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THE FUNCTIONS THAT OPERATE
ON B, (T') OF A DISCRETE GROUP T;

BY

Nicoorss Tu. VAROPOULOS.

Introduction and notations. — Let G be a locally compact abelian

group, and let G be the dual group. We shall, throughout in this paper,
follow well established and standardised notations.

We shall denote by L,(G) the Banach algebra of bounded Radon
measures on G which are absolutely continuous with respect to the Haar
measure of G; K (G)cL,(G) will denote the space of continuous func-
tions on G with compact support, and, when G is compact, h, will
denote the normalised Haar measure of G.

We shall also denote by M (G)> M,(G) the Banach algebra of bounded
Radon measures on G, and the closed ideal of those measures whose

Fourier transform vanishes at the infinity of G. M (G) has a natural
involution p— & = p(—=x). Finally we shall denote by B(G) the
function algebra on G of all Fourier transforms of elements of M(G).

Let now G be a compact abelian group and let L,(G)cAcM(G)
be any, not necessarily closed, subalgebra of M (G) containing L,(G),
we then introduce the :

DeriniTION. — We shall say that the complex function ® operates
on A in [— a, a], for some a> o, if ® is defined in [— b, b] and b a,
and if for all x€ A such that —a =8(y) = a we have ®[&(y)]eB(G),
i. e. if there exists a measure in M(G), which we shall denote by
®[a] € M(G), such that (®[«])" (x) = P[a(y)].

If now for some p.€ M(G) we denote by { L,(G); p- } the subalgebra
of M(G) generated by L,(G) and ¢, we can state the main result of
this paper as follows :

Tueorem (F). — In every infinite compact abelian group G, there
erists p€M,(G) such that the only complex functions that operate
on { Li(G); ¢} in [— 1, 1] are those that coincide with an entire function
in some neighbourhood of o.
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302 N. TH. VAROPOULOS.

The material of this paper is divided as follows :
§ 1. We make some general remarks and give an equivalent form
to the theorem (F).

§ 2. We prove the theorem for the particular case when G = T the
one dimensional torus.

§ 3. We prove the theorem for the particular case when

G =[]z
n—1
for prime numbers p, (n > 1).
§ 4. We prove the theorem for the particular case when

G=U(p)=[Z(p)I" .
the group of p-adic integers, for some prime number p.
§ 5. We deduce the proof of the general theorem.

1. General remarks.

G denotes an infinite compact abelian group in this paragraph.

Then it is a well known theorem of Kahane-Katznelson (cf. [6], 6.5.4)
that if @ operates on L,(G) in [— a, a] for some a > o, then there exists
a>.d > o such that

@ (2) ::EajC/ for —d<z<od.
Jj=0
It is also immediate to verify that if L,(G)cAcM,(G) and a > o,
and if ® operates on A in [— a, a] then the function ®;(J) = ®(RY)

EJ and if

for any R > o operates on A in [— 1%, o

D) =N o, U for —d<r<d;
j=0

. 3 0
d’,;(():}_‘oc,-R/ U for — 5 << g
j=0
using these observations it is easy to see that our theorem (F) is equi-
valent to the following :

THEOREM (®). — In every infinile compact abelian group G, there
exists p.€ M,(G) such that for every o > o and every ®(%) =2a,~ ¢/
Jj=0

(convergent for 7€[— d, d]) which operates on { L,(G); p} in [—3J, 9]
we must have a; = 0(1) as j — co.
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The above theorem motivates the following :

DEerFiniTION. — We shall say that, for a compact abelian group G,
p-€M,(G) is a ®-measure if for every ¢ > o, and every complex func-
tion @, such that

@

@)=Y/ for Le[—3, 0]
j=0
and which operates on { L,(G); 1+ } in [— d, 0], we can deduce that
a;=0(1) as j > 0. We prove the obvious :

LEmMmA. — Let G be a compact abelian group and let H be a closed
subgroup, and suppose that G/H has ®-measures, then G has ®-measures
also.

Proof. — Indeed it suffices to observe that there exists a natural
identification of M (G/H) with the subalgebra of M(G) consisting of
all those elements of M(G) whose Fourier transform is identically
zero outside (G/H)"[(G/H)"c G]; and that in that identification
M,(G/H)ycM,(G) and L,(G/H)cL,(G) ([2], chap. 7, § 2).

2. The one dimensional torus.
In this paragraph, we shall prove :

TueoreEM (T). — T the one dimensional torus has ®-measures.

The proof of this theorem will not be given before the end of the
paragraph; before that, we shall introduce some notations and definitions
and also prove some lemmas which are interesting for their own sake.

Let us denote by

9:9(2):[]9;%:1]9", where Q2=Q,={o;1] (A1)

n=1 n=1

(the space of two points). Then using the binary expansion of the real
numbers in [o, 1] we can find an onto mapp :

s: @ > T=R/Z

which identifies the two spaces modulo a denumerable set, using s the
continuous (diffused) measures on T and & can be identified, i.e.
M (T) = M (), where M.(X) for a general locally compact space X
denotes the space of continuous bounded Radon measures on X. 'We shall

also denote by N
N

;;;:SZ — HQ"

n=M

the natural projections of the Cartesian product (= Q).
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Let now
O0={q}3=, R={rmji,
be two sequences of positive integers such that
(1) mn—@>5n; qua—rx5n (1) [ << g

Let also :
E={¢l;,

be a sequence of real numbers such that

©

I
0<e< i G—yo; M=+
©) <en<< 3 €ns 2 O nﬂs oo all real o> 0
[en>o0];

Q, R and E being fixed once and for all in this paragraph we can define
for all o€[1, + )

Yo, N =[ ]][1 + 2¢; cos(z"nt)]:IhT.

n=—1

Then p.o, n€ME(T) = ME (), teT denotes an integration variable, and
where in general M;(X) = M.(X)nM+(X) for some locally compact
space X denotes the set of positive bounded continuous Radon mea-
sures on X.

Let us also define

P == lizlvrm”’N for oe€l1, 4+ )

the limit being taken in the vague topology of measures. [It exists

because || po,n|=1(N>x1) and, for every yeT, fsn(x) converges
as N — oo, as we see in what follows.]

Let us now denote the subset of Z (= The integers)
5M={Yh ol 4y ot ... Fny2™; n.=o0, +1, —1 }
We have then for all e €[1, + o),

@) folcScsc...cSuc...c| ) =3 =suppp,cZ="1

M
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and also

%) Suc[—Ma2™ M2"]=1I, and Sy=IynZ
and

(%) mneZ, m#n = 2'm4Iyna™n+ I, =0.

Also if we denote in general by KZ = { Km; meZ | for any KeZ,
then it is immediate that for each M > 1

®) 3 =(2n2"2Z) 4 G,
So from (3), (4), (5) and (6), it follows that
N N
6)] ﬁ(,l'Emzq,] =[]s§f‘m (nr=o0, +1,—1)
_r=1 r=1
and using this it follows at once that for all c€[1, 4 o)
® oo and | po—hel. =8
From (8), it follows that p, € M7 (T), and from (7), it follows that
() Po K [lp = fowpe
‘We now prove :
Lemma 1. — If 9, f€e X (Z) and if for some N1,
suppfc[—-27, 2”x]  and suppoca’+Z

[ this means that o can be considered aseX(2"~1Z)]. Then for every
o€[1, 4+ ), we have

Cpan <1 80 = oy 160 = Cpay (F K 9)

Proof. — Observe first that in general for «€ M(G) and Y€ L,( G),
and any locally compact group G, we have

) Ladd=Gw=[ [ 0d@d.
s€E6Y el

Observe next that to prove the lemma, we may assume that
9=129, and f[f=10, (n,veZ) (Ao, o complex numbers),

i. e. that the support of ¢ and f consist of single points, since then the
lemma would follow by bilinearity.

Then it follows from (10) and (4) that
(1) {pofOpa§>#0 < veXna™Z,  nesy
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which implies from (4) and (5) that

N R
% l
n =Zn,, 27, v = 2, Ny 2% some R> N,

p=1 p=N-+1

and (7) and (10) implie then that

Lpay [0 <o 80 =] [t =t (F % 9"

p=1

Also (11), taking into account (4), (5) and (6) implies that
< pros fA><PGa 6>=0 = n+véX = {(po (k9 D=0

and this completes the proof of the lemma.
We now introduce some more notations and definitions :
For te Q (= QW), we define ™M e Q by

’,M-!—-l ’7‘.\+l -
(N)y — - M) = ©
PN =50 ad  H V)= 5 (),

where o = (0, 0, 0, 0, ...)ER.
We also define, for all integer N .1,
O (f) = 2 cos (2% V) — zf cos (27 ) dh (1),
Q

It is immediate then that

741

(12) T =) = Ol =0x0)

Jy+1 74

and

(13) J;()N(t)dhr(t)zo and  [Onl.=4 (N1)

and also since
[t—tM],.=0[27"] as N->ow

[where in general for f(¥)e G(X), X a topological space, we denote

17l » = sup| f@) []-
We see using (1) that
(1) || 0n@® —2cos(278) ;. =0[2""""+]=0["N] as N-»oo.
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Let us further introduce the nets on

Ra(t) = zwe Q; w(t)—w(w)
(19)

/\—H /\+1

Sn(t) = g we®; F ) ="5"o)|ce

and let us finally define using (2), (12) and (13)

N _
Yo, N :[II[I + €7 0,1(1)]Jh1'€M+ (£2),

_n=1
ve=limvs n
N
for all c€[1, + o).
Our next task is to prove the

LEMMA 2. — v, and p, are equivalent measures for all o€[1, + ).
This lemma is the analogue of equation (3) of [8].

Proof. — We first compute a certain number of estimates :

EsTiMATE (A) :

N
oo x [Ra(t)] — ]| [ 11 + 227 cos (a700)]

n-—1 l, =

— O [2]\'+'7N_r~\:| _ O [2_”,. A ]

l, »

=

meE R (Y

0SC {[l[l + 227 cos (27 m)]}'

as N-—oo by (1).
EstimaTE (B). — Using (3), we see that
| #o[RN (O] — o, IRy D] |, -
W Q
2 2
n>xN—+1 seﬁn\ﬁn_l

= O[ Z 2"—%] = 0" 7] as N—oco.

n—=N-+1

= cos(sw) dhr(w)

Ry (0)

L,

EstiMaTE (C). — Putting together (A) and (B), and using (1), we
see that

= O[27""] as N— 0.

l,o»

2™ o[ Ru(t)] __.l_[[l + 2¢f cos(27-1)]

n=1
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EstiMaTE (D). — Using (12) and (14), we see that

Yo[ Ry ()] = v, n[Rx ()]
and

2" vo[ Ry (1)] — [[ [1 4 <7 0,()]

n=—1 l,»

| § LR en(wn}

n=1

=

0SC

wE R, ()

— O[2N+’]N—/"N] — 0[2_4.1\‘]

l»

as N — oo from (1).
EstiMATE (E). — Using (C) and (D) above and the fact that [(2), (13)]

N I+ 2 0.0 = 2

n=1

for all c€[1, + ), we deduce that

=0[27"] as N-o0.

l,»

re[ Ry (6] . 1+ 2¢7c0s(271)
vo[Rn (9] [l 480,00

To complete now the proof of the lemma observe that because of (14)
N

1+ 2¢) cos(27nt .
(16) H P 6,,((t) )A.%m A©)(t) uniformly for ¢

n=1

for some function of ¢, A (f); and that there exists B> 1 such that

(17) prr=Al() =B
Then the estimate (E) and (16) imply that
Pl By () oIty uniformly as teQ

vo[Ra ()] V>~
and this together with (17) imply the required result that p, and v,
are equivalent measures. We prove next the
LEmMMA 3. — p, 0€[1, +®©), p£a = v, | v,
Proof. — For the proof of the lemma the technique developed in [7]
and [8] is very closely followed.
We introduce the following functions of f€ £,

27 = Zipro () = log A0 po o e, +
BTz 0.0 g
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and consider { Zl/°7}%_, as a sequence of random variables with respect
to the probability distribution vg.

Then (2) and (13) imply that { Zif/°!{»_, are uniformly bounded;
and (12) that they are independent.
Assume now that ¢ > p>~ 1. We have

Zif = ¢f[0,() + o(1)] as n— oo uniformly in f€ Q.

And therefore applying (8), (14) and (17) and lemma 2, we see that
([5], chap. 7, sect. 43)

(19) E(Z[,,P/”])‘2=s"f(fg();"l(t)dva—f-o(l))éﬁ"‘ s';’f(fﬂ@i(t)dpg—l—o(l)\)
= s‘;’f([;fg cos?(27-t) dp.s + 0(1)\)

=B ¥ (2 + o(1)) as n-—oo,

also we have from (2) and (13) (the complete analogue of equation (4)
of [8]) that

7 ok___ .0k
Bz =Y 0 S [0k dve— Ol
Q

k=1
and that together with (18) implies that
> (Z ) > ¥ [287" 4 o(1)] as n->oo

and this in turn implies that

(19) 27 =+ o

n=1
Now just as in [7] and [8], we use the following proposition of proba-
bility theory :

If {U,lz., is a uniformly bounded sequence of independent random
N

Su.

n=1

variables such thatz‘o—2 U,= + o0; then we have lim = 4+ o
N

n=1

almost surely.

From that proposition and (19), we deduce that for ¢ > p > 1

N
20

n=1

(20) lim =40 pP.D. Vo
N
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For the sake of completeness, we give here a proof of the above
proposition :

We consider another sequence { U, };-, of random variables identi-
cally distributed with the sequence { U,};_, and such that the family
of random variables { U,.; U, |7, ,-, is independent. We then consider
the uniformly bounded sequence of independent random variables
{ Vo= U,— U, }3-,, and observe that ¢*V,= 202U, and EV,=o
all n> 1. Now an application of Kolmogorov’s inequality ([4], 16.2, A)

N

,
.

n=1

= -+ oo almost surely; to deduce from that the propo-
sition it suffices to observe that if

P[m =—I—OO]<1,
N

then the zero-one law of probability theory would give

gives lim
N

N

Y u.

n=—1

] T | N —
[ h]IVn ZU}[ <+m I

n=—A1

and therefore also

P| lim EVn <4 |=1

N

n—1

which is a contradiction, and proves the proposition.

We are now in a position to complete the proof of the lemma just
as in [7] and [8].

For p and o€[1, + o) arbitrary, the lower derivative of v, with
respect v, along a natural net (15) of £ is given by

o v [Sx(0)] 1 e 0:(),
Dle/ (t) llll;n vi—[S (t)] “I[ + &n 6,,(t)

Therefore it follows ([5], chap. 7, sect. 43;[1], §5, n° 7) that the following
condition :
N
0 Um ¥\ Zlf/" == —o0p. p.v; <> DI#7(f) =o0p.p. vs
N

n=1

implies that v, | ve.
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But it is also true that the following condition
N

(ii) liTmZZ[,f/‘”: + 0p.p.ve < DUFI({)=o0p.p.vs

n—1

implies that v, | v.

To see that we assume that (ii) holds and yet v, and v, are not ortho-
gonal. Then there exists EcC£ a Borel subset such that v;(E) =1
and such that D/¥(f) = o for all {€E. But then since v,(E) > o
(vo and v, not being orthogonal) the zero-one law of probability applied
to the sequence {0,};.,, considered as a sequence of random variables
for the probability distribution v,, implies that v [DI"/?1(f) = o] = 1,
which by condition (i) implies that v, | v,. And that is a contra-
diction.

Now using (20) and the zero-one law of probability, we see that for s > ¢
either (i) or (ii) must hold; so in either case v, | v,, which proves the
lemma.

LeMmA 4. — pZ 0, p, 9€[1, +0) = s | Mo

This is a consequence of lemma 2 and lemma 3.

From lemma 4 and (g), it follows in particular that p., is a singular
measure for all c€[1, 4+ ).

We make a final observation before proving theorem (T).

If we denote by

) = h]{n:[]’l [1 4 <5 cos(zr/"t)]JhT}EMo(T)

n==~R

for R>. 1, then using the identification of the proof of the lemma of
paragraph 1, we see that

pif € My [ T/2(2™) | < Mo(T).

And if we apply lemma 4 to the measures ¢ which are all of the same
type as po= py’ [for different but admissible choises of Q, R, and E],
we deduce that p{ is singular for R> 1 and o€[1, 4 c0) and

(21) R>r1ando#p; 7,p€[1, +®) = }_,_(GI?)J_‘;,L(PK),

Proof of theorem (T). — We prove that p,, as defined above, is a
®-measure of T.

®

Let ¢ > o arbitrary and let ®(2) =Za,~ ¢/ for {e[—9d, ] operate
’ Jj=0

in A={L(T); p1}, we prove that «;= O(1) as j — oo.
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Let s be a positive integer such that 8 g and let us denote by

p=ps=pi€A; A=p—hr=_(u—h) €A,
because of (9). We observe at once that, for ¢ positive integer, we have
(22) A = pt—hyp=pj7—hr= (lu—hr)" €A,
and, also because of (8), that
(23) [y
Now fix j a positive integer; and using the fact that p/ = p,; isa singular
measure, and also the fact that the real trigonometric polynomials of T

are dense in Cr(T), we see that there exists N; a positive integer and
f;€X(Z) such that

(24) suppf; C [--— 27"1‘, 27”/'.' and <hT, f, > =o0
and
(25) fi=fn  fll.zn |l fio—a |zt

Now using (10) and (23), we see that there exists M ;> j a positive
integer such that

(a6) DERCA DI

r>M’
Since now by (21) the measures
e M [T(Z(G )] (p=r 5. M)

are singular and mutually orthogonal, and since the real trigonometric

polynomials of T/Z(27*") are uniformly dence in Cg[T/Z(s"*")],
we see that we can find ¢; € K (Z) such that

R s Gl
and <hT, 6P1> =0

and

(28) ¢;=9;, and  [[§;]l.=1

and also using (25)

Mj

Yo N, 8,5 f ) —ay| <o
p=0
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and from this and (27), we deduce that

M;

2%@”, 8,0, [0 —a,

p=0

=2,

(29)

Now from (22), (27) and (28), we deduce that for all positive integer ¢,
we have

[, 850 <1

and from that and (26) and (29), we deduce that

3

a/—2“1~<7\", i[\)/> <)‘r’ f/>

r—o

=3

and this together with the lemma 1 and (24) and (27) implies that

(30)

a/—2a1~<)\", c’{)/f,—> =0(1) as j->oo.

r=o0

Finally using (10), (23), (25) and (28), we see that
D, 450 =N lly o5k f0 =@, 97 % f;>
r=o0 r=0

= @[3, 4,f;>=0() as j->oo
and that together with (30) gives
a;=0(1) as j-—>oo

which completes the proof of theorem (T).
3. The Cartesian product.

Tueorem (II). — If G:II G, where G,~Z(p.) with p, prime
numbers (n > 1), then G hasnéf 1(D-measure.

Proof. — We shall prove the theorem in the following two particular
cases :

Case A : p,=p (n>1) a fixed prime;

Case B : p,>n all n>1.

The general result follows from those cases and the lemma of para-

graph 1, since every group of the type considered in theorem (II) can
be written as H X K, where H is either as in case A or case B.
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So for the rest of the proof, we shall assume that we are in either
case A or case B. Then using the material of [7], we see that there exist
for each n>.1 :

~

[J-nEM'i'(Gn); H{-LnH=I; Hn= [n

such that for every N .1,

31) X pn  is ©-measure of[[ G, [7]

n>N R
n>N

and such that if we denote by p = ® {4n, then
n=1

(32) | a—hall <
We proceed to prove that this - above is the required ®-measure of G.

To that effect let 0> o be arbitrary and let ®(3) :Za,- g/ for
. Jj=0

¢e[— 9, o] operate on {L,(G); -} in [—d, 0], we shall prove that

a;=0(1) as j— 0.

By (32), we may chose s positive integer s. t., if we define foralln > 1:
(B3) va=pa; v= §§1vn =p€d; r=p'—he=v—he= (r—he)",
then )
(34) I

>

N oy

= and A = vP—hg

for every positive integer p.

Fix now j a positive integer. Then using the fact that v/ is a singular
measure and that the real trigonometric polynomials on G are dense -
in Cr(G), we see that there exists N;> 1 and f;€5¢(G) such that

(35) suppf; € 2 G. and <hs iy =0
and "
(36) fi=F .=z ol fo—a| <1

Using then (34) and (10), we see that there exists M;>j such that

() S i, )l

r>M;
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Finally using (36), the fact that (X) v, is a ®-measure of[l G.= G'N),
n>1\>j >N
and the fact that the real trigonometric polynomials of G“,Vi’ are uni-

formly dense in Cr[G'»/"], we see that there exists ¢; € 5(G) such that
38) suppcp,-cJC< ¥ (‘3,2) and  (he 3> —o
n>N;

and

M

Zar< W, 8,5 fio—ay

r=»o

Bo) 9;=3;5  1&;].=1; =2,

but since from (34), (38) and (39), we have for every positive integer ¢
[, 80 <1,

We see that (37) and (39) give

w©

-~ NN -, A
=S 5> fo |23,

r=o

(40)

but by (35) and (38), we have, for all r,
s 80 0 =0 e 8,0 =0 (f90))
and that together with (10), (34), (36) and (3g) gives

Nardir, 0,50 =Y al ¥, f 09,0 = (@Y [0 9,

r=0 r=o
=<{o(]f;e4>=0() as j—>oo
which together with (40) gives the required result that
a;=0(1) as j—>oo.

And that completes the proof of theorem (II).

4. The p-adic integers.
We shall prove in this paragraph the

Tueorem (U). — If G = U(p) is the additive group of p-adic integers
for some prime p, then G has a ®-measure.



316 N. TH. VAROPOULOS.

Observe at once, that
Up) = EEZ(PN) =[Z(p")]".
I

The key reference for the proof of theorem (U) is [8], and to avoid unne-
cessary repetitions we follow it very closely indeed; we start by givinga:

Summary of results and notations of [8]. — There exist canonical iden-

tifications of Z(p") with
N N
[1e- 1o
n—1 n :’ 1

and of G =U(p) with

Q= SZ(P)=-li[Qn= ]ailQ(,{”, where Q,=QV={o;1;...;p—1}

n=1 n=z1

(the space of p elements); and with those identifications the canonical pro-
N

jections my : U(p)—2Z(p") are identified with lez\r/, where % 1 Q —}HQ"

n=»mM
are the canonical projections of the cartesian product.

Now let { K, }7-, be a sequence of integers and {¢,};_, a sequence of
real numbers such that K> 2 and K,,, — K,>n 41 and

®

€n——>0; 253: + o0 all realo>o0 [e2>0].

I
e 1.
049,,.48, —y

n=—1

For those sequences, we can construct two families of singular conti-
nuous measures on G = U(p)

(Mo)izocis and  (Vo)izociw
such that for all c€[1, + o) [equation (3) of [8]]
(41) P and v, are equivalent
and such that
(42) Poo0,  vez=0;  |lpell=Ivell=1
and which also satisfy the following list of properties
(43) Mo Kk o= oy Moo= fo;  Pe€Mo(G)
for all o, v€[1, + ) [equation (1) of [8]]
(44) | fo—ho

» = 87C,
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This follows from straight computation of the Fourier transform of .,
as defined in [8], and the fact that o e, 1/8.

K,
5 Vo= (X () for some v{P?eM+ 2, ),
@ e orame srear( [ o)

Ky +1

where we use the identification of G and £

(46) Rl @ v for o,7€[1, + ) and o,

n>N n>N
where of course

n@jv&?’éM’f( 1] sz> g€ [1, 4 )

nx Ny +1
this is seen the same way as the equation (7) of [8].

(47) [ po—vel| = 0[87] as o0

this is a cdnsequence of (41) and the relation (2) of [8] together with
([5), chap. 7, sect. 43). [Itis in fact a refinement of equation (3) of [8].]

Proof of theorem (U). — We prove that the p, defined in [8], some
of whose properties we have summarised above is a ®-measure of G.
To that effect let 6 > o be arbitrary and let

©

@) =2a,~:i for ze[—gq, 9]

j=0
operate on A = {L,(G); 1} in [— 0, 0], we shall prove that «;= O (1)
as j— 0.
Let us chose s a positive integer such that 8¢~ d/2 and let us denote
using (43) by
p=pi=p€A; A=p—hs; m=va—Ahg
for k all positive integers.

We then observe at once using (43) that, for all ¢ positive integers,
we have

(498) M = pgg—hg= p7—hg== (1}7— he = (11— hg)*".
We have also by (44)

(49) Il =11p5 —hs

BULL. SOC. MATH. — T. 93, FASC. 4. 21

o= G — b Tz 8= 2y
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using (47) and (48), we see also that

(50) || A7—n, || = O[(§>q] as q-—>oo.

\ 2
Fix now j an arbitrary positive integer. Since v,; is a singular measure

N
on G, and since the set of functions {1\50{;}; N>, ISGGR<]] 9n>

n=—1

are uniformly dense in Cr(G) [the identification of G and & being tacitly
used here and subsequently], we see that there exists N;> 1 and

Ky

Nj
Pj=f3,-o ,;,” for some 15,~e GR<IISZ”>

n=—1

such that
Gr)  [Pjll.<£1; <{hg, Pi>=0  |a;{m; P;>—a;| 1.

Now since P; can be factored through my there exists f,eJC(G)
I

such that ijPl‘. Therefore by (10) and (49) we see that

®

N, Py | <+

r=0

which implies by (50) that

Dl Py <+ 0.

r=0

Thus we can find M;> j such that

(52) D laln, Pyl <

r>M;
Now using (45), (46), (51) and the fact that (v5) <. are all singular

and continuous, we see that there exists fv € Cr ]_l @, ) such that if
KN/‘ —+1
f="fo szi'%ﬂ € Cr(L), then
J

M;

Dl [y Pyo—ay

r==0

Ifll.<1;  <he f>=o0; < o.
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We can then approximate uniformly f by a function of the form

Ky .

v KR4 v /
Qj=0Qje°,®  for some R;>N; and some Q,€Cr II Q, | and
Y Ky +1

- J

which satisfies
M;
J

Xy Q> oy Py y—ay | Z2

r=0

63) 1Qll.<1s  <hg, Qj>=o0;

let then

v v v " Kg.
¢G4 S;=Peg;ecr| ||« and  S;=38;0 0 =4,
n=1
for some ¢, € X (G).
Then we see from (51) and (53) that for all positive integer ¢ we have

|<ng Q211 and (o, Py ngy Q0 =<ngy S5
and that together with (52) and (53) implies that

3.

ay —-2 a0y Sj

r=0

From this using (50) and the fact that || S; ||, =1, we deduce that

®

aj— DM, 8D

r=o0

=0(1) as j—co.

(55)

On the other hands from (10), (49) and (54) we have

N, 8> =N a{h, 9,0 =< P[1], ;> =0(1)

r=o0 r=o0

as j — oo since || §,||,,<1, and this together with (55) gives the required
result that
a;=0(1) as j—>oo

which completes the proof of theorem (U).

5. Proof of the theorem ®.

To prove the theorem for a general infinite compact group G, we
consider G the discrete dual group of G, and observe that we can
distinguish three mutually exclusive and exhaustive possibilities for G.
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)
®)

P

G is not a torsion group.
G is a torsion group and has a subgroup K c G which for some
prime p is K >~ Z(p~).

(C) G is a torsion group, and no subgroup of G is isomorphic to
any Z(p”) for any prime p.

We prove that in case (C), G has a subgroup Kc G which is

K gZZ(pn) for prime numbers p,.
n=1
To that effect, we shall need the following lemma due to PrRUFER
(3], § 25, vol. 1, p. 181) stating that :

The only infinite indecomposable, torsion, abelian groups are the Z(p~),
where p runs through all primes.
Using that lemma, we see that we can construct inductively two

sequences of subgroups of G
{An };:1; an }2:0

such that B,= G; A, {o} (n>x1); B, is infinite (n>.0). And also
such that

B,=A,.,®B,., for all n> o.

Indeed it suffices to observe that if B, has been constructed, since it
is infinite and 2¢ Z(p*) for any prime p, it is non indecomposable and
thus can be written as the product of two non trivial subgroups
B,= A, ® B,,; were we may assume B,,, to be infinite and of course

An+1 # { o }.
We see then that

n=—1 n—1

and A can be identified with a subgroup of G which completes the proof
of our assertion.

Now by duality it follows that in

Case A : GDH a closed subgroup such that G/H ~T.

Case B : Go>H a closed subgroup such that G/H =~ U(p) =[Z(p*)]"
some prime p.

Case C : G>H a closed subgroup such that G/H :\—_'l_[Z(p,,) for
n=1

prime numbers p,.
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From that our theorem (®) is seen to be correct in each case (A), (B)
and (C) by the lemma of paragraph 1 and theorems (T), (U) and (II)
respectively. The proof of our result is completed.

It is my great pleasure to finish up by expressing my gratitude to
Paul MavrruiaviN, who has read throughout several versions and drafts
of those methods and results and has made many valuable suggestions
and criticisms.
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