]. X is always a real analytic manifold of
dimension n and R and C denote the field of the real and complex
numbers, respectively.

1. Generalities.

1.1. DEFINITION. — For each :K€X, let S(x) be the smallest family
of germs in x of subsets of X such that:

(1) a, b e S ( x ) implies aubeS(x) and a — b e S ( x ) ' ,
(2) if f is a real analytic function on a neighborhood of x, the germ

in x of the set (f(y) > o) belongs to S (x). Then a subset M of X is semi-
analytic if for each rreX the germ of M in a; belongs to S (x).

1.2. — A locally finite union and a finite intersection of semianalytic
sets is semianalytic. The complement of a semianalytic set is semi-
analytic. A subset of a closed analytic submanifold X' of X is semi-
analytic in X' if and only if it is so in X. The image of a semianalytic
set under an analytic isomorphism is semianalytic. The closure, the
interior and the boundary of a semianalytic set are semianalytic. A semi-
analytic set is locally connected. The family of the connected compo-
nents of a semianalytic set is locally finite. A finite cartesian product
of semianalytic sets is semianalytic.

1.3. — Let M be a semianalytic set in X and p a natural number > o.
A point x e M is p-regiilar if there is an open neighborhood U of x such
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that Mn U is an analytic submanifold of dimension p of U; x is o-regular
if it is an isolated point of M. The sets of regular points of M (i. e.,
p-regular points for some p) is dense in M. The dimension dim M
of M is ̂  p if there are not ^-regular points of M with q > p;
dim M = p if dim M ̂ p but not dim M ̂ p — i.

Let dim M = p ; then dim M = p and dim (M — M) <p (M denotes
the closure of M). We call the semianalytic set bM = ~M—M the
border of M; 6M is closed if and only if M is locally closed. The set M*
of the p-regular points of M is a p-dimensional analytic submanifold
(not necessarily closed) of X, and sM = M—M* is a semianalytic set
of X with dim sM < p. We call sM the singular part of M, and denote
()M == bMusM. dim 6M < p, and OM is closed ifM is locally closed;
in this case, M* is a closed p-dimensional submanifold of X — ^M.
Observe that, again, we have the decomposition sM == (sM)* + s(sM),
and that by repeating the process it is possible to express M as a finite
disjoint union of analytic submanifolds of X with strictly decreasing
dimensions. If U is an open subset of X, then M n U is a semianalytic
subset of U and

M^U=(Mr\U)\ (bM)r\U =b(Mr\U) and
(()M)r\U =0(Mr\U).

2. Normal decompositions.

2.i . — A function H (zi, . . . ,^ ;z / , ) is called a distinguished poly-
nomial in zi, centered at the origin of Cy x C if it is a polynomial in zjz
with leading coefficient equal to i and whose other coefficients are holo-
morphic functions defined on a neighborhood of the origin of (Y and
vanishing at the origin; it is called a real distinguished polynomial if its
restriction H (x^ . . . , Xk\ x/,) to R^x R is a real function.

A normal system in R^ centered at the origin is a family (Hf,; o ̂  k < h ̂ _n)
of real distinguished polynomials H\(xy, ..., x/,; x/i) in the variable re/,,
centered at the origin, with discriminants D^ (x\, .. ., Xk) ̂  o, and such
that in some neighborhood of the origin

(a) Ht~1 (zi, . . . , Zk-i; Zk) == Ht (zi, . . . , Zk\ z,,) = o
implies H^~1 (z,, .... z^-i; z/Q == o ;

(6) Df,(zi, . . . , Zk) = o implies ^-1 (zi, . . . , ^_i; ^) = o

for all i^A <A^n .
A neighborhood 0 = (^ =(^, .... ̂ ); | .r, | < d,, i = i, .... n) of the

origin of R^ is called normal (for the above normal system) if the func-
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tions Hf,(zi, . . . , Zk; z/,) are holomorphic on ((zi, . . . , z^eC"; [ z, | ̂  A),
satisfy (a) and (6) on ((2i, . . . , ^eC"; [ z,\ < d,), and if

(c) | z, < d,, i == i, . . . , k, and 7^ (zi, . . . , z/,; z/,) = o
implies | Zk \ < dk

for all k, h with o^ k < h ̂ _ n.
There exists a fundamental system of normal neighborhoods of the

origin.
Now let Q be a normal neighborhood for a normal system

H^(o ̂  k < h ̂ n). For each k == o, . . . , n, let us define

Vk==(x€Q:H^i=^ . = ̂ Li - o, H\-^ o) (Q

and let r$ (x =.. .) the family of the connected components of V^.
Then the decomposition

/( n

e-U^-U U^
k = o k == 0 x

is called the normal decomposition of 0 f01* the given normal system;
the sets T^ are the members of the decomposition.

Let c be a point of the real analytic manifold X. A normal system fft^
in X centered at c is a pair (9, <9tcS), where cp is a coordinate map
cp : U -> 9 (U) c R72 such that c € [7 C X and cp (c) = o e R71 and where <9T^o
is a normal system in R" centered in oeR". A normal neighborhood
for Stt^S is a neighborhood () == CR-1 (Qo), where (?oCcp([7) is a normal
neighborhood for «9^o. The normal decomposition of Q for fft^ is the

decomposition Q = U cp-1 (1 )̂, the 1̂  being the members of the normal
k,v.

decomposition of Qo for ^cS. In general, a normal decomposition at ceX
is the normal decomposition of a normal neighborhood of c for a normal
system in X centered at c.

2.2. — (a) Every normal decomposition in X is finite, and its members
are semianalytic sets in X.

(b) Let Q = \ ) r^ be a normal decomposition. Each set
k,v.

( r^—ri )n@ ls a nmon of some T^ with j < k; consequently,
k-i k

(y^_ V^) n 0C U V1 for each /c = i, . . . , n, and \ ) V1 is closed in @.

0 ^o1 = i.
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(c) Let Q === ^ j ri be a normal decomposition at oeR" for
k,v.

the normal system (H^; o ̂ k < h^n). Each r$ with o < k < n has
the expression

r$==(^e0; u==(rri, . . . , x/,) €^ and^=^(u) , j = A- +i, . . . , n),
where i2 is an open set in R^, o e ̂ - and fy are analytic functions on t2
such that H^ (u; fj (u)) == o in ^2 and lim fy (u) = o for eachj == k -{-1,..., n.

M>0

(d) Each member T^(o<k^n) of a normal decomposition
at c€X is a ^--dimensional analytic submanifold of X; the T^ are open
subsets of X and the only o-dimensional member r?. is equal to the
set c; c€r$ for all (k, x).

(e) Let Q =( Xi:\ < di; i = i, . . . , n) == [ I r$be a normal
k,K

decomposition for the normal system ffi^ = (H^; o ̂  k <h^n)
at o e R", and let o < p < n. Then ffi^Sp == (^ ; o ^ / c < h ^ p ) i s a
normal system in R^ at oeR^ and Qp== (\Xi < A, i == i, . . . , p) is a
normal neighborhood for fft^p. If

e^O-'^UU^
k==0 k=0 ^

is the normal decomposition of Qp for fft^p and TT : g -> Qp is the
map (xi, . . . , .r/,) --̂  (.Ti, . . . , Xp), each r$ with k ̂  p verifies TT (T$) = /Ji
for some v.

2.3. DEFINITION. — Let A be a subset of X. A normal decompo-
sition U r^ in X is said compatible with A if r$ c A or T^ c X — A

X:x
for each k, %. A normal system fft^S at ceX is said compatible with A
if there is a neighborhood basis of c whose members are normal for ^LcS,
and whose corresponding normal decompositions are compatible with A.
Such neighborhoods are also said compatible with A.

(a) Let Ai• (i = i, . . . , s) be a finite family of semianalytic subsets
of X and let ceX. Then there is a normal system ffi^S at c compatible
with each set A; and, in this case, a normal neighborhood basis for 9VS
compatible with each A;.

n

(])) If Q = I J y'^ = I 1 r^ is a normal decomposition compatible with
;=o A:,%

the semianalytic set M and if dim M == p, then
/ /^ \

M = M n ( /^\ V ) and 1̂  c M implies 1̂  c M*= M — sM.
\ ^=0 /

BULL. SOC. MATH. — T. 94, FASC. 2. 10
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(c) Let 0' (R") be the family of all coordinate maps of R^ defined
by the orthonormal bases of R^; 0'(^n) is identified with the space 0(n, R)
of the orthogonal matrices of dimension n. Let A,• (i = i, . . . , s) be
semianalytic sets in a neighborhood of oeR" and let 0'(Ai, . . . , A , )
be the set of the maps in 0' (R") for which there are normal systems
at oeR^ compatible with each A,. Then 0' (Ai, .. A,) is dense
in 0' (R^).

B. Homology.

The homology theory used in this paper is that of Borel-Moore for
locally compact spaces, as it is presented in [1] and [2] (or in the forth-
coming book by G. BREDON [3]). We only state here for further refe-
rence, without proofs, some results not explicitly mentioned in the quoted
papers, which are direct consequences of the theory. Unless specifically
mentioned, notations and conventions of [2] are preserved. The cohomo-
logy is that defined in [4]. X is always a locally compact space, K a prin-
cipal domain, and Z the integer ring.

1. — Let F be a closed subspace of X and U == X —
an exact sequence of homology

- F. There exists

.. .^H,(F; K^H^X', K)^H,(U; X)-^J^_,(F; K)-^.. . ;

( ) c p is called the boundary homomorphism for the pair F c X. The maps
in this sequence will occasionally be abbreviated by f, j and ^, respecti-
vely. Let Y be another closed subspace of X, and V = X —Y. Then
in the diagram (1. i) (all homology groups with coefficients in K)

>H,(F)———^H,(X)——'——^H,(U)——'—^

( l . i ) . . ->H^F^V)———>H,(V)—^>H,(U^V)——..
^ o\ L^ , Y • ^

->^_,(Fn Y)—>H^(Y)—>H^(Ur^ Y)-^>.
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all squares commute, but the one with only boundaries, which anti-
commutes. In the case YcF, we have also the commutativity of

. . .—>H^F)—>H^X)—>H^(X—F)-^->. . .
^ ^ ^

(1 .2) | - ^ ]/

. . .—>H,(Y)——>H^X)—>H^(X— Y)—>...
i ] <)

Let us suppose that the family £/a(a eJ) of the connected components
of U == X — F is finite. Then

^j^: H^U^K)^^H^U^K)
a e J a.e.J

is an isomorphism andVi^c is the inverse isomorphism. For
ae^

each a€J, let

()^F: H , ( U ^ K ) - ^ H ^ ( F ' , K ) (qeZ)

be the boundary for FcFu Ua. Then the following diagram commutes,
as it is deduced from (l . i)

^UF
H,(U;K)—>H^(F;K)

(1.3) y'\ / s^^ (^^ o' \ / ae/
^H,(\j^Ky
ae^

2. — For each integer q, there is a split exact sequence

o-^Ext^r^; K), K)->Hq{X\ K)^Hom(H^X; K\ K)->o

which is compatible with the homomorphisms in the exact sequences of
homology and compact cohomology ([4], II, 4.10) for the pair FcX,
F being closed in X (3).

3. — The local homology sheaf ^(X; K) on X is the sheaf generated
by the presheaf U ->H^(U\ K) (U open in X). For each family <D
of supports on X, there exists a natural homomorphism

A : ^?(X; K)->H^(X', ̂ (X; K)) =r$(^(X; K)).

(2) Cf. BREDON [3], chap. V, § 5 and Ex. 30.
0 Id., Ex. 29.
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The support of ceHt(X; K) is defined as the support of the section A (c).
If the cohomologic dimension dim^X is ̂  n,

A : ^(X;J<)->r<i>(^(X;^))

is an isomorphism ([2], 1.10). Note that if At is a semianalytic set,
then dim M ==• dim^M.

4. — Let X be an n-dimensional manifold with a finite number of
connected components. The sequence of 2 and the isomorphism

J^(X;R)-^(X;Z)(g)R

give natural isomorphisms

Hn (X; Z) (g) R -^ Horn (^ (X, Z), Z) (g) R and
Hn(X; R) -> Horn (H^ (X; Z) (g) R, R).

As H^(X\ Z) is a free finitely generated module, the natural homo-
morphism

Hom(J^(X; Z), Z)^g) R-^ Hom(^(X; Z) (g) R, R)

is an isomorphism, and by composition we obtain a natural isomorphism

^(X;R)-^.(X;Z)(g)R.

This isomorphism is compatible with the integer and real homology
sequences for a pair McX, where M is an (n— i)-dimensional closed
submanifold of X such that M and X — M have a finite number of
connected components. Moreover, an isomorphism

X,(X;R)->^(X;Z)(g)R
is induced.

5. Cartesian product of homology classes.

Let X and Y be topological spaces with dim^X == m and dimyr Y = n.
The sequence of 2 gives natural maps

ay® ay
7^(X; K) (g) J^(Y; JT) ——> Hom(^ (X; K), K) (g) Hom(^(Y; K), K)

(5.i) Hom(J^(X; JQ(g)^(Y;X), J<)

H^n(Xx Y; K)) —————————> Hom^^^Xx Y; K), K)
^XX Y

^
m(^' K\<^\ ^(Y;..^,
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that, except ^, are isomorphisms, because of the dimensions of X, Y
and X x Y ; -n is deduced from the Kiinneth's isomorphism

H^^Xx Y; K) -.7^(X; X)0^(Y; K).

The composition gives an homomorphism

(5.2) 0: H^(X',K)^Hn(Y;K)->H^n(XxY;K)

which can be proved to be associative. If H'^^X; K) and H^Y; K)
are finitely generated free modules, in particular if X and Y are mani-
folds with a finite number of connected components, then Q is an
isomorphism ([2], 2.11, cf. also [3], chap. V, 13.4). In general, we abbre-
viate 0 (c(g)0 = c Q c ' , for each ce^(X, K) and c'e^(X, K).

Let F be a closed subset of X with diniAF == m — i and let V = X — jF.
Then the following diagram, in which all homology groups have coeffi-
cients in K, is commutative

H,n(X) (g) HnW^^l H^(V) (g) Hn(Y) ̂ E^ H^ (F) 0 Hn(Y)
(5.3) |o o| o|

H^n (X x Y) —————-> H^n (V X Y) ——^——> H^n-. (F x Y)

6. The fundamental class of an open set in R\

We denote R_= (x e R; x<o) and R_= (:r € R; .r^o). Let d e ATi (R; Z)
be the fundamental class of R such that ^n_,o 0.7R'R-(^l) is the canonical
generator of the homology of the point o, ^R_,o being the boundary
for ocR—

The canonical fundamental class of R^ is defined as the class

e^= e, 0.. .0 e.eHn^', Z) (/-).
If R^== R^xR^""', then en= e,n Q en-m, since 0 is associative. Let W
be an open set in R"; e^ == j11"'^(e,,) is called the canonical fundamental
class of W. Then the commutativity of (5.3) and the definition of e^
imply :

6.1. — Let U be an open set in R^-' and W == R-x U cR". Then
^ ^ u ( e / ^ ) = eu, ^^u being the boundary for ox [7cR-X [7.

6.2. — Let now U and V be open subsets in R", f: U -^ V a diffe-
rentiable homeomorphism of class 0s (s ̂  i) and f^: Hn (U, Z) -> Hn(V; Z)
the induced map. Then f^ (eu) = e^ if and only if the jacobian deter-
minant of f is > o on U. This follows from the similar fact for singular

(4) This definition is equivalent to that given in [2], 2.9.
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homology and from the identification, on a manifold, between this homo-
logy and Borel-Moore homology ([2], 1.11).

6.3. — Let f: X-> U be a homeomorphism between X and the open
set U in R2. Then e/^^e^X^is called the fundamental
class of X defined by f. In particular, if E is a real vector space of
dimension n, each base of E defines an isomorphism E -> R" and conse-
quently a fundamental class of £. Two bases of E define the same
fundamental class if and only if the determinant of the matrix of change
from one base to the other is positive. Thus an algebraic orientation
of E defines a fundamental class of E.

Let E ' and E " be supplementary subspaces of E of dimensions p
and n—p, respectively. Let e f € H p ( E f ; Z ) and e " ^ H n - p ( E " \ Z) be
fundamental classes corresponding to algebraic orientations of E' and E\
Then e ' Q e" eHn(E; Z) is the fundamental class corresponding to the
sum of the orientations of E ' and E" (cf. [2], 2.11).

C. Currents.

We assume familiarity with definitions and general properties of
currents, as given in [8] and [14]. Unless otherwise stated, X is a para-
compact difTerentiable manifold of class e" and dimension n, not necessa-
rily connected. <^(X) denotes the space of differential forms on X of
degree p and class 0°°, <^(X) the subspace of forms with compact sup-
port and

" . n

& (X) - ̂  &P (X), (D (X) = ̂  C^P (X).
p=o p=o

<^(X) and <0(X) are always considered with their usual structures of topo-

logical vector spaces. (^(X) =^d^(X) denotes the space of (impair)

currents on X, or topological dual of o)(X), and ^'p(X) the subspace of

currents of dimension p, or currents which are zero on V a)' (X).
v ^ p

6(X) and ^'(X), together with the exterior differential d and the border b,
respectively, are differential graded vector spaces, and cD(X) is a diffe-
rential subspace of <S(X). If T€<^(X), then bT(a) = T (da) for each
ae^(X); T is said to be closed if bT = o.

Let U be an open set of X and T e ( ^ ' (X). T | U denotes the restriction
of T on U; that is, (T| U) (a) = T(a) for all ae^(l7). Let S^CQ^U);
Te^(X) is called an extension of S on X if T | U = 5.

Let X and Y be differentiable manifolds of class (3" and f: X -> Y
a difTerentiable map. f induces a homomorphism of difTerentiable vector
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spaces f :6 (Y) -> 6 (X) of degree o. If f is proper, f (cD (Y))co) (X)
and a homomorphism f : ̂  (X) -^ ̂ / (Y) is defined by f (T) (6) = T(F (6))
for all becD (Y); f(T) is called the image of T under f.

1. Metric properties.

1.1. _ Let A be an open set in R^. The norm \\a\\ of aeo)(A)
is the supremum on A of the modules of the coefficients of a, under the
natural coordinate system of R\ If T is a lineal form on a) (A) and G
is a relatively compact open set in R", the norm || T\\c: of T on G is
defined by

|| T |ir, = sup { | T(a) |; a^^(Gr\A) and. 1 | a \\ ̂ i ).

T is said to be o-continuous on A if || T| |G is finite for each relatively
compact open set G in R" with 15 c A. If this is so, Te^' (A).

Let X be a manifold. T€U^ (X) is said to be o-continuous if there
exists a family cp^ (l/e'lL) of coordinate maps of X,

9,,: U-^^uWcK1, UcX,

whose domains are a covering of X, such that ^u(T \ U)e:C^'{^u{U))
is a o-continuous current on ^c(U). The definition is independent of the
particular family 0^7. d?'°(X) will denote the space of o-continuous
currents on X.

1.2. — Let X be a manifold and W an open set in X. Te^(W)
is said to be bounded on X if there is a family ^u(Ue^i) of coordinate
maps of X, cp^ : U -> cp^(l7)cR7', UcX, whose domains are a covering
of X and such that

Tu=^u(T\ [/nW)e^(^(^nW))

satisfies the following condition, for each Ue^:\\Tu ||r.is finite for every
relatively compact open set G in R" with Gccp ((7).

The definition is independent of the particular family cp^. If T € ( ^ ' (W)
is bounded on X, T is o-continuous on W.

1.3. THEOREM (:i).
(a) Let W be an open se-t in X. If Te^^W) has an exten-

sion r'e^^X), then T is bounded on X.
(b) Conversely, if Te^^W) is bounded on X, there exists a unique

current, T'e^^X), called the simple extension of T on X, such that

(5) Cf. [8], § 1 and 2.
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for each coordinate map 9 : U-> cp([7)cR7', UcX, of X, the following
condition holds :

ll?(^l^)ll<—ll?(^|Wn^

for all relatively compact open sets G in R" with Gc^(U). [It is
observed that cp(r | [/) e dY0 (cp ([/)) and cp (T [/nV^CE^Cp^nW)).]

Under the conditions of 1.3 (6), let ae^(X) and let K be the support
of a. If X7 is a relatively compact open neighborhood of K and u/
(j == i, 2, . . . ) is a locally finite difTerentiable partition of the unity
on K ' nW, then

r(a)= limVT(^) (r)).
/» ->- 00 •A———

Let W be an open set in X, and S and T be currents on W bounded
on X. Then the simple extension of S + T on X is the sum of the
simple extensions of S and T.

1.4. — Let A be an open set in R^ and T e ̂ /0 (A). Let F be a subset
of A. The norm of T on F is said to be zero, and denoted | T||/.== o,
if for each compact set K in A and each £ > o, there is a relatively
compact open set G such that K r ^ F c G c G c A and || T||<;< s.

Let FcX and Te^'^X). The norm of T on F is said to be zero
(i|r| |/,= o), if for each coordinate map 9 : U-> cp^cR77, U cX, we have
l i ?(^ I U) ll^c-nF) = o. It is proved that, if Te^X) and F, (i = i, 2,...)
is a family of sets in X such that [| T [|^ = o for each i, then |] T ||u/<\ = o.

(a) Let A be an open set in R^ and F a closed subset of A.
Let Te^A) and T==T\A—F. Then 11^11^=0 if and only
if j ] T\\(,= i | T ' \\o for all relatively compact open sets G in R^.

Consequently :
(6) Let F be closed in the manifold X, Te<^°(X—F) and T 1 an

extension of T on X. Then T ' is the simple extension of T if and only
if || T | |^=o ([6],2.2).

(c) Let F ' C F be closed sets in the manifold X and T r e o^° (X — F')
such || T ' ||/_M = o; let T = T ' \ X — F. Then, if T or T have a simple
extension on X, both simple extensions on X exist and are equal.

1.5. — Let Ac A' be open sets in R^ and ^ a real number ^ o.
Te^^A) is said to satisfy the condition C\ on A' if, for each relatively

(6) Cf. [8], § 1 and 2.
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compact open set G in R71 with GcA', there is a constant k(G)>o
such that

IITII^^G)^

for all open balls BrC G of radius r.
Let W be an open set in the manifold X and Te^(W). T satisfies

the condition C), on X if there is a family cp^(L^elt) of coordinate maps
9<7: (7-^WcR^, (7cX, such that, for each [7eOL,

^(T|Wn^)e^(c^([7nW))

satisfies CA on ^u(U). If this is so, T is bounded on X. The definition
is independent of the particular family ^u'

(a) Te^A) satisfies C). on A' (AcA' open sets in R'1) if and only
if for each .TocA7 there exists a ball Bo= B (xo, ro)cA' and a cons-
tant k (Bo) > o such that

\\T\\B^k(Bo)^

for all balls Br C Bo of radius r (cf. [8], theor. 5).
(b) Let T€O)'(X) satisfy condition C). on X, with ?i > o. Then

[| T ||,v= o for any submanifold M of X of dimension d< ^ (cf. [6], 2.4
and [8], theor. 3).

(c) Let us suppose, under the conditions of (6), that X is a real
analytic manifold. Then || T\\M= o for each semianalytic set M with
dim M < ?i. This is a consequence of (6) and the decomposition of M
in submanifolds of X of dimensions < ^ (cf. A, 1.3).

2. Integration on a manifold.

2. i. — Let a be a form in d^(R^). If

a(;r) = do(x) dxi f\ . . . /\ dxn,

where (rcj, . . . , X n ) are the natural coordinates of R71 and GoG^^R^),

we define / a == j do = integral of do on the number space R",
-R", en ^R"

Cn denoting the canonical fundamental class of R" (B, 6).
Let now X be a connected manifold. If X is orientable, Hn(X', Z) ~ Z;

let ee^(X; Z) be a generator, or fundamental class, of X ([2], 1.11)
It is possible to choose a family ^a(aeJ) of coordinate maps

^a : ^a-> ^a (U^) = Va C R", £/a C X,

such that:
(a) [/a(a€J) is a locally finite covering of X, and
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(b) ea^j^OOeJ^^a; Z) is the fundamental class of L/a defined
by ^a(B,6.3). Let Ua(aeJ) a difTerentiable partition of the unity
on X subordinated to [7a(aeJ). We define, for each ae^n(X),

f a===^ f ^(u^d),
J^ aeA^

where ^a("aa)e^(Va)c^"(R") and only a finite number of terms of
the summatory are non-zero. Because of B, 6.2, and known properties

of Cauchy integral, a is independent of the family ^a. Moreover,
^X.e

the family L^faeJ) defines an orientation of X in the sense of [14],

and ^ coincides with the current associated in [14] to such orientation.
J X,e

It is immediate that / i s a o-continuous current on X. It is called
^X,e

the integration current on X defined by eeHn(X; Z). Clearly,

/ = - / -17 V. — p ^ \ fX,—e ^X,e

If X is not orientable, Hn(X, Z) = o and we agree j = o.
^x,o

Let X be now a manifold not necessarily connected, let Xa(aeJ)
be the family of its connected components and X^aeJ'CJ) be the
subfamily of the orientable components. For each c e Hn (X; R) and a e J,
let Ca = jv'xff- (c) e Hn (Xa; R). Ca = o or Ca = ^a 0 Ca, where ^ e R
and ^a€^(Xa;Z) is a fundamental class of Xa (B, 6), according to
a e J — J ' or a e J'. We define

/• =2'-A/
J x - 0 ae/' ly^-'

It is immediate that ^aA / is independent of the representation
^ A", Off

Cy.= ^a (^^(aeJ').

2.2. PROPOSITION. — The map f: Hn(X; R) -> d^(X), c -> f has
x ^x,c^ X ^Y

the following properties:

(a) f is a monomorphism;
J x

(b) f satisfies condition Cn on X for each ceHn(X; R) (cf. 1.5);
*^y r
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(c) f is compatible with restrictions to open subsets;
Jx^c.

(d) The image of Hn(X; R) under f is the subspace of the closed
^ x

currents in (X^(X).

In fact, (a) and (c) are immediate; (b) follows because f satisfies C/,
^R^.

on R^. (d) is contained in [14], § 5 and § 19.

It is observed that (c) implies that the supports of f and c are equal
•/Y, c

for each c^Hn(X', R); in particular, if <]> is a family of supports in X

and ̂  (X) is the space of currents on X with support in <]>, j induces
^ x

a map JZ,f(X;R)-^a)^)(X) by composing with the inclusion
^f(X; R)-^^(X; R) ([2], 1.4).

2.3. — Let ce^(X;R). A form ae^(X) is said to be c-inte-

grable if V \ f u.,a <oo for a locally finite difTerentiable parti-
r e ^ ' ^

tion u^^^J) of the unity on X. In this case, it can be defined

V f n..nL^La :== j , I UvG,

and the number is independent of the partition.
If f: X -> Y is a difTerentiable isomorphism between the manifolds X

and Y, then f f ( a ) = = f a for each ceHn(X; R) and for
^X,c •A-V^c)

each f^ (c)-integrable form ae^n(Y)', f^ denotes the map in homology
induced by f. This follows from the definitions. In particular,

^ X ^ c j ^Y,f^<-)

Let M be a p-dimensional closed submanifold of X. The inclu-
sion i : M-^X is proper, hence the current iT(a) = T(r(a)) = T(a M),
a € ̂  (X), is defined. If T satisfies condition C), on M, so does i T on X.

Let M be a p-dimensional submanifold of X, not necessarily closed,
and F=M—M. Then i:M-^X—F is proper, and for each

c^Hp(M; R) the current z ( f ) e ^ ( X — F ) is defined. Let us
VM,<-/

^
Y

suppose that the simple extension T of i ^ on X exists. Then
,c7
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by 1.3, the form a Me^(M) is c-integrable for each ae^(X)

and T(a)= f a M.
^A^c

2.4. — Let X; be differentiable manifolds of class <300 and dimen-
sion Hi (i == i, 2), X=XiXX-2 the product manifold, 7r ; :X—^X; the
projections and TT;* : <^(X;)-^<@(X) the induced maps. Let

7r*=7r;A ̂  : ^(Xi)(g)o)(X2)^^(X), ai(g)a2-^(aj) A ^(a.^;

it is known that 7r*(cD(Xi) (g) ^(X,)) is dense in 6D(X) and that,
if <^(Xi)(g) (^(Xa) is considered with its inductive tensor topology,
then TT* can be extended to a topological vector space isomorphism

7T : (^(Xi) 0 ̂ (Xa) -> (^(X)

of the complexion ^) (Xi) (g) d? (X.O of ^ (Xi) (g) CO (X-Q onto ^)(X)
(see [5], I, § 3 and [14], § 7). Hence, for each pi^rii (i == i, 2) there
exists a monomorphism

(g) : ^(X,)(g)^(X,)-^^^^(X), S^)T->S^T,

such that 5 f0T(7^+(al0a.2))=5(al).T(a2) for each pair of forms
a;€^(X;) (1=1,2). Moreover, the following diagram is commu-
tative (see B, 5).

H^(X; R)(g)J^,(X; R)-^J^,^(X; R)

^<4 i/x
^^ (xo 0 ̂  (X) ——> ̂ ,., (X)0

In fact, given c;e.H^(X;; R) (i = i, 2), it suffices to see that f
•^•lO^

and j (^) j are equal on the dense subspace 7r*(^)(Xi) (g) ^(Xs)),
Jx,.c, A,,<-,

which follows immediately from the definitions.

2.5. — We state here, for further reference, the following simple case
of Stokes' Theorem.

LEMMA. — Let x === (xi, . . . , Xp-i) be the natural coordinates o/'R^"1

and U a bounded open set in R^-1. Let f ' . U — ^ ' R b e a C^-differentiable
function such that f>o in U,

r = ((x, t); x^U,t= f(x)) and L = ((x, Q; xe U,o<t< f(x)).
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Let a : L->R be a continuous function such that a\L^^(L), a is zero

on a neighborhood of Uxo and g is integrable on L. Then, for
each c ^ H p ( L ; R), we have

I -/dt A dx, A . . . A dxp^ = f (g | F) dx, A . . . A dx^,,
JL.cot ^^(c)

where ̂  r is the boundary : Hp (L; R) -> Hp^ (r; R) for the pair T c L u r
(c/-. B, 1).

Let c = = ^ ( g ) C o , where ^eR and e o ^ H p ( L ; Z ) is the fundamental
class defined on L by the coordinates (t, rci, . . . , Xp-v) (B, 6.3). Since

^ r (c) - ̂  (g) ^o and t, = ̂ , r (^o) e J^-i (r; Z) (B, 4),

it suffices to prove the corresponding equality for f and f - By
^L, e, ^r, t,

definition,

[ o g d t ^ d x , f \ . . . ^ d x , ^ = f ( ) g ,
J L, eo ' J L

and partial integration on t gives u — j g(x, f(x)). The last
J^ oft J u

integral is equal to \ (g \ T) dxi A . . . A dXp-i, t'o being the funda-
^r,^.

mental class of r defined by the coordinate map T-> U, (x, f(x))—^x,
and we have to prove to=t'^ But this follows from B, 6.1, after a
convenient homeomorphism.

3. de Rham's Theorem.
n

Let <S =^SP the differential graded sheaf of germs of differentiable
p=o

forms of class €^ on X; if U is an open set in X, CQ(U) = r< (<5 | U) is
the space of difTerentiable forms on U with compact support. 5 is a
soft resolution of R on X. Let D =D (ft) be the differential graded
sheaf [/—^Hom (^(U), R), with the differential and grading deduced
from those of 6. Then a)', sheaf of germs of currents on X, is a diffe-
rential graded subsheaf of D, and j : (^'->D will denote the inclusion.

If ^C(X; R) =^C(X; Z)0R is the local homology sheaf on X with

coefficients in R, f : ^C(X; R)^d)^ denotes the sheaf homomorphism

induced by f : Hn(U; R)—<^([7), for all open sets U in X (cf. 2.2).
^u
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Let ̂  and 'D be the sheafs a)' and D with modified gradings ' ( ^ p =^',,_
and 'Dp=Dn-p (peZ) and corresponding differentials of degree +i.

The sheafs /^ and 'D, together with f and j o ^ , are known to be soft

resolutions of S€(X; R) on X (cf. [14], § 19). Consequently, by [4], 4.7.1
and 4.7.2, we obtain :

H^(X; X(X; R)) = Hn_,{c^(X)) = H^,(T^(D)) (peZ),

for each family of supports <^ in X; here ^>(X) = r^(d)') denotes the
space of currents with support in <]>. Since R is a field, D(&) is also
the dual sheaf of <S, according to [I], 2.6, and we have

H,(T^(D))=H^(X',-R) for each qeZ ([I], 3.4).

Then we obtain natural isomorphisms

(3.i) .(X): J^(X;R)->^(^(X)) (qeZ)

which, in dimension n, are induced by f '
J x

Finally, if M is a closed submanifold of X, then the following diagram
commutes, as it can be seen from the definitions :

Jf?(X;R)-^^(^(X))

(3-2) ^MX ^M .V-

Hf^^M^T^^H^^^M))

i'Mx is the map induced by i : ̂ , „ (M) -> ̂  (X).

CHAPTER II.

Integration on a semianalytic set.

A. Integration currents.

1. A lemma on normal decompositions.

Let Ap be a p-dimensional vector subspace of R^. The linear
map t ' . I{P->Ap is said to be an orthogonal representation of Ap if it
preserves the natural scalar products in R^ and R72, i. e., if tu.tv = u.u
for all u .yeR^. Let T == (fc/) the nxp-matrix corresponding to t
under the natural bases e/ (j = i, . . . , p) and f, (i = i, . . . , n) of R^
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n

and R^, respectively; t(e^)==^t^fi for each j == i, . . . , p , and the

/?
functions rr ,=V^z/y (f == i, . . . , n ) define the linear map R^^R^,

7=1
y->x, induced by i For each set H == (ii, . . . , i^) of p integers with
if^t'i < • . . < ip^.n, let Tj^ denote the pxp-matrix defined by the

rows i], . . . , ip of T. Then, if < is orthogonal, the equality V | Tn |2 == i
rr

holds, where | T n \ is the determinant of T^.
/.

Let /\R^ be the p-exterior product of R / ^ (o<p<n) ; the p-vector

yey^R" is said to be associated to Ap if and only if y^ o and-zA^ = o

for all zeA^. A family A;" m = i, . . . , N = [ l of p-dimensional
subspaces of R71 is called regular if each family of p-vectors u,n (m== i,..., N)
such that p,^ is associated to A"p\ is linearly independent, and conse-

quently a base of /^R71.

Let now t " 1 ' . R'°'—> A'y be orthogonal representations of p-dimen-
sional subspaces A^ m ==i , . . . , ( n ) of R". We denote g",1 = ^ ( e / )
(j = i, . . ., p; m == i, . . ., N); then, for each m = i, . .., N, the
p-vector gm= g^1 A - - - /\ 9^ is associated to A^', and can be expressed,
under the natural base fi• (i = i, . . . , n) of R", as

r-1,1^1^
//

(H==(ii, . . . , i / , ) , i^ i i<. . . < f/^n); for each H = (ii, . . . , i p ) , we
denote here by T^ the p xp-matrix defined by the rows fi , . . . , ip of the
matrix T"1 corresponding to t'11 under the bases ej and fi(m == i, . . . , N),
and by fn the p-vector fi, f\... f\ /^. It follows that the family A^
is regular if and only if the determinant
(l . i) det(|T^ :m==i, . . . , N-, H = (i,, . . . . ^), i^ i, <. . . < ip^-_n)

is different from zero.
Under these conditions, let us define the following family of diffe-

rential forms in ^(R71) :

G3(A^)=^(|T^|d.r^;JZ==(i\, .... ^); i^<...<i^n)

(m == i , . ... N),
where drc^ == d^ A • • • A ^/, for each H == (i'i, . . . , i^).
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It is easily seen that:

(i) c^(A^) is independent of the particular orthogonal represen-
tation i'11 of A^;

(ii) if t'^ ^(R^-^^R^) is the map induced by ^, then
^(c^(A^)) = dy, A . . . A dyp (m = i, .. ., N), where ?/„ . .., ̂  are the
coordinate functions of R^;

(iii) the family c^(A^) (m = i, . . . . N) is a base for the vector space
of the forms in <^(R^) with constant coefficients if and only if the deter-
minant (1. i) is -^ o or, equivalently, if the family A'^ (m = i, . .., N)
is regular.

1.2. LEMMA (7). — Let Mi, . . . . M, be semianalytic sets in a neigh-

borhood of the origin of R^, and let o<p<n. There exist N = ( n ' \

coordinate maps x111 = (x^, . . . , x\[1) (m = i, . . . , N) in 0' (Mi, . . . . M,)
[cf. A, 2.3 (c)] such that the family of subspaces A'/,1 = (x"^, = . . . = = x^ = o)
is regular.

Let ^(1=1, . . . , n ) be an orthonormal base in R". For each
K = (ii, . . . . f^), with i ̂  fi <.. . < ip^ n, let CK = (ji, .. ., j/,_^),
i^J'i <. . . <jn-p^=n, be the complement of JC in the set (i, . . . , n),
and let gf = g^ ..., ̂  = ̂ , ^, = ̂ , . . . , ^= ^_^. The family

of the N == ( ) p-vectors ^ = ^f A • • • A ^(^ = • • •) ls linearly inde-

pendent, so the family of the subspaces A^ = (y^+i = . .. = z/^ = o) is
regular, where ^K == (y^, .. ., y1^) is the map in 0' (R7') defined by the
orthonormal base g1^ = ( g ^ , . . . , g^).

Let T7^ be the transition matrix between g^ and the natural base

(fi, . . . , fn) of R"; for each K we have ^ =^ T^\ fn, where
H

/^=/; ,A.. .A^

if H == (i j , . . . . i^), and T^ is the minor of T^ defined by the rows i i , ..., ip
and the first p columns of T^. As before, the regularity of A^ (K =. . . )
implies det ( | T^ |) -^ o. According to A, 2.3 (c), there exist N maps
^A= (.r^, . . . .a^) in O^Mi, . . . , M ^ ) so near the y^ as to imply
det(| Q^ )7zzo, where (^ is the transition matrix between x^ and the
natural coordinate map of R". From this the regularity of the family
A^; = (xf^, = . . . = x^ = o) (K = . . .) follows.

(7) For the complex case, see [8], § 5 and 6.
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2. Construction of integration currents.

2.i. THEOREM. — For each paracompact real analytic manifold X of
dimension n and each locally closed semianalytic set M in X of
dimension p (o^p^n), there exists a unique monomorphism

I(M): J^(M;R)^^,(X)
c ———> I(M, c)

of the real p-homology of M into the space of p-currents on X such that :
(a) For each ceHp(M; R), the support of I(M, c) is the closure in X

of the support of c. If p = o, M is a point Xo and 7 e Ho (xo; R) = R,
then I ( x o , ^) == ^(xo); if p>o, M* is the p-regular part of M and

c^j^^^eHp^M'; R), then I(M, c) coincides on M* with C
' ^J/* c*

( I ,C ,2 .2 ) .
(b) I(M) is compatible with restrictions to open subsets, that is, the

following diagram commutes for each open set W in X :

^(M;R) I ( M ) >^(X)
•M,j7n^ \^x,pr

^(MnW;R)^^(W)

where ^xfw denotes the restriction homomorphism of currents.

(c) For all ceHp(M; R), J(M, c) satisfies condition Cp on X
(I, C, 1.5). I(M, c) is called the integration current of M defined by c.

Proof. — As usual, Q(xo) denotes the o-current f->f(xo) (fe^^X)).
If dimM = o, M is discrete and, for each c^Ho(M; R), (a) and (b) deter-

mine I(M, c) ==V(^ 8(x^); x^^M and ^v=J17 '^>(c)); condition (c) is

immediately verified.
Let us suppose in the following that dim M > o. It is recalled that

bM = M—M, sM = M—M* and <)M = bMusM are semianalytic sets
in X with dimensions <p (I, A, 1.3), and that bM and ()M are closed
in X. In particular, Hp(sM\ R) = o in the homology sequence for the
pair sMcM, hencej^*: Hp(M\ R)-^Jf^(M*; R)isinjective. Since M*
is a closed analytic submanifold of dimension p of X — OM, the inclusion
i :^/(A^)-^/(X--^M) is defined.

We denote by 1' (M) : Hp (M; R) -> ̂  (X — ^M), c -> F (M, c), the

composition io oj^'^; since i and j : Hp(M"; R)-^d^(AT) are
JM* J M*

BULL. SOC. MATH. — T. 94, FASC. 2. 11
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injective (I, C, 2.2), I'(M) is a monomorphism. If W is an open set
in X, it is easily seen, according to I, B, l . i and I, C, 2.2, that the
diagram

Hp(M; R) 1>{M} >^(X—^M)
(2.2) ^M,MU^\ p

^(MnW; R)^^^(W^M)

commutes, where p denotes the restriction of currents. Moreover,
I, C, 2.2 (b) implies that I ' ( M , c) satisfies condition Cp on X_()M,
for each c^Hp(M; R).

We shall prove that F(M, c) satisfies Cp on X, for each ceHp(M; R).
This is trivial if p == dimX, since in such case M* is an open set in X.
Let us suppose o<p<n.

Let ceHp(M; R), o-eX and cp : U-^^(U) == VcR^ be an analytic
coordinate map with open domain UcX such that xe U and cp(^) = o.
Because of (2.2), F(M,c) \ U — OM == I ' (M n U, Cu), where c^j^ ̂ (c).
Moreover,

cp(r(Mn U, cu)) == ^(Mi, cOe^(Y—^MO,

where Mi==cp(Mn[7) is a locally closed semianalytic set in V with
dimMi=p, and Ci == ^,(cu)f=.Hp{M^ R) (I, C, 2.3). It will suffice to
prove that I'(M^ Ci) satisfies Cp on some neighborhood of the origin
(I,C, 1.5).

2.3. LEMMA. — Lei x = (xi, ..., Xn) be a coordinate map in 0' (Mi, ^Mi)
(I, A, 2.3 (c)), let yc^S be a corresponding normal system and Q c V a normal
neighborhood for £it^. If co(A^) is the p-form associated to the subspace
Ap = (xp+i = = . . . = Xn == o) of R" (cf. § 1), there exists a constant k > o
such that the current w(Ap) /\ I'(Mi, Ci)e^o(V—^Mi) satisfies

\\^{Ap)M'(M,,c,)\\B^k.rP

for each open ball BrCQ of radius r.

By definition, the normal decomposition Q = U r^ for the system sn^S
_ /-,x

is compatible with Mi and ^Mi. Then

Mi=^J(r^;rScMi and k ^ p )

and, since dimr^= p and dim^Mi<jo, we have

\J (rs;r$cMi)cMi—^M,=M;,
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and each I^cMi is an open subset of M\. Moreover,

^=\J (r^rScMi and k<p)

is a closed semianalytic set of Q, dim5'< p and ^Mi c S. Then S—()M^
is a semianalytic set in Q—^Mi of dimension <p and, since ^(Mi, Ci)
satisfies Cp on V—^Mi, it follows that

||r(Mi,Ci)||^-^==o [I,C, 1.5(c)];

in particular, |] w(Ap) A ^(Mi, Ci) |[.y-^ = o. Now, by I, C, 1.4 (a), both
currents

^(Ap) A ^(Mi, ci) | Q—OM^ and r= O)(A^) A I'(M^ cQ ] O—S

have the same norm on the relatively compact open sets G with G c Q.
Then it suffices to prove that T ' satisfies Cp on Q.

Let BrCQ be an open ball of radius r and aeCQ°(Br—S) a function
with 1 ] a l l^ i . Let J == (x :r£cMi). We have

T'(d)=r(M,,c,){a^(Ap))

= j a^(Ap)= f a^(A^)==V f aw{Ap)
^ /»/ /* . / •* ^/i//*-^.^ -^r^./-.^t,.. ^M^-S,^ ^JJYP.t

where

and

c^j^^^), c^j^^-^c,)

Cx=JMl '^^(Cl) for each xeJ.

According to I, A, 2.2, if TT : Q -^ Qp denotes the projection

(Xi, . . ., Xn) -> (Xi, . . ., Xp) = XP,

each r$ is the graphic of an analytic map /y : 7r(rS) -^I{n~p, 7r(r^) being
an open set in Qp. Consequently,

f aw(Ap) == r a(^, M )̂) te A ... A ̂
r;,c, "^(.ro,^

for each x e J, where

C X = ( T T ro,(c.)e^(7r(rs);R).
11.
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e^^iipv^ \± ̂ f;Hence, if c, == ̂ 0 e, where ^€R and ^e^(7r(r^); Z) is a generator
(%eJ), we have

TF(a)\^^ ^ f ^(^,/-x(^))^iA...A^
xe^ ^(r;),^

=^[^|.area7r(r^/^ ^ | \ area TT (B,) ̂  A-. ri\
^^J \xe.^ /

This implies the lemma.

Letnow^=(^, ...,^-)^=^ ..., (n) tbemapsin O^Mi, ̂ M,)
such thatthefamilyofp-dimensionalsubspacesA7" == (x'^^ =... =xfn = o)
is regular. The associated family c^(A^) is then a base for the'space
of forms in <^(R") with constant coefficients, and each form

dxn= dXi, A . . . A dx^, i^ ii <. . . < i^n,

where (xi, . . . . Xn) are the natural coordinates of R", can be expressed• • • f ̂ n

as (toy/=y^c^^,dxH=^sIf^(A'pt), with s/^eR (c/*. § 1). Then, for each form
?n

a(x) =^aH(x)dxn, we have
H

a=^^^c^(A^)=^P,,(...,^, ...)c^(A;;0;
H, m ,n

the polynomials P,n depend only on the maps x'11, and constants A-^^o
exist such that || P^(..., an, ...) || ̂ k',,.\\ a || for each ae^R72)

^-••••G)}
Let Q,,, be a normal neighborhood for the map x ' " , and let k,,,> o be the

constant that 2.3 yields for co (A"') A J'(M,, cQand Q,Jm=i, .. , ( n } ] .
L V P / J

Then, if B,. c Q = [ ^ Q,n is an open ball of radius r, and if a e oV' (B,.—^Mi),
fti

2.3 implies :

i7'(M,,c,)(a)[= J'(M,,cO^ ?,„(...,a/,, ...)co(A^

^|co(A^)AJ\^,,c--,^r-,,, ^V|co(A^)Ar(Af,,cO(P,,,)|

^^||co(A^) A J'(M., c,) [[„,.. [[?,»(..., a//, . . . )
m

^/^k^k',,\r"\\a\\.
\ m /
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Hence I ' {M^ Ci) satisfies Cp on Q and consequently so does I ' ( M , c)
on X. In particular, I ' ( M , c) is bounded on X.

We now define I(M, c) as the simple extension of I ' ( M , c) on X,
for each c ^ H p (M; R); it exists, and satisfies Cp on X, because of I, C, 1.3.
It is immediate that I(M): c-> I(M, c) is a monomorphism, since
I ' ( M ) is.

Condition (a) of 2. i is direct consequence of the definitions. As to (6),
let W be an open set in X, c^Hp(M; R) and c^^j^0^).
I(M, c) W satisfies Cp on W, thus || J(M, c) W\\^i^^=o and
J(M, c) W is the simple extension on W of J (M,c ) |W— ( )M
[I, C, 1.5(c) and 1.4(^)]; because of (2.2), the last current is equal
to r(MnW, c^), and this implies J(M, c) | W = J(MnW, c^).

Finally, to prove the uniqueness of J(M), let P (M): ̂  (M; R) -> <^(X),
c— J°(M, c), be another monomorphism which satisfies conditions (a), (b)
and (c). (c) implies that J°(M, c) is the simple extension on X of
J° (M, c) | X — OM, and (a) and (b) imply that the last current is equal
to I(M, c) | X—^M. The equality J(M, c) = J°(M, c) follows.

2.4. REMARKS.

(1) In the conditions of 2.i , J (M,c) (a )==f a|M* for all
^M*,^

ceHp(M;'R) and ae^(X), where c^j^^c), as it is deduced
from I, C, 2.3.

(2) Let C> be a family of supports in M. The composition of I(M)
with the natural inclusion ̂ ^(M; R)^^(M; R) ([2], 1.4 and 1.10)
gives a map J^M) : H^^^M; R)-^^(X) whose images have all
support in <I>. This is a consequence of 2. i (a).

(3) Let X be a complex analytic manifold, M a. complex analytic
subset of X of (complex) dimension p and e^H^p(M;Z) the funda-
mental class of M ([2], 3.4). Then J(M, i (g) e) coincides with the current
associated by P. LELONG to M [8].

3. Properties of integration currents.

3.i. PROPOSITION. — Let c p : X — ^ Y be an analytic isomorphism
between the real analytic manifolds X and Y. Let M be a locally closed
semianalytic set in X of dimension p. Then <p(/(M, c)) = I(Mf, c ' ) for
each ce^(M;R), where M^q^M) and c'= (9 M\(c)^Hp(Mr\I^.

This follows immediately from 2.4.(i) and I, C, 2.3.
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3.2. PROPOSITION. — Let NcM be locally closed semianalytic sets in X,
with dimN = dimM = p. Then

(a) if N is a closed subset of M, I ( N , c) = I(M, f,v^(c)) for all
ce^(N;R);

(b) if S is a closed semianalytic set in X with dim,S<p, then
I(M,c)=I(M—SJ^M-s(c) for all ceJ^(M; R) (I, B, 1).

On account of the condition Cp, it suffices to see that both currents
in the case (a) coincide on X-(^Mu^N), and that the currents in the
case (b) are equal on X — S , which is straightforward.

3.3. PROPOSITION. — Let M/,(heJ) be a locally finite family of locally
closed semianalytic sets in X, with dimM/,==p for all AeJ. Let

S=\JbM,, M==^J(M,—S),
he.j he.j

j k ̂  JM,, M,-S^ ^ __ ̂ _^ ^ ̂  j^

and let

^ ^ Y[H,(M,—S;T{)-^Hp(M;R)
h<EJ

be the homomorphism defined in [2], 1.7. Then, for each element (Ck)/^j
in JTI Hp(Mk\ R), we have

hG.J

^ J(M,, c/O - J(M, ^(c)), where c = (^(c,))/^./.
he.j

Observe that S is closed with dim S < p and M is locally closed with
dimM=p. It suffices to prove the equality on a relatively compact
open set W in X. The restrictions of both currents to W are equal to

I , == ̂  l(Mj, n W, c/^) and I , = I(M n W, c,^),
hQ.J'

respectively; here J ' = = (heJ; M/,r\Wy^ 0) is finite,

c^=j^^n^(c,) (heJ7) and ^=j^^^ ̂

By 3.2,

A = ̂  !{{MH— S) n W, j^(c^)) = ̂  I(M n W, f,^ o/-^(c,^))
^ e ̂ / /z e J'

=J(MnW,^l•^-°JAy(c^)),
AS/'
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where j^=j'/-.n^,i^-A)n^ and i^= i^-s)n^,M^^. By I, B, (1. i),
the diagram

H,, (Mi,; R) ——^—> Hi, (Mi, — S; R) ——"•—> Hp (M; R)

4 i7
Hp(Mhr\W; R)-^Hp((Mh—S)r^W; R)——^(MnW; R)

commutes. Then, on account of [2], 1.7, we have

c^= ̂ .̂ 0 1,0 (j"(c)) = ̂  î oĵ (c^),
he.j' he.-f

and this implies Ji = 1^, as wanted.

3.4. PROPOSITION. — Let Mh be a locally closed semianalytic set of
dimension ph in the real analytic manifold X/ifh == i, 2). Then the
following diagram commutes (I, C, 2 .4);

(̂Mi; R)(g)^(M.; R)-^>^^(MiXM.2; R)
1{M^®I{M^ \I(M^M^}

^ (Xi) ® ̂ , (XQ —=—> ̂ ^ (x, x x.o®
Let CA€^(MA;R) ( h = i , 2 ) and N = ((^Mi) x M,_) u (Mi x (^MQ).

T==J(MiXM2, CiQ^) satisfies condition Cp^+p^ on XiXXa and, since
I(Mh, Ch) satisfies C^,^ on X/i(h = i, 2), it is immediate that

^=^,€00^,0,)

satisfies Cp,+p, on XiXXa. Clearly, dimN<pi+p.2, and it suffices to
prove that T and T ' are equal on W = Xi xXa—N. But

T|W=iY f
\ ^ Mi

W=i( <
^I^xM^^Qe^

and

where c^=jMh'M^(ch),
i, : ^{M^^^iXf—OMh) (h = i, 2)

and

Then T | W = T ' \ W because of I, C, 2.4.

i: ^(M^xMO-^^XiXX^—N).
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B. Stokes' Theorem.

1. Projections of normal decompositions.

In this section a minor modification to normal decompositions is
introduced, which will be useful for the proof of Theorem 2. i.

Let 9t'S == (H^Xi, . . . , Xk', x/i); o^k<h^n) be a normal system
at oeR71, and let Q = (\ Xi < di; i = i, . . . , n) be a normal neigh-
borhood for <9 .̂ For a fixed p, o<p^n, we define

V-i=(rr€(^-i;^:^o),

^ =(x^Q^ H^-^o),
A =(x^Q; H^^o)

and [I, A, 2 .2 (e)] :

WP= V^nA = (xeQ; H;;-' =.. .=^Ai = °- H^-^o, H^^o),
pW =, VP n A,, = (.r e e/.; H^ 7" o, ̂ ^^ ̂  o).

If p = n, W^.W^ (^€(3; H^-^o, H^^ o).

Let W^ = l i L^ and ^W^ == I J pLr, be the decompositions of W^ and
T 0-

^W^ in their connected components. The sets L? are called modified mem-
bers of fft'S. Each L? is an open subset of some connected componentry
of Y^, hence it is a p-dimensional analytic submanifold, and also a
semianalytic set of R". Moreover, if 9fS is compatible with a set A c R",
so is the family (L?)^.

If Stf'S is compatible with a p-dimensional semianalytic set M in T{n,
then

/ /. \ / p-i \
M=Mn( ^jy^^MnW^+Mnly^n (^^? =o)+\^J V 1 ) .

\ 1=0 / \ 1=0 /

The last term is a semianalytic set with dimension < p, because so
p-i

is I i V1 and V^ is an analytic manifold of dimension p such that H1^ ̂  o
1=0

on all its connected components. For each T such that L^cM,

bH=H—LPcM—(Mr\WP\
We denote

11 P '' Q -^ Qp. (^ . .., Xn)-^(Xi, . . ., Xp)

and
^p-i '' Qp-> Qp-\, ( î, ...,Xp)-^(x^ ..., .r/,_i).
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Each member pT^~1 of the normal system 9f§p verifies

^-i(/.rr1) =p-^p~^sn^p_, [I, A, 2.2 (c)].

The sets p-iTf~1 are the connected components of ^_iY^-1 = A^_i.
For each ^-iTf"1, let

/•,,.: /,-irf-1 -^ R (o < s < i,, i ̂  /,)
be the analytic functions whose graphics in Qp are the sets ^r^~1 such
that 7r^_i (^T1) ^.iFf"1; we can suppose fi.s < fi,s+i(o <s< Ii),
and p T ^ ' 1 will denote the member pT^~1 corresponding in this way to /^;
fi^ o and fi, i, will denote the constant functions equal to — dp and + dp
on ^_irf~1, respectively.

l . i . PROPOSITION.

(a) Let o < p ̂  n. Each pLa satisfies 7r^_i (pLa) = p-iT^-1 for some f,
and then, for some s (o ̂  s < li),

(1.2) pLa === ((.ri, . . . , Xp) e Qp; /',,, (a;i, . . . , Xp-i)
<iXp <i f ^ 5+1 (.̂ i, . .., ^—i)).

Jn such case :
(i) ^rr'u^u^r^; if o<s, s+i<ir,
(ii) ^u^rr1 if o<s==i,—i(1.3) pLaC\^p=

or o = s, s + i < li-\
(iii) ^LO if o = s == li— i.

(b) Let o < p < n . Then each L? verifies 7r^(L?) ==pLy for some o-;
in fAis case TT^ | L^ n A is a homeomorphism onto pLa n A^, and TT^, [ L^ is an
analytic isomorphism onto pLa. Moreover,

(i) r^uL^urf1;
L ^ n A = (ii) rr'uL?;

(iii) L?
(1.4)

if pLy verifies (i), (ii) or (iii) of (a), respectively. If (i) holds, then

^p^-i)=pT^-} and

if (ii) TioZds, then

7^,(^f^ l)=.^^;

TT /T^"^ _ r^-1 •
''P V-- ^ / —— /)1 5 9

in aZZ cases the maps n? \ T P ~ 1 . . . are analytic isomorphisms.
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Proof. — If x'=(x\, . . . , x ' p ) ^ p W P , then ^(x^e?-^-1 = A^i;
let us suppose that ^-.iIY"1 is the connected component of TT .i^)
in /,-iV^-1 Then

/';, 5 (^'1 » • • • 9 ^p-1) < ̂  < fz, 5+1 (-^1 » • • • » ^-1 )

for some s(o^s < /;), and it is immediate that the connected compo-
nent pLa of n/ in ?WP has the form (1.2) and TT^ (pLv) =p_^Tfi~1. Hence
pLa r\ A^ has the form (1.3).

To prove (b), let Mp = (xeQ; H^, = = . . . = = H^ == o); it follows from
I, A, 2 (c) that TT p Mp : Mp->Qp is proper (8), and then so is

np\Mp^(H^l^o)->Qp^(H^-l^o);

consequently Tip V p : V P - ^ P ' V P is proper, since I, A, 2 (a) implies that VP
is a closed subspace of Mp n (H^~1 ̂  o). TT^ V^ is open too, since
I, A, 2.2 (c) and (e) imply that V^ is a union of graphics of analytic
functions defined on the connected components of pV^.

Since n p \ V P : V^-^pVP is proper and open, so is ^p \ VP n A -^pV? n ^p,
and it follows that for each connected component L? of W^ we have
TT^(L?) ==pL(j for some connected component ^L(T of pW'^ In such case

^L^ c T:p (L^ n A) c ̂ L(, n A^,.

Moreover, L^ c V^ c Af^, implies that ~L{ n A is a closed subset of Mp n A
and, since n? \ Mp n A -> A^, is proper, that 7r^(£^nA) is closed in A^.
Consequently, Tr^jr^A) ==^L(,nA^,, as wanted. ^ p \ L P is an analytic
isomorphism because LP is an open subset of some 1̂  and, according
to I, A, 2.2, TT r^ is an analytic isomorphism.

To prove that Tip \ L f n A is a homeomorphism onto pLaC\^p, it suffices
to see that it is injective, since it is continuous and proper. Clearly Tip LP
is injective. Let us suppose that a point y ' € (pLn—pLy) n ^p exists such
that 7T-1 ( y ' ) n Lf = (y1'; i = i, . . . , s) and s > i; let U1 = Up X U;,_p
(i == i, . . . , s) be a disjoint family of neighborhoods of the points y1,
where Up is a neighborhood of y\ Then there is a neighborhood U'p

s

of y ' in 0^ such that (n? Lf)-1 (U'p)c \j U1. In fact, if this were not

(8) f: X -> Y is proper if f-1 (-K) is compact for each compact set K in Y.
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the case, a sequence L^,n(neZ) of neighborhoods of y ' could be found,
with diameters tending to zero, together with a sequence

s

yn^p L^-^Up^-^Ju1',

then (yn)nez would have a cluster point ye7:~p1 (y^nL? different
from y1(i = i, . . . , s), which is a contradiction. On account of (1.2),
it is now easily seen that a neighborhood Up of y ' in Qp exists such
that U'p c ̂  and l/^ n pL^ is connected. Then (r:p \ L?)~1 (L^ n pL^), as a

connected subset of U U\ is included in some U10. This implies
i=l

y ' ^ L ^ if i 7^ io, which is a contradiction. The first part of (b) is proved.

To prove (1.4), let us suppose that pLy == Tip (L^) verifies

pL^^p^pTr^pL^pT^

Then L / =(^ |LfnA) - l ^^^ J ) andL / / =(7^^ L-f nA)"1 (^r^;) are con-
nected subsets of I^nA, L / nL / / ^0 and Lf c\^—L^ = U c\L".
Since L^ is a connected component of V^nA,

L ^ n A — L ^ c ( y ^ — V ^ ) n A c y ^ - ' [I, A, 2.2(&)].

Then, if xeU, it follows that xeT^1 for some a and x^ \ ] r^"1; since
P7-a

the last set is closed in A [I, A, 2.2 (6)], a neighborhood W of x exists
such that L'nWcFS"1, and the connection of L' implies L'cTS"1.
By I, A, 2.2 (e), ^(Fg-1) ^IY"' for some i; this, and ^(L7) ^^IT^
imply ^r^^rr1. Then I/=rr1, since 7r^|rr1 is injective, and
also L^n?1. The other cases in (1.4) are proved similarly.

2. Stokes5 Theorem.

It is recalled that if M is a locally closed semianalytic set with
dimM=p, then bM==M—M is a closed semianalytic set with
d im6M<p (I, A, 1.3).
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2.i. THEOREM. — Let X be a paracompact real analytic manifold of
dimension n and M a locally closed semianalytic set in X of dimension p
(o<p^n). The following diagram commutes (()) :

J^(M;R)^^^(X)

H^(bM;K)^^(X)

where b is the border in dY (X) and OM, bM is the boundary in the exact sequence
of homology

o-^H,{M; R^H^M; R^-^H^bM; R)^ ...

for the pair bMcM.

Proof. — Let c'eH^M; R), f = ( ) ^ ^ ( c ' ) and xeX. It suffices to
prove that bI(M, c') and I(bM, t ' ) are equal on some neighborhood of re.
Let cp : U -> 9 (U) = V c R" be an analytic coordinate map such that x e U
and <p (x) = o. The set M, = cp (M n U) is locally closed and semianalytic
in V and, according to II, A, 1.2, there are maps Xs = (Xs,, . . . , x ^ )

[s = ̂  • • - ( n ! ) in O^M,, oM,, sM,) such that the family

A'^ === (x^ =...== x^ = o)

of associated (p—i)-dimensional subspaces is regular.

For each 5=1, . . . , (^ n ^, let <9T^, be a normal system for the map Xs

compatible with Mi, ^M, and sM,, and let Q8 be a corresponding compa-

tible normal neighborhood. We denote Qo = n ( Q s ; s = i, . ( n \\
\ 9 \P—i / /

ane W^cp-^go), and we are to prove b I ( M , c ' ) W = I(bM, f) \ W.
Because of A, 2 . i ,

bI(M, c ' ) \ W = bI(Mr\W, c,/) and I(bM, t ' ) \ W == I(bMr\ W, f^),

where
/*',„— iM,Mr\)^(pf\ 4.1 _ -bM bMr\Jrfi>\ ^ / i \ /T T-» i \C ^ — j ^c ;, 1 - ^ — J ' " \t.) = OM(\H^bMC\^^^) ( I ,B, l . l ) .

Let b I ( N , c ) and J(6N, Oe^(@o) denote the image currents of
6J(MnW, c/^) and J(6MnW, f^) under 9 | W, where

N=Afin0o=9(AfnW)

(9) I (bM) = o if dim &M < p— i.
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is semianalytic in Qo,

c == ?.(^ ) € H p ( N ' , R) and t = cp,(^) = ^v ^(c)e^_^N;R).

It is sufficient to prove

(2.2) b I ( N , c ) = I ( b N , 0.

Let us consider a fixed normal system ffi'Ss and its neighborhood Qs.
In the following lemmas the other normal systems will not be used, so the
subindex s will be dropped from all notations. N will always denote
the closure of N in Q.

The decomposition Q = U L£ corresponding to 9^§ is compa-
ny.

tible with N, ()N and sN, and consequently so is the family (L^ of
modified members of fft^S (see. No. 1). It follows that L^cN implies
L?cN'=N—(W, since dimL^=p and dim^N<p (I, A, 1.3);
consequently, U is an open submanifold of N*. Moreover,

NnW^=^ (L?:L?cN),

S = N — N n W7' is a closed semianalytic set in Q °^ dimension < p,
and {L^—L^r^QcS for each T such that L^cN.

2.3. LEMMA. — Let J =={T: L^cN). T/zen

J(N,c)=^J(L?,c,),
T€./

where c, = j^'Lp (c) e ̂  (L?; R) (r (E J).
Because of II, A, 3.2 (&), J(N, c) = I ( N — S , Co), where 00=7^^-^).

But then II, A, 3.3 implies I(N— S, Co) = V J(L?, c^), and the lemma
^e '

follows.

2.4. LEMMA. — Let

N,=NnV^, Ji== (h; rr'cftN) and Jo= (A; rr1 cN").

Then :

J(6N,^/,v(c))=^J(rr1,^),
he. Jo



i74 M. E. HERRERA.

where ^=^oj^^(^ ̂  ̂  ^ ̂  boundary corresponding to the exact
sequence of real homology

(2.5) o-Hp^u^-^^H^N^^H^m-1)-^...

of the pair I^-1 cN^uT^1.

We observe that, for each Tie Jo, rr1 is a closed subset of N,uIT1,0-1
'0, - IA

y0-2

since N, c VP and Fr1 — IT1 c ̂ J V1 [1, A, 2.2 (6)]. Moreover, as ̂
;=0

is compatible with bN, we have

^^^Jrr+^n^ij v-V
^€^1 \ ;==o /

/ p-^ \

where 5"= 6 N n ^ \J V 1 • \ is a closed semianalytic set in Q of dimen-
\ i=o /

sion < p — i and the rr'^eJi) are open subsets of bN. Reasoning
as in the last lemma, we obtain

(2-6) i(bN, ̂  ,^(c))= ̂  /(rr1, ^),
Ae^i

where

^ =J6^ rrl (^v, ̂ (c)) € ̂ -, (rr1; R) (A e JQ.

Note that Ji ̂  0 if and only if dim bN = p — i ; if J, = 0, both members
in (2.6) are zero. To prove the lemma it suffices to see that

(i) he Jo—Ji implies th= o and
(ii) h € Ji implies V1 == th.

In any case, N.uT^ is an open subset of N. For

N-(N,urr1) = (N-rrMN-O
- / /'"1 \

^(N-rr^n^ ^n(^^=o)+^J V^^A.uA,
\ Z=0 /

(c/'. No. 1). Here
• p-i

A.=(N-rr)n U^'-U^^^^-^"1^^?-1)
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k—l

and, since r^—I^c U V 1 for all x, it follows ~A^= A^, Now let
Z=0

^ € A i — A i , where Ai = (N—IT1) 0(7^ n(J^ = o)); it follows that
a;<=N—rr1, since H^^o on rr1; hence

/.-2

.re y^n(7^ = o)— y^n(J^ - o)c ̂ J V1,
i=0

and we obtain A i — A i G A a . Then A i U A 2 is closed, as wanted.
If he Jo—Ji, then N^uT^~1 cN, and consequently

j^^^^j^rr.N^^rr1^));

then t/i== o, since (2.5) is exact. If AeJi, t/^=th follows from the
commutativity of the diagram (I, B, 1.1) :

H,(N; R^^lj^-i^N; R)
^V,| [y6Mrr1

^(N,; R) —->^_,(rr1; R)^
This prove the lemma.

2.7. LEMMA. — For each L?(reJ), eacA ce^(L?; R) and each /brm
ae^-1 (0), a(.r) = ao(^) dxi A • • • A dx^, where x = (rci, . . . , Xn) is the
coordinate map previously chosen, we have

bI{L^c)(a)=^I^-\h)(a\
Ae-^o

where in == ^r^(c) and 6^ : Hpd.^; R) ->Hp^(T^ ; R) is the boundary for
the pair T^~1 cL?urF1. p-i

Note that rr1 is a closed subset of L^urF1, since T^ c \^J V1

i=-o

and If-: c yp, Let us first suppose o < p < n and choose a member L^
with reJ.

rr1 n L? = rr1 n U n A for all h,

since H^^o on r^~1 (see No. 1), and L?nA has the form described
in (1.4). Suppose, for example, that L? n A = IT' u L?; then each rr1

with hyz^ot is a connected component of L^uTf^1, hence t/i= o and we
are reduced to prove

6J(L?,c)(a)=J(^rl,^)(a).
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Let pLa(EpWP and pTP~] be the members in Qp such that Tip | L?uIT1

is a homeomorphism onto pL^u pTf-1 and n? \ L? and TT^ rF1 are analytic
ismorphisms onto pLa and ^rf~1, respectively. Let

g : ^u^rr'-^urr1

be the inverse homeomorphism. We can suppose that

pL^== (( ,̂ ..., Xp)^Qp; (x,, ..., ̂ O^-JT-1

and
—dp<Xp<f(x,, ...,^_0),

where /': ̂ irf'^R is the analytic map whose graphic in Qp is pTf~\
Because of II, A, 2.4.(i),

I(L^) (da) = f da and J(rg-1, /a) (a) = f a;
I^ ^YP-\f,

ver,moreover,

f da= f ( g \ p L ^ ( d d )
ty T P „ l/„/L- ---'LP,c ^D^,^

and

f a==f (9\pTrY(a),
Tp^'1. p^r1^

where
^= (^ | LD, (c)^Hp(pL^ R),

f, = (TT^ [ rr1 \ (^a) e ̂ _i (,,rf-1; R), (g pL^ {da \ Lf) e & (pLa)
and

(g ,Trr(a rs-^e^^rr1);
note that i, = <) (Co), where 0 is the boundary corresponding to the
pair ^rf-1 c^u^rr1. Then it suffices to see that

f (g\pL^(da)==f (g\pTrY(a),
^p^v, Cy J p^,_i

P1 i ' 'i

which is a consequence of I, C, 2.5, since

(9 I /.rrT (a) = a,(g) dx, A . . . A rf^-i
on ,rf-1,

d(^ | ̂ L,)- (a) = 6^ ̂  A dx, A ... A ̂ -i

is integrable on pLy because so is da on L?, and ao(g) is continuous
on pL^UpTf 1. If L?nA has one of the other forms described in (1.4),
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the proof of the lemma is similar. The case p === n is simpler, since
then L?nA ==^nA verifies (1.3) and I, C, 2.5 can be directly applied.

2.8. LEMMA. — For each form a(x) = ao(x) dx, A . • . A ̂ -i, where
ao(x)^iT)°(Q) and x = (xi, . . . , Xn) is the map previously chosen, we have

b I ( N , c ) ( d ) = J(6N, ^v,6A-(c)).
By 2.3 and 2.7,

b I ( N , c) (a) =^bI{L-^ c,) (a)= ^ J(rr1, ^) = ̂  I^-\ ̂ ) (a),
Te•/ ^e./x.^o /;e^o

where ^=^'^(0) for each reJ,

^ = ^^ (c,), ^,. : Hp (Lf; R) -^ H,^ (rr1; R)

being the boundary for the pair rF1 C Lf u rr1 and V1 = ̂ ^. Because
T€^

of 2.4, it suffices to prove t/,= i11 for each he Jo, and this follows from
the commutative diagram of real homology (I, B, 3) :

^(N)-^-^(N,)—^_^_,(rr1)
\ /
^\ ^Lp /^
•' \ ' / ^

\ - /
1,^(^)

In fact,

^ = ̂  ̂ ^^(c) = y ̂  0^(0) = y ^^(c,) = th,-^-^
./ 7

To finish the proof of the theorem, let us consider the chosen family
of maps x ' = (x-^ . . . , ̂ ) s = i, . . . , ( _"_ U Since the family of
subspaces A s = (^ = = . . . = ̂  == o) is regular, the family GJ (A -)

[5 == i, . . . , ( ) of associated forms is a base for the space of
\ P — I / J

forms in ^-^(R^) with constant coefficients (A, 1). Consequently, each
form aec^p-^Qo) can be expressed as a =V^,C,)(A'), where a,eo)°(()o)

and C,)(A-) = & ; A . . . A ̂ -i s^ i , . . . , ( _"_ )1. Then 2.8 can
be applied to each term ^^(A'), and we obtain

b I ( N , c) (a) - I ( b N , ^V,,A (c)) (^,
as wanted.
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2.9. COROLLARY. — In the conditions of Theorem 2. i, I (M, c) is closed
if and only if ce/^C^M; R)). Hence I (M, c) is closed if
jF^-i(6M;R) == o or, in particular, if dimbM<p—i.

It suffices to consider the exact sequence of homology of bMcM and
the fact that I (M) is injective.

2.10. COROLLARY. — The current associated by P. LELONG in [8] to a
complex analytic set is closed [A, 2.4. (3)].

2.11. REMARKS.

(1) If C> is a family of supports in M, we have also a commutative
diagram

J^M(M; R) ^m >dD;(X)

6 6

^^M;R) ^,_,(X)
7'l^(6Af)

where ^ has been defined in [2], 7.10 [see A, 2.4. (2)]. This follows
because the natural homomorphisms

^^(M; R)-^(M; R) and J l̂̂ M; R)-^ (6M; R)

are compatible with ().

(2) If dim b M < p — i, it can be proved that b I (M, c) === o with the
method of [8], without using Stokes' Theorem. This has been sketched
in [6].

(3) If M is an oriented affine simplex of dimension p, the usual
integration on M coincides with I (M\ i (g) e), where e^Hp(M*; Z) is
the generator associated to the orientation of M ([I], p. 148). Then
Theorem 2. i reduces to the classical Stokes' Theorem, as presented for
example in [14], § 6.

3. The homology class of an integration current.

According to 2.9, if M is a closed semianalytic set of dimension p
of X, then I (M, c) is closed for each ceHp(M', R). Let us denote by
IM,X:: Hp(M\ 'R)-^Hp((^1 (X)) the induced map into the p-homology
of the currents on X.
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3.i, PROPOSITION. — The diagram

M / •V'\

H,(X; R)—^H^(X))
. f /(

tM,X\ /I
I / ' M . X

7^(M;R)

is commutative (I, C, 3.i) (10).
Since M is closed, bM == 0 and ^M = sM = M — M*; letX* == X—OM

and let
p-^-: ^(^(X))-^(^(X*))

be the map induced by the restriction of currents. Then

p^o^x^^x-yoj^ (i,c,3.i)

and p^^* is injective, since dim^M<p implies thatj^^* is injective
in dimension p. It will suffice to prove that

P-^ Y* o ̂ ,X == P^* o V (X) o f^.

By A, 2. i (6),
P^oJ^=J^.oj^,

and the last map is equal to v(X*)o i^^x^ oj'^^* [I,C,(3.2)], which
coincides with ^ (X*) o j x ' x * o f ^ ^ = ̂ xir o y (X) o i^ ^ as wanted.

3.2. Remarks.

(1) The last proposition holds for any family of supports e> on X,
as it can be seen by composing v (X) and IM,X with H^ (X; R) -> H (X; R)
and H^l^M; R)—^(M; R) [A, 2.4.(2)i.

(2) Let X be oriented by a fundamental class e^Hn(X; Z). Let Mi
and Ma be closed semianalytic sets in X such that dim Mi == p and
dim Ma == q == n — p. Let Ci e ̂  (Mi; R) and €2 e He, (Ma; R). Then
the intersection product of c\ =-- i'^x(ci) and c'^ = i^ x(c-i) is an element
c\. c'2 € HS (X; R) ([2], 1.12). Let £ : H^ (X; R) -> R be the map induced
by mapping X into a point. Then s^i .Cg) = I (My, Ci) A ^(Ma, €2) (i),
where the last symbol denotes the Kronecker index of the currents
J(Mi, Ci) and I(M^ cQ ([14], § 20). This can be deduced from 3.i,
the definition of the intersection product and the properties of the
Kronecker index.

(10) Particular cases of this property can be found in [2], 3.4 and [7], Theor. 3.



l8o M. E. HERRERA,

REFERENCES.

[1] BOREL (A.) and MOORE (J. C.). — Homology theory for locally compact spaces,
Mich. math. J., t. 7, 1960, p. 137-15 9.

[2] BOREL (A.) and HAEFLIGER (A.). — La classe d'homologie fondamentale d'un
espace analytique. Bull. Soc. math. France, t. 89, 1961, p. 46i-5i3.

[3] BREDON (Glen). — Sheaf theory. — New York, Me Graw-Hill Comp. (to be
published).

[3 a] BUNGART (Lutz). — Stokes" theorem on real analytic varieties, Proc. Nat.
Acad. Sci. U. S. A., 54, 1966, 343-344.

[4] GODEMENT (Roger). — Topologie algebrique et theorie des faisceaux. — Paris,
Hermann, 1968 (Act. scient. et ind., 1252; Publ. Inst. Math. Univ. Stras-
bourg, 13).

[5] GROTHENDIECK (A.). — Produits tensoriels topologiques et espaces nucleaires. —
Providence, American mathematical Society, 1955 (Memoirs of the American
mathematical Society, 16).

[6] HERRERA (Miguel E.). — On the extension of currents. Rev. Union, mat. Argent.,
t. 22, 1965, p. i39-i43.

[7] HERRERA (Miguel E.). — Integration sur un ensemble semi-analytique, C. R.
Acad. Sc., t. 260, 1965, p. 763-765.

[8] LELONG (P.). — Integration sur un ensemble analytique complexe, Bull. Soc.
math. France, t. 85, 1957, p. 239-262.

[9] LOJASIEWICZ (S.). — Une propriete topologique des sous-ensembles analytiques
reels, Collogues internationaux du C. N. R. S. [117, 1962, Paris], p. 87-89.

[10] LOJASIEWICZ (S.). — Sur Ie probleme de la division, Studia Math., t. 18, 1959,
p. 87-136.

[11] LOJASIEWICZ (S.). — Triangulation of semianalytic sets, Ann. Scuola norm. sup.
Pisa, 3® serie, t. 18, 1964, p. 449-474-

[12] LOJASIEWICZ (S.). — Division de distribuciones y triangulacion de conjuntos semi-
analiticos, Universidad de Buenos Aires, Fac. C. exactas y naturales, Dep.
Matematicas, 1965.

[13] LOJASIEWICZ (S.). — Ensembles semi-analytiques. — Paris, Presses universitaires
de France, 1966 (Institut des Hautes Etudes Scientifiques).

[14] DE RHAM (G.). — Varietes differentiables, 2® ed. — Paris, Hermann, 1960 (Act.
scient. et ind., 1222; Publ. Inst. Math. Univ. Nancago, 3).

(Manuscrit recu Ie 8 janvier 1966.)

Miguel E. HERRERA,
Facultad de Ciencias fisicomatematicas,

La Plata (Argentine),
Institute for advanced Study,

Princeton, N. J. 08540 (Etats-Unis).


