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ABSTRACT. — Let L be a second order divergence form elliptic operator with complex bounded
measurable coefficients. The operators arising in connection with L, such as the heat semigroup and
Riesz transform, are not, in general, of Calderén-Zygmund type and exhibit behavior different from
their counterparts built upon the Laplacian. The current paper aims at a thorough description of the
properties of such operators in L?, Sobolev, and some new Hardy spaces naturally associated to L.

First, we show that the known ranges of boundedness in L? for the heat semigroup and Riesz
transform of L, are sharp. In particular, the heat semigroup e~ need not be bounded in L? if
p & [2n/(n+ 2),2n/(n — 2)]. Then we provide a complete description of all Sobolev spaces in which
L admits a bounded functional calculus, in particular, where et is bounded.

Secondly, we develop a comprehensive theory of Hardy and Lipschitz spaces associated to L, that
serves the range of p beyond [2n/(n + 2),2n/(n — 2)]. It includes, in particular, characterizations by
the sharp maximal function and the Riesz transform (for certain ranges of p), as well as the molecular
decomposition and duality and interpolation theorems.

RESUME. — Soit L un opérateur elliptique du second ordre de formes de divergence, a coefficients
complexes bornés et mesurables. Les opérateurs associés a L tels que le semi-groupe de la chaleur
ou la transformée de Riesz ne sont en général pas de type Calderon-Zygmund et présentent des
comportements différents de leurs analogues construits a partir du laplacien. Cet article a pour objectif
de décrire de maniére exhaustive les propriétés de ces opérateurs dans L?, dans les espaces de Sobolev
ainsi que dans certains nouveaux espaces de Hardy naturellement associés a L.

Tout d’abord, nous montrons que les plages de valeurs connues pour lesquelles ces opérateurs sont
bornés en norme L” sont strictes. En particulier, le semi-groupe de la chaleur et la transformée de Riesz
ne sont pas obligatoirement bornés sip € [2n/(n + 2),2n/(n — 2)]. Nous fournissons ensuite une
description complete de tous les espaces de Sobolev pour lesquels L admet un calcul fonctionnel borné,
en particulier, pour lesquels e 7'~ est borné.

Puis, nous développons une théorie extensive des espaces de Hardy et de Lipschitz associés a L,
pour les valeurs de p hors de [2n/(n + 2),2n/(n — 2)]. Cette théorie comprend, en particulier, des
caractérisations par la fonction maximale « diése » et par la transformée de Riesz (pour certaines plages
de p), ainsi que leur décomposition moléculaire, leur dualité et les théorémes d’interpolation.
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724 S. HOFMANN, S. MAYBORODA AND A. MCINTOSH

1. Introduction

Let A be an n x n matrix with entries
(1.1) ajr :R"—C, j=1,...,n, k=1,...,n,
satisfying the ellipticity condition
(1.2) NE[* < Redg-€ and AL < AEJIC], V€ CeCn,

for some constants 0 < A < A < oo. For such matrices A, our aim in this paper is to
present a detailed investigation of Hardy spaces and their duals associated to the second
order divergence form operator

(1.3) Lf = —div(AVf),
which we interpret in the usual weak sense via a sesquilinear form.

In the case that A is the n x n identity matrix (i.e., so that L is the usual Laplacian
A := —div-V), this theory reduces to the classical Hardy space theory of Stein-Weiss [55] and
Fefferman-Stein [32]. For more general operators L whose heat kernel satisfies a pointwise
Gaussian upper bound, an adapted Hardy space theory has been introduced by Auscher,
Duong and MclIntosh [9], and by Duong and Yan, [27], [28]. In the absence of such pointwise
kernel bounds, the theory has been developed more recently in [11] by Auscher, McIntosh
and Russ (when L is the Hodge-Laplace operator on a manifold with doubling measure),
and in [40] by the first two authors of the present paper, for the complex divergence form
elliptic operators considered here. In [11, 40], the pointwise Gaussian bounds are replaced
by the weaker “Gaffney estimates” (cf. (2.21) and (2.24) below), whose L? version is a refined
parabolic “Caccioppoli” inequality which may also be proved via integration by parts using
only ellipticity and the divergence form structure of L. The present paper may be viewed in
part as a sequel to [40], in which we extend results for the case p = 1 given there, to the case
of general p (although we also obtain here some results, pertaining to the characterization
of adapted Hardy spaces via Riesz transforms, that are new even in the case p = 1). In
particular, it is in the nature of our present setting, in which pointwise kernel bounds may
fail, that the Hardy space theory for p > 1 becomes non-trivial (i.e., the L-adapted H? spaces
may not coincide with L?, even when p > 1). We shall return to this point momentarily. We
note also that general non-negative self-adjoint operators satisfying an L? Gaffney estimate
have recently been treated in [38].

We now proceed to discuss some relevant history, and to present a more detailed overview
of the paper. In [10], the authors solved a long-standing conjecture, known as the Kato
problem, by identifying the domain of the square root of L. More precisely, they showed
that the domain of v/L is the Sobolev space W2(R™) = {f € L? : Vf € L?} with

(1.4) IVLf||z2@ny = IV £l L2z

In particular, the Riesz transform VL~'/2 is bounded in L?(R™).

Since then, substantial progress has been made in the development of the L? theory of
elliptic operators of the type described above. Let us define

p_(L) :=inf{p: VL™Y/2 . LP(R") — LP(R™)}.
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It is now known that 1 < p_(L) < 2n/(n + 2) (with 1 < p_(L) for some L; we shall return
to the latter point momentarily), and that there exists (L) > 0 such that

(1.5) VL Y2 [P(R") — LP(R") <= p_(L)<p<2+e(L),

(given (1.4) as a starting point, (1.5) withp_ (L) < 2n/(n+2) is established by combining the
results and methods of [39] or [18] with those of [6]; see also [5], [13], Chapter 4 of [14], and
[17] for related theory). Moreover, again given (1.4) as a starting point, one has the reverse
inequality

(1.6) IVLfllo@n) SV llo@ny,  for  (p-(L))x <p < (p-(L"))',

where in general p, := pn/(p + n) denotes the “lower” Sobolev exponent, and as usual
p’ := p/(p — 1) is the exponent dual to p. The case p < 2 of (1.6) is due to Auscher [6],
while the case p > 2 is simply dual to the adjoint version of (1.5). Combining (1.5) and (1.6),
we have that

(1.7) IVLfllo@ny = IV flzr@ny <= p_(L)<p<2+e.

One of the main goals of the present paper is to understand the sense in which (1.7) extends
to the range p < p_(L). This extension may be viewed as solving the Kato problem below
the critical exponent p_ (L). We discuss this question in more detail in Subsection 1.2 below;
the proofs are given in Section 5 (cf. Theorem 5.2).

Let us now discuss optimality of the range of p in (1.5) (hence also that in (1.7)), for the
entire class of L under consideration. Even in the case of real symmetric coefficients, the
upper bound cannot be improved, in general: for each p > 2, Kenig'" has constructed an
operator L whose Riesz transform is not bounded in LP. In addition, the counterexamples
in [50], [8], [25] showed that for some elliptic operator L satisfying (1.1)—(1.3) there is a
p € (1,2) such that the Riesz transform is not bounded in L?; i.e., for such L, one has
p—(L) > 1. Moreover, the latter fact permeates all the LP results in the theory: as shown
in [6], p—(L) is also the lower bound for the respective intervals of p for which the heat
semigroup and the L-adapted square function (cf. (1.10) below) are L? bounded, and for
which the semigroup enjoys LP — L? off diagonal estimates. However, identification of the
sharp lower bound p_ (L) remained an open problem (posed, along with related questions,
in [6], Conjecture 3.14, and in [4], Problem 1.4, Problem 1.5, Problem 1.13).

In Section 2 of the present paper, we observe that the example constructed by Frehse in [34]
may be used to resolve these remaining sharpness issues, i.e., to show that
p+(L) = 2n/(n F 2) £ €4 (L), where (p_(L),p+ (L)) is the interior of the interval of L?
boundedness of the heat semigroup e~*~, ¢ > 0. More precisely, we have

(1.8) Vp ¢ [2n/(n+2),2), ILwith VL~ Y?:LP(R")—, LP(R"),
(1.9 Vp ¢ [2n/(n+2),2n/(n—2)], ILwith et LP(R™)-> LP(R™).

It follows, in particular, that in dimensions n > 3, the kernel of the heat semigroup may
fail to satisfy the pointwise Gaussian estimate

|Ky(z,y)| < Ct™/2 e~cle=vl*/t ¢ 0and z,y € R™

(U Kenig’s Example is described in [14], Section 4.2.2.
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726 S. HOFMANN, S. MAYBORODA AND A. MCINTOSH

This solves an open problem in [14], p. 33.

Thus, in dimensions n > 2, the Riesz transform may fail to be bounded in LP for some
p € (1,2), as may the heat semigroup e~*%, t > 0, as well as the other natural operators asso-
ciated with such L (e.g., square function, non-tangential maximal function). Consequently,
in the case that the endpoint p_ (L) > 1, the L-adapted Riesz transforms, semigroup and
square function cannot be bounded from the classical Hardy space H' into L*, since inter-
polation with the known L? bound would then produce a contradiction with (1.8), (1.9) (or
with the analogous statement for the square function). These operators therefore lie beyond
the scope of the Calderon-Zygmund theory and exhibit behavior different to their counter-
parts built upon the Laplacian.

By analogy to the classical theory then, this motivates the introduction of a family
of L-adapted Hardy spaces H? for all 0 < p < oo, not equal to L? in the range p < p_(L),
on which the L-adapted semigroup, Riesz transforms and square function are well behaved,
and which comprise a complex interpolation scale including L? for p_(L) < p < p4(L).
We note that the endpoint p_ (L) plays a similar role to the exponent p = 1 in the classical
theory.

In particular, in Section 5 we give a suitable Hardy space extension of (1.5) to the case
p < p_(L) (the case p = 1 already appeared in [40]), and, in one of the main results of this
paper, we present an appropriate converse, thus obtaining a Riesz transform characterization
of L-adapted HP spaces, for some range of p depending on n. As observed above, this
characterization may be viewed as a sharp extension of the Kato square root estimate (1.4),
and of its LP version (1.7), to the endpoint p_ (L) and below. In order to make these notions
precise, we should first define our adapted HY spaces.

1.1. Definition of HY

The first step in the development of an L-adapted Hardy space theory, in the case that
pointwise kernel bounds may fail®, was taken in [40] (and independently in [11]), in which
the authors considered the model case of H; (R™) and, on the dual side, the appropriate
analogue of the space BMO. The definition of H} given in [40] (by means of an L-adapted
square function) can be extended immediately to 0 < p < 2 and with some additional care
to 2 < p < oo as well. To this end, consider the square function associated with the heat
semigroup generated by L

1/2
(1.10 Sf(w)=<//r()ItQLe‘t2Lf(y)|2tdfff) . aem,

where, as usual, I'(z) = {(y,t) € R” x (0,00) : |z — y| < t} is a non-tangential cone with
vertex at z € R™. Analogously to [40], we define the space H} (R™) for 0 < p < 2 as the
completion of {f € L2(R") : Sf € LP(R™)} in the norm

(1.11) £l ez gy = (1Sl e ny-

@ In the presence of pointwise Gaussian heat kernel bounds, an L-adapted H' and BMO theory was previously
introduced by Duong and Yan [27], [28].
® Andin[11]for H? ,p > 1.
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For 2 < p < oo we assign
(1.12) HY(R") = (H}.(R™))

where 1/p + 1/p’ = 1 and L* is the adjoint operator to L. These spaces also have an
appropriate square function characterization as will be discussed in Section 4.

1.2. Riesz Transform characterization of HY

We shall show in Section 5 that the Riesz transforms are bounded from HY into L?,
0 < p < 2+ g(L), and even into classical H?, n/(n + 1) < p < 1. Conversely, for
some restricted range of p, we show that these estimates are reversible, thus obtaining a Riesz
transform characterization of the corresponding HY. Let us describe these results in more
detail.

As preliminary steps, we establish two results that are also of independent interest: in
Section 3, we shall obtain a molecular decomposition of H? spaces, 0 < p < 1, analogous
to the classical atomic decompositions of Coifman [21] and Latter [47] and in Section 4, we
observe that the spaces HY form a complex interpolation scale, including L? in the range
p—(L) < p < p4(L) (see (1.15)). As in the classical case, we are then able to use these
fundamental properties of Hardy spaces to prove in Section 5 that

(1.13) VL~Y/2: HY(R") — LP(R™), 0<p<2+e(L),
—-1/2 . P (RPN p(RN n <
(1.14) VL : HY(R™) — HP(R"), n+1<p_1,

where HP(R™) denotes the classical Hardy space [32]. Observe that these results extend (1.5)
to the range of p below the endpoint p_(L) (the case p = 1 has already appeared in [40]).
The HY spacesin (1.13)—~(1.14) do not, in general, coincide with L? or classical H? (we recall
that H?(R™) = LP(R™) if 1 < p < o0). In fact, we can ascertain only that

(1.15) H}(R™) = LP(R™), p_(L)<p<py(L),
(1.16) L*NHY CcL’NH?, n/(n+1)<p<p_(L),
(1.17) LP(R™)/H (L) — HL(R"), p>pi(L),

where A, (L) is the null space of L in LP(R™) (cf. Section 9 for details). In addition, the
containments in (1.16)® (resp. (1.17)) are strict if p_ (L) > 1 (resp. p+ (L) < 00).

By contrast, when L = A, the space HX (R") is the usual Hardy space for 0 < p < 1
and L? for 1 < p < oo. Hence, (1.13)—(1.14) recover the well-known mapping properties
of VA~Y/2in L? and H?.

Moreover, we have that H} = H!, and H? = LPforl < p < oo whenever the
heat kernel of L satisfies a Gaussian upper bound and local Nash type Holder conti-
nuity (as in (2.16)-(2.18)); indeed, in that case the square function (1.10) is a standard
Hilbert space valued Calderén-Zygmund operator, which therefore maps H'(R™) into

® We note that L2 N HY is densein HY (R™), so by (1.16) there is a natural “embedding” of Hf (R™) into HP (R™)
which extends the identity map on a dense subset. Intuitively then, one might expect that the stronger containment
H L” (R™) c HP(R™) should hold in (1.16). In practice, however, matters appear to be more subtle, so we present a
more detailed discussion of this matter, along with proofs of (1.15) - (1.17), in an appendix, Section 9.
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728 S. HOFMANN, S. MAYBORODA AND A. MCINTOSH

L'(R™); whence it follows readily that H*(R™) embeds continuously into H} (R™), and thus
H'(R™) = H}(R"), by (1.16). The case p > 1 is obtained by interpolation and duality.
The “Gaussian” property (2.16)-(2.18) holds always in dimensions n = 1,2, and for real
coefficients, it holds in all dimensions. However, as we mentioned earlier, it may fail for
complex coefficients in dimensions n > 3.

We turn now to the matter of characterizing HY, for some range of p < p_(L), via the
Riesz transform operator VL~1/2. In the classical setting (i.e., L = A), the Riesz transform
provided the foundation for the development, beginning in [55] and [32], of the real variable
theory of HP, and furnished also a link between that theory and PDEs, via sub-harmonic
functions. The classical Riesz transform characterization says that

(1.18) f e HP(R") ifandonlyif fe LP(R") and VA~Y2e LP(RM),

forall (n —1)/n < p < 1 (assuming some growth restriction at infinity when p < 1; see, e.g.
[54], p- 123). There are analogous, but more complicated results involving higher order Riesz
transforms when p < (n —1)/n. Apparently, no such characterization has been obtained for
operators substantially different from the Laplacian (although we mention that some results
in this direction have been obtained for lower order perturbations of the Laplacian [30, 31]).

Upon attempting to generalize the Riesz transform characterization to HY spaces, one
immediately encounters several difficulties. The original argument relied on the subhar-
monicity of small powers of the gradient of a harmonic function. No analogue of such a
property exists (or even makes sense) in our context. In addition, that (1.18) holds only for
the values of p close to 1 suggests that in our case, in which HY (R™) is strictly contained
in L?(R™) if p < p_(L), the Riesz transform characterization should be proved for p close
to p_(L). In fact, in Section 5 of this paper we show that
(1.19) HY(R™) = HY oo, (R, 7% <p<2+el),
where for p in the stated range, Hf’RieSZ(R") is defined as the completion of the set
{f € L>(R™) : VL~Y/2f € HP(R™)}, with respect to the norm

(1.20) Ifller  @ny = VL2 | o men)

L,Riesz

(bearing in mind that classical H?(R™) = LP(R™) if p > 1). Observe that the lower
bound 2= 5 n=1 (cf. (1.18)). The equivalence (1.19) amounts to proving that for®

n+p_ (L) n
f e AR,
_ _(L)n
(2D N fllar ey 2 IVE7Y2F ]| ooy, max {1, Z2E L < p < 24 (L),
(1.22)  Iflmz@e = IVL™ 2 fllas@ny, 2D <p< 1.

We note that (1.21) and (1.22) can be viewed as sharp extensions of the Kato square root
estimate (1.4) to the endpoint p_ (L) and below.®©

® By definition, HY (R™)NL?(R™) isdense in HY (R™) when 0 < p < 2;similarly for HY .. (R™)forpin(1.19).

Later on, we also show that L? is dense in HY for 2 < p < oo (cf. Corollary 4.17). In the range 2 < p < 2+ &(L)
one can also use (1.15).
(©) We remark also that the direction Hf||H€ ®n) S |IvL_1/2f||Lp(]Rn) of (1.21) is a sharp version of the bound

Ifllze@ny SIVL™ 28| e (mny. proved in [6] for the same range of p. Indeed, as mentioned above HY (R™) may
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Consequently, for this same range of p, (1.22) together with (1.18) imply that
(1.23) |1 fllmpny 2 1AY2L72 fll o (ny 2 IVLTY2 fl oy + 1AY2LTY2f| o),

for suitable f. Indeed, since the classical Riesz transforms 9,,A~Y/2 = A~1/29, are
bounded on classical H?, we have that

||VL_1/2f||HP(R”) = “VA_1/2A1/2L_1/2f”HP(]R") S ||A1/2L_1/2f”HP(R")7
and by (1.18), that
IAY2L7Y2 £ o ey = A2 div VETY2 f || oy S IVLTY2 f| v @)

This takes care of the equivalence between the first and the second expression in (1.23).
The equivalence between the second and the third one follows from (1.18).

As a consequence of (1.23), one obtains the following new characterization of the classical
Hardy spaces. Namely,

(124) fe H'(R")
ifand onlyif VL™ '/2f e LY(R") and AY2L7Y2 ¢ LY(RM),
for any operator L whose heat kernel satisfies Gaussian bounds.

Finally, we remark that in [49], the second named author has recently developed further
the circle of ideas related to the Riesz transform characterization of H? (R™) to establish
sharp LP solvability results for the regularity problem for the equation u;; — Lu = 0 in the
half-space R .

1.3. Thedualof HY ,0<p <1

Another important aspect of the theory is the identification of the duals of Hardy spaces,
and the elaboration of their properties. In the classical setting, the duality result for p = 1 is
the celebrated Theorem of Fefferman [32]; the case 0 < p < 1 was treated in one dimension
by Duren, Romberg and Shields [29], and in general by Fefferman and Stein [32]. Just as H!
provides a substitute for L' in harmonic analysis, so too does the dual of H*, the space of
functions with bounded mean oscillation (BMO), substitute for L>°. Furthermore, the duals
of H? for p < 1 are Lipschitz spaces, whose norms measure fractional order smoothness. In
our setting they can be introduced as follows.

Let « be a non-negative real number and M € N be such that M > % (a + %) Fore >0
we define the space Mij\f as the collection of all u € L2(R™) such that u belongs to the range
of L*¥ in L2(R"), k =1,..., M, and

M

||H||MEAL/I = Sl>110) 9i(n/2+ate) Z ||L7k,u||L2(Sj(Qo)) < 00,
« jz k=0

be “strictly smaller” (in the sense of (1.16)) than LP(R™). We shall discuss this point in more detail in Sections 5
and 9.
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where @ is the unit cube centered at 0 and S;(Qo), j € N, are the corresponding dyadic
annuli (see (3.2)). We say that an element

(1.25) fenso (M) =My
belongs to the space A%, (R™) if”)

1/2
1 1 27 2
(1.26) fllae (mn ::sup(/ I — e MR LHYM ¢y dm) < o0,
R A AL ) f (@)

where the supremum runs over all cubes @ C R™. Here and throughout the paper |Q| stands
for the Euclidean volume of the cube @, and /(Q) denotes its side length. For & > 0 the
spaces A%, (R™) are the analogues of the classical Lipschitz spaces,® while the case & = 0
corresponds to BMO. Accordingly, we denote BMO .« (R™) := A%, (R™). We refer the reader
to [40], where the authors also established some further properties of BMOp« such as a
Carleson measure characterization and an analogue of the John-Nirenberg inequality. In
addition, the authors showed in [40] that (H} )* = BMO_-. In Section 3 of the present paper,
we extend this duality as follows:

(1.27) (HZ(R™))* = AT.(R™), 0<p<1, a=n(l/p-1).

Moreover, the dual of A%.(R™), in turn, provides an ambient space for HY?, for the
elements of HY, p < 1, are not necessarily functions, they are linear functionals on A%, (R™)
(recall that the elements of H? are tempered distributions).

Finally, as we already mentioned, HX (R™) = H?(R"™) for all 0 < p < oo, which reduces
to L?(R™) when p > 1. Then, by duality, BMOa (R™) = BMO(R") and A% (R™) = A*(R"),
the classical BMO and Lipschitz spaces. In general, one has only the proper inclusions (1.16)
and on the dual side BMO(R") € BMOL(R"™), A%(R™) C A¢(R") for0 < a < 1.

1.4. Thedualof H,1 <p <2

In the case 2 < p < oo, the spaces H? were originally defined by the duality relation-
ship (1.12). We shall give two intrinsic characterizations of these spaces: one, in Section 4
(cf. Corollary 4.17), in terms of square functions, analogous to (1.10)—(1.11), and another
one, in Section 6, in terms of a variant of the sharp maximal function. The former characteri-
zation is a consequence of tent space duality, and is similar to the analogous results presented
n [11]. The latter is new (although rooted in ideas of [32] and also [48]), and we discuss it in
a bit more detail at this point.

Following [32] and [48], consider the operator

1/2
(28) () = sup <|Ql| /Q (1 — e @ vy dy) . zeR"

(") We note that in the presence of a pointwise Gaussian bound, similar spaces were previously introduced in the
work of Duong and Yan [26, 27, 28]. We shall discuss this point in more detail at the end of this section.
® Indeed, for & > 0, the norm in (1.26) is clearly modeled on the mean oscillation characterization, due to

N. Meyers [53], of the classical homogeneous “Lip,” space A% (R™). For 0 < a < 1, we define the latter to be the

le@) =)l

e < 0.

space of continuous functions modulo constants, for which the norm ||| pa (rn) = Sup,,
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where M € N and supgs ,, is the supremum over all cubes in R containing z. We shall
refer to M* as the sharp maximal operator and write 714%4 to underline the dependence on M
whenever necessary. By definition, we have that f € Mé\f 15, M > n/4, belongs to the space
BMO,(R") if and only if #*f € L>(R"). In the current paper we show that an analogous
characterization holds for all spaces in the Hardy-BMO scale when p > 2. That is, roughly
speaking, for 2 < p < oo, we have f € HY (R") if and only if/(l/lgwf € LP(R™), M > n/4,
and

(1.29) 112 gy = Mg FllLo ey, M > n/4.

We shall prove a precise version of this statement in Section 6.

1.5. Sobolev spaces and fractional powers of L

The last topic that we shall treat, in Sections 7 and 8, concerns the adapted HY spaces and
their relationship to the behavior of L in classical Sobolev spaces. In fact, we find a complete
range of all Sobolev spaces which naturally interact with the operators associated to L, and
one of the major ingredients in the argument is the Riesz transform characterization of H7.
Let us describe these results in more detail.

We first prove in Section 7 that the fractional powers of L satisfy
1
(1.30) L= : HP(R™) — HJ(R"), a:7(9—9>, 0<p<r<oo,
T
thereby extending the mapping properties of L~ in L? (cf. [6], Proposition 5.3) to the range
of p beyond (p— (L), p+(L)).
In Section &, we then consider the action of operators associated to L in the classical

Sobolev spaces. As is customary, we define the homogeneous Sobolev spaces W (R™),
1 < p < o0, to be the completion of C§°(R™) in the seminorm

(1.31) Hf”WLP(Rn) = ||Vf||LP(R")~

More generally (except for the case p = 1), we let WsP(R"), 1 < p < oo, denote the
completion of C§°(R™) in the seminorm

(1.32) 1 e m@ny = 1A fllo@ny, >0,
and set W—s2(R") = (W*? (R™))*, %, + i =1.

Consider first the case n > 5. We prove that for any operator L defined in (1.1)—(1.3),
for every function ¢ holomorphic in a certain sector of a complex plane 22 (the exact
definitions will be given in the body of the paper), and for every f € W‘XvP(R"),

s iy(z-2 |
(1.33) lo (L) Fllirs.aqany < € |22 >¢Hm22)||f||wa,p(w),

provided that the function z +— zﬁ;%’%(%_%)@(z) belongs to L>°(X)) and the indices
a,B,p < q are such that the points (3,1/q) and («, 1/p) belong to the closed region %4,
depicted on Figure 1.
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FIGURE 1. — The region &;.

In particular, for every ¢t > 0

(1.34) et WOP(RY) — WOP(R™), if (o, 1/p) € Ry,
and
(1.35) L™% : WoP(R") — WAYR"), if (8,1/q) € R and (a,1/p) € R,

withszﬂ_To‘-i-%(%—%),qu.

The region &, is closed and is also sharp, in the sense that for every pair «, p such that

(o, 1/p) & Ry there is an operator L for which the property (1.34) is not satisfied and hence,
(1.33) is not generally satisfied.

Furthermore, all the results in (1.33)-(1.35) have analogues for n < 4. In this case
n2—f4 < 1, and just as the classical Hardy spaces provide a natural extension of L? to the range
p < 1, so too do the Triebel-Lizorkin (or “HP Sobolev”) spaces F§’>2 extend W*? in this
range; i.e., the spaces Fg’ﬂ coincide with W*? when p > 1 and otherwise naturally extend
the Sobolev scale to small values of p. We prove that

B—a 1(n_n . n
(1:360)  e(L)Slljm2gany < C|2 71 G0y 1fll gy VF € FD2(R™),

Lo (59)
provided that the function z zﬁ_TaJ’%(%_%)go(z) belongs to L>°(X9) and the indices
a, B,p < qare such that the points (38, 1/q) and («, 1/p) belong to the region %o, depicted on
Figure 2. In particular, the analogues of (1.34)—(1.35) hold in this context as well. Moreover,
all the results are once again sharp, in the sense that for every point outside of the region &
even the heat semigroup is not necessarily bounded in the corresponding Triebel-Lizorkin
space.
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o= (1.52)

7 2n

FIGURE 2. — The region K.

The study of the properties of the operators associated to L in Sobolev spaces stems
from the work of P. Auscher in [6] (Sections 5.3, 5.4). Our results extend the theorems in
[6] in several directions: to the range of p beyond the range of LP-boundedness of the heat
semigroup (i.e. to the cases p < p_(L) < 2n/(n+ 2) and p > py(L) > 2n/(n — 2)), and
in particular to p < 1, and are accompanied by the negative results which lead to sharpness
of the obtained range of indices. In particular, we resolve the conjecture posed at the end of
Section 5 in [6].

The results we describe in this paper generalize most of the important aspects of the
real variable Hardy space theory to a context in which the standard tools of the Calderon-
Zygmund theory are not applicable. Besides the aforementioned works [11] and [40], some
properties of the Hardy and BMO spaces associated with different operators were introduced
previously in [12], [27], [28], [59]-

In particular, we note that the theory of L-adapted H' and BMO spaces, including an
appropriate analogue of Fefferman’s duality theorem, originates in the work of Duong and
Yan [27], [28] who treated the case that the associated heat kernel satisfies a pointwise
Gaussian bound. Their BMO norm is the same as that in (1.26), with @« = 0 and M = 1,
and they have also considered Morrey-Campanato type spaces corresponding to the case
a > 0[26]. As we have observed above, the theory and techniques of the present paper,
which we develop in the absence of pointwise kernel bounds, assuming only decay estimates
of “Gaffney” type, are necessarily somewhat different.

We note also that, while this manuscript was in preparation, we learned that some of the
results presented here in the case 0 < p < 1 have been obtained independently by R. Jiang
and D. Yang [44] (molecular decomposition, duality, and some mapping properties of linear
and non-negative sublinear operators in spaces with integrability 0 < p < 1). As mentioned
above, the case p = 1 was already treated in [40] (and in [1 1], in a somewhat different context).
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Our main results in the case p > 1, as well as our Riesz transform characterization (1.19),
appear to be unique to this paper.”
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2. The heat semigroup and functions of L in L?

2.1. Definitions and L? theory

Let L be a second order elliptic operator satisfying (1.1)—(1.3) viewed as an accretive
operator in L?(R™). There exists some w € [0,7/2) such that the operator L is of type w
on L%(R"). In particular, — L generates a complex semigroup which extends to an analytic
semigroup {e‘zL}zezg/Qw on L?#(R"™). Here

2.1 20 :={z€ C\{0}: |argz| < p}, pe(0,m).

Furthermore, L has bounded holomorphic functional calculus on L?(R™) (see [51] and
[1]). To be more precise, let us define

(2.2) H>(2y) := {¢: £), — C: gis analytic and ||| L= (s) < 00},
\IIU’T(E?L) = {4 22 — C: ¢ is analytic and
2.3) [ ()] < Cinf{|¢]7,|§]77} for every € € X}

©) Although as mentioned above, our tent space/square function definition of adapted H? spaces with p > 1 follows
that given in [11].
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Alternatively, one can say that

(2.4) PEV, (X)) <« peH®E))and [p(¢)|<C 1+W+T, o, 7> 0.
Whenever ¢ € H* (X))
(2.5) (L) fllz2@ny < Clipllpoo(zo)ll fllzzny  forevery f e L2H(R™).

Let U(20) := Uy r50%0,,(29). If ¢ € U(EY) then ¢(L) can be represented as

2.6 L) = —=L d Ly _(2)dz,
2.6) (L) / 74 (2) +/ n-(z) dz
where

_ 1 €2
@) e R GL R

and Ty = Rtet(™/2-0) 4, = Rtet™ w < § < v < pu < /2. In general, when
v € H 00(22), (L) can be defined using (2.6)~(2.7) and a limiting procedure (see [6],
Chapter 2, and references therein).

Finally, let us introduce
\Ilfm(Ez) ={¢: 22 — C: 9 is analytic and there are some o, 7,C > 0
(2.8) such that |¢(§)| < Csup{|¢|°,|¢|”"} forevery & € 22}.

For every ¢ € ¥/, _ one can define an unbounded operator (L) on L*(R™) following the
procedure in [51]. In particular, the fractional powers of L arise in this way.

2.2. L? boundedness of the heat semigroup: sharp results

Following [6], let us denote by (L) the maximal interval of exponents p € [1,00]
for which the heat semigroup {e~'L};~( is LP-bounded and let us write int /(L) =
(p—(L),p+(L)). It was proved in [6] (Sections 3.2 and 4.1) that

(2.9) p—(L) <25 and  py(L)> 2%,

for L asin (1.1)—(1.3), and that p_ (L) is also the lower bound for the interval of p for which
VL~1/?: [P — LP (hence this notation is consistent with that in Section 1). We shall show
that the bounds in (2.9) are sharp, in the following sense.

PROPOSITION 2.10. — Given any p_ with 1 < p_ < -=I5 there exists an operator L such

that the heat semigroup {e *'};~q is not bounded in LP—. And similarly, given any py with
% < py < o0, there exists an operator L such that the heat semigroup {e~ 'L}~ is not

bounded in Lgﬁ

Proof. — We argue as in [14], Section 1.3, but using the example of [34] rather than that
of [50].
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Let n > 3. By [34], for every ¢ < n/2 and A > 0, there is an n X n matrix A = A(g, \)
satisfying (1.1)—(1.2) and such that

@.11) u=TL gzl
|7

is a classical solution of the equation Lu = —div(AVu) = 0in R™ \ {0}, and is a weak
solution globally in R™.
More precisely, A has a form
(2.12) A= {(a i)+ ﬂ%} ,
|| jk=1

where @« € R and 8 € C are some constants. For any fixed « € R, A # 0, ¢ # 0 there
exists 8 = f[(a,q,\) (explicitly written in [34]) such that w in (2.11) solves the equation
—div(AVu) = 0, and moreover, for ¢ < n/2, A > 0, a > 0 sufficiently small and
8 = B(a, g, A), the corresponding matrix A satisfies the ellipticity conditions.

Now let us return to the properties of the heat semigroup. First of all, take some
¢ € C§°(R™), supported in the unit ball By, such that ¢ = 1 in the ball of radius 1/2
centered at the origin. Then V¢ € C§°(B;) and V¢ = 0 in a neighborhood of 0. Since the
only singularity of v (and of A) is at 0, we have

(2.13) L(u¢) = —div(AV(u¢p)) = —div(AuV¢) — AVu - V¢ =: f € C;°(B1),
where the second equality follows from the fact that Lu = 0.

Fix some p; > -2% and assume that the heat semigroup {e~*£};¢ is bounded in LP+
for an operator L. Then, according to [6], Proposition 5.3, we have

(2.14) L' ILP(R") — L"(R™), n/p—n/r=2,
provided r < p; and p > p_(L). But since p_ (L) is always smaller than n2—]r‘2, (2.14) is valid
forany 2% < r < pj.

The function f € C§°(By) in the right-hand side of (2.13) belongs, in particular, to all L?
spaces, 1 < p < oo, and therefore, by (2.14) the solution

(2.15) L' f = u¢ must belong to all L", 20 < < Py

However, u¢ = u in a neighborhood of the origin and u given by (2.11) does not belong
to L" when r(1—¢)+n < 0. We can take ¢ > 0 sufficiently small so that 2n/(n—2—2¢) < py
and take ¢ = n/2 — . Then u¢ ¢ L" for any r > 2n/(n — 2 — 2¢) which contradicts (2.15).

Since p_(L) = (p+(L*))’, this computation also shows that assuming boundedness
of {e7 '}~ in LP- for all L will lead to a contradiction. O

Let L be a divergence form elliptic operator with complex bounded coefficients given by
(1.1)—~(1.3). Let K¢ (z,y),t > 0, z,y € R™, denote the Schwartz kernel of the heat semigroup
generated by L. We say that it satisfies the Gaussian property if for each ¢ > 0 the kernel
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K,(x,y) is Holder continuous in z and y and there exist some constants C,c,a > 0 such
that for every x,y, h € R™

C  _la—y?
(2.16) [Ke(z,9)l < e =

C |h| )0‘ eyl
(2.17) [Ke(@,y) = Ke(z +hy)l < o0 <tl/2+|x_y| € %

C || )O‘ eyl
(2.18) [Ko(z,y) = Ka(w,y + )| < 7 <tl/z+|x_y| © T

whenever 2|h| < t'/24|z—y|. For every elliptic operator defined in (1.1)—~(1.3) the heat kernel
satisfies the Gaussian bounds in dimensions n = 1, 2, and for every elliptic operator with real
coefficients this property holds in all dimensions. It was known that in general the Gaussian
bounds may fail in dimensions n > 5. Whether or not they necessarily hold when n = 3,4
has been an open problem (see, e.g., [14], §1.2 and the remark on p. 33). The corollary below
answers this question to the negative.

COROLLARY 2.19. — Let n > 3. There exists an elliptic operator L given by (1.1)—(1.3)
such that the kernel of the heat semigroup generated by L does not satisfy (2.106). In particular,
for such L the Gaussian property does not hold.

Proof. — The estimate (2.16) implies that the integral kernel G(z,y), z,y € R", of the
operator L= = [ e~*% dt is controlled by Cl|z — y|2~™. Hence, (2.14) holds, which yields
as before a contradiction. An analogous argument was used in [14], §1.3.

Alternatively, one could check directly that (2.16) implies the LP boundedness of the heat
semigroup for all 1 < p < oco. Indeed, the boundedness in L follows applying the Fubini
Theorem to the L' norm of e~*” f and integrating the upper bound of the kernel, given by
(2.16), in z. The boundedness in L is also trivial, since bringing out the L norm of f
in an integral expression for e *X f, one just ends up with the integral of the right-hand
side of (2.16) in y. The range 1 < p < oo then follows by interpolation. However, the LP
boundedness of the heat semigroup for all 1 < p < oo contradicts Proposition 2.10. We

thank the referee for pointing out this, perhaps simpler, route. O
COROLLARY 2.20. — For eachp < "2—13 and each p > 2 there exists L such that VL=/2 is

not bounded in LP.

Proof. — The counterexample for p > 2 is due to C. Kenig (see [14], Section 4.2.2). The
case p < HQ—L follows from Proposition 2.10 along with the fact, proved in [6] and noted
above, that the lower endpoint of the interval of boundedness of Riesz transform coincides
with the lower endpoint of the interval of boundedness of the heat semigroup . O

2.3. Off-diagonal estimates and L? — L7 bounds

We say that a family of operators {S;};~¢ satisfies L? off-diagonal estimates (“Gaffney
estimates”) if there are some constants ¢, C' > 0 such that for arbitrary closed sets £, F' C R"

dist (E,F)2

(2.21) ISefllLzry < Ce™ ™ e Ifllz2 (&),
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for every t > 0 and every f € L2(R") supported in E. Similarly, a family {Sz}zegg ,
0 < u < m/2, satisfies L? off-diagonal estimates in z if the analogue of (2.21) holds with |z| in
place of ¢ on the right-hand side. For example, if 0 < 1 < 7/2 — w, the families {e‘ZL}ZeEg
and {(zL)*e *L} cs0, k =1,2,... satisfy L? off-diagonal estimates in z (see [6], §2.3). For
later reference we recgrd the following result.

LEMMA 2.22 ([39]). — If two families of operators, {St}i>o0 and {T;}i>o, satisfy Gaffney
estimates (2.21) then so does {S:Ty }+~0. Moreover, there exist ¢,C > 0 such that for arbitrary
closed sets E, F C R™

_ dist (B,F)?
(2.23) 1SsTefllz2(ry < Ce emaxtest || fll L2y,
forallt,s > 0andall f € L*(R™) supported in E.

A family of operators {S;}+~ satisfies L? — L7 off-diagonal estimates, 1 < p,q < oo, if
for arbitrary closed sets £, F' C R"”
1(n_n\ _ dist(BF)?
(2.24) SefllLa(r)y < ct3(i=%)e o ||fllzr(m)s
for every t > 0 and every f € LP(R™) supported in E.

LEMMA 2.25 ([6]). — For every p and q such that p_(L) < p < q < p4(L) the family
{e7 L}y satisfies LP — L off-diagonal estimates. In particular, the operator e *F, ¢ > 0,

n_mn

maps LP(R™) to LY(R™) with norm controlled by ct2(i=%),
The lemma has been essentially proven in [6], Proposition 3.2. There, ¢ = 2, but the

argument directly extends to the full range stated in Lemma 2.25 above (see also the remark
following Proposition 3.2 in [6]).

LEMMA 2.26. — Assume that for some 1 < r < 2 the family {e~ '}~ satisfies L™ — L?
off-diagonal estimates. Then the family {tLe='L};~q also satisfies L™ — L? off-diagonal
estimates and the operators e *F, tLe™*F, t > 0, are bounded from L"(R™) to L*(R™) with
norms bounded by cz(5-%), and from L™ (R™) to L™ (R™) with norms independent of t.

Proof. — The fact that L™ — L? off-diagonal estimates implies boundedness in L”(R") is
rather standard, see e.g., [6], Lemma 3.3, or [17].

As we mentioned above Lemma 2.22, the family of operators {t Le*L },~ o satisfies L2 — L?
off-diagonal estimates and, in particular, is bounded in L?(R™). We can combine this infor-
mation with the properties of the heat semigroup, stated in Lemma 2.25, and Lemma 2.22 to
deduce that tLe~tL = 2 (%Le*ﬂ ) e~2L t > 0, also satisfies L” — L2 off-diagonal estimates
and is L™ — L? bounded. O

We say that a family of operators {S;};~0 satisfies L? off-diagonal estimates of order N,
N >0, N € R, if there is a constant C' > 0 such that for arbitrary closed sets E, F' C R™

. t N
(2.27) ||Stf||L2(F) < C min {17 dlst(EF)Q} ||f||L2(E),

for every t > 0 and every f € L?(R") supported in E.
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LEMMA 2.28. — Let p € (w,7/2), ¢ € U, -(X9) for some 0,7 > 0, and f € H®(X)).
Then the family of operators {1)(tL) f(L)}¢>o satisfies L? off-diagonal estimates of order o,
with the constant controlled by || f || Lo (s9).

An analogous fact has been established for the Hodge-Dirac operator on a complete
Riemannian manifold in [1 1], Lemma 3.6.

Proof. — Recall the representation formulas (2.6), (2.7). We use them for the function
Y(tL)f(L),t > 0. First of all,

e®) @< [ Wl

C te|e C
< Wl [ el dte < S
ot

) 1+ |t€|0+7- ”fHL”(Egﬁ

for all z € T'y, in particular, for z with |z| < ¢.

When |z| > t we break 74 (z) into two integrals: one over {€ € vy : |£] < 1/t} (called J;)
and the second one over {£ € v+ : |£] > 1/t} (called J3). Then

5 Clleesy | e 0elIEl g d
Eey+: €</t

C t * —dp o ¢ Ly
(2.30) §m||f||m(23) I"/o e % p dp§7||f||Loo(22)(|7) ,

|2 |

where § = —cos (3 — 6 +v) € (0,1), and

Q3 B <Clflimy [ o]~ g de
ey [€]>21/t
t o+1
<Cllilmeep (1) 0 [ el de
() (|Z|) Eev+:g>1/t

o+1

c ¢
< i oo T
< 5 IFllzeecmg) (|Z|>

Hence,
C . t \otl
(2.32) n(2)] < 1l og) min {1, (m) } , Vzel..

Armed with this estimate, we proceed to the bounds on ¢ (¢tL)f(L), t > 0. Take some
g € L*(R"™) supported in a closed set E. Then for any closed set ' C R"

@33) WD Dl < [ Ne Pl @lde+ [ e ol d-
F+ —_
Further,

dist (E,F)2

[ Il s lna @)l de < Cllglaaey [ e aa)las
Iy r

+

_ dist (B, F)? . t o+l 1
03 SOl ol [ min {1, (5)7} e
* Ty |Z| t
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Now we split the last integral in (2.34) according to whether |z| < t or |z| > ¢, and denote
the corresponding parts of it by I; and I, respectively. Then

_ dist (B,F)?

_dist (B,F)? ]
(2.35) I = / e =l —dz<e ot
z€l4:]z|<t 3

On the other hand,

_ dist (E,F)? t\ot+t11
(2.36) Iy = / e ozl (7) Zdz.
z€l4:|z| >t |Z| 3

If t > dist (E, F)2, we obtain the bound

o+1 1
(2.37) I < / (i) Sdz<C.
z€l4:|z|>t |Z| t

If t < dist (E, F)?, then

I</ ( || )N(t)”lldz
2 < s — -
2eT 4 < 2| <dist (B,F)2 Sdist (B, F)? |2| t
t\otl1
(2.38) +/ (7) Z dz,
2€01:|z| >dist (E,F)? |2

t
for any N > 0. Let us take N > o. Then

I < c( e dist (BE,F)*N=7) 4 C(%)U

1
dist (E, F)2> dist (E, F

(2.39) < c(m)a.

This finishes the proof of the lemma. O

Finally, we establish the following lemma (cf. Lemma 3.7 in [11]).

LEMMA 2.40. — Let p € (w,w/2) and o01,09,71,72 > 0. Suppose further that
Y€ Ws, 1 (20), ¥ € Uo, r, () and f € H®(XY). Then for any 0 < a < min{oy, 72} and
0 < b < min{og, 71} there is a family of operators Ts ¢, s,t > 0 such that

~ . s\ @ t\?b
.41) v fLFn) = win {(2)", (5} 1.,
where
(1) {Ts ¢ }s<e satisfy the L? off-diagonal estimates in t of order o2 + a uniformly in s < t,

(2) {Ts,t}i<s satisfy the L? off-diagonal estimates in s of order a1 + b uniformly int < s,
with the constants bounded by || f|| Lo (s0).

Proof. — Let us consider first s < ¢. Then

Q4 YD) = (3) L AL L) = (3) T
The function (s£)~*¢(s€) f(€). € € T, belongs to H>*(XY,) and
(2.43) (&)™ *¥(s6) f(E)ll L= (0) < Cllfl[Lo(s0),
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with the constant C' independent of s > 0. Hence, by Lemma 2.28 the operators {T ; } <t
satisfy the L2 off-diagonal estimates in ¢ of order o5 +a uniformly in s < ¢, with the constant
bounded by || f|| L= (xg). The case s > t follows analogously, and their combination proves
the lemma. O

3. Molecular decomposition and duality, 0 < p <1

To begin, we would like to make a few comments regarding the well-definedness and the
nature of the space A%. (R"), @ > 0. Let M € N, M > 1 (a+ 2). First, (I — e * )M f,
t € R, is globally well defined in the sense of distributions for every f € Mi{’;, and belongs
to L2 . Indeed, if ¢ € L?(Q) for some cube @, it follows from the Gaffney estimate (2.21)
that (I—e=**L)My € MZAL/I forevery e > 0 (with the norm depending on ¢, £(Q), dist(Q, 0)).
Thus,

G (T—e"EF)WMf o)y =(f,(I—e " F)My) < Ct,E(Q),dist(Q,O)||f||(MZ’1‘L/I)*

Since @) was arbitrary, the claim follows. Therefore, the norm in (1.26) is well-defined for
such f. Furthermore, the elements of Mij\f are, modulo translation, dilation and normal-
ization, the molecules of the corresponding Hardy spaces. The details are as follows.

For a cube @ C R™, by S;(Q),¢ = 0,1,2,..., we denote the dyadic annuli based on @,
ie.
(3.2) So(Q):=Q and S;(Q):=2'Q\ 2" 'Qfori=1,2,...,
where 2°Q is the cube with the same center as Q and side length 2°1(Q). Let0 < p < 1, > 0,
and M € N. We will always assume the above restrictions on ¢ and M, and typically, given p,
unless otherwise stated we will take M > % (l - l). A function m € L?(R") is called an

ollz2(q)-

p 2
(HY e, M) - molecule'" if it belongs to the range of L* in L?(R"™), foreach k = 1,..., M,
and there exists a cube @ C R”™ such that

(33) ||(Z(Q)_QL_l)km”Lz(Si(Q)) < (21Z(Q))%7% 2_i6’ 1= 07 1a 2a ERE k= 07 1a RN} M.

Observe that for & = 0 the estimate (3.3) is the usual size control condition and for
k = 1,...,M the condition (3.3) is a quantitative version of the requirement that
m € R(LF), which in turn is analogous to the classical requirement of vanishing moments.

We are now able to define a molecular H? space, which we shall eventually show is
equivalent to the space H7 defined via square functions.

DEFINITION 3.4. — Let 0 < p < 1, and fix e > 0. The Hardy space H7 . 5, (R")
is defined as follows. We say that f = 37 A;jm;, where {)\;}52, € ¢P, is a molecular
(HY,2,e, M)-representation (of f ) if each m; is an (HY,e, M)-molecule, and the sum
converges in L2(R™). Set

HY pornr (R™) = {f : f has a molecular (H7,2,¢, M)-representation},
(10) Molecules have been introduced in the classical setting corresponding to L = — A in [56]; see also [23].
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with the “norm” (it is a true norm only when p = 1), given by

171z ey =

S 1/p 00
inf{ (Z |)\j|p> f= Z Ajm; is a molecular (HY,2,¢, M)-representation}.

=0 j=0

The space H7 5, (R") is then defined as the completion of H ., ,,(R™) with respect to

. s
the metric induced by || f| |IHIi ot e (B

We note that this approach to the definition of adapted H? spaces has also been used in
[38], at least in the case p = 1. We also remark that this approach, in the case p = 1, was
implicit in [40], but with a more complicated formulation in which L? convergence of the
molecular sums was achieved constructively, by means of an explicit truncation in scale.

Eventually, we shall see that any fixed choice of M > %(% —3)ande > 0, yields the same

space. Indeed, more generally, we will show that the “square function” and “molecular” H?

spaces are equivalent, if the parameter M > %(% — %) In fact, we shall prove

THEOREM 3.5. — Let 0 < p < 1. Suppose that M > %(11; — %) and that € > 0. Then
HY oo (R™) = HY(R™). Moreover,

”f”HgmolyM(R") ~ (1l ae ey,

where the implicit constants depend only on M, n, p, € and ellipticity.

Consequently, one may write simply H} (R") in place of Hf . ,,(R"), when

M > %(% — %), and for any fixed ¢ > 0, as these spaces are all equivalent. Moreover,

we could also define (HY, q,e, M)-molecules as m € L(R") belonging to the range of L*
in L4I(R™), k = 1,..., M, and satisfying the estimates

(3.6) [[(UQ) L™ m|| pacs, () < C(2°U(Q))« ™ » 27, =0,1,2,..., k=0,1,..., M.

These would also yield the same H? (R™) spaces provided p_ (L) < g < p4+(L). We omit
the details here, although we do note that a proof is given in [40], [41] in the case p = 1.

We now proceed to the proof of Theorem 3.5. The basic strategy is as follows: by density,
it is enough to show that

n (1 1
(3.7) HY oa(R™) = L*(R™) N HE (R™), M > 3 (5 - 5)

with equivalence of norms. The proof of this fact proceeds in two steps.

Step 1. — HE .\ (R") C LA(R™) N HE(R™),if M > 2(1/p — 1/2).
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Step 2. — HJ(R") N L*(R™) CHY ) o (R™), for every M € N.

We take these in order. The conclusion of Step 1 is an immediate consequence of the
following pair of lemmata.

LEMMA 3.8. — Fix M € N, and suppose that 0 < p < 1. Assume that T is a linear
operator, or a non-negative sublinear operator, satisfying the weak-type (2,2) bound

(3.9) plz €R": |Tf(2)| > n} < Cr 7 * | flZ2gny, V0 >0,

and that for every (HY , e, M )-molecule m, we have

(3.10) ITml| o zmy < C

with constant C independent of m. Then T is bounded from HY, 1, (R") to LP(R"), and
ITf e @ry < Clifllez | @)

Consequently, by density, T extends to a bounded operator from H Zmol’ v (R™) to LP(R™).

We mention that a result similar to Lemma 3.8 appears in [44] (Lemma 5.1).

LEMMA 3.11. — Let m be an (HY e, M)-molecule, with0 < p <1, M > %(% — 1) and

€ > 0. Then there is a constant Cy depending only on p, e, M, n and ellipticity such that
[Smll, < Co,
where S denotes the square function defined in (1.10).

Indeed, given Lemma 3.11, we may apply Lemma 3.8 with T' = S to obtain

1f g ny = 1S FllLe@ny < Clifllee @)
whence Step 1 follows.

To finish Step 1, it therefore suffices to prove the two lemmata.

Proof of Lemma 3.8. — Let f € Hj 5 (R™), where f = 3 \jm; is a molecular
(HY,2,e, M)-representation such that

~
~

|A; 1P

M2

p
||f||Hi,mol,M(Rn) .

J

Il
o

Since the sum converges in L? (by definition), and since T is of weak-type (2, 2), we have that
at almost every point,

(3.12) T < D T my)l.
=0
Indeed, for every n > 0, we have that, if fV := 3,y A;jm;, then,

w71 = 2 I T ()| > nf < limsup u {|T(FY)] > n}
=0 o

< Crn? lim sup 1/¥l2 = 0,
—00
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from which (3.12) follows. In turn, (3.12) and (3.10) imply the desired L? bound for T'f, since
O0<p<l. O

Proof of Lemma 3.1
to @, with0 < p <

ke{0,1,...,M},

— Fix a cube @, and let m be an (H7,e, M)-molecule, adapted

1.
1,M > %(3 — 3)and e > 0. In particular, we have that for each

(3.13) 1 (6Q)2L) ™" ml|pagany < Ci |QIY/21/7,

Hence, by Holder’s inequality and the L? boundedness of S, we have that
1Sml| s 1sq) < CIQIMP™? ||Sm| L2 @ny < C.

Writing now [[Sm||} = [|Sml|7, 160y + 22525 1SmI7, (s, (0))> Where we recall that S5(Q) =
27Q \ 2771(Q, we see that it is enough to prove that

(3.14) ISml| 2 (s, (@) < C277*27 Q2717

for some o > 0 and for each 5 > 5. To this end, we write
o 2 2 dydt
Il = [ [ |(Erettm) @] e
(53(Q)) ;@) Jo Jjo—yl<t ( ) ‘ g+l

29(3'*5)4((2) 00
Lok e o s
S;(Q) Y0 |lz—y|<t S;(Q) /200 =-5)¢(Q) J |z—y|<t

where 6 € (0,1) will be chosen momentarily. Then by Fubini’s theorem, the definition of an
(H? e, M)-molecule (cf. (3.3)), the uniform L? boundedness of 2K K ¢=t’L for each non-
negative integer K, and (3.13), setting b := L~Mm, we have

(oo}
1<)
206-5)¢(Q) /R

S C (29]€(Q)) —4M ||b||%2(Rn S 027]’(49M+n(172/p))2jn(172/p) |Q|172/p
— (9~i(40M—n(2/p—1)) |2jQ|1—2/P_

dt

2(M+1) F M+1 _—t2L 2
(PO LM ) () | s veny

Taking square roots, and choosing 6 sufficiently close to 1, we obtain (3.14) for the contribu-
tion of the term I, with a = (20M — n(1/p — 1/2)) > 0.

We now treat the term I. We set
5i(Q) :==21"1Q\2772Q, §;(Q) :=272Q\ 217%Q,
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and observe that, by Fubini’s Theorem

2°U0-90(Q) 2 dt
27 —t°L ot
IS/O /gj(@‘(t Le m)(y)‘ dyt

200=9)¢(Q) , 9 dt
</ Lo |(Pre s amgm) o) | an S
0

S;(Q)

2°0794(Q) 2 g
27 —t>L (1 __ at
+/0 /gj(Q)‘(t L™ (15, gm) )|y

29“’5)4((2) , 2 dt
+/ /~ ‘<t2Le_t L (1gmgit2q m)) (v) ‘ dy 7
0 S;(Q)

= Il + IQ + I3.
By the L? boundedness of S and the definition of a molecule (cf. (3.3)),
I, < ~ < —je|9iQ|t/2-1/p
L <C ”m”SJ(Q) <C2 |2 Q| )

which is (3.14) for the contribution of I5. For the other two terms, we have that by the Gaffney
estimates (cf. Subsection 2.3),

POTIUQ) _(20(@Q))? dt
Il + I3 S C”m”%z(Rn) / exp (%) 7
0

0(i=5)p N
< COn|m||3zzn /2 (Q)< _t ) dt < Cn|Q[21/2-1/P)1gN(6-1)j
N ) 274(Q) t -

where we have used (3.13) in the last step, and N is at our disposal. Having fixed § < 1 above,
we may now choose N so large that N(1 — ) > 4M > 2n(1/p — 1/2), to obtain in turn the

desired bound
I+ Is < C[29Q(/21/Pg—i(4M=2n(1/p=1/2))

whence (3.14) follows. 0

This concludes Step 1. We now turn to Step 2.

Our goal is to show that every fe L*(R")NHY(R™) has a molecular
(HY,2,e, M)-representation, with appropriate quantitative control of the coefficients.
To this end, we follow the (nowadays) standard tent space approach of [22], as adapted to
the present setting in the case p = 1 in [11] (cf. [38] and [44], as well as the earlier work [27]);
yet another (somewhat more complicated) adaptation of the methods of [22] was used in
[40], [41].

Let us begin by recalling some basic facts from [22]. First, for 0 < p < oo, the tent spaces
on R%H! =R" x (0, 00) are defined by

(3.15) TP(RYHY) = {F:RT™ — G 1l zo ey = 1 GF || Lo ny < 00},
where
1/2
dydt
(3.16) GF () = ( I irwor 511) . zeR
I(x) t
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In addition, the case p = oo may be handled as follows. For F': R’}:’l — Clet

1/2
(3.17) G F(z) := sup (i /|F(y,t)|2M> , z€R"
B3x |B| § t

where B stands for a ball in R™ and
(3.18) B :={(z,t) € R" x (0,00) : dist(z, °B) > t}.
For p = oo, we then have

(.19) TR = {FRY — G [[Fllpegursy = | 6F |y < o).

Moreover, according to [22

(3.20) |GF o) % [ GF oy = | Fllpoursy, 2 <p < oo.

The tent spaces satisfy the natural duality and interpolation properties:
(3.21) (TYRTH)" =T (R, 1/g+1/¢ =1, 1<g< oo,
and also (T (R%™))" = T°°(R™); moreover,
(3.22) [TP(RYH), TP (RY)]g = TP(RET), 1/p=(1-6)/po+6/p1, 0<6<1,
for 0 < po < p1 < +oo. We will later discuss the precise meaning of the complex

interpolation in (3.22) and provide references (see the proof of Lemma 4.20 and the preceding
discussion).

It has been proved in [22] that every F' € TP(]R’frl), 0 < p < 1 has an atomic
decomposition. For future reference, we record this result below. We first define the notion
of a TP(R™*!)-atom.

DEerINITION 3.23. — Let 0 < p < 1. A measurable function A on RTI is said to be a
TP-atom if there exists a cube Q C R™ such that A is supported in the “Carleson box”

0 =Qx (0,6@),

and
1/2
dzdt
3.24 )2 <
(3.24) (//R o) t) <@

ProOPOSITION 3.25 ([22]). — Let 0 < p < 1. For every element F' € TP(Ri“), there exist
a numerical sequence {\;}52, C £P and a sequence of TP-atoms { A;}52 such that

1
P .

N

(3.26) F= Z)\ A in TP Rn+1) and a.e. in R’}r“.
Moreover,
P Ay p
Z |>\J|p ~ ||F||TP(R1+1)’
j=0

where the implicit constants depend only on dimension.
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Finally, if F € TP(R%T) N T2(RYHY), then the decomposition (3.26) also converges
in T2(R7H1).

Proof. — Except for the final part of the proposition, concerning T2 convergence, this is
proved in [22], and we refer the reader to that paper for the proof. The T2 convergence is only
implicit there, so we shall sketch the proof here. To this end, we first note that

*° dydt
(2 (P2, ;:/ (ﬁF)2dm:/ / / PP 2 i
+ R™ n Jo |lz—y|<t

> dydt
~ [ [ Pwor®t.
0 n

Suppose now that F' € TPNT2. We recall that, in the constructive proof of the decomposition
(3.26) in [22], one has that

NA; = Flg,,
where {5 } is a collection of sets which are pairwise disjoint (up to sets of measure zero), and
whose union covers R, Thus, by (3.27),

= 2 dydt dydt
I Ny = [ [ [ 15 Fwn] B =S [[ 1 ®E o,
>N 0 JR" >N >N’ 7S

as N — oo, where we have used disjointness of the sets S; and dominated convergence. It
therefore follows that F = Y~ \;A; in T2 O

Now, given M > 1, we define an operator 7,1, acting initially on T2, as follows:
dt

(3.28) WM’L(F) = /OO (tQL)M+1 e_t2LF(-’t) i
0

By a standard duality argument involving well known quadratic estimates for L*, one
obtains that the improper integral converges weakly in L2, and that

(3.29) s, ()2 @ny S 1E Nl g2 sy, M 20,
where the implicit bound depends only on M, ellipticity and dimension.
Following [22], we now observe that )y, 1, essentially maps 7% atoms into H? -molecules.

We have:

LemMA 3.30. — Suppose that A is a TP(RiH)-atom associated to a cube @ C R™ (or
more precisely, to its Carleson box Rg ). Then for each integer M > 1, and every € > 0, there
is a uniform constant Ce pr such that C;]b 7, (A) is an (HY e, M)-molecule associated

to Q.
Proof. — Fix a cube @ and let A be a T?(R’/!)-atom associated to Rg, so that (3.24)
holds. We set
m = my,(A) = LMp,
where

b= / PMPLe (A 1) T,
0
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and we need to establish that m satisfies (3.3). We first prove an L? estimate which in particu-
lar yields the desired bound “near” Q. Let g € L?(R"). Then for every
k=0,1,..., M we have

(3.31)
| [ @@rntsia) gy

= | lim /n </§l/6 QLML e L (A, t))(az)dt) 9(z) d:[;‘

6—0 t

| A @@L e g Y|
Rg t
_ " g2 odzdt\1/2
< @M@ ( [ (L e g B
Q

Here, the third line is obtained by using the compactness of the ¢ interval to interchange the
order of integration, and the fourth line by using that A is a TP-atom supported in Rg (so
that 0 < ¢ < £(Q) and (3.24) holds) and the fact that k& < M. In turn, by standard square
function estimates for L*, (3.31) is bounded by

CU@Q)*M Q177 gl L2 grmy.-

Specializing to the case that g is supported in 2@, and taking a supremum over all such g
with [|g|| 2 (2¢) = 1, we then have the bound

[(UQ)2L)*b|| 1220y < CUQ)M|QIM27YP, k=0,1,..., M,

which is clearly equivalent to the cases ¢ = 0,1 of (3.3).

Now for i > 2, let g be supported in S;(Q), with ||g||.2(s, (@) = 1. Applying the Gaffney
estimate to dx integral in the last line in (3.31), and taking a supremum over all such g, we
find that

ACZN dt
Q2L (s an < CEQPMIQ2 e [ et el
0
< CNQ_iNE(Q)2M|Q|1/2_1/p,

for every N € Nand each k = 0,1,..., M. The molecular bound (3.3) follows, for every
choice of ¢ > 0. O

We are now ready to establish the molecular decomposition of HY (R™) N L2(R™). Our
proof here is based on the approach in [11]"'). A similar approach, also following [11], is
taken in [38] and in [44]. As mentioned above, a more complicated method was used in
[40, 41].

(D In particular, it is the idea of [11], in the case p = 1, to exploit the fact that a T?-atomic decomposition, of an
element in TP N T2, converges also in T2,
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PROPOSITION 3.32. — Let 0 < p < land M > 1. If f € HY(R™) N L?(R™), then there
exist a family of (HY , €, M )-molecules {m;}22, and a sequence of numbers {\;}32., C £P such
that f can be represented in the form f = ZJ=0 \jm;, with the sum converging in L?(R™),
and

118y S C 21 < Ol oy
o 2

where C' is independent of f. In particular,

(3.33) HY(R™) N LA(R™) CHY o (R™).

Proof. — Let f € HY (R™) N L?(R™), and set
F(-,t):= t2Le t'Lf.

We note that F' € TQ(RTI) N T”(RTI), by standard quadratic estimates for L and the
definition of HY (R™). Therefore, by Proposition 3.25, we have that

(3.34) F =Y )4,

where each A; is a TP-atom, the sum converges in both T”(R"H) and T2 (RTI), and
(3.35) DI S CIFI, iy = CllF g gy

Also, by L2-functional calculus ([51]), we have the “Calderén reproducing formula”
(336) f =CM TM,L (t2L€_t2Lf) =CMm 7TM7L(F) =CMm Z )\j ﬂ'M’L(A])

where by (3.29) and the T? convergence of the decomposition in (3.34), the last sum
converges in L?(R™). Moreover, by Lemma 3.30, for every M > 1, we have that up to multi-
plication by some harmless constant, each m; := cp mar,1,(A;) is an (H?, e, M)-molecule.
Consequently, the last sum in (3.36) is a molecular (H?,2,¢e, M)-representation, so that
feH] o a(R™), and by (3.35) we have

I fllezz @y < ClFllar @e)- O
Step 2 is now complete. This concludes the proof of Theorem 3.5. O

We next discuss duality for the spaces HY (R™) with 0 < p < 1.

If m is an (HY e, M)-molecule, then m € M, (IM/p D.L (this follows from the fact that,
given any two cubes () and @2, there exist integers K1 and Ko, depending upon £(Q1), £(Q2)
and dist(Q1, Q2), such that 251 Q; D @ and 2%2Q, D @), and the converse is also true (up
to a normalization). Therefore, g(m) := (g, m) is well-defined for every (H? , e, M )-molecule

m and every g € A’z(*l/pfl)(

R™). Moreover, the following estimate holds.
LEMMA 3.37. — Suppose0 <p<1,e>0, M > %(% - %) Then
(3.38) 90m)| < Cllgl 01 g

forevery g € Az(*l/p_l)(R”) (recall that AY. := BMO_- ) and every (HY e, M)-molecule m.
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Proof. — The case p = 1 was proved in [40], so we now suppose that p < 1. For every
zeR"

vae  \M
(3.39) m(z) = 2M l(Q)_z/ sds| m(z),
Q)
and
Val(Q) VaL(Q) . M VaI(Q) ,
(3.40) / sds = / s(I—e *)Mds + Z Ck,M/ se "L gs,
uQ) uQ) k=1 uQ)

where Cj, ) € R are some constants depending on k and M only. Going further,

V21(Q) ) V20(Q) R 2 2
2kL/ se Pl ds = —/ dse kL dg = ¢ RFUQTL _ o—2kUQ)"L
1 1

(@ (@
- e—kl(Q)2L(I _ e—kl(Q)QL)
k—1
(3.41) = e—kl(@)2L(1 _ e—l(Q)ZL) Z e~ IUQ)L
j=0

Applying the procedure outlined in (3.40)—(3.41) M times, we arrive at the following

formula
VaUQ) ,
m = 2M l(Q)_z/ s(I—e *1)yMs
Q)
M 2 2 k-1 2 M
(3.42) + ) Croml(Q) 2L e FUQTE(] — e HATL) Y " e miHQ) L) m.
k=1 §=0
Let
(3.43) my, :=1(Q)*N L Nim,  0<N;, <M.
Then
(3.44)

gm) = Cuy [ (1= @)y 0) TP s (o) o

n

(M+1)M -1 Val(Q) .
+ 07;72/ (l(Q)2/ s(I—e ¥ LYMg(x) ds) Ti{(zQ)mNi (z) dz,
1 R™ Q)

i—
where C; ;, are some constants, Tz.l’(kQ) are some operator families satisfying Gaffney estimates
(2.21) with t =~ 1(Q)?, and the integrals on the right-hand side are interpreted analogously to
(3.1). More precisely, each T; , is a composition of operators of the form (3.41) and operators
coming from

V2U(Q) )
(3.45) 1(Q)~2 s(I —e 5 L)M (s,
Q)

However, according to (3.41)—(3.42), the latter can be written as a constant plus an oper-
ator in (3.41), modulo the factor I(Q)~2L~!. The negative powers of I(Q)2L are absorbed
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in my,. Hence, each T; j is a constant (possibly, zero) plus a linear combination of the terms
in the form e="L with t ~ 1(Q)2.
Applying the Cauchy-Schwarz inequality, we deduce that
1

1_1 > l 1 l
(3.46) |g(m)|§C||g||Az<*1/p_1)(Rn)|Q|p 222171 b2 Z Tka)m

Jj=0 ik

(5;(Q)

If j < 3, then

(3.47) [Fane @) < ClQIF77,

for ¢ and k as above. If j > 3, we split
(348) NG = TN X, (@) TN X8, (Q)

where, as before,

(3.49) 5;(Q) =27+1Q\ 22Q.
Then
X= < X= <c2(E=5-9)|Qz— %
650 |72 (mx5,0) |2 s, < € 165, @)y < €2 QI
by the definition of molecule, and
2I1Q))? 1

(3.51) ’

l(Q) ( _ )‘ < Q)2
MN; Xgn\3,(Q) L5, @) = Ce @ lmn,

for a number N arbitrarily large. Inserting the results into (3.46), we finish the proof of
(3.38). O

) < C27IN|Q|ETs,

We are now ready to state our duality results generalizing [27, 29, 32].

THEOREM 3.52. — Suppose 0 < p < 1. Then
(3.53) (HE®R™)* = A"YP"D(RY ifp <1, and (HL(R™)* = BMOL-(R™).

Proof. — The statement about the duality of H} and BMO_- was proved in [40]. There-
fore we consider here only the case p < 1.

Step I. — We start with the left-to-the-right inclusion.
Assume that g is a linear functional on Hf (R™). Then for every f € HY (R™)

(3.54) 9O < Mgl 1 f g eny -

Theorem 3.5, in particular, implies that every (H7,e, M)-molecule belongs to HY and
Im||g» < C. Hence,

(3.55) lg(m)| < Cllg]-

However, if u € Ms’(1 Jp—1),r, Withnorm 1, then pisa (H f, g, M)-molecule adapted to Q.

Therefore, by (3.55), g defines a linear functional on M* It remains to prove that

(1/17 n,L-
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the norm (1.26), understood in the sense of (3.1), is finite. To do this, it is enough to show
that for every ¢ € L?(Q) such that ||¢[|2(g) = 1 the function

1 1 1
(I—e_l(Q)QL)Mgo, a=n<5—1>, M>ﬁ<*—*>,

(3.56) AR

|Q|a/n+l/2
isa (H7,e, M)-molecule (then the claim follows from (3.55)).

Since ¢ is supported in @, by Gaffney estimates

M
1 —(Q)?L\M 1 —kl(Q)%L
|Q|o/n+1/2 (T — @) ¢llzz(s;@) < C4|Q|a/n+1/2 Z le=H@ ¢llz2(s; @)
k=0
(3.57) c e Car c27v _ C27Y

= W@ el < Q[e/m+12 ~ |Q[i/r-1/2"

forevery j € Nand N € N arbitrarily large. Similarly, fork =1,..., M,
(3.58)

1 - — — 2
Qs IU@) LY = e QMo s, o))
1 o Q) Lk I
:W Q)L l)k(/ dre tLdt) (I — e M@ LMk,
0 L2(5;(Q)
1 Q9 . Nk 2
= Qi e T dr) (1 - QMK
g |,
L2(55(Q)
c dise (5;(9).9)? _iN

C
cl(Q)2 ||¢||L2(Q) S W’

. C -

— |Q|a/n+1/2 €
where we employed Lemma 2.22 for the next-to-the-last inequality. As before, N € N can be
taken arbitrarily large, and that finishes the argument.

Step II. — Let us now turn to the right-to-the-left inclusion in (3.53). Let g € AZ(}/ p=1) (R™).
We note that the mapping

fg(f) = <ga f>7
may be defined initially (by virtue of Lemma 3.37) when f is a finite linear combination
of (H?,e, M)-molecules, with M > (n/2)(1/p — 1/2), and by the density, in H? (R™), of
the collection of all such f, it is enough to establish the a priori bound

(3.59) 12N < Cliglgnarv—s oy I fllaz ., @y s

L,mol, M

for some uniform constant C', whenever f is such a finite linear combination. Indeed, in that
case, £, extends by continuity to a continuous linear functional on H? (R").

Our proof of (3.59) is based in part on the approach in [40], but we shall incorporate a
simplification to that approach, which was introduced in [44]. As above, let g € A¢.(R™),
a = n(l/p — 1), and let f be a finite linear combination of (H?,e, M)-molecules, with
M > (n/2)(1/p — 1/2). We begin by noting that the following two facts, first proved in [40]
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in the case p = 1 (equivalently, @« = 0), may be extended to the case 0 < p < 1 (a > 0)
mutatis mutandi, and we omit the details. First, as in [40], Lemma 8.3, we have that

1 27 s\M —t2L* Qda:dt
O60 s [, 12V P TR <l o

second, as in [40], Lemma 8.4, for f, g as above, the following Calderon reproducing formula
is valid:

dxdt

1/5
(6D {o.f)=Cy lim / (PL)M e g(o) PLe L fa)

At this point we follow [44]. Since t2Le_t2Lf € TP, we may invoke the result of [22] to
obtain the decomposition
t2L6_t2Lf = Z )\jAja

where each A; is a T? atom, supported in a Carleson box Rq,, and where {);} € £7, with

1/p
(3.62) o) " S Fln, ~ 1 flla @y

Using (3.61), we then have

M _—t2L* dxdt
0.0 < O W[ @2 gl 14,0

1/2
. T dxdt 1_1
SCZIAjI<// ()M ”g<w>|2t> Q)+
<O Wlllls;..

where in the second inequality we have used the definition of a TP-atom (cf. (3.24)), and in
the last inequality we have used (3.60) with @« = n(1/p — 1). The desired bound (3.59) now
follows from (3.62), since p < 1. O

4. Square function characterizations and interpolation

Recall the square function definition of Hardy spaces given in (1.10)—(1.11). In fact, there
is certain flexibility in the choice of the square function which gives an equivalent norm
in HY (R™). It is possible to replace ¢ (&) = £e~¢, € = t2L, in (1.10) by another function of ¢
with holomorphic extension to an open sector of the complex plane, provided it has enough
decay at zero and infinity. One way to see this is to re-prove the molecular decomposition
of Hardy spaces, this time using a square function based on 1, Lemma 2.28 and quadratic
estimates in [51].

Now we present a different approach, via the connection with the tent spaces (cf. (3.15),

3.16)), again using fundamentally the ideas of [22]. In a different context this has been done

in [11]. Here we will follow a similar path, pointing out the aspects which are particular to
our setting.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



754 S. HOFMANN, S. MAYBORODA AND A. MCINTOSH

Letw < p < m/2and ¢ € ¥(X). According to the quadratic estimates in [51] the
operator

4.1 Qu,r f(x,t) == (L) f(z), (x,t) € R,
is bounded from L2(R™) to T?(R’*"). Then for every ¢ € ¥(59) the operator

4.2) L F(x) := /000 Y(t?L)F(x,t) %, z € R",

is well-defined for all F € T?(R%*!) and bounded from T2(R%*) to L?(R™) by duality.
Indeed, the operator 1, is the adjoint of the operator Q- , and vice versa. In the sequel,
for the sake of notational convenience, we shall sometimes omit the subscript L, and write
merely @, ™y, When there is no chance of confusion.

Finally, for ¢, ¢ € ¥(x)) and f € H>(X)) let QF = Qy o fomy, ie.,
@) UFes) = [ (EDIDIEDFC) @, (@) e R

0

Then it follows from the observations above that @' is bounded in T2 (}Ri“), with the
norm bounded by || f[| . (s9). We will sometimes write ¢ in place of ¢" when f = 1.

PROPOSITION 4.4. — Let i € (w,7/2). Then for every ¥, € \I/(Eg) and f € H“(Eg)
the operator 7 originally defined on TQ(RTFI) extends by continuity to a bounded operator
on TP(R™Y) provided that either

(DO0<p<29€Tap(R9), 9 € Tga(9), or
(2)2<p<00,9€Vs,(Z0), ¥ € Vo p()

where a >0, 3 > % (max{%, 1} — %) Moreover,

4.5) HQfFHTp(]RiH) < Cllf”LOO(Zﬁ)||F||Tp(]Ri+1)a Jorall F e TP(RZH)'

Proof of Proposition 4.4. — Let 0 < p < 2. Using the Lemma 2.40 for any a, b such that
0 <a<aand0 < b < [ onecan write

¥ S . s\ 2a £\ 20 dt ntl
@6 P = min{(3)7 (1) | TenFCH@) T (@) eRET,
O S

where

(1) {T 1 }s<: satisfy the L? off-diagonal estimates in ¢ of order 8 + a uniformly in s < ¢,

(2) {Ts .+ }1<s satisty the L? off-diagonal estimates in s of order a + b uniformly in ¢ < s,
with the constant bounded by || f|| £ (si0). Note that the constants a, b can be chosen so that
botha +b > % (max{%, 1} - %) andB+a>% (max{%, 1} - %) Then there exist some
M >3 (max{%, 1} — %) and some C' > 0 such that for arbitrary closed sets £, F' C R"”

max{t, s} }ZM gl

* dist (B, F) 9liL2(m),
for every s,t > 0 and every g € L%(R"™) supported in E.

@) [T sglie < C Iy min {1
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The remainder of the proof follows the same path as that of Theorem 4.9 in [11]. Suppose
first that p < 1. By density of T2(R%) N T?(R%) in TP(R?) it is enough to establish an a
priori estimate for F € T?(R") N T?(R’ ). We may then use the atomic decomposition of
tent spaces in [22] (cf. Proposition 3.25 above) to reduce (4.5) to the atomic estimate

(4.8) 10" Allzo@n) < Cl|flle(sg) uniformly for T?(R?} )-atoms A.

Then one breaks down Qf A into a part close to the support of A and a part away from
the support of A. Close to the support we use the boundedness of 9" in T?(R"), and away
from the support we use (4.7). The details can be recovered carefully following an analogous

argument in [1 1]. Then the case 1 < p < 2 follows by interpolation and the case 2 < p < ©
is obtained by duality. O

PROPOSITION 4.9. — Let p € (w,7/2) and 3 € \I/(Eg). The operator Q.1 originally
defined on L*(R™) by the formula (4.1) extends to a bounded operator

(4.10) Qu,r : HE(R™) — TP(RTH),
provided that
either (1) 0<p<2,¢peW,ap()), or (2)2<p<oo, e Vg,(E)),
where a > 0 and 8 > 5 (max{%, 1} — %)
The operator vy, 1, defined on T? (Rﬁfrl) by means of (4.2) extends to a bounded operator
4.11) Ty, TP(RTTY) — HY (R™),
provided that
either (1) 0<p<2,9eWUs,(X)), or (2)2<p<oo,¥e¥,p(xh),

where o > 0 and 8 > % (max{%,l} - %)

Remark. Before proving the proposition, we note that for 111,1; € \I/(Eg) such that
fooo V(E)h(t) 4t = 1, we have the following Calderdn reproducing formula:

4.12) o OQ;;:F;;O Qyp =1 inL3(R"™).
Moreover, for every non-trivial ¢ € \11(22), such 1Z can be found, for example, taking
— b dty 1
2 O 0
([ wor) ", sex

Proof of Proposition 4.9. — Let ¥g(z) = ze ™%,z € 22. Then the boundedness of
the corresponding Qy, in (4.10) for 0 < p < 2 follows directly from the definitions of
H?(R™), 0 < p < 2,and TP(RTH).

Now take any 1) € ¥g , and 0 < p < 2. For every F' € TP(R}) 0 TR )

(4.13) P(z):

@14 o Fllap ey = 1Quo © o Fllpozy:
and due to Proposition 4.4 the last expression above is controlled by ||F||TP(R1+1). Then
(4.11) follows by a density argument.
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Next, let ¢ € ¥, 5(27), 0 < p < 2. Since L? is dense in H7, it is enough to prove that
4.15) ||Q¢f||Tp(Ri+1) < C|fllar @ny, forevery fe HpN L2
By definition Qy, f € TP(R*") for every f € HY N L2 Let M be the smallest integer

larger than 2 (max{l%, 1} - %) and 9o (€) := €Me~¢, € € £0. Then [ 9o (t)9o(t) & = Cir,
and hence, by (4.12) we have

(4.16) f=—— T 0Quf for fel?

1
Cu
Note that 120 € Wy n for every N > 0. Therefore,
||Q¢f||Tp(]Ri+1) =ClQyp o Moo © Qwof”Tp(]Rffl) < C”QwofHTp(Ri“) = C”f”Hz(]Rn),
where the inequality is a consequence of Proposition 4.4,

For p > 2 we use the duality between the operators 7 and Q. O

Remark. We would like to mention that in [42] the authors developed an alternative approach
to (4.10).

Remark. The results of Proposition 4.9 lead to an alternative molecular decomposition of
Hardy spaces, defining molecules as the images of the atoms of tent spaces under 7, for

appropriate ¢ (cf. [11]).

Remark. The tent spaces have an appropriate counterpart when p = oo and the results of
Proposition 4.9 extend to this case as well (see [40]).

Proposition 4.9, in particular, provides the square function characterization for the Hardy
spaces H? with p > 2, which were originally defined by duality (1.12).

COROLLARY 4.17. — Let o be a nontrivial function satisfying either

(1) 0<p<21peT,5(2Y), or
(2) 2<p <00, 9 € Vg a(S0),

where a > 0 and 3 > 4 (max{%, 1} - %) Define Hf;,L(R") to be the completion of the space

HQ,L(RH) ={f¢€ LQ(]R”) :QurLfe€ TP(RT'l)},

with respect to the norm

1/2
dydt
@18) N fllaz , @ny = 1Qu Lf o @nsry = H ( / /F " W L) fW)I* t3+1>

Lr(R)

Then HY (R™) = HY, ;, with equivalence of norms.
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Proof. — For 0 < p < 2, by the definitions it is enough to establish equality of the dense
spaces L2(R™)NH? (R™) and HZ’ 1 (R™), with equivalence of norms. One direction is precisely
the estimate (4.15) above. The opposite direction is proved in exactly the same way as (4.15),
by simply interchanging the roles of ¢ and 1), and observing that the reproducing formula
(4.16) is still valid (with a different constant), for the same choice of ?Zo, but with 1, replaced
by 1. We omit the routine details.

The case 2<p<oo is slightly more involved. We begin by claiming that
L?(R™) N HY(R™) is dense in HY (R™) (this fact is immediate by definition only for the
range 0 < p < 2). To prove the claim, let xx denote the characteristic function of the set
{(z,t) e RY™ 1 |z| < K, 1/K < t < K},so thatfor F € TP, 2 < p < oo, we have that
Fi := Fxx € T? NT?, and also that Fx — F in T?. Now given ¢ € ¥g ,(X9), choose
{E € \I'a,g(EZ) satisfying the reproducing formula (4.12). Then by (4.10) and (4.11), the
reproducing formula extends to HY i (R™) (since L2 N H fl is dense in the latter space), and
thus by duality to H? (R™). Consequently, given f € HY (R"), 2 < p < oo, we may write

f=rg5p0Qurf= lim 75 (Qurf)xx),
where by our previous Remarks and (4.11), the limit exists in H7 (R™). Moreover,
Fr == (Qu,.f) xx € T? N TP, so that ms  Fi € L*(R™) n HY(R™). Thus, the claimed
density holds.

Therefore, it is enough to prove that L*(R™) N H] (R™) = Hj, | (R™), with equivalence
of norms. One direction follows immediately from (4.10). We now proceed to establish the
other direction, namely that for f € H}, ; (R"), we have

1 llare ey S 1Qu,L f”TP(Ri“)'

In turn, by the definition of H? (R™), 2 < p < oo, as a dual space, it is enough to show that
for g € L2(R™) N HY. (R™), we have

[ 13

To this end, given ¢ € g 4(X)), as above we choose Y € W, 5(X)) satisfying the
reproducing formula (4.12), so that

/ fg‘:‘/ WJVLOQw,Lfg‘
R" Rn
< NQu.z fllps@ntsy 1Q7 1 9llgw rtty < CllQu,r fllzw ntsy ||9||H1£’* (RnY?

(4.19)

N ||Q¢,Lf||Tp(R1+1) ||9||H5’* (R

A

as desired, where in the last step we have used (4.15). O

Let us now turn to the interpolation property. One of the most important features of the
classical Hardy spaces lies in the fact that they form a complex interpolation scale including,
in particular, LP(R™) for some values of p (in fact, 1 < p < o0). It has to be mentioned
that Calderdn’s original method of complex interpolation was defined for Banach spaces and
could not be immediately extended to the case when the underlying spaces were only quasi-
Banach (p < 1). One reason for that is a possible failure of the maximum modulus principle
in quasi-Banach spaces. Over the years there have been developed several approaches to this
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issue (see, in particular, [19], [43], [24], [37] regarding the classical Hardy spaces). Here we are
going to employ an extension of the complex interpolation method to analytically convex
spaces described in [46], [45].

LEMMA 4.20. — Foreach0 < 0 < 1and0 < pg,p; < +00,
(4.21) [HY(R™), HP(R™)], = HE(R™), where 1/p = (1—0)/po +0/p1,
and

(4.22) [H?°(R™),BMOL(R™)], = HE(R"),0< 8 < 1, 0 < py < +00, 1/p= (1 —6)/po.

Proof. — The proof of (4.21) is a combination of an analogous result for the tent spaces
and Proposition 4.9. First of all, (3.22) holds for all 0 < pg < p; < +oo (this is stated
in [22], Proposition 6, p. 326; complete details are given in [20]). On the other hand, by
Proposition 4.9, if 0 < p < oo, Hardy spaces are the retracts of the corresponding tent
spaces, i.e. there exists an operator mapping any tent space to the corresponding Hardy
space and having the right inverse (actually, this is also true for p = oo, if we designate
BMOy (R"®) =: H*(R"™); the proof is implicit in [40], however, we shall not need to make
explicit use of this fact in the sequel). More precisely, given any pair 0 < py < p; < 00, we
can take ¢ € Wg g, where 8 > 2 (max{pio, 1} - %) and ¢ € Uy 4 as in (4.13). Then for
all p between po and p; the operator 7y, maps 7% to HY, and QJ : HY — TP? is its right
inverse. Therefore, (3.22) implies (4.21) once we make sure that 7P (R™*+1) + TP (R%H1) is
analytically convex (see Lemma 7.11 in [45]). This, however, follows from Theorem 7.9 in [45]
(see also the discussion in [20], Section 3, and in the proof of Lemma 8.23 below). The space
BMOp, can then be incorporated by duality and Wolff’s reiteration theorem [58], once we
have shown that, given any fixed py > 0, there is some large ambient Banach space into which
every H7 (R™), po < p < o0, and also BMO,(R™), may be continuously embedded. We shall
establish the existence of such an ambient space in an appendix (cf. Section 10 below). O

5. Riesz transform characterization of Hardy spaces

Let us recall that for a given operator L the interval (p_ (L), p4 (L)) is the interior of the
interval of LP-boundedness of the heat semigroup and 2 + (L) is an upper bound for the
interval of LP-boundedness of the Riesz transform. As pointed out in the introduction, we
have

(5.1) VL Y2 [P(R") — LP(R") <= p_(L)<p<2+e(L),

and the bounds p_(L) < nz—fg, e(L) > 0 are sharp in the sense of Corollary 2.20. In the
present section we aim to extend (5.1) to other values of p, passing to the Hardy H7 spaces,
and to prove the reverse estimate for a certain range of p, thus establishing for such p the
equivalence of the spaces H} (R") and HY g;.,,(R™) (cf. (1.11) and (1.20)) Our main result

in this section is the following.
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THEOREM 5.2. — Let 1 < r < 2 be such that the family {e~* '}~ satisfies L™ — L?
off-diagonal estimates. We then have
(5.3) HY(R™) = HY g (R, n%« <p<2+el).
Moreover, we have the following equivalence of norms:

~ _1/2 ™
G4 Wllapan = IVE Flny,  max {1, -7} <p<24e(D)
and if rn/(n+r) <1, then

- _1/2 r™m
(5.5) £z ey % IVLT 2 f ey s o <p <1

Remark. Note that, in particular, (5.4) holds for every p such that

p—(L)n }
1, —————r < 2 L
max{,n+p_(L) p<2+e(L),
and if -2 J;p(fgz) < 1, then (5.5) holds for every p such that 2==% ;Iff()z) <p<l.

The proof of the Theorem will be split into Propositions 5.6-5.33. Let us start with the
case p < 1. For the sake of notational convenience, given p € (0, 1], we shall throughout this
section fix M > (n/2)(1/p — 1/2) and € > 0 (recall that, as we have seen, any such choice
leads to an equivalent HY space), and we may therefore refer to (H? , e, M')-molecules simply
as H? -molecules. The first result concerns the boundedness of the Riesz transform.

PROPOSITION 5.6. — For every p such that T <p<1l there is a constant C depending
only on n, p and ellipticity (and our fixed choices of M and € ), such that the Riesz transform
VL~Y2 defined initially on L*> N HY (R™) = HE  (R™) (cf. (3.7)), satisfies

(5.7) IVL 2 fll s ny < Cl e,
and therefore extends to a bounded operator VL™/? : HY (R™) — HP(R™).

mot, ar (R™)

Proof. — We begin by recalling that the classical Hardy spaces can be characterized via a
molecular decomposition (see, e.g., [23]). Our Theorem 3.5 with L = —A provides one such
characterization, but a more traditional version is as follows.

The function m € L?(R") is an HP-molecule, 0 < p < 1, if it satisfies (3.3) for k = 0 and
(5.8) / zm(x)dr =0, 0< o] < M,

for some M € NU{0} such that M > [n(1/p—1)], with [y] denoting the integer part of y € R.
Given p € (0, 1], fix some M as above. Then the classical real variable Hardy space can be
realized as

(5.9) HP(R™) = {Z Ajmg s {Aj}520 € €° and my are Hp-molecules} )
=0
with

sy ~ it { (3 1) 77,

Jj=0
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where the infimum runs over all decompositions f = 772, A\;m;, converging in the space
of tempered distributions ¢, such that {);}52, € £ and each m; is an H? molecule. We do
not know if this particular version of molecular decomposition is explicitly stated anywhere
but it readily follows from the classical arguments (see [23], §2 of [56], and [35]).

Having these facts at hand, we first show that the Riesz transform maps H7 -molecules
into HP-molecules. Let m € L?(R™) be an HY -molecule associated with some cube Q € R"

(and M > %(% - %), e > 0 fixed as above). Then
(5.10) VL™ 2ml|2ag) < Cllml2geny < CUQ™TP,
using boundedness of VL~'/2 in L?(R™). Next, for i > 2
2
IV 2ml as,q)) < IV = e M| 12 5,0
(5.11) HIVL V2L = (I = e @ IYM || a6 oy = T+ I1.
According to Theorem 3.2 in [40] (see also Lemma 2.2 in [39]), for all closed sets E, F
in R™ with dist(E, F) > 0, if f € L*(R") is supported in E, then
_ _ M
5.12)  VLV2(I— e M fll o < C (garcer) 1 llam), VE> 0,
M
(5.13) IVL2(tLe ™ )M fllrom) < C (garceryz)  1fllzaqm), VE> 0.
Therefore,
_ _ 2
I < VLI = e @ )M (mygi2q) | 2(s.(0))
_ _ 2
+ VLTI — e @M (mygagi-20) [ 22(s. (@)
< C2_2M1||m||L2(2i—2Q) + C”m”LQ(Rn\zi—ZQ)
(5.14) < C27EMiyQ)n/2 /P - C(2°(Q))/2 P 2,
Since M > %(% — %), the estimate (5.14) implies
(5.15) I < C2U(Q))r/2—n/pgic,
where € = min{e,2M —n/p+n/2} > 0.

Turning to the second part of (5.11), we observe that

2 2
VL™V I — (I — e M Y Mm| pagy < C sup  |[VL™H2e D b 120y
1<k<M

M
<C sup HVL—1/2 (ﬁz(Q)%e—%l(Q)“) Q)2 L™ HMm
1<k<M M

L2(R™)
This allows to employ the argument above, using (5.13) in place of (5.12), to prove an
analogue of (5.15) for the expression I1.
Finally, the vanishing moment condition (5.8) is satisfied, since
(5.16) VL ?m(z)dz =0,
Rn

and one can take M = 0 when p> .
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So far, we have established that Riesz transform maps H7 -molecules into H?-molecules

forp € ( n Let us now show that this implies the desired estimate (5.7). To this end,

w1
let f € HY o0 (R"), so that by definition we may select an L? convergent molecular

decomposition f = 372 A;m;, where each m; is an H} -molecule, such that

ad 1/p
1l e = (30 INP)
=0
By the L? convergence of the sum, we have that
VLTV2F =" n (VEY2my) = > M,
where by the preceding argument each m; is a classical HP-molecule, and where the last

sum also converges in L? (hence in ¢f'). The bound (5.7) then follows immediately by the
molecular characterization of classical HP. This finishes the proof. O

PROPOSITION 5.17. — Let 1 < r < 2 be such that thefamily {e7 '} satisfies L™ — L?
off-diagonal estimates. Then for every p < 1 such that p >

n+r
(5.18) 1Al £z ey < CIVL™Y 2| o gen)

for every h € L*(R") N H] p,,,.(R™). In particular, if anrp(L(L) < 1, then (5.18) holds for
p—(L)n

n+p_ (L)

every p such that <p<Ll

Remark.: Combining Propositions 5.6 and 5.17, we therefore obtain (1.22), for f € L%(R"),
and thus by density, we obtain (1.19) in the case p < 1.

Proof. — Leth € H] p,..,(R") N L*(R™), and set
fi=L""2h

Since, in particular, h € L?(R™), we have that f is well defined: indeed, the solution of the
Kato square root problem [10] (cf. (1.4)) implies that f € W12(R™) (cf. (1.31)).

Let us denote

dydt
(5.19) (// [tV Le "L h(y)[? y+1> , T €ER™
I'(x) t
Then by Corollary 4.17
(520) ||Slh||Lp(]Rn) ~ ||h||H£(R”)7 0 < p S 2

Hence, matters are reduced to proving the estimate

rn
(5:21) 1S VI i@y < CIV ey, o <p< L

Let us recall the “Hardy-Sobolev” spaces
(5.22) HYP(R™) = {f € J (R")/C: Vf € H*(R")},
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where f'(R")/C is the space of tempered distributions modulo constants. The space
H'?(R™) may be identified with the corresponding Triebel-Lizorkin spaces (see, e.g., [52] or
Section 8.2 of the current paper), and thus admits an atomic decomposition [33]. Specifically,
a function q satisfying

(5.23) suppa C Q, [|Val|2rny < UQ)™27"/P,

is called an H'P-atom, n/(n + 1) < p < 1 (as usual, for smaller p one has to impose extra
vanishing moment conditions). Then

(5.24) HY“?(R™) = {Z Ajaj {1720 € £F and a; are Hl*p-atoms} ,
=0

with the series understood in the sense of convergence in J'(R")/C, and

Il e (mny =

inf{ (i |)\j|p> e s f= i Ajmj, {Nj}520 € £F and a; are Hl’p-atoms}.

Jj=0 Jj=0

We now claim that it is enough to show that

™m

(5.25) ||Slﬁa||Lp(Rn) <C, forevery H'P-atoma, p > o

p<l1

— )

where C'is a constant not depending on a. To see that (5.25) suffices to obtain the conclusion
of the proposition, we proceed as follows. We note that in the standard constructive tent
space proof of the atomic decomposition of H'*P, one obtains, much as in the proof of Step 2
of Theorem 3.5 above, that for f in the dense subspace W2(R"”) N H'?(R™), there is a
decomposition f = ¥ \;a;, converging in W1 2(R"), where each a; is an HP-atom, and
where

Z |)‘j|p 5 ||Vf||§1p(]Rn)-

By the solution of the Kato square root problem [10] (cf. (1.4)) and the L? boundedness of
the square function Sy, we have that

SVL : WH2(R™) — L2(R™),

so using the W2 convergence of the atomic sum, we obtain that pointwise a.e.,
SIVLf <> |N\| SiVLa,.

Thus, (5.25) implies (5.21).
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It remains to prove (5.25). For j € NU{0} let (S;(Q)) := Uses, (@) I'(%) be a saw-tooth
region based on S;(Q) C R™. Then

= N i dydt |
I Ealf ey < S @UQPCD ([ ] jonerat g a )
j=0 S;(Q)
<0y @Q) (- ( / / |tLetzLa(y)|2dydt>
i R(S;(Q)) t

+ouQ)"t -f>||slfLa||§2(4Q)

o0 o0
Z QJZ ) (/ / |t2L€7t L ( )|2dygt>
R\20-2Q J0 t

7j=3

CZ(ZJZ(Q) </23 2Q /2JZ(Q |t2 - ( )|2dydt)

(5.26) +CIQ )n(l 8ISy VLalagyq = I+ 1T+ II1.

Then, since S is bounded in L?(R"),

)SC.

(5.27) IIT < CZ(Q)"(1—§)||\/Ea||‘£2(Rn) < cy@)~t-%) IVal? g
Going further, observe that
(5.28) lallzz(0) < (Q)n/2—n/rtt,

for every HYP-atom a by (5.23), Sobolev inequality and Holder inequality. Then
Lemma 2.26, (5.28) and another application of Holder inequality imply that

0 waydt)
(1@ >(/ t2<2r>3) lal o)
c21(Q) L

(5.29) <c <2f1<cz>>"<1—%>(2%@))"(%‘%‘”Ilall‘”r@) <C,

gk uMg

Il
w

J

provided p > .

Finally, in order to handle I, we split the integral in ¢ into two parts, corresponding to
0 <t < 27(Q) and t > 271(Q), respectively. The second part can be estimated closely
following the argument in (5.29). As for the first one,

0 21(Q) .
Z 2.]1 ) (/ / |t2Le—t ( )|2dy3dt>
Rm\2i-2Q J0 t

7j=3
> U L, @ugn? dt :
(5.30) Zg (271(Q)"( %) < /0 £EH e 2 ) alf g <G,
using L™ — L? off-diagonal estimates. This completes the proof. O
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Now we turn to the case p > 1.

PRrOPOSITION 5.31. — The Riesz transform of the operator L satisfies

(5.32) VL™Y2. HY(R") — LP(R™)  for 1<p<2+e(L).

Proof. — Sincepy (L) > 2+e(L) (see [6], Theorem 4.1 combined with §3.4), the properties
(5.1) and (1.15) (proved in Proposition 9.1 below) yield (5.32) forp_(L) < p < 2+ ¢(L).
Then the full range of p in (5.32) can be achieved by interpolation (Lemma 4.20) with the
result of Proposition 5.6. O

PROPOSITION 5.33. — Let 1 < r < 2 be such that the family {e~ "}~ satisfies L" — L?

off-diagonal estimates. Then for all p satisfying max {1, nrfr} <p<ps(D),

(5.34) IAll gz gy < CIUVL™Y 2R Lo @n),
for every h € L*(R™) N HY, (R™).

Riesz

In particular, (5.34) holds for every p such that max {1, np;p(_LEZ) } <p<2+e(L).

Remark. This proposition is a sharpened version of [6], Proposition 4.10: in the latter, the
left hand side of (5.34) is replaced by the L? norm. Our proof is based on the circle of ideas
developed in [6], but the estimates we seek are somewhat more delicate, since H7 is “strictly
smaller” than L? (in the sense of Proposition 9.1 (ii) below) in the range 1 < p < p_(L).

Proof. — Step I. — By (5.1) applied to L* and a standard duality argument, we deduce
that

1 1
||\/Eg||Lp’(Rn) < OVl Lo mnys » + v 1,
for p_(L*) < p < 2 + &(L*), and hence, using the fact that (p_(L*))" = p4 (L), we have
(5.35) Illze @) < CIVETY2hllLogey, 2 <p <pi(L),

in which range of p we have H? (R™) = LP(R™) (cf. Appendix, Section 9). Therefore we may
suppose that p < 2.

We claim that it is enough to show that for each r as above,

(5.36) SVL : WHP(R™) — LP°(R™),  p=p(n,r) := max {1, :’_L } :
n T

because, given (5.30), the desired estimate (5.34), for the range p(n,r) < p < 2, follows by
interpolation with (5.35). More precisely, setting f := L~'/2h, by (5.35) and the bounded-
ness of S; in L2, we have, in particular, that

(5.37) IS1VLf (L2 @ny < Clf vz gy -
Thus, interpolating between the latter estimate and (5.36), we obtain
(5.38) SV : WIP(R") — LP(R") whenever max {1, %} <p<2,
n+r

and this is equivalent to (5.34), in the remaining case p(n,r) < p < 2.
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Hence, it remains only to prove (5.36), i.e., we shall show that
C
(5.39) ‘{x eR": $iVLf(z) > a}‘ < 7/ IVf@)|Pdy, VYa>0,
oP R™

for p as in (5.36), where by density we may suppose that f € Cg°.

Our proof is based on the use of a “Calderén-Zygmund type” decomposition of Sobolev
spaces taken from [6], where it was used to establish an analogue of (5.39), but for v/L rather
than for S;VL.

LEMMA 5.40 ([6]). — Suppose n > 1, 1 < p < oo and f € WYP(R™). Then for every
a > 0 there exists a collection of cubes {Q;}icz with finite overlap, a function g and a family
of functions {b; };cz, satisfying
(5.41) suppb; C Qs, || Vbillperny < Co|Qi|'?,  VieZ,
(5.42) IVgllLreny < CIV flize@nys  [IVgllze@ny < Cay,

such that f can be represented in the form

(5.43) F=g+Y bi, with Y |Qi| <Ca|VI[7, g

€7 €L

Returning to (5.39) we can write using the lemma above

S1VLg(z) + ( / /]P " XG;
) 1/2

(//F(Z ZtLe “Lhi(y)xice. >(t)‘ jfff)
1/2

$1vVLg(z) + Z (//|<l<cz ) |tLe_t oi(y)I? jfff)

icZ z—y|<t
bily) 12 dydt\
_ i\Y Y
+ // 2Le t2L
< I(x) ; (R

(5.44) —: Iy(x) + L1 (@) + Lx(a),

51\/Ef(x)

IN

2
_ 42 2 dydt
tLe™t Lbi(y)X(o,l(Qi))(t)‘ th)

IN

for all x € R™. Let us assign now
A :={z eR": Li(z) > a/3}, 1=0,1,2,
so that

(5.45) ’{weR”: SleLf(x)>a}) < |Ao| + |A1] + |As].

Step 1. — Consider Ag. By Chebyshev’s inequality

C 2 C
(5.46) Aol < 5 / SiVIg@)| dw< / V(@) da
n Rn
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where for the last estimate we used boundedness of S; in L?(R™) and the Kato square root
estimate ([10]). Combining the two statements in (5.42), we obtain that the expression in
(5.46) is bounded by Ca*p||Vf||’£,,(Rn), as desired.

Step II1. — The contribution from A, can be estimated as follows. By Chebyshev’s inequality
c bi(y) \|"
(5.47) Ay < 7/ ‘s S ] de,
142l o’ Jgn (iGZ Z(Qi))

with S as in (1.10). On the other hand, the L™ — L? off-diagonal estimates for the heat
semigroup imply that S is bounded in L™ (R™) (see, e.g., [6], Theorem 6.1, for an analogous
result in the case of vertical square function and [40]). Therefore, by Holder’s inequality for
sequences

r
1-1/r

(548) |As] < &

= or

< ¢

b ||
Z Qi)

i€Z. L™ (R")

(k)" (Exa)

1EZL iE€EL

aT‘
Lr(R™)

Now we recall that the cubes {Q;}:cz have finite overlap, i.e. there exists some fixed
constant C such that Y, ., xo,(z) < C for all z € R™. This implies that

(5.49) |4, < C/ Z |b|

When p =
(5.50) ||bi||mw> < C|| Vil Lo (gny < CalQi|"? = Call(Q)|"/".
When p =1 > .“%, by Holder’s inequality
(5.51)
1_n-1 1_n—1 n/r
[1bill (@) < ClQ:l ™™= NIbsll 2 1(Q)_C|Q| TVl L < Cali(@q)* /7.
Hence, in any case,
(5.52) |42 < C Y 1Qil < CaP|IV Y, ny-
€7

Step 4. — We now proceed to estimate |A;|. The argument here resonates with that in [7],
Section 1.2. For each function v, define

. dydt\""*
(5.53) //G(Q ) |tLe ™t Fu(y)? P, , 1€Z, ze€R™
\

o—y|<t
Then
|Aq] < Z |4Q;| + {x € R" \ U;ez4Q; : ZTibi(u’U) > a/3}
iEZ i€z
654 < IVl + g3 [ [S T8 @0 @) e
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The second term above (referred to as T later on) is bounded by

2
C
(5.55) = <§ /R n\4Qi7}bi(:r)u(:v) dx) ,

for some u € L*(R™) such that ||ul|2(gn) = 1. Therefore,

2
-~ C °
=y ( ) ||Tibi||L2(sj(Qi>>IIU||L2<SJ<Q@->)>
iE€EZ

Jj=3
2

1/2
42 dydt
630 =< (ZZ( J[ e et 0 ||u||Lz<sj<Q,->>> ,
i€Z j=3

t)Eﬂ(S (Q4))

where, as before, R(S;(Q:)) = Uzes, (@, I'() stands for the saw-tooth region built on the
set S;(Q;). Then, using Lemma 2.26 and (5.50)—(5.51), we see that
1Qs) /2 2
C - 2 _ dt
S o2 ZZ (/ ||t2Le r “b; ||L2(2J+1Q \29-2Q;) t3> ||“||L2(Sj(Q¢))
i€Z j=3
2

IN

o - 1Q:) Mz(ﬂ n_ ) dt 1/2
el P3P /0 em T bl gy 7 ) el @

i€Z j=3
(5.57)
c (Zzz-”l@m [ (Jul?) <y>]”2>
i€Z j=3

for any y € Q; and any large positive number N. Here i stands for the Hardy-Littlewood
maximal function, i.e.,

1
(@) =swp o [ lowldy,  w e
Q>z Q) Q

Next, one can sum up the expression above in j and integrate in y to obtain
(5.58)

T<c ( [ 3 xaw) [ () ks dy>2 <C ( /u ) @] dy>2,

by the finite overlap property of cubes {@; }:cz. At this point we use Kolmogorov’s lemma. It
amounts to the fact that every sublinear operator T" of weak type (1,1) satisfies the property

/|Tf )%dz < C|E|~ NG gny>  forall feL'R"), 0<qg<l,

and any set E of finite Lebesgue measure. Then, using the weak type (1, 1) boundedness of
the Hardy-Littlewood maximal function we control the expression in (5.58) by

2
(5.59) C( L HlL/f(Rn> SCZIQ¢|< NIV A o ey
1E€EZ

€L
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as desired. This concludes the proof of Proposition 5.33, and thus also that of Theorem 5.2.
O

6. Sharp maximal function characterization

Recall the sharp maximal function introduced in (1.28). This Section is devoted to the
proof of (1.29). More precisely, we define H;” . (R™) to be the completion of the set

B} 0o (RY) = {f € L*(R") : 5, f € LP(R™)}
with respect to the norm
Ifllaz,, , @) = |31 £\l o (-
We have the following:

THEOREM 6.1. — Let2 < p < co and M > n/4. Then f € H (R") = H} ,, [ (R"), and,
forall f € L2(R"),

(6.2) 1 llzrp ey = 1900 £ ey
Proof. — Recall that we have shown in the proof of Corollary 4.17 that L?(R™) N HY (R™)

is dense in H? (R™) when 2 < p < oo (for p < 2, the analogous density statement holds by
definition). Consequently, it suffices to establish (6.2).

Step 1. — First, we shall establish that for all M € N
(6.3) M, LP(R™) — LP(R™), for 2<p<oco, MeN.
Clearly, the latter estimate is an immediate consequence of the pointwise bound

My f < C(m(f |2))1/ ? where U denotes the Hardy-Littlewood maximal operator.
In turn, we establish the pointwise bound as follows:

[ 1/2
Wl%féggp > (@/Q ‘(I - e’l“’”?L)M(fxs,-(@))(y)‘2 dy)

1/2
1 2
C — d
< MZ§I;<|Q|/Q|f(y)| y)

1/2
(6.4 + Cpsup  sup Z <@/Q ‘e_’“l(Q)zL(fXSj(Q))(y)‘2 dy> .

Q3w 1<k<M 7]

Then by the Gaffney estimate (Lemma 2.25), the expression above is controlled by

> dist (@,5;(@)?

1/2 R I |
6.5 C (n(f?) +%§g%26 @ ol @)
z 1<k< j=1

1/2

<C(m(f1%)
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This finishes the proof of (6.3). Since for 2 < p < p4 (L), the spaces H} coincide with L?,
we also have

(6.6) M, - HP(R™) — LP(R™) for 2<p<py(L), MeN.

Interpolating (6.6) with the property
(6.7) M, : BMOL(R™) — L®(R™), M > n/4,
we deduce that

(6.8) M, HP(R") — LP(R") for 2<p<oo, M >n/d.

Step II. — Now we turn to the converse of (6.8). More precisely, let us show that

(6.9) [Nl 22 (mey < C|IM £l o (rny,

whenever 2 < p < oo, M > n/4 and f € L?(R"). Note that for such f, the adapted sharp
function %, f is well-defined.

Recall the discussion of tent spaces in Section 3. In particular, by (3.20) and Corol-
lary 4.17, we have, for each M > n/4 and every 2 < p < oo,

1 e dydt\'/*
swp (5 [ [ 1@t pp )
B>z \|B| JJB t

Thus, in order to conclude (6.9) it suffices to show that, for M > n/4,

(6.11)
(Q) , 1/2
s (g [ [ e )
Q3zx |Q| 0 Q t

for 2 < p < 0o. Note that we have replaced the exponent M by M + 1 on the left-hand side
of (6.11), but this is harmless: since (6.10) holds for every M > n/4, we may choose it larger
at our convenience.

(6.10) £l e (my < Cruap

LP(R™)

< C||7’4§\4f||LP(Rn),
Lr(R™)

Step I1I. — In this part we prove that for every cube Q C R"

o 1 @ 2 \M+1,_—2L 2 dydt)l/2
Ig = (m/o /Q\os Lo g B

1

W sup ||(I —e”’ L)MfHL?(sz)a VN e N

oo
(6.12) < C) 27N
=0 Q)< s <V2UQ)
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Following the procedure outlined in (3.39)—(3.44) one can split

V2U(Q) )
f=2M <Z(Q)‘2/ s(I—e s )Mds
(Q)

M k-1 M
+Zok Ml(Q)iQLileikl(Q) L 7l(Q) L Ze >
k=1 =0

= 01,1T1l,(1Q)(I - E_Z(Q)ZL)MZ(Q)_2ML_Mf

(M+1)M—1 V321(Q) ,
©13)  + > Ci.TY (KQ)‘Q / s(I—e L)MZ(@—?N@'L—Mfds),
i=1 HQ)

where C; j, are some constants, 0 < N; < M, and each T; j, is given by a constant (possibly,
zero) plus a linear combination of the terms in the form e~t'L with t ~ 1(Q)2. In particular,
T; x’s are bounded in L?(R™) with the constant independent of [(Q) (see Lemma 2.26) and
satisfy Gaffney estimates (2.21) with ¢ ~ 1(Q)2.

All the terms on the right-hand side of (6.13) are essentially of the same nature, and will
be handled similarly. Let us concentrate on the first one. The corresponding part of Ig is
bounded by

(6.14)
1@ : 2 dyar
S (b ) mS -] )
Since the mapping
3] 1/2
(6.15) e ([ e ersor )

is bounded in L?(R") (a consequence of the H*® calculus for L, see [1]), and the operator
Tll(lQ ) is bounded in L2, we can write
(6.16)

Q) 2r PLQ) OV LM 2 ayat | ?
/ / ' Y RLePIT@ [ )1 - e @M f () L
]01 1Ql !

1 _ 2
< CW (I — e M@ LyM

Furthermore, by Gaffney estimates and Lemma 2.22, when j > 2 we have

Q) Lri(Q) OV Lt 2 dydt 1/2
(IQI/ /‘ e Py [XS<Q><I—e (@) f](y)‘ t)

c @ _eiugn? o ¢ \2M g o
SW(/O ¢ e (l(Q)) T ”(I MM Fllzas, )

s 1 _ 2
6.17) <c27IN Q2 (I — e M D IYM £ 125 0y,

fllz220)-
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for any N € N. Now the combination of (6.16) and (6.17), together with analogous consid-
erations for the remaining terms in (6.13), implies

> . _ 2
Ig<Cy 27" |21Q|1/2 <||( — e MM L2, @)

j=0
Lz(Sj(Q))>

iN —(Q)2L\M
<022 ’ |2]Q|1/2 <||(I—e @M £l 255000

Vai(Q) ,
i@ [ - e pas
Q)

7=0
) V2U(Q) .
+(Q)~ ‘o s —e =)  fllracs; () ds
2
(6.18) <Ccd 27N sup 1T = e )M fllL2cs, @)
gz;) |2]Q|1/ Q)< s <VAIQ) (@
as desired.
Step IV. — The next step is to show that
sup > 279V sup (1= e )M fll e,
Qaz;) 2JQ| [21Q1'2 yg)< s <vai(Q) (@)
(6.19) < CMy( M, f)(x), xR, MEN,

where M, is an L2-based version of the Hardy-Littlewood maximal function, i.e.

2
(6.20) Mag(x) —Sup(|Q|/|g > , r € R".
Clearly,
1 1/2
(621)  Jzg(z) = sup sup ( |g(y>|2dy) ,  zERM
Q3z jenufo \ 127Q] Jaig
Hence,
Ma(Miy ) (x)
. . B 1/2
(622)  =sup sup | Sup — |( e M F()Pdzdy |
Q3z jenuqoy \ [27Q| 21Q &5y Q|
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Let us denote by {Q/ }f:l some partition of 27 into subcubes of side length [(Q). Then
the expression above is further equal to

1/2
A2
sup sup / sup ~ ( —l(Q) L Mf 2 zdz dy
Q3z jeNu{0} ZJCQIZ 9y| | )7 f(2)]
1 oin 1 1/2
2
zswp s\ / —5 | A= eI dz dy
Qe jeNu{0} |2JQ|; 1@l e
gin 1/2
= -(Q)*L\M 2
=sup sup / —e F(2)[2dz
sup sup |21Q|Z J M f ()
1/2
(6.23) =sup sup ( (I—E_Z(Q)ZL)Mf(z)Fdz) ’
@3z jenu{o} \|27Q| Jaig

where we used the fact that l(QZ)Zl(Q) foralli = 1,...,2/", j € NU {0}, to switch from
e HQD*L 1o UL jn the first inequality above. We claim that the expression in the last
line of (6.23) controls the left-hand side of (6.19). Indeed,

2
sup » 277N sup 1T = e )M fllr2cs, @)
Q%;J 2]Q| [27QI"2 )< <vaiQ)
oo ) 1/2
(6.24) < Csup) 279V sup ( |(I — e_szL)Mf(z)|2dz> ,
@320 (@< s <vauQ) \12@sl Jaiq,

where @), is a cube with the same center as @) and side length s. Since s > I(Q), in particular,
Qs DO @ 3> z. Then the right-hand side of (6.24) is bounded by

1/2
C3 2 sup ( . [ el<Qs>2L>Mf<z>|2dz)

=0 Qs> |23Q8| 21Qs
1/2 oo

(I—e—“Q>2L>Mf<z>|2dz> > 2
j=0

< Csup sup (
@>z jenufoy \127Q] Jaig

(6.25) < (Csup sup

1/2
— [ — e U@L Mgy 2dz> .
Q5 jeNU{0} (|2JQ| 2J'Q( )R I

This finishes the proof of (6.19).

Step IV. — Finally, (6.12), (6.19) allow to conclude that
(6.26)

/2

1 M@ _ dadt'
s (g [ [ e s
Q3x |Q| 0 Q i
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forevery 0 < p < oco. But since the classical Hardy-Littlewood maximal function is bounded
in LP for 1 < p < oo, the operator M, is bounded in LP(R"™) for 2 < p < oo, and therefore,

(6.27) M (Mg )| Lorry < ClIMy flliony,  2<p < 0.

Now the combination of (6.26) and (6.27) yields (6.11) and finishes the proof of the
theorem. O

7. Fractional powers of the operator L
Recall that forp_ (L) < p < r < p4(L)
1
(7.1) L @) - IR, = (0.

This result has been proved in [6], Proposition 5.3. In this section we aim to prove the
generalization of (7.1) to the full scale of H spaces.

THEOREM 7.2. — Let 0 < p < r < oo. Then

—Q n T n 1 n n
(7.4) L™ : H?(R") — BMOL(R"), o= %,
(7.5) L™ : BMOL(R™) — AF*(R™), a>0,
(7.6) L™ AP(R™) — APT2XR™), a>0, (>0

Proof. — Let us denote p,, := 2n/(n + 2) and p, := 2n/(n — 2). We recall that by [6], we
have p_(L) < p, and p4 (L) > p!,. We begin by claiming that it is enough to prove (7.3) for

1/n n 1/n =n 1
77 <1 such that 7<f_f><,<7_f)=,,
(7.7) 0<p<r<l suchthat 7 C-0)=503) =3
which, in particular, says that

1/n n
7.8 =,(,_f><,,
(7.8) 0<a 55 <3

Indeed, once (7.3) has been proved for this range, by interpolating with (7.1) via
Lemma 4.20, we may obtain that (7.3) holds for all
1 1
(1.9) 0<p<r<py(L) suchthat = (ﬁ—3> <,
2\p r 2
with o satisfying (7.8). We can then write L= = (L~%/*)* for k large enough in order to
remove restrictions on « and, equivalently, on the difference between p and r, and obtain
(7.3) for
1
(7.10) 0<p<r<pi(L), ozzf(%—;),
without restriction on the size of a. From here the results in (7.3)—(7.6) follow for the full
range of indices by duality and another application of the procedure with L= = (L~%/*)*,
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Indeed, the fact that (7.3) holds for 1 < p < r < 2 for all elliptic operators (and
hence, in particular, L*) together with (1.12) implies that (7.3) holds also for 2 < p < r < 4o0.
Combining this with the range (7.10) and suitably representing the powers of L as a compo-
sition of smaller powers, we cover the full range 0 < p < r < +4oo for (7.3). Furthermore,
using (7.3) for L* with p = 1 and Theorem 3.52, we arrive at (7.4). Similarly, dualizing (7.3)
for L* with » = 1 and using, once again, Theorem 3.52, one obtains (7.5), and, by the same
procedure starting with 0 < p < r < 1, (7.6).

Thus, it suffices to establish (7.3) under the restrictions (7.7)—(7.8), and it is to this task
that we now turn. We first show that

(7.11) S(L=%m)||pr@®ny < C, forevery (H7,e, M)-molecule m,

where M > % (% — %) and ¢ > 0. To this end, observe that by Holder’s inequality

(7.12) IS(L™ M)y < C D (27UQN™ T/ DS(L™m) | T2 s, (@)
j=0

When j < 10, we employ boundedness of S in L2(R"™) and (7.1) to obtain the estimate

(7.13) [S(L™m)||L2(s;(@)) < ImlLa@n)-

Here and throughout the proof ¢ is such that ow = (% - %), sothatg < 2and g > p, by
(7.8). Then by the definition of the molecule the expression above is bounded by 1(Q)Z ~*.
Indeed, by Holder’s inequality every (HY , e, M )-molecule satisfies (3.6) for ¢ < 2. Therefore,

.19 Il Lagesy < 3 lImllzacs; @) < CUQ)T™F = CUQ)E,
7=0
since%(%—%):az%(%_%).

Turning to the case j > 10, one can represent the molecule as follows
(7.15)

m= (I — e—l(Q)2L)Mm THyj gy g e—l(Q)zL)M]m

2 k
_ (I_e—l(Q) LYMpy Z Ck,M(

2 E1(Q)%L M 27 —1\M
X (gu@riet ) (@L)m,

where C}, js are some constants depending on k, M only. Starting with the first term above,
we write

(7.16) IS(L=(I = e M LY M) || 125, @)
< IS@™( = e DM (mxg o ))llzzcs; @)
+ IS = e QM (x5 o) l2(s5@0)s
where, as before,

(7.17) 5,(Q) :=212Q\ 2%Q.
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Then
(7.18)
||S(L70‘(I — e*l(Q) L)M(mX/S\j(Q)))HLz(Rn) < C||m||L‘1(§j(Q)) < C(2JZ(Q))§—

n
r

277¢,

As for the second part of (7.16), using the notation (3.49), one can write
— — 2
ISL=(I = e DM (x5 o)) lz2s;@)

1/2
27 —s’Lr—a(r _ —UQ)’L\M R 2 dsdx
0( //ge iy LT = S )@

o 1/2
27 —’Ly—a(y _ —UQ)?L\M R o dsdzx
c( /g.@) | IR L = O @)

1/2
- dsdzx
+C</ e e O g, 5 0P >
"\85(Q) Je2iuQ) R™\S;(Q) s

IN

IN

(7.19)
= I+1I

We claim that for arbitrary closed sets £, F' C R™

_ dist (B,F)?

<Ce < |lgll2m),

(7.20) HgffﬂL(I-e**L)g(L%F)__

provided s > 7 and supp g C E. Indeed,

S, —s —(s+7
L*(F)

T

gof/
T Jo

s [T _aist(E,m?2  dr
(7.21) SCHWMAE><TA © S+T)'

f/ 8,67(S+T)Lgdr
T Jo

dr
L2(F) s+ 71

L3(F)

(s+ T)Le_(‘“”)l‘g‘

Since s + r = s for s > 7 and r € (0, 7), the expression above does not exceed

ast(2,m2 (s [T dr dist (E,F)2
7.22 T e (—/ ><C T e .
(7.22) Cllgllzzeye el ey S 9l L2(m)
Next, recall that
oo
(7.23) L‘?f:(?/ tote L f dt.
0
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Then we obtain the estimate

° dzds\ "
mso( [T [ jme e - Oy xxn2)
< [e2i1(@) /R FE@) s

[ o) 2 1/2
a-1 —sL_—tLir _ —UQ)*L\M R ) @
c(/ ]</0 o sLe e (I —e M (X5, g 2y d) =

[c271(Q)
(e’s] ) 2 M

C / / tafl Z(Q)
c'[291(Q)]2 0 s+t

2 1/2

L2(R") s
s+t M
e (HOL([ _ ~UQ LM _ [e—% L[ e—l(Q)2L)]

IN

IN

X HsLe_SL ( s+t )M em(TOE(] — e_l(Q)zL)M(mX 3 )‘
1(Q)2 R™\S;(Q)

To estimate the last line above, we split further

and use Lemma 2.26 and (7.20) with 7 = [(Q)? and (s + t)/M in place of s (assuming
that (s + t)/M > 1(Q)?) and otherwise, if ¢/[271(Q)]? < (s + t)/M < 1(Q)?, just directly
Lemma 2.26. All in all,

- - 1O M 2 p 1/2
meel [ e (M) a) ) e
¢/ [271(Q))? 0 s+t S

(7.24) < C@IQ) 3 *2(57372M) < c(211(Q)) 3 F27¢,

with e denoting minimum between & from the definition of the (H?,e, M) molecule and
n n

75 —2M.We do not distinguish them in the notation as soon as € > 0.

In order to estimate I, let us denote by S* the vertical version of square function, i.e.

o0 ; dt\/?
(7.25) S*f(z) = (/ [t2Le=t" L f(x)|? ?) , z € R",
0
and record the following result:
x —tL —rL\M max{t, 7} \"
(7.26) S*e (I—-e ) f”L"‘(F) <C W ||f||L2(E)7

for arbitrary closed sets E,F C R", f € L*(E) and t,7 > 0. Fort = 0 this has been
established in Theorem 3.2, [40], and the proof of (7.26) follows the same path. Then

(M+1)1(Q)? .
I< C/ tO‘ilHS*eitL(I _ efl(Q) L)M(
0

MXgn\8, (@) 225, (@) ¥
= 1 - L _—tL Q) L\M 2 ds\'/?
e o ([T sme e = O T M 5 I o) )
(M+1)1(Q)? 0 R™\S;(Q)"L2(S;(Q)) s
(7.27)
=L +1
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where we first used (7.23), then Minkowski inequality to switch the L? and L' norms, then
split the integral in ¢, and then made a substitution s to s in the second term. Then, by (7.26)

(7.28) I < CUQY** 27 M |m| 2y < C(2TU(Q)) 27 277°.
Going further,
fo%e) t 2 2 2M
neef e [C ()
(M+1)1(Q)? o
o 2 1/2
tLe thesk ( > e~ l@* EYM (mx ) ds dt
)2 R™\5;(Q) ~ S
L2(S;(Q))
[eS) l 2M
o ( [ (1@
(M+1)I(Q)?

X

M
sL—tL s - UQ)L\M R
ske” (Z(Q)Q) (I—e ) X5, (@)

2 1/2
d
8) dt.
~ s
L2(5;(Q))
According to (7.20), the expression above is bounded by

1/2
UM ez [ [ rs\2 ds
CHm”LZ(Rn)/ ta 1(@> e ct / (7) — dt
(M+1)1(Q)? ¢ o Nt/

0 oo 2\ 2M ) 2 1/2
(7.29) +C||m||L2(]R")/ jo1 / (l(Q) > i@ ds ) T
(M+1)U(Q)? t s s

Here, to estimate the first term, we used (7.20) with

M+1 in place of s and I(Q)? in place

M
of 7, splitting tLe tL(I — e~U@’LYM — tLe~wril [e k(] — e‘l(Q)ZL)} . Similarly,

for the second term we employed (7.20) with in place of s and I(Q)? in place of 7, and

J7ES]
M
split sLe=L(I — e U@ LYM — gpe~ il [e wrl(r - e_l(Q)QL)]

Now, making the change of variables ¢ +— r, r := el l(Q)) , in the first line of (7.29), we
control it by
(7.30) CUQ))** 27 M||m| 2 an) < C(IUQ))Z~F277°.

In order to control the second term in (7.29), let us take some ¢ > 0 and write

1/2
= a- QM _euan ds
C||m||L2(]Rn)/ gt / (g> e e — dt
(M+1)I(Q)? t s $
1/2

S l 2\ at+6 1S I 2\ 2M—2a—26 ; 2 g
< C||m||L2(Rn)/ ot (@) / < (@) ) @ ds )
(M+1)1(Q)? ¢ ¢ s 5

(7.31)
< OU(Q)?*2 1M =20=20) || 1y gy < C(271(Q)) 277 277°,

provided § > 0 is small enough.
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All in all, we have the desired control for SL~ acting on the first term in (7.15). The sec-
ond one can be handled by a similar argument, since (1(Q)~2L~)Mm satisfies the same size
.. . 27\ M 2
conditions as a molecule itself and (l(Q)zLe_l(Q) L) behaves much as (I — e~ H@) )M,
Roughly speaking, these two operators exhibit the same cancellation and decay properties (it

can be seen, ¢.g., from the argument of Theorem 3.52).

This finishes the proof of (7.11), and it remains only to pass to (7.3), under the conditions
(7.7)~7.8). In particular, « < 1/2, so by (7.1), and the fact that p (L) > 2n/(n —2) (cf. [0]),
we then have that

1 1 2«
7.32 L™ : L*(R") — LY(R" = -
(132) )= I®Y), =g

Now by density, as usual it is enough to work with f € HJ _ ,,(R"), so that there is
an L? convergent molecular decomposition f = 3" A\;m;, with 3 |M\;|P < || f ”gﬂi e B
Consequently, (7.32) implies that

L™f =Y XL ®m; inLYR"),
and therefore also, since ¢ < p (L), that
S(L™f) <D INIS (L7my)
(here we have used that S : LY — L4 whenever p_ (L) < q < p4(L), by a slight modification
of an argument in [6], Theorem 6.1). It is now immediate that (7.11) implies (7.3), under

the conditions (7.7)—(7.8), and as we have observed above, the conclusion of Theorem 7.2
follows. O

8. Functional calculus and fractional powers of L in smoothness spaces

8.1. Functional calculus and fractional powers of L in H?-BMO-A$ spaces

Recall from Section 2.1 that L has a bounded holomorphic functional calculus on L? and
(2.5) holds. In general, these properties do not extend to all LP, 1 < p < oo. Otherwise, the
heat semigroup would be bounded in all L?, 1 < p < oo, as an H function, which would
contradict Proposition 2.10. However, the functional calculus can be extended to a full scale
of HY-BMOy,-A¢ spaces.

LeEmMA 8.1. — The operator L defined in (1.1)—(1.3) has a bounded holomorphic functional
calculus in H (R™), 0 < p < oo, BMOL(R™) and A} (R™), o > 0, in the following sense.

When 0 < p < 2, for every non-trivial v € H 00(22) the operator (L) originally defined
on L?(R™) extends by continuity to a bounded operator on HY (R™) satisfying

(8.2) ||¢(L)f||H§(JRn) < C||¢||L°°(Eg) f||H§(Rn) forevery f € HJ (R").
For p > 2 the operator (L) can be defined on HY (R™) by duality:
(83)  VfeHLR"), p>2, Vg€ HL(R")  ($(L)f,9) = (£, ¥(L")g),
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and satisfies (8.2). In the same way (L) can be defined on BMOL(R™) and A¢(R™), o > 0,
and

@84 (L) fllemo,@ny < CllYllLeso)l fllBmo, (n)  for every  f € BMOL(R™),

@5 YD) fllag@ry < ClYllLemo | fllag@ny forevery feAL(R"), a>0.

Proof. — Let0 <p<2andf3 > 1% (max{zl;, 1} — %) Now take ¢ € ¥ 3(2)) and build
{5 € \I’,@’,@(Eg) using (4.13) so that (4.12) is satisfied. Then for any g € H? (R™)

(8.6) Qug € TP(R}*") and 1Qu9llrsn+1y < Cligllay @rn)-

Furthermore, by Proposition 4.4
(8.7) Quo f(L)omy: TP(RTH) — TP(RT,
and hence, by (8.6)

(8.8) Quo f(L)=Qyo f(L)omzoQy : HL(R") — TP(RY™).

By virtue of (4.18) the property (8.8) implies that
(8.9) F(L) : HY(R™) — HE(R™),
thereby concluding the case 0 < p < 2.

Now the functional calculus of L in HY for p > 2, BMOy, and A$, a > 0, follows from
(1.12) and Theorem 3.52. O

8.2. Classical scales of function spaces measuring smoothness

So far we have worked with a few different scales of function spaces on R™: L?(R"),
1 < p < oo, Hardy spaces H?(R"), 0 < p < 1, homogeneous Sobolev spaces W *?(R"),
s € R, 1 < p < oo (cf. (1.32)), and their counterparts for p < 1 and s = 1, namely the
regular Hardy spaces H1P(R") defined in (5.22). All of them belong to (or can be identified
with the members of) a more extensive scale of the Triebel-Lizorkin spaces, Fg”q (R"),s € R,
0<p,qg<oo.

Let us denote by & the Fourier transform operator. We fix a Schwartz function ¢ such
that:

1. supp I (p) C{€ € R™: § < €] <2},
2. [F(¢)(€)] = ¢ > 0 uniformly for 3 < [¢] < 3,
3. Yiez|F (@) (2P = 1if € # 0,

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



780 S. HOFMANN, S. MAYBORODA AND A. MCINTOSH

and let ;(z) 1= 2"p(2'z),i € Z,z € R". Thenfor s € R,0 < p < oo and 0 < ¢ < oo,
1
pron = | (2@ 1w x £D7) 7| < oo},
i€z

where (' /9 is the space of tempered distributions on R” modulo polynomials. We have

(810)  EPIRY) = {fe /P |If

(8.11) LP(R™) = FP2(R™), 1< p< oo,

(8.12) WHP(R™) = FP2(R™), 1< p < oo, s €R,
(8.13) HP(R") = FP?(R™), 0<p<]1,

(8.14) HYP(R") ~ FP?(R"), 0<p<1.

The details on the identifications in (8.11) and (8.13) are presented in [33] (Remark 7.8
and Appendix B). The identifications (8.12) and (8.14) will be discussed after Lemma 8.17.
We shall use the following basic properties of Triebel-Lizorkin spaces.

LemMaA 8.15. — The space
(8.16) ZR™) :={p € J(R™) : (D*Fp)(0) = 0 for every multiindex o'}
is a dense subspace ong”q(]R”)for alls € R, 0 < p,q < 0.

LemMA 8.17. — The operator A%, a € R, is an isomorphism from Fsp’q(R") onto
EPd (R"), s € R, 0 < p,q < +o0. Also, for any m € N,

s—2x

(8.18) FPAR™Y) = {f e /P: Df € EP (R™), Va with |a| = m}.

Lemma 8.15 is proved in [57], Section 5.1.3, and Lemma &.17 directly follows from
Theorem 5.2.3 in [57]. Note that Lemma 8.17 together with (8.11) and (8.13) implies (8.12)
and (8.14).

Finally, we would like to record the following consequence of the Kato estimate.

LEMMA 8.19. — Let L be an operator defined by (1.1)—(1.3). Then L%, —1/2 < a < 1/2,
is an isomorphism from W*2(R") onto W*~2*2(R"), -1 < s < 1.

Proof. — The Kato estimate (1.4) implies that L'/2 maps the Sobolev space W '2(R™)
isomorphically onto L?(R™). Using this observation and interpolation, one can further show
that

(8.20) L, 0 < a < 1/2, is an isomorphism between 1W2%2(R™) and L2(R™),
(see, e.g., the proof of Proposition 5.3 in [6] for the details). Now we write L® = L*/2 o L=5/2t¢
and use duality and (8.20) to finish the argument. O

Interchanging the order in which L? and ¢¢ norms are taken in (8.10), one would obtain
the homogeneous Besov spaces Bg’q ,8 € R0 < p,g < oo. There are also appropriate
versions of (8.10) corresponding to p = oo or ¢ = o0; see, e.g., [33], Sections 1,2, for the
definitions. Since we aim to concentrate on the properties of the operator L in Sobolev spaces
and their counterparts for p < 1, we do not further elaborate on this point. However, below
we will use the notation F£’2 in place of W5 and H*® for uniformity and to avoid repetition
when consideringp > 1 and p < 1.
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8.3. Weighted tent spaces

Let s € R, 0 < p, ¢ < oo, and consider the spaces
(8.21) TPRYY) = {F : R} — C; ”F”Tf’q(]RT'l) = || GLF || Lrmny < 00},

where

1/q
dydt "
(822) (//F(z) y’ qtsq+n+1> ) z € R"™.

When s = 0, these are the classical tent spaces we discussed in Section 4. They were first
introduced and studied in [22]. In particular, the authors established the complex interpola-
tion of tent spaces for s = 0 and p,q > 1 (when the underlying spaces are Banach). Later
on the complex interpolation of tent spaces was proved for 0 < p,q < oo and s = 0in [15],
[20] (see also [2], [3], [16]). We stated a partial case of this result in (3.22). However, for the
applications we have in mind we need to show that the tent spaces interpolate in s, p and ¢
for the full range of indices.

LEMMA 8.23. — Forall sg,s1 € R, 0 < pg,p1 < 00, 0 < qo,q1 < 00,
(8.24) [TPo%0 (RYF), TPLa (R ) = TPA(RTTY), 0< 6 <1,

where s = (1= 0)so +0s1, £ = =0+ Loand £ = 1=0 + L

Proof. — As we already mentioned (see the discussion preceding Lemma 4.20), extension
of the complex interpolation method to quasi-Banach spaces is not straightforward, and over
the years several approaches to this issue have been developed. Here we continue to follow the
method of complex interpolation of analytically convex spaces which have been employed in
the classical Hardy-Sobolev-Besov-Triebel-Lizorkin scales in [46], [52], [45], and for the tent
spaces with s = 0 in [20].

According to Theorem 7.9 in [45] (see also [46]), we have

n 1,491 n — N n (1_9) 1,91 n 0
(825 [TRom (R, TR0 RE)], = (T Ry O (17 vy )

)

provided that 774 (Ri“), i = 0,1, are analytically convex and separable. Here the space
on the right-hand side of (8.25) is interpreted as a set of functions F : R’}fl — C such that
|F| < |G]*"?|H|? for some G € TF>® and H € TF»*', equipped with the natural infimum
norm.

The fact that the tent spaces are separable is fairly obvious (note that p, ¢ < oo). Further-
more, any tent space is a quasi-Banach lattice (a quasi-Banach space with a partial order),
and a quasi-Banach lattice X is analytically convex if it is lattice r-convex for some r > 0,
ie.

lis 1/r lis S\ 1/
(8.26) (1) < (Csl)
j=1 x =1
for any finite family {f; }1<j<m C X (see Theorem 7.8 in [45]). The elements of TP satisfy

(8.26) with r = min{p, ¢} by Minkowski inequality. Hence, the spaces (8.21) are analytically
convex and (8.25) applies.
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Now recall the factorization results from [20] for the tent spaces without weight:
1 1 1 1 1 1
(8.27) TP Rn+1) — TPos90 (pntly | P1,q1 (pntl , S 4 I= 4
o (RY o R - TEr T (RYTY) P g0 m 4 @ @
where 0 < p, ¢ < oo and the product in (8.27) is interpreted similarly to (8.25). Since for all

functions F, G : R}*" — Cand s € R we have £ & = - the formula (8.27) entails
(8.28) Tp,q(Rn+1) — Tfoo,qo (]RT'I) . Tgh‘]l (RT_l)v
with s = sg + s1, 11) = + —1 and % = q% + q%' Furthermore, it can be checked directly that

(TP9)" =TH™"" 50 that (8.28) implies

1-6 B4 n
(8.29) (zz020) =0 (o)’ = 7T < rray),
for s = (1 —0)sp + 051, % = 1;—09 + pT and 1 = qTa qi Together with (8.25) this finishes
the proof. m

8.4. Hardy-Sobolev spaces associated to L: general theory

Let us now define a smooth version of the Hardy spaces H z’p (R"),0<s<1,0<p<2,
as a completion of L=*/2(L? N H?) in the norm

(8.30) I fll e gny == ||SLS/2f||LP(R") = ||Ls/2f||Hg(Rn)-

Recall that L=°/2 is an isomorphism of L? onto the space W*2, hence, L~/2(L? N H?)
is a subspace of W2, in particular, L*/2f is well-defined for every f € L™%/2(L? n HY).
Moreover, it follows that

(8.31)  W**R"™) N HyP(R™)is dense in HP(R™), forall 0<s<1, 0<p<2.

LEMMA 8.32. — The operator L, —1/2 < o < 1/2, is an isomorphism of H;* onto
Hzf%"pprovidedo <s5—-20<1,0<s<1land0<p<2

Proof. — This result is a direct consequence of the definitions. Indeed, by definition
L?* N HY is dense in HY and

(8.33) L7 fllgzew = ISLL™fllze = |fllz, VfE€L?*NHE, 0<a<1/2.

Hence, the operator L~ extends by continuity to L~ : H} — Hi""p and its range
is closed in H;*”. On the other hand, its range contains L~*(L?> N H?), a dense subset
of H2*P, and therefore, the range of L~ in H.*" actually coincides with H:*”. Then
L~ is an isomorphism of HY onto Hio"p, 0 < a < 1/2. Using this fact and writing
L™ = L*/? o L*~*/2 we finish the proof of the lemma. O

Clearly, H;"? are analogues of the Sobolev spaces adapted to the elliptic operator L. In
particular, Lemmas 8.32, 8.17 and the remark after (1.15) show that

(8.34) HP(R™) ~ WHP(R"), 0<s<1, 1l<p<2.

As their counterparts for L = A, the spaces H;” (R™) are amenable to complex interpola-
tion, satisfy natural duality properties, admit some version of the molecular decomposition
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etc. If necessary, the scale of H;” spaces can be extended to the full range of p and s anal-
ogously to the Triebel-Lizorkin spaces. We do not pursue this subject in the present paper,
and only mention the results which are important for the applications we have in mind.

LEMMA 8.35. — The operator L has bounded holomorphic functional calculus in H;* (R™)
forall0 < s <1and0 < p < 2, in the sense that for every ¢ € HOO(EEL)

(8.36) p(L): HyP(RY) — HyP(R"),
with the norm bounded by ||| (s0).
Moreover, for every v € \Il’(Eg) and forall0 < o, <1land0<p<qg<2

(8.37) (L) : HPP(R™) — HY(R™),
and
(8.38) le(L)7 | <c |6y Wl
. "2 vaQ(Rn) > ¥ Los(50) HIP(R™)»

whenever the L* norm on the right-hand side is finite.

Proof. — The lemma follows directly from Lemmas 8.32 and 8.1 as soon as we observe
that

(8.39) p(L) = (L7436 Dp)) L5539,
and by our assumptions the function z — zﬁ_Tan%(%—%)(p(z) belongs to Hoo(zg)' 0

LEMMA 8.40. — Forall 0 < sg,s1 < 1and0 < pg,p1 <2
(8.41) [HP(R™), Hp P (R™)], = HPP(R™), 0<6 <1,

— (1 — 1_1-60 4, 0

where s = (1 —0)so + sy and . = === + -~

Proof. — Similarly to the case sy = s; = 0 we prove (8.41) via the reduction to the
interpolation of tent spaces, this time, using the weighted tent spaces discussed in Section 8.3.
Recall the operators @), and 7y, introduced in (4.1) and (4.2), respectively. Let 4 € (w, 7/2).
Using Proposition 4.9, Lemma 8.32 and the fact that multiplication by ¢ ~* is an isomorphism
from TP2(R}) onto TP(R'} ), we can verify that
(8.42) Qy : HyP(R") — TPA(RYH!),  and Ty TP2(RYTY) — HPP(R™),
for € W 5(20) and ¥ € U o(59), where @ > £ and 3> 2 (max{%, 1} - %) - 2.

Now for any given (so,po) and (s1,p1), so < s1, we choose ¢ € \Ifa”@(Eg) and
¥ € Vg o(2Y), wherea > % and § > 2 (max{%, 1} - %) — L. Then the corresponding Q.
and T satisfy (8.42) for all sg < s < s; and all p between py and p;. The rest of the proof
follows the same lines as the proof of Lemma 4.20. We omit the remaining details, except
to note that by Lemma &.32 and Theorem 7.2, the H;** spaces under consideration embed
into HY or A¢ spaces falling under the scope of Proposition 10.1 below, and thus may all be
embedded into a common ambient Banach space. O
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8.5. Hardy-Sobolev spaces associated to L: identifications with classical scales

p—(L)n

PRrOPOSITION 8.43. — For every p such that nip (L) <P < 2
(8.44) HpP(R™) ~ FP2(R™).

Proof. — Step I.— First, we would like to show that
(8.45) HpP(R") — FP*(R"), for -2 <p<2.

By Propositions 5.6, 5.31 and (8.11), (8.13) we have

(8.46) VLTV HE(R™) — FPAR™), if St <p<2+4e(D).

On the other hand, according to Lemma 8.32 the operator L'/2 is an isomorphism of H "
onto H? for 0 < p < 2. Hence, L'/2g € H? forevery g € H,"*, and
(8.47)
||v9||Fé”2(R") = ||VL_1/2L1/29||F§'2(RTL) < CHLI/QQHHZ(RTL) < C”Q”Hi”’(ﬂ{ﬂ)? Vg e H}fpy
if 25 < p < 2+ ¢(L). This gives the desired norm estimate (see Lemma 8.17). It
remains to show that the elements of H i’p (R™) can be seen as tempered distributions modulo
polynomials.

Indeed, by (8.31) forevery g € H, " there is a sequence {g, }5>, C W' 2NH " converging

to g in Hi’p norm. Then

(8.48) {gn}, c W2 = FP? c /2,

in particular, g,, n = 1,2,..., are tempered distributions modulo polynomials. Also,
{g.}22, is a Cauchy sequence in Hi’p norm. Hence,

(8.49) {Vgn}22, is Cauchy in F?> norm

by (8.47). Combining (8.48), (8.49) and Lemma &.17, we conclude that {g, }>, ¢ F”* and
{gn}22, is Cauchy in F*. Now g can be identified with the limit of {g,,} in F"*.

Step 1I. — Now we concentrate on the inverse inclusion, and show that

(8.50) HPP(R") — FPAR™), for Z=bn <p <o

It follows from (5.21), (5.38), (8.12) and (8.14) that

(8.51) SVL: FPP(R™) — LP(R™), for 2= cp <o

Combining this with (5.20) we have

D, n _(L)n
(8.52) Il e @y < Clflpp2nys ¥ f € FY *(R™), np+p(,2L) <p<2

and it remains to show that f actually belongs to H i’p (R™), i.e., that it can be approximated
by the elements of L~1/2(L2 N HY).

According to Lemma 8.15, Z(R") is a dense subset of F»?(R™). Then every f in (8.52)
can be approximated in F7?(R™) norm by a sequence { f,}2>; C Z(R™). The operator v/L
maps W2 ~ F2? to L2(R™) and Z(R™) is a subset of F2?. Hence,

(8.53) VLf, € L*(R"), n=1,2,...
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Since, in addition, ||\/ffn||H§(Rn) is finite for every n = 1,2,... by (8.51), we can
conclude that {v/Lf,,}5, € L? N HY and therefore, {f,}5%, C L™Y2(L? N HY).

By our assumptions {f,}2 is Cauchy in F”*(R™) norm. Then by (8.51), it is also
Cauchy in H}’(R™) norm and belongs to L='/2(L*> n H?). Now we identify its limit
in H,P(R™) with f € FP*(R™), and derive (8.50) with the appropriate norm estimate. ~ [J

8.6. Functional calculus and fractional powers of L in Sobolev and regular Hardy spaces

In this section we restrict ourselves to the case n > 3. One can derive analogues of all the
results below for n = 2 following the same arguments. We will not state them for the sake of
brevity.

THEOREM 8.54. — Let L be an elliptic operator satisfying (1.1)—~(1.3), and let p(L) and
e(L) retain the same significance as before. Assume that —1 < s < 1and 0 < p < oo are such
that either of the conditions (1) or (2) below is satisfied

(1) —=1<s<0 and
(8.55) max{O,%s+l—ﬁ}<%<(H%(L*)—l_yﬁ(m)s_kp%@)’
(2) 0<s<1 and
(8.56) (srim — 1+ 5 ) s+ 1- iy < < b+ p

Then L has bounded holomorphic functional calculus in FP2(R™), in the sense that for
every o € H> (X))

(8.57) (L) : FP2(R™) — FP2(R™),
with the norm bounded by ||| o (s0).
Moreover, for every p € ¥'(X9)

(8.58) o(L) : F2*(R™) — FP*(R™),
and
(8.59) le(L) g 2qany < O 7G| I f g
’ FgoRr) = ¥ L>(9) FOO(Rm)

whenever p < q, and the pairs (a, 1/p), (8,1/q) satisfy (8.55) or (8.56).

Remark. Above, the expression “the pair («, 1/p) satisfies (8.55) or (8.56)” means that either
of the conditions (8.55), (8.56) holds with « in place of s. Similarly, “the pair (3, 1/q) satisfies
(8.55) or (8.56)" means that either of the conditions (8.55), (8.56) holds with § in place of s
and ¢ in place of p. Finally, the expression “the pairs («, 1/p), (3, 1/q) satisfy (8.55) or (8.56)”
means that both “the pair («, 1/p) satisfies (8.55) or (8.56)” and “the pair (3, 1/q) satisfies
(8.55) or (8.56)”, in the sense outlined above.

The range of s and p satisfying either (8.55) or (8.56) can be identified with a polygon on

the (s, 1/p) plane. The shape of such a polygon depends on whether % < 1 (in which
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n+p_ (L*

case we will denote the corresponding polygon by %4 (L)) or o ( L*)) > 1 (then the polygon

will be denoted by Ro(L)).

First, assume that % < 1. The region %4 (L) consists of the open polygon with

vertices

oy 2= (b1 mmte) Br=(045),  Co=(1%258),
Ap=(—L1- D) g (01— L), D= (1 k)

together with the sides A, By, and C Dy,. It is shown on Figure 3.

A

D1 = (L 55dy)

_ _ 1
Fp, = (0,1 71)_(“))

=¥

FIGURE 3. — The region %1 (L).

n+p_ (L)

For the case > 1 we define the second region, R2(L), as an open polygon with

np_ (L")
the vertices o
_ (g Lte@) _ (o, 2 _ (1, ntr-(1)
Br= (_1’2+5(L*)>’ Er = (0’ p_(L))’ Cr= (1’ np_(L) )
8.61) AL =(-1,0), 7= <0leL) “n).,

Fo= (o0 ) o= (1)

together with the sides A . Br, and Cp Dy, Its picture is a modified version of Figure 3, much
as Figure 2 is a modification of Figure 1.

Proof of Theorem 8.54. — Let us introduce auxiliary points O = (0,0), B = (—1,1/2)
and D = (1,1/2). As we already mentioned, the statement of Theorem &.54 was proved
for all p, ¢ which in addition to the aforementioned restrictions satisfy p, ¢ > p_ (L) (see [6],
Sections 5.3, 5.4). Thus, the interior of the polygon Gy B, Er, Hy, Dy Fy, is already covered (i.e.
the statement of the theorem holds with %, substituted by Gy By Er H; Dy F1). The same
argument applies to the segments G, By and Hy Dy,
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Next, (1.15), (8.44) and Lemma 8.40 together with the well-known results on the complex
interpolation of Triebel-Lizorkin spaces lead to the conclusion that H}?(R™) ~ FP2(R")
whenever (s, 1/p) belongs to OE;CD or the segment Cr,D. Then, by Lemma 8.35, the
statement of the theorem holds in OFE;,C, D and on the segment Cr,D.

Combining these observations, we recover the result on the entire £; or R, using duality
and interpolation. 0

Remark. When "“’7((;’)) > 1, then Theorem 8.54 can be complemented by the corres-
ponding results for p = co. Specifically, consider the spaces F2°°°. For —1 < a < 0 they can
be seen, e.g., as the dual spaces for FP%(R™) with p = gt (see, e.g., [33], Remark 5.14,
and references therein). Then for every ¢ € H* (%)

(8.62) (L) : B2 (R™) — Eg™™(R™),

whenever —1 < a < n ( ﬁ — ) In the same way the spaces F°°’°° can be incor-
porated in (8.58)—(8.59), that is, we can | say that (8.58)—~8.59) hold whenever p < ¢ and
(a,1/p), (B,1/q) belong to %2 Ry U AL Fy, where the segment ALF, corresponds to the
classes F>>°,

The Theorem 8.54 and sharpness results in Section 2.2 lead to the complete description
of all functions spaces on Hardy-Sobolev-Triebel- leorkln scale where one can develop
functional calculus for an arbitrary elliptic operator satisfying (1.1)—(1.3).

COROLLARY 8.63. — Let L be an elliptic operator satisfying (1.1)—(1.3), and assume that
s €R, pe(0,00) are such that

(8.64) —1<s<1 and maX{Ofs+”2 << —l—”TJ;Z

11

p n
Then L has a bounded holomorphic functional calculus in F?2(R™), in the sense that

(8.65) o(L) : FP2(R™) — FP2(R™),  for every ¢ € H®(X9),

with the norm bounded by ||| o (s0).

More generally, if 0 < p < q < oo and the pairs o, p and 3, q satisfy (8.64), i.e.

(8.66) —-1<a<1 and maX{Oa%a‘FnT;LZ}S%S*a—F";f,
667 =<1 ad mac{0 B <L < Eae R
then
(8.68) o(L): FLP(R™) — FZ*(R™),
with

B—o 2 ﬂ
(569 D g < C [T 3G D] 1 lpae,

for every ¢ € W'(X0) such that the L™ norm on the right-hand side of (8.69) is finite.

These results are sharp for alln > 3. Forevery —1 < s < 1,0 < p < oo not satisfying (8.64)
there exists an elliptic operator L such that the heat semigroup is not bounded in F»?(R") and
hence, the property (8.65) does not hold. Similarly, (8.68), (8.69) need not hold if a,p or 3, q
do not satisfy (8.60)—(8.67).
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The Corollary 8.63 extends to the case p = oo in the vein of remark after the proof of
Theorem 8.54.

As we mentioned in the introduction, the range of indices s and p satisfying (8.64) can be
described as a region on (s, 1/p) plane.

Assume first that n > 4. We denote by R a closed polygon on (s, 1/p) plane with vertices

A=<—1,L_4), B=<—1,1>,
2n 2
n—|—4> < 1)
= ]_ D: 17 .
¢ <’ 2n ’ "2

On an (s, 1/p) plane the region %, is shown on Figure 1.

at

(8.70)

Now let n < 4, and let R, be a closed polygon on (s,1/p) plane with vertices at

n+4>

~ 1
A= (_170)7 B= (_1’7)a C= (17 mn

2
D:(l,l), F:(Q_",o).
2 2

The region &, is depicted on Figure 2.

(8.71)

Observe that for n = 4 we have R, = X, and the corresponding picture can be seen as
an extreme case of ®; (with A = (—1,0) and C = (1,1)) or an extreme case of ®y (with
A=F=(-1,0)).

In general, as dimension decreases, the slope of the line BC becomes larger, while B is
fixed and C moves up along the line {s = 1}. Whenn = 4, C = (1,1) and for n < 3 the
point C corresponds to p < 1. Strictly speaking, the Figure 2 shows &, for n = 3, and as we
mentioned above, n = 4 is its extreme case.

Allinall, s € [-1,1] and p € (0, o] satisfy (8.64) if and only if the point (s, 1/p) belongs
to K1 (n > 4) or to Ry (n < 4). As before, the segment AF corresponds to the spaces Fs"o"’o.

Proof of Corollary 5.65. — The corollary follows from Theorem 8.54 and the fact that
p—(L) < Tf—j:z for every elliptic operator L. The sharpness is a consequence of Proposi-
tion 2.10. Indeed, if n > 4 and for some point (s, 1/pg) & R; the heat semigroup e %,
t > 0, is bounded in FS”OD’Q(R") for all elliptic operators L, then by interpolation the heat

semigroup is bounded in all F7»2(R") with (s, 1/p) in the linear span of (sq,1/po) and R;.

In particular, there exists p ¢ [f—fz, %] such that the heat semigroup is bounded in L?
for all L, which contradicts Proposition 2.10. Similarly, when n = 3, we discover such a
contradiction starting with any (sg, 1/pg) € Ra. O
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9. Appendix 1: Relationships between H7 and classical H?

In this appendix, we establish (1.15) - (1.17). We note that the containments in (1.16)
(resp. (1.17)) are strict if 1 < p_(L) (resp. p+(L) < o0). For example, see item (vi) in
Proposition 9.1 below, and its proof.

We recall that classical H?(R") = LP(R"),if 1 < p < oo, that (p_(L),p+(L))
is the interior of the interval of LP boundedness of the heat semigroup e~*“, and that
p—(L) < 2n/(n + 2) and py(L) > 2n/(n — 2),ifn > 2. For a > 0, we let A*(R™)
denote the classical homogeneous “Lip,,” spaces (cf. (9.6) below), and in the case o = 0, we
let A°(R™), A% (R™) denote, respectively, the classical and L-adapted BMO spaces BMO(R™)
and BMO_ (R™). We define null spaces

Np(L) = {f € LPR")NW,;? : Lf =0}, pi(L)<p<oo,

loc
and
Ho(L) :={pe AR NW 2 : Lp=0}, 0<a.

loc

PROPOSITION 9.1. — We have the following containments and continuous embeddings:

(i) L*(R™) N H?(R™) C LAR") N HP(R™), n/(n+1)<p<1,and

.2 Iflar@ny SN laz@nys  f € LA(R™) N HL(R™).
(i) L2(R™) N H?(R") € L2(R") N LP(R™), 1< p<p_(L), and
9.3) Ifllzr @y SN fllaz@ny,  f€L*(R™)NHL(R™).

(i) LP(R™)/N p(L) — HY(R™), p4+(L) <p < oo, and
94 £l @y < CllfllLo®n), Pp+(L) <p < oo.
(iv) A*(R™)/N o(L) — AZ(R"?), 0<a<1,'?and
9.5) lellas @) < Cllellae@ny, 0<a<l
Moreover,

(v) HI(R") = LP(R"), p-(L) <p <p4+(L).
(vi) HZ(R") # LP(R"), 1<p<p_(L)orps(L) <p < co.

Finally, for eachp > 2n/(n—2), n > 3 (resp., for each o € [0,1) ), there is an operator L and
a non-trivial u € LP(R™) (resp., u € A“(R™) ) such that Lu = 0 weakly in R™. Thus, for each
such p or a, there is an operator L for which the corresponding null space N (L) or N (L) is
non-trivial.

(12) In the presence of pointwise heat kernel bounds, the case o = 0 of (iv) was previously obtained in [27].
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Proof. — We carry out the proof in the following order: (iv), (v), (iii), (i), (i), (vi) and then
conclude by presenting examples of non-trivial global null solutions.

Proof of (iv). Fix ¢ € A%, 0 < a < 1. By definition, for n/(n + 1) < p < 1 (as is the case if
0 <a=n(p~'-1) < 1),an HY (R™)-molecule is, in particular, a classical H?(R™)-molecule
(since the operator L kills constants). Consequently, by the classical duality results [29, 32]
we have that ¢ € Mi/{’Lt , the ambient space in which A¢ is defined (cf. (1.25) and the related
discussion, bearing in mind that in our present context, the roles of L and L* have been
reversed). Also, [[¢llae = 0 for ¢ € A (L), by definition of the A¢ norm (cf. (1.26), but
with L in place of L*). Thus, to prove (iv), it suffices to show that ¢ satisfies the norm estimate
(9.5). To this end, we fix a cube Q C R™, and use the fact that e *F1 = 1 to write

1/2
1 1 2 2
7|Q|a/n <@|/Q ‘(I— ) L)Mw(x)‘ d:c>

) 1/2
|Q|Oé/n (|Q|/‘ (9 L (‘P—SDQ)(QZ)‘ dx) ;

where g = ngo. It is then a routine matter to verify that this last expression is bounded
uniformly in @ by either ||¢||smo (if @ = 0), or by

9.6) Il an gy = sup 1£E = 2]
T#yY |ZL‘ - y|a

(if 0 < a < 1), using a dyadic annular decomposition plus the Gaffney estimates, much as
in the proof of (6.3). We omit the details.

Proofof (v). Recall that L?(R™)NHY (R™) is dense in HY (R™) (by definition, if 0 < p < 2, and
as proved in Corollary 4.17,if 2 < p < 00). Of course, L2(R™) N LP(R") is dense in LP(R™).
Therefore, it is enough to show that L2(R™")N LP(R") = L*(R™) N HY (R™), with equivalence
of norms.

One direction is easy: fix f € L2(R™) N LP(R™), p_(L) < p < p4(L). By Corollary 4.17,
for appropriate 1) we have that

1/2
dyd
1 Wz~ | ( [ s 25 < Clfllzrgeny

Lr(Rm)

where the last step essentially follows by the argument used in [6], Theorem 6.1, where the
case ¥(z) = /ze™* for the vertical (rather than conical) square function was treated. The
appropriate modifications are fairly straightforward.

Conversely, suppose that f € L2(R™) N H?(R"), and let g € L?(R™) N L? (R™), with
19/l £+ (mny = 1. By the Calderén reproducing formula (4.12), for appropriate 1, 1 we have
that

ng/ T 0QuifF
/n Rn ¢’L 1/)

< 1Qur f||Tp(R1+1) ||Q,;’L* 9||Tp’(R1+1) <C ||f||H§j(JR") Hg”LP'(R”)a
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where in the last step we have used (4.10) and the square function bounds of [6] (cf. the second
inequality in (9.7) and the references thereafter). The latter are applicable to the adjoint
operator L* in L?' (R™) since p, (L*) = (p_(L)). Taking the supremum over all such g, we
obtain that

I fll e ey < C||f||H§(Rn)7
as desired.

Proof of (iii). We interpolate the inclusion map between p = 2 and p = oo (i.e., @ = 01in (iv)),
to obtain (9.4). In turn, Theorem 6.1 implies that ||f||H€ @ny = 0 for f € A, (L), whence
(ii1) follows.

Proof of (i). We suppose that n/(n+1) < p < 1. As noted above, an H? (R™)-molecule is also
a classical H?(R™)-molecule, if n/(n+1) < p < 1. Consequently, by (3.7) and the molecular
decomposition of classical HP spaces, we have that L%(R") N HY (R™) C L?(R™) N HP(R™)
and (9.2) holds.

Remark: by the density of L?(R"™) N HY (R™) in HY (R™), one may now extend the identity
map by continuity to produce an “embedding” 4 : HY (R") — HP(R™), which equals the
identity on L?(R™) N H? (R™). It remains an open question to determine whether, in general,
this embedding is necessarily 1-1.

We further remark that, in the case p = 1, the containment L2 N H} C L? N H! amounts
to saying that, for f € L? N H}, the limits of the molecular decomposition f = 3" \;m;,
in Hj, H' and L*, are all the same. It is not known whether the same can be said for an
arbitrary element of H} , except in the special case that the kernel of the heat semigroup e ~*~
enjoys a pointwise Gaussian upper bound. In that case, it is a routine matter to verify that
one has the 1-1 embedding H} — H*.

Proof of (ii). Let f € L*(R®) N HY(R™), 1 < p < p_(L), and let g € L?(R™) N LP'(R”),
so that in particular, by (iii) above, we have that g € HY i (R™) (here we are using that
(p— (L)) = p4(L*)). Then for such f, g, we have that

/ fz?' = 105, 91 < Wiy Ny S 15z oy N9 o oy

where (-, -) denotes the HY (R")— H f, (R™) duality pairing, and where in the last step we have
used the L* version of (9.4). Taking a supremum over all g as above, with |g|[ ;" (zn) = 1, we
obtain that f € L? and satisfies (9.3).

Proof of (vi). By duality, it suffices to treat the case 1 < p < p_ (L), since p, (L) = (p_(L*))".
Moreover, it is enough to treat the case p = p_(L): indeed, if (vi) holds in that case, then it
must also hold for 1 < p < p_(L), or else we would reach a contradiction by interpolating
with the case p = 2.

We therefore suppose that p = p_(L) > 1. We recall that by [6], the Riesz transform
V L~1/2 fails to be bounded on LP, if p = p_(L) (cf. (1.5)). Thus, by Proposition 5.31, we
must have that H? (R™) cannot equal L?(R"™) if p = p_(L).

To conclude the proof of the proposition, it remains to construct examples to show that
the null spaces Ao (L), 0 < @ < 1 and N ,(L), 2n/(n — 2) < p < oo, may be non-trivial.
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To this end, we recall the examples of Frehse [34], discussed above in Section 2, namely that
for each ¢ < n/2 and \ > 0, there exists L := —divAV, with A complex elliptic, L>° (R")
and C>°(R™ \ {0}), for which the W,>? function

loc

— Tl idlnla
(9.8) u(z) = i © Izl
is a global weak solution of the equation Lu = 0 in R™. Taking o = 1 — ¢, we then have
that « in (9.8) belongs to A, (R™) if 0 < ¢ < 1;in fact, if ¢ = 1 we even have the stronger
statement that u € L (R™). Thus, u € A (L).

To exhibit an L for which /", (L) is non-trivial is a bit more delicate, although matters will
still depend on the construction in [34]. Fix now p > 2n/(n — 2) and choose ¢ < n/2 such
that p(¢ — 1) > n. We observe that for such p, g, the solution u in (9.8) belongs to LP “at
infinity”, i.e., in the complement of any ball centered at the origin. However, u is not in LP
in any neighborhood of the origin, so we shall have to work a little harder to produce a null
solution that belongs globally to LP.

Let L := —divAV be the complex elliptic matrix constructed in [34], for which u in (9.8)
is a global weak solution in R™ (the matrix A is given explicitly in (2.12) above). We note that
A is smooth away from the origin, and that |[VA(z)| < C if, say, |z| > 1/4. Fix a smooth
cut-off functionn € C§° (x| < 3/8),with0 < n < 1,and n(x) = 1if |z| < 1/4. Let 1 denote
the n x n identity matrix, and define an auxiliary matrix

A =114+ (1-n)A.

Then A; € C*°(R") is complex elliptic (in the sense of (1.2)), with ||V Ay || e (rn) < C. Set
L1 = —divA1V.

Next, we smoothly truncate v away from 0. Let 0 < & € C*(R"), with ®(z) = 1if
|z| > 1, and ®(z) = 01if |z| < 1/2, and define

w:=ud.
We observe that
Liw=Lw=—div(uAV®) — AVu-V® =: f € C;° (% <lz| < 1> .

We now fix r := 2n/(n — 2) and v’ = 2n/(n + 2). Recall that by [6], we have that
(9.9) L' L7(RY) — W2 (R™) N L™ (R™).

Thus,
wy = L7Yf € WHEH(R™) N L™ (R™).

On the other hand, since ¢ < n/2, the solution » in (9.8), and hence also w, do not belong
to L"(R™), nor to W12(R") (this is related to the failure of semigroup bounds for Ly in L?,
when p > n/(q— 1)). Consequently, v := w — w; is non-trivial, and solves Lv = 0, globally
in R™ in the weak sense.

It therefore remains only to show that v € LP(R™) (in spite of the failure of functional
calculus for Ly in LP), where we recall that p > 2n/(n — 2) was fixed above. We begin with
the following
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LEMMA 9.10. — Letr = 2n/(n — 2). Suppose that A € C*(R"™) is complex elliptic (in the
sense of (1.2)), and that ||V A|| e ®ny < Co. Set L := —divAV, and suppose that v € Wlif is
a global weak solution of Lv = 0. Then there are constants Cy and k, depending only on n, Cy
and ellipticity, such that for every unit cube Q C R™, we have that

1/r
©.11) pllz<a < i ([ )
KQ

where kQ denotes the concentric dilate of the unit cube Q, with side length k.

Let us momentarily take the lemma for granted, and conclude the proof of Propo-
sition 9.1. We apply Lemma 9.10 to the operator L; and to the solution v = w — w;
constructed above. We recall that w € LP(R"), wy; € L"(R"™), withp > r := 2n/(n — 2).
Let {Q;} be an enumeration of the dyadic grid of unit cubes in R", and we observe that
for « as in the lemma,

Yo=Y [ s [ <o,
NQ]' R™

since the dilated cubes xQ); have bounded overlaps. We now consider

| o= Z/Qj sy (/Q |v|r>m

sy ([, wr) s S sy

J 2
where in the first inequality we have used (9.11). By Holder’s inequality, we have

Y[ wls [ wp<oo
Moreover,

> < () <o

2

since p > r. This concludes the proof of Proposition 9.1, modulo the proof of Lemma 9.10.
O

Proof of Lemma 9.10. — The inequality (9.11) is a variant of standard classical estimates.
For the reader’s convenience, we provide a proof here using a well known perturbation
argument (e.g., as in the argument on pages 87-88 in the monograph of Giaquinta [36]), plus
an iteration scheme.

For the moment, we fix an arbitrary (i.e., not necessarily unit) cube @, of side length
£(Q), and a point zyz € @, and define a constant coefficient complex elliptic operator

Ly := —divAyV, where Ay := A(zg). By standard results for constant coefficient operators,
we have that T'y, the fundamental solution for L, belongs to C*>°(R™ \ {0}) and satisfies
9.12) To(2)| S =[*7",  [VTo(2)] S |2|'™",  [V*To(2)] < |27,

where the implicit constants depend only upon ellipticity and dimension.
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Let ¢ be a smooth non-negative cut-off function supported in 3Q, with ¢g = 1 on 2Q,
and satisfying |[Vog|le S €(Q)71, V200 o S Q)2 We now write

~

o(zo) do(z0) = / V,To@o — 1) - AoV (v(m)do(y)) dy

v(o)

= /Vyro(l“o —y) - AVu(y) dq(y)dy + /Vyro(mo —y) - AoV (y) v(y)dy

= [V, Tola =160l - (4o — AW)Vely)dy
— [ oo = 9)Voa) - AoVelu)dy
+ [ VFole0 =9 AV oa(w) o(u)dy = 1+ 1T +111,

where we have used in term I that Lv = 0.

By (9.12) and the definition of ¢¢, we have that

1
g [l
Q| 3Q\2Q

The same bound holds for 17, as may be seen by integrating by parts to move the gradient
away from v. Similarly, integrating by parts in term [ yields the estimate

115 [ 1950l V6ol vl + [ ol I¥28gl 1o
+ 194l [ [9%To(e0 ~9)lz0 — vl o)y + 194l [ ol Vol b
+ IVA[l /3@ |VDo(zo —y)| lv(y)ldy =: 1 + Lo + I3 + Iy + I5.
The terms I, I satisfy the same bound as do I7 and I11. For the remaining terms, we have

|13+f4+15|5/ 20 — ' |o(y) | dy =: Tgv (zo).
3Q

Combining our estimates, we obtain

(9.13) lv(z)| S ﬁ /3Q lv] + Igu (z), Vr € Q.

By Hoélder’s inequality, we have

1/t
Igv (2) S 4Q) (@ / ) |v|t> ,

for any t > n, and each x € @, so that also

1 1 1t
9.14 < ¢ L t .
9.14) lv(z)| S ] /3@ lv] + £(Q) <|Q| /3Q |v] ) , Vz e Q
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Iterating (that is, using (9.13) with @ replaced by 3@Q), we obtain for z € Q,

1/t
1 1 '
lv(z)| < A o lv] + Q) <|Q| /3@ [v] )

1 Q) 1 >/
<1 “e) o) (= [ 1
S1al oo TGl g (Q)<IQ| /3Q' sqv

R ()l (L )
5|Q|/3q| I+ %G /9Q| |+ (4Q) (|Q|/9Q| |) ,

where in the last step 1/t = 1/s — 1/n and we have used the fractional integral theorem.
Iterating further, and taking @) to be a unit cube, we obtain the conclusion of the lemma. [

10. Appendix 2: Embedding of H? (R™) spaces into an ambient Banach space

We shall continue to use the notational convention that A% (R™) := BMOL(R"). In this
appendix, we prove the following:

PROPOSITION 10.1. — Let 0 < pg < 1, and 0 < ag < oo. Then there exists a Banach
space B = B(po, o) such that the spaces HY (R™), pg < p < oo, and AF(R™), 0 < a < ay,
are all continuously embedded into P.

Proof. — We shall realize the space B as the dual of an appropriate normed space
My = My(po, @), which in turn will be a subspace of the intersection of MZ‘;]\L{ (cf. Sec-
tion 1) and D((L*)™) (the domain of (L*)™ in L?(R™)), where gy > 0 and

1 1

(10.2) M > max (%(ao—l—n/Q),g <p—0— 5))

More precisely, for such ey and M fixed, we define My = Mg (po, co) as the collection of all
¢ € L%(R") such that ¢ belongs to the R((L*)¥), the range of (L*)* in L?(R"™), and also
to D((L*)*), foreach k = 0,1,..., M, and satisfies

M
(10.3) lpllng, = sup 27(*/2Feaoteo) N I(L=)Eg|| 12 (g, (gu)) < 00,
720 k=—M
where (o is the unit cube centered at 0 and S;(Qo), j € N, are the corresponding dyadic
annuli (see (3.2)). We note that || - ||, clearly defines a norm. We observe also that it is easy
to construct elements of My: just set ¢ = (L*)Me~L" f, where f € L? with support in Q.
The bound ||¢|lm, < C|fllL2(g,) follows immediately from Gaffney estimates.

We now set B := Mj, the dual space of My, and we consider first the embedding
A¥(R™) — B, for 0 < a < ag. Suppose that ¢ € My, with |l¢|lm, = 1. Then ¢ is an
(HY., (oo — ) + €9, M)-molecule adapted to Qo (cf. (3.3)), up to multiplication by some
harmless constant C, with @ = n(1/p — 1), for every p such that n/(n + ag) < p < 1. Thus,
by Lemma 3.37, for every g € AZ(R"),0 < a < o, we have

(e, 9)| < Cllgllag @) = Clielm, lgllag @),
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whence it follows that A% (R™) — B.

Next, we consider the embedding H? (R") — %, py < p < 1. Since M, C L?*(R"), by
(3.7) and Definition 3.4, it is enough to show that, given € > 0,

(10.4 | e@ym(@)da] < Clilam,

forevery (HY e, M)-molecule m. We fix such a molecule m, associated to a cube Q. It is clear
from the definitions (cf. (10.3) and (3.3)) that for k = 0,1,..., M,

* 2 —k n/2—n
(10.5) (L) *@ll 2@ < Cliglm, and || ((€Q)°L) ~ mlpa@e) < CEQ)™/2> /P,
Thus, for £(Q) > 1, the bound (10.4) follows immediately from Schwarz’s inequality and
(10.5) with & = 0. On the other hand, if ¢(Q) < 1, we have

de|= 0@Q2M| [ (@™ 0@)2L) " m(z)d
|| e@ymeyde| = 6@ | [ (19)"e(w) ((6@)°E) " m(a)da |

< Cllglm, Q)2 Fn/27n/p
by (10.5) with £ = M. Since p > pg, for M asin (10.2), we obtain (10.4).

Finally, we suppose that 1 < p < oo, and let f € L?*(R") N HF(R™). Setting
P(¢) := (Me~¢, by the Calderén reproducing formula (4.12) and duality, we have

| #la) f@)da| < CNQuwfllrniery 1Quute lw s
< O gy 1@y, @l gy
It is therefore enough to show that, for ||o|m, = 1,
106 Qu il ey = 1(Qy @)y <€ 1<0 < o0,

where we remind the reader that the “area integral” ¢ is defined in (3.16). We first note
that (10.6) with p’ = 2 follows immediately by standard quadratic estimates and the
case k = 0 of (10.5). Moreover, H‘pHHi @) < C (indeed, as mentioned above, ¢ is an
(H}, ag + €9, M)-molecule adapted to Qo, up to multiplication by a harmless constant), so
that by Proposition 4.9, we have

1Qu,-@ll7s ey = 1G(Qy,-P)l| L (m) < C-
Combining the latter bound with that for p’ = 2, we obtain immediately (10.6) in the case
1<p <2

Similarly, to handle thecase 2 < p’ < o0, itis enough to show that &(Q., -¢) € L= (R™).
To this end, we write

(@@uup@) = [[ 1M e @P g

1 oo
C2L dydt M 2L dydt
< [ [everr@ypewrils « [ ertet e

1 [e’s)
g/ t4M_"_1dt+/ t™" e < O,
0

1
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where in the next-to-last inequality we have used (10.5) with £ = M in the first term and with
k = 0 in the second, along with L? boundedness of (tzL*)ke_tzL* for every non-negative
integer k, and in the very last step we have used that M > n/4, by (10.2) and the fact that
po < 1. O
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