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GROWTH OF SELMER GROUPS OF HILBERT
MODULAR FORMS OVER RING CLASS FIELDS

 J Ň

A. – We prove non-trivial lower bounds for the growth of ranks of Selmer groups of
Hilbert modular forms over ring class fields and over certain Kummer extensions, by establishing first
a suitable parity result.

R. – On donne des bornes inférieures non triviales sur la croissance des rangs des groupes
de Selmer de formes modulaires de Hilbert sur les corps de classes d’anneau et sur des extensions de
Kummer, en démontrant d’abord un résultat de parité.

0. Introduction

0.1. – Fix an algebraic closure Q of Q, a prime number p and embeddings i∞ : Q ↪→ C and
ip : Q ↪→ Qp.

Let F be a totally real number field and g ∈ Sk(n, 1) a cuspidal Hilbert modular newform
over F of parallel weight k, trivial character (which implies that k is even) and (exact) level n.

Let K be a totally imaginary quadratic extension of F and χ : A∗K/K∗A∗F −→ C∗ a
(continuous) character of finite order. Fix a number fieldL ⊂ Q such that i∞(L) contains all
Hecke eigenvalues λg(v) of g and all values of χ; denote by p the prime of L above p induced
by ip.

Let V (g) = Vp(g) be the two-dimensional representation of GF = Gal(Q/F ) with coef-
ficients in Lp attached to g: if v -∞pn is a prime of F , then V (g) is unramified at v and

det (1− Fr(v)geomX | V (g)) = 1− ip(λg(v))X + (Nv)k−1X2.

The Tate twist V = V (g)(k/2) is self-dual in the sense that there exists a skew-symmetric
isomorphism V

∼−→ V ∗(1) = HomLp(V,Lp)(1).

Denote by η = ηK/F : A∗F /F ∗NK/FA∗K
∼−→ {±1} the quadratic character corresponding

to the extension K/F .
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1004 J. Ň

0.2. – Normalising the reciprocity map recK : A∗K/K∗ −→ Gal(Kab/K) so that the local
uniformisers correspond to geometric Frobenius elements, we identify χwith the corespond-

ing Galois character χ : GK = Gal(Q/K) −→ O∗L ⊂ L∗p; put Kχ = QKer(χ)
. There are

canonical isomorphisms

H1
f (K,V ⊗ χ±1)

∼−→ (H1
f (Kχ, V )⊗ χ±1)Gal(Kχ/K) = H1

f (Kχ, V )(χ∓1),

where H1
f (−) are the Bloch-Kato Selmer groups and

M (χ) = {m ∈M | ∀σ ∈ Gal(Kχ/K) σ(m) = χ(σ)m},

for anyOL[Gal(Kχ/K)]-moduleM . The action of the complex conjugation ρ ∈ Gal(Kχ/F )

on H1
f (Kχ, V ) interchanges the eigenspaces H1

f (Kχ, V )(χ±1), which implies that their di-
mensions

h1
f (K,V ⊗ χ±1) := dimLp H

1
f (K,V ⊗ χ±1)

are equal to each other: h1
f (K,V ⊗ χ) = h1

f (K,V ⊗ χ−1).

0.3. – Denote by π = π(g) the (irreducible, cuspidal) automorphic representation of
GL2(AF ) generated by g, and by θχ the automorphic representation of GL2(AF ) generated
by the theta series of χ. They are both self-dual, as the central character of π (resp., of θχ)
is trivial (resp., is equal to η = ηK/F , and θχ ⊗ η = θχ).

The Rankin-Selberg L-function L(π × θχ, s) has Euler factors

Lv(π × θχ, s) =
∏
w|v

det(1− Fr(w)geom (Nw)1/2−s | (V ⊗ χ)Iw)−1,

where v - ∞p is a prime of F and w a prime of K (cf. [13, 12.6.2.2]). We shall abuse
the notation and write Lv(π × χ, s) instead of Lv(π × θχ, s). The complete L-function
L(π × χ, s) =

∏
v Lv(π × χ, s) is equal to L(π × χ−1, s), has holomorphic continuation to

C and a functional equation of the form

L(π × χ, s) = ε(π × χ, s)L(π × χ, 1− s),

ε(π × χ, s) = c(π × χ)1/2−s ε(π × χ, 1
2 ), ε(π × χ, 1

2 ) ∈ {±1}.

Put

ran(K, g, χ) := ords=1/2 L(π × χ, s) = ords=1/2

∏
v -∞

Lv(π × χ, s)

(the Γ-factors Lv(π × χ, s) for v | ∞ take finite non-zero values at s = 1/2).

The conjectures of Bloch and Kato ([2], [8]) predict that

(0.3.0.1) ran(K, g, χ)
?
= h1

f (K,V ⊗ χ).

The main result of the present article is the following theorem.
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GROWTH OF SELMER GROUPS 1005

0.4. Theorem. – Assume that g ∈ Sk(n, 1) is potentially p-ordinary, i.e., that there
exists a finite solvable extension of totally real number fields F ′/F such that the base change
BCF ′/F (π(g)) is equal to π(g′), where g′ is a p-ordinary (cuspidal) Hilbert eigenform over
F ′ (equivalently, that there exists a character of finite order ϕ : A∗F /F ∗ −→ Q∗ such that the
newform associated to g ⊗ ϕ is p-ordinary; see [13, 12.5.10]). If g has complex multiplication
by a totally imaginary quadratic extension K ′ of F , assume, in addition, that p 6= 2 and that
K ′ 6⊂ Kχ. Then:

1. If 2 - ran(K, g, χ), then 2 - h1
f (K,V ⊗ χ).

2. If 2 | ran(K, g, χ) and if there exists a prime v | p of F which does not split in K/F and
for which π(g)v = St ⊗ µ, µ : F ∗v −→ {±1}, χw = µ ◦NKw/Fv , where w is the unique
prime of K above v (as g is potentially ordinary, this can occur only if k = 2; see [13,
12.5.4]), then 2 | h1

f (K,V ⊗ χ).

(The hypothesis in (2) can be interpreted as saying that the Euler factor at v of the p-adic coun-
terpart of L(π×χ, s) has a trivial zero of odd order at the central point; cf. [13, 12.6.3.10] and
[13, 12.6.4.3].)

0.5. Corollary. – Let K[∞] ⊂ Kab be the union of all ring class fields of K in the sense of
[1, 1.1] (the Galois group Gal(K[∞]/K) is the quotient of Gal(Kab/K) by recK(A∗F )). Let
K0/K be a finite subextension ofK[∞]/K. Assume that g ∈ Sk(n, 1) is potentially p-ordinary;
if g has complex multiplication by a totally imaginary quadratic extension K ′ of F , assume, in
addition, that p 6= 2 and that K ′ 6⊂ K0. Then

h1
f (K0, V ) := dimLp H

1
f (K0, V ) ≥ |X−(g,K0)|,

where

X±(g,K0) = {χ : Gal(K0/K) −→ C∗ | ε(π(g)× χ, 1
2 ) = ±1}.

0.6. Example. – Let E be an elliptic curve over F . It is expected that E is modular in the
sense that there exists g ∈ S2(n, 1) such that Lv(E/F, s) = Lv(π(g), s+ 1/2), for all primes
v of F . If this is the case, assume that E has potentially ordinary reduction (= potentially
good ordinary or potentially multiplicative reduction) at all primes of F above p. If E has
complex multiplication by Q(

√
−D), assume, in addition, that p 6= 2 and F (

√
−D) 6⊂ Kχ.

Theorem 0.4 then implies the following:

1. If 2 - ords=1 L(E/K,χ, s), then

2 -
Ä
dimL(E(Kχ)⊗ L)(χ−1) + corkOL,p(X(E/Kχ)⊗OL,p)(χ−1)

ä
.

2. If 2 | ords=1 L(E/K,χ, s) and if there exist a prime v | p of F which does not split in
K/F and a character µ : F ∗v −→ {±1} such that χw = µ ◦NKw/Fv and the quadratic
twist E ⊗ µ has split multiplicative reduction at v, then

2 |
Ä
dimL(E(Kχ)⊗ L)(χ−1) + corkOL,p(X(E/Kχ)⊗OL,p)(χ−1)

ä
.

There is an obvious variant of this statement when E is replaced by an abelian variety A0

withOL0 ↪→ EndF (A0), whereL0 is a totally real number field of degree [L0 : Q] = dim(A0).
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1006 J. Ň

0.7. Example [7]. – Let q 6= 2 be a prime number and F0 a totally real number field such
that F0 ∩ Q(µq∞) = Q. Let a ∈ OF0

− {0} be an element satisfying a 6∈ F ∗q0 and, for each
finite prime v0 of F0 not dividing q, ordv0(a) < q. For each r ≥ 1, put Fr = F0Q(µqr )

+,
Kr = F0(µqr ); then Gal(Kr/F0)

∼−→ (Z/qrZ)∗ and Gal(Kr( qr
√
a)/Kr)

∼−→ Z/qrZ. Fix
an injective character χr : Gal(Kr( qr

√
a)/Kr) −→ Q∗; then χr (more precisely, χr ◦ recKr )

factors through A∗Kr/K
∗
rA∗Fr .

Let g0 ∈ Sk(n0, 1) be a cuspidal Hilbert newform over F0 of parallel weight k, trivial
character and level n0; put V = Vp(g0)(k/2). For r ≥ 1, denote by gr the corresponding base
change newform over Fr (i.e., BCFr/F (π(g0)) = π(gr)). An easy exercise in group theory
(see §3.1 below) shows that, for each r ≥ 1,

H1
f (F0( qr

√
a), V ) = H1

f (F0, V )⊕
r⊕
s=1

H1
f (Ks, V ⊗ χs).

0.8. Theorem. – In the notation of 0.7, assume that (∀v0|q) π(g0)v0 is a principal series rep-
resentation and that (∀v0|a) π(g0)v0 is not supercuspidal. Put n(aq)0 = n0/(n0, (aq)

∞) and
d = (−1)[F0:Q]N(n

(aq)
0 ) ∈ Z− {0}. Then:

1. For each r ≥ 1, ε(π(gr)× χr, 1
2 ) =

Ä
d
q

ä
. (See [7, Thm. 6] for a special case.)

2. Assume that g0 is potentially p-ordinary. If g0 has complex multiplication by a totally
imaginary quadratic extension K ′0 of F0, assume that p 6= 2 and that (q ≡ 1 (mod 4)

or K ′0 6= F0(
√
−q)) (the latter condition is automatically satisfied if 2 - [F0 : Q]). IfÄ

d
q

ä
= −1, then

∀r ≥ 0 h1
f (F0( qr

√
a), V )− h1

f (F0, V ) ≥ r,

h1
f (F0( qr

√
a), V )− h1

f (F0, V ) ≡ r (mod 2),

h1
f (F0(µqr ,

qr
√
a), V )− h1

f (F0, V ) ≥ qr − 1.

0.9. Corollaire. – In the notation of 0.7, assume that E is a modular elliptic curve over F0

such that for each prime v0 of F0 above q (resp., dividing a) there exists a quadratic twist of
E with good reduction (resp., semistable reduction) at v0. If E has complex multiplication,
assume that p 6= 2 and that (q ≡ 1 (mod 4) or F0 ⊗ EndQ(E) 6= F0(

√
−q)) (the latter

condition is automatically satisfied if 2 - [F0 : Q]). Assume, finally, that
Ä
d
q

ä
= −1, where

d = (−1)[F0:Q]N(cond(E)(aq)). Then, for each prime number p such that E has potentially
ordinary reduction at all primes of F0 above p, the ranks

sp(E/−) := rkZ E(−) + corkZp X(E/−)[p∞]

satisfy

∀r ≥ 0 sp(E/F0( qr
√
a))− sp(E/F0) ≥ r,

sp(E/F0( qr
√
a))− sp(E/F0) ≡ r (mod 2),

sp(E/F0(µqr ,
qr
√
a))− sp(E/F0) ≥ qr − 1.
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0.10. Remarks. – (1) The proof of Theorem 0.4 does not use any explicit formula for the
global root number ε(π(g)×χ, 1

2 ) (in fact, such a formula is not available in general). Instead,
the local root numbers enter the picture indirectly, through their representation-theoretical
characterisation ([18], [19, Thm. 2], [17]) that appears in a refinement of the method of Cor-
nut and Vatsal ([1]).

(2) A suitable strengthening of the methods of [12] or [5] would allow us to drop the as-
sumption of potentially ordinary reduction at p in Example 0.6 (if the order of χ is a power
of p, this can be done, in many cases, by combining [12, Thm. 6.4], [5, Thm. 4.3] and [16,
Thm. 1]).

(3) In the special case p = q there are more elementary approaches to Corollary 0.9 ([12,
Thm. 7.1], [6, Prop. 4.13], [3, Thm. 4.2, 4.6]), which do not require E to be modular but
instead assume that sp(E/F0(µp)) ≡ ords=1L(E/F0(µp), s) (mod 2), which under fairly
general circumstances follows from [16, Thm. 1].

(4) If χ2 = 1, then χ = ϕ ◦NK/F , where ϕ : A∗F /F ∗ −→ {±1}, and

H1
f (K,V ⊗ χ) = H1

f (F, V ⊗ ϕ)⊕H1
f (F, V ⊗ ϕηK/F ).

In many cases [13, Thm. 12.2.3] applies to g ⊗ ϕ and g ⊗ ϕηK/F , yielding

ran(K, g, χ) ≡ h1
f (K,V ⊗ χ) (mod 2).

1. Proof of Theorem 0.4

In this section we prove Theorem 0.4, following closely the arguments in [13, §12.9]. The
main difference is that the non-vanishing results of [4, §4] are replaced by their strengthening
proved in [1]. We are going to use the notation from [1] and [13, ch. 12].

Assume that g ∈ Sk(n, 1) is potentially p-ordinary and, if g has complex multiplication
by a totally imaginary quadratic extensionK ′ of F , that p 6= 2 andK ′ 6⊂ Kχ. Put π = π(g),
η = ηK/F , εv = ε(πv × χv,

1
2 ) ∈ {±1} and ε = ε(π × χ, 1

2 ) =
∏
v εv. Note that εv

does not depend on the choice of an additive character, by the self-duality of V ⊗ IndK/F (χ)

([14, 2.2.1(1)]).

1.1. Reduction steps

1.1.1. – Let Σp (resp., Σ∞ = {τ1, . . . , τd}, d = [F : Q]) be the set of all primes of F above p
(resp., above∞). Put

Σχ = Σχ(g) = {v ∈ Σp | v does not split in K/F,

πv = St⊗ µ, µ : F ∗v −→ {±1}, χw = µ ◦NKw/Fv}

(where w is the unique prime of K above v). As g is potentially p-ordinary, πv is not super-
cuspidal for any v ∈ Σp, which implies that

(1.1.1.1) ∀v ∈ Σp ηv(−1) εv =

{
−1, v ∈ Σχ

1, v 6∈ Σχ

(see [13, 12.6.2.4]). At the archimedean primes,

(1.1.1.2) ∀v ∈ Σ∞ ηv(−1) = −1, εv = 1.

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE
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1.1.2. Reduction to the case k = 2. – Assume that k > 2 and that Theorem 0.4 has been
proved for k = 2. As in [13, 12.9.5.1], let g′ ∈ S2(n′, 1) be a weight 2 specialisation of the
twisted Hida family containing a twist of the p-stabilisation of a p-ordinary twist of g; put
π′ = π(g′), V ′ = Vp(g

′)(1). As k > 2, we have Σχ(g) = ∅ ([13, Lemma 12.5.4]). According
to [13, 12.7.14.5(v), (ii), (iii)] (combined with (2.2.3.1) below),

g has complex multiplication by K ′ ⇐⇒ g′ has complex multiplication by K ′;(1.1.2.1)

ran(K, g, χ) = ran(K, g, χ) + |Σχ(g)| ≡ ran(K, g′, χ) + |Σχ(g′)| (mod 2);(1.1.2.2)

h1
f (K,V ⊗ χ) = h1

f (K,V ⊗ χ) + |Σχ(g)| ≡ h1
f (K,V ′ ⊗ χ) + |Σχ(g′)| (mod 2).(1.1.2.3)

As Theorem 0.4 holds for g′ by assumption, the statements 1.1.2.1-3 imply that it also
holds for g (in fact, one can always choose g′ satisfying Σχ(g′) = ∅, by [13, 12.7.10]).

1.1.3. Further reduction in the case k = 2 (cf. [13, 12.10.1]). – From now on, until the end
of §1, k = 2. Assume that Theorem 0.4 has been proved for k = 2 under the following
additional assumption:

(1.1.3.1) ∃Σ ⊆ Σp, Σ 6= ∅ (−1)|Σ∩Σχ|−1 = ε(π × χ, 1
2 ) = ε.

There is precisely one case in which the assumptions of Theorem 0.4 (ε = −1 or |Σχ| 6= 0)
are satisfied, but 1.1.3.1 is not:

|Σχ| = |Σp| = 1, ε = −1.

In this case fix a totally real cyclic extension F1/F of odd order n > 1 in which the unique
prime v ∈ Σp splits completely and put K1 = F1K, χ1 = χ ◦NK1/K : A∗K1

/K∗1 A∗F1
−→ C∗

(thus (K1)χ1
= F1Kχ), π1 = BCF1/F (π) = π(g1), ∆ = Gal(F1/F ) = Gal(K1/K),“∆ = Hom(∆,C∗). As g is potentially p-ordinary, so is the base change form g1 over F1.

Furthermore, if g has complex multiplication by K ′ ([K ′ : F ] = 2), then g1 has complex
multiplication by F1K

′, and

(1.1.3.2) K ′ 6⊂ Kχ ⇐⇒ F1K
′ 6⊂ F1Kχ = (K1)χ1

.

We have

ε(π1 × χ1,
1
2 ) =

∏
α∈∆̂

ε(π × (θχ ⊗ α), 1
2 ), h1

f (K1, V ⊗ χ1) =
∑
α∈∆̂

h1
f (K,V ⊗ χα).

As

ε(π × (θχ ⊗ α−1), 1
2 ) = ε(π × (θχ ⊗ α), 1

2 )−1

by the functional equation, it follows that

(1.1.3.3) ran(K, g1, χ1) ≡ ran(K, g, χ) (mod 2).

Similarly,

h1
f (K,V ⊗ χα) = h1

f (K,V ∗(1)⊗ χ−1α−1) = h1
f (K,V ⊗ χ−1α−1) ([13, 12.5.9.5(iv)])

= h1
f (K,V ⊗ χα−1)
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(the last equality follows from the fact that the action of the complex conjugation ρ ∈
Gal(F1Kχ/F ) interchanges the χα- and χ−1α-eigenspaces for the action of Gal(F1Kχ/K)

on H1
f (F1Kχ, V )), which implies that

(1.1.3.4) h1
f (K1, V ⊗ χ1) ≡ h1

f (K,V ⊗ χ) (mod 2).

Finally,

(1.1.3.5) Σχ1
(g1) = {v1 | v, v ∈ Σχ(g)}.

Putting (1.1.3.2-1.1.3.5) together, we obtain that Theorem 0.4 holds for g iff it holds for g1.
However, g1 satisfies (1.1.3.1), as there are n > 1 primes above p in F1. This concludes the
proof of the reduction step to the case when (1.1.3.1) holds.

1.2. Passage to a Shimura curve

1.2.1. – Thanks to 1.1, we can (and will) assume that k = 2 and that there exists a non-
empty subset Σ = {P1, . . . , Ps} ⊆ Σp for which (1.1.3.1) holds; fix such Σ (in fact, we can
always take s = 1 or s = 2). Our goal is to show that ran(K, g, χ) ≡ h1

f (K,V ⊗χ) (mod 2).

1.2.2. Choice of a quaternion algebra. – As

ε =
∏
v

εv =
∏
v

ηv(−1) εv

=
∏
v∈Σ∞

∏
v∈Σ

∏
v 6∈Σ∪Σ∞

ηv(−1) εv = (−1)[F :Q](−1)|Σ∩Σχ|
∏

v 6∈Σ∪Σ∞

ηv(−1) εv

(by (1.1.1.1-1.1.1.2)), the condition (1.1.3.1) implies that∏
v 6∈Σ∪Σ∞

ηv(−1) εv = (−1)[F :Q]−1.

This means that there exists a (unique) quaternion algebra B over F with local invariants

invv(B) =


1, v ∈ Σ ∪ {τ1}
−1, v ∈ Σ∞ − {τ1}
ηv(−1) εv, v 6∈ Σ ∪ Σ∞.

1.2.3. Proposition. – (1) There exists a (unique) irreducible (cuspidal) automorphic
representation π′ of B∗A such that π = JL(π′) is associated to π′ by the Jacquet-Langlands
correspondence. The representation π′ has trivial central character, π′v = 1 if v ∈ Σ∞ − {τ1},
and π′τ1 is the weight 2 holomorphic discrete series.

(2) There exists an F -embedding t : K ↪→ B; fix such t.

(3) ∀v 6∈ Σ∪Σ∞ there exists a non-zero tv(K∗v )-invariant linear form `v : π′v −→ C(χ−1
v ).

Proof. – (1) At each finite prime v of F at which πv is a principal series representation we
have ηv(−1) εv = 1 ([13, 12.6.2.4(i)]), hence B is unramified at v, by construction. This im-
plies that π lies in the image of the Jacquet-Langlands correspondence. The central charac-
ters ofπ andπ′ coincide and the archimedean behaviour ofπ′ follows from the corresponding
local correspondence.

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE
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(2) At each finite prime v of F which splits inK/F we have ηv(−1) εv = 1 ([13, 12.6.2.4]);
thus B is ramified only at primes of F that do not split in K/F , which implies the existence
of t.

(3) By construction, invv(B) = ηv(−1) εv for each v 6∈ Σ∪Σ∞; we apply the fundamental
results of [18] and [19, Thm. 2] (see also [17]) (note that, if invv(B) = 1, then dim(π′v) =

dim(πv) =∞).

1.2.4. Proposition. Choice of an order. – There exists an OF -order R ⊂ B such that ∀v 6∈
Σ ∪ Σ∞, `v((π′v)

R∗v ) 6= 0; ∀v ∈ Σ, Rv is an Eichler order of level o(π′v) = o(πv) (hence
dim(π′v)

R∗v = 1).

Proof. – Fix any OF -order R0 ⊂ B. There exists a finite set S0 ⊃ Σ∞ of primes of F
such that, for each v 6∈ S0, the following conditions hold: R0,v is a maximal OF,v-order in
Bv

∼−→M2(Fv), t−1
v (R0,v) = OK,v, χv is unramified and o(π′v) = o(πv) = 0 (⇐⇒ πv is an

unramified principal series representation). This implies, by [9, 2.3], that `v((π′v)
R∗v ) 6= 0 for

all v 6∈ S0. On the other hand, for each v ∈ S0 − (Σ ∪ Σ∞), there exists a vector xv ∈ π′v
such that `v(xv) 6= 0. As the central character of π′v is trivial, there exists an OF,v-order
R(v) ⊂ Bv such that xv ∈ (π′v)

R(v)∗ . For v ∈ Σ, let R(v) ⊂ Bv be any Eichler order of level
o(πv). The OF -order R ⊂ B given by its localisations

Rv =

{
R0,v, v 6∈ S0

R(v), v ∈ S0 − Σ∞

has the required properties.

1.2.5. Shimura curve. – Fix an OF -order R ⊂ B satisfying Proposition 1.2.4 and put H =

R̂∗. From now on, we shall work with the Shimura curveN∗H (in the notation of [15, 1.4] and
[1, 2.1.2]). By construction,

π′H = π′∞ ⊗
⊗′

v-∞
(π′v)

R∗v 6= 0.

1.3. CM points

1.3.1. – As in [1, 2.2], fix an isomorphism Bτ1
∼−→M2(R) and denote by z ∈ C, Im(z) > 0

the unique point fixed by t(K∗) ⊂ B∗ ⊂ B∗τ1
∼−→ GL2(R). Let

C = {[z, b1 · · · bs]H | bi ∈ B∗Pi} ⊂ CM(NH ,K)

be the (P1 · · ·Ps)-isogeny class of the CM point [z, 1]H on the curve N∗H .

Recall that the conductor of a CM point x = [z, b]H ∈ CM(NH ,K) is the non-zero ideal
c(x) ⊂ OF satisfying

∀v 6∈ Σ∞ t−1
v (bvRvb

−1
v ) = OF,v + c(x)OK,v.

Similarly, the conductor of χ is the smallest non-zero ideal c(χ) ⊂ OF (w.r.t. divisibility)
such that

∀v 6∈ Σ∞ χv((OF,v + c(χ)OK,v)
∗) = 1.
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1.3.2. Lemma. – ∀v 6∈ Σ∪Σ∞, ∀x ∈ C, ordv(c(χ)) ≤ ordv(c(x)) (the R.H.S. depends only
on C, by [1, (2.2.4.1)]).

Proof. – There exists xv ∈ (π′v)
R∗v such that `v(xv) 6= 0. As

∀a ∈ K∗v `v(π
′
v(tv(a))xv) = χ−1

v (a) `v(xv),

it follows that χv(t−1
v (R∗v)) = 1; but t−1

v (Rv) = OF,v + c(x)OK,v, by definition.

1.3.3. Corollary-Definition. – Put c0 = c(χ)/(c(χ), (P1 · · ·Ps)∞) and c = c(x)/(c(x),

(P1 · · ·Ps)∞) (which is independent of the choice of x ∈ C). Then c0 | c and c(χ) =

c0P
n1
1 · · ·Pnss (ni ∈ N). As c0 | c, χ is a character of G(c) = Gal(K[cP∞]/K), in the

notation of [1, 1.2.2]; let χ0 : G
(c)
0 −→ C∗ be the restriction of χ to the torsion subgroup

G
(c)
0 = (G(c))tors of G(c).

1.3.4. Lemma. – For each m ∈ N, there exists a CM point xm ∈ C which is good in the sense
of [1, 4.2.3] and satisfies (P1 · · ·Ps)m | c(xm).

Proof. – Let

X :
s∏
i=1

Pai(Ti) � C

be the
∏s
i=1K

∗
Pi

-equivariant surjection from [1, (4.2.2.3)]. For each i = 1, . . . , s choose a
path γi = (y0 → · · · → yai) ∈ Pai(Ti) such that Li(y0) = m and Li(yai) = m + ai; the
CM point xm = X(γ1, . . . , γs) has the required properties.

1.4. Quotient of the Jacobian of the Shimura curve

1.4.1. – As in [15, 1.16], denote by J(N∗H) the Jacobian of the curve N∗H . As recalled in
[1, 2.1.7] and [15, 1.18], there exists an isogeny J(N∗H) −→ Aa0 ×A1 (defined over F ), where:
A0 is an F -simple abelian variety with EndF (A0) = OL0 , L0 is a totally real number field
of degree [L0 : Q] = dim(A0), there is a unique embedding σ0 : L0 ↪→ R such that the
L-function L(σ0A0/F, s) = L(σ0 h

1(A0), s) (in the notation of [14, 0.0]) is equal (Euler fac-
tor by Euler factor) to L(π′, s − 1/2) = L(π, s − 1/2), a = dim

⊗′
v-∞(π′v)

R∗v ≥ 1 and
HomF (A0, A1) = 0 (in the notation of [1, 2.1.7], π′ = π(σ0)). As σ0(L0) is the field gener-
ated over Q by the Hecke eigenvalues of g, there is a unique embedding i : L0 ↪→ L satisfying
i∞|L ◦ i = σ0.

For j = 1, . . . , a, denote by prj : Aa0 −→ A0 the projection on the j-th factor.

1.4.2. – Put S = {v | cdK/F , v 6= P1, . . . , Ps}. According to Proposition 1.2.4,

(1.4.2.1) ∀v ∈ S `v((π
′
v)
R∗v ) 6= 0.

Denote by

`S =
⊗
v∈S

`v :
⊗
v∈S

π′v −→ C(χ−1
S )

the tensor product of the linear forms `v (v ∈ S); above, χS =
∏
v∈S χv :

∏
v∈S K

∗
v −→ C∗.
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1.4.3. – As in [1, 2.4.3], put A = OL ⊗OL0
A0. As explained in [1, 2.1.7], Γ(A,Ω1

A/F ) is a
free L ⊗Q F -module of rank one and the projection J(N∗H) −→ Aa0 × A1 −→ Aa0 induces
an isomorphism

Γ(A,Ω1
A/F )a ⊗F,τ1 C ∼−→

⊕
σ:L↪→C

⊗′

v-∞
(σπ′v)

R∗v .

In particular, there is a natural “B∗-equivariant projection on the term corresponding to
σ = i∞|L:

r : Γ(A,Ω1
A/F )a ⊗F,τ1 C �

⊗′

v-∞
(π′v)

R∗v .

The linear form `S induces a linear map

`S ⊗ id :
⊗′

v-∞
π′v −→

(⊗′

v 6∈Σ∞∪S
π′v

)
⊗ χ−1

S

and it follows from (1.4.2.1) that there exists j ∈ {1, . . . , a} such that

(1.4.3.1) (`S ⊗ id) ◦ r ◦ pr∗j
Ä
Γ(A,Ω1

A/F )⊗F,τ1 C
ä
6= 0.

In the notation of [1, 2.1.3], let α : N∗H −→ A0 be the morphism (defined over F ) given by

α : N∗H
ιH−→ J(N∗H) −→ Aa0 ×A1 −→ Aa0

prj−→A0.

1.5. End of the proof

1.5.1. – Using Lemma 1.3.4, choose a sequence of good CM points {xm} ⊆ C satisfying
(P1 · · ·Ps)m | c(xm) for all m ∈ N. By (1.4.3.1), the main non-vanishing result from [1,
Theorem 4.3.1] applies to the sequence of points {α(xm)} ⊂ A0(K[cP∞]) and the character
χ0: if m ∈ N is large enough, then there exists a character χm : G(c) −→ Q∗ of finite order
with the following properties:

the restriction of χm to G(c)
0 is equal to χ0;(1.5.1.1)

c(χm)c−1
0 = c(xm)c−1 (hence (P1 · · ·Ps)m | c(χm));(1.5.1.2)

eχm(1⊗ α(xm)) 6= 0 ∈ Q⊗OL0
A0(K[cP∞]).(1.5.1.3)

The assumptions in Theorem 0.4 imply that g does not have complex multiplication by
any totally imaginary quadratic extension ofF contained inKχm , which means that the main
result of [15, Thm. 3.2] applies to the non-torsion point eχm(1⊗ α(xm)), yielding

(1.5.1.4) h1
f (K,V ⊗ χ±1

m ) = 1.

As m is large enough, we also have

(1.5.1.5) ε(π × χm, 1
2 ) = −1,

by [1, 2.4.12(3)], hence

ran(K, g, χm) ≡ 1 ≡ h1
f (K,V ⊗ χm) (mod 2).

Finally, as the restrictions of χ and χm to the torsion subgroup of G(c) coincide, we have

ran(K, g, χ)− h1
f (K,V ⊗ χ) ≡ ran(K, g, χm)− h1

f (K,V ⊗ χm) ≡ 0 (mod 2),

by Proposition 2.1.2(5) below (which was earlier proved in [13, 12.6.4.7(v)] in the special case
when (c, (p)) = (1)). This finishes the proof of Theorem 0.4.
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1.5.2. – In fact, it is enough to appeal to a weaker non-vanishing result [1, Thm. 2.5.1],
which does not require the CM points xm to be good and which yields, for m large enough,
a character χm : G(c) −→ Q∗ satisfying 1.5.1(1) and 1.5.1(3), but not necessarily 1.5.1(2).
The equality (1.5.1.5) in this case follows from [1, Prop. 2.6.2(2)].

2. Iwasawa theory

Throughout this section we assume that g ∈ Sk(n(g), 1) is a potentially p-ordinary Hilbert
modular newform of level n(g); let π = π(g). We also fix K as in 0.1 and put η = ηK/F .
Fix a non-empty subset Σ = {P1, . . . , Ps} ⊆ Σp and an ideal c ⊂ OF relatively prime to
P1 · · ·Ps. As in [1, 1.2.2], set K[cP∞] =

⋃
m≥1K[cPm1 · · ·Pms ], G(c) = Gal(K[cP∞]/K)

and G(c)
0 =

(
G(c)

)
tors

.

2.1. ε-factors

2.1.1. – For a character χ : G(c) −→ C∗ of finite order, let

εv = ε(πv × χv, 1
2 ) ∈ {±1}, ε̃v = ε̃(πv × χv, 1

2 ) ∈ {±1},

where

ε̃v = εv ×

{
−1, v ∈ Σχ(g)

1, v 6∈ Σχ(g)

is the modified local ε-factor defined in [13, 12.6.3.10] (if k > 2, then Σχ(g) = ∅ and ε̃v = εv
for all v). If χ′ : G(c) −→ C∗ is another character of finite order, denote the corresponding
local ε-factors by ε′v and ε̃′v.

2.1.2. Proposition. – Let χ, χ′ : G(c) −→ C∗ be characters of finite order such that χ|
G

(c)
0

=

χ′|
G

(c)
0

. If v is a prime of F , then:

1. If v | ∞ or if v -∞ splits in K/F , then εv = ε′v = ε̃v = ε̃′v = 1.
2. If v = Pi (i = 1, . . . , s), then ε̃v = ε̃′v = ηv(−1).
3. If v | cdK/F , v 6= P1, . . . , Ps, then εv = ε′v and ε̃v = ε̃′v.
4. If v - ∞cdK/F , then εv = ε′v (more precisely, χv = χ′v = 1 if v does not split in K/F)

and

ε̃v = ε̃′v =

{
1, if πv is not supercuspidal

ηv(v)o(πv), if πv is supercuspidal.

5. ran(K, g, χ)− h1
f (K,V ⊗ χ) ≡ ran(K, g, χ′)− h1

f (K,V ⊗ χ′) (mod 2).

Proof. – (1) [13, 12.6.2.2.1, 12.6.2.4].
(2) As v | p and g is potentially p-ordinary, πv is not supercuspidal; apply [13, 12.6.2.4(i),

(ii)].
(3) Let S = {v | cdK/F , v 6= P1, . . . , Ps}. By [1, 1.2.7], G(c)

0 has a subgroup G(c)
1

∼−→
U ′(c, P1 · · ·Ps) =

∏
v∈S U

′
v, where each U ′v is isomorphic to a quotient of (K∗v )◦/F ∗v , via

the reciprocity map recK . If v ∈ S does not split in K/F , then (K∗v )◦ = K∗v , which means
that χv depends only on χ|

G
(c)
1

; thus χv = χ′v, which implies that εv = ε′v and ε̃v = ε̃′v. If

v ∈ S splits in K/F , we conclude by (1).
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(4) If πv is not supercuspidal, then ε̃v = ε̃′v = ηv(−1) = 1 (recall that v is unramified in
K/F , by assumption), by [13, 12.6.2.4(i), (ii)]. If πv is supercuspidal, then εv = ε̃v = ε′v =

ε̃′v = ηv(v)o(πv), by [13, 12.6.2.4(iii)]. If v is inert in K/F , then χv = χ′v = 1, as both χv and
χ′v are unramified and K∗v = O∗K,vF

∗
v . If v splits in K/F , then εv = ε′v, by (1).

(5) As ε̃ :=
∏
v ε̃v is equal to ε̃′ :=

∏
v ε̃
′
v, by (1)–(4), we deduce from [13, 12.6.4.3] that

h̃1
f (K,V ⊗ χ)− h1

f (K,V ⊗ χ) + ran(K, g, χ) ≡

h̃1
f (K,V ⊗ χ′)− h1

f (K,V ⊗ χ′) + ran(K, g, χ′) (mod 2),

where h̃1
f (K,V ⊗ χ) denotes the dimension of the “extended Selmer group" ‹H1

f (K,V ⊗ χ)

defined in [13, 12.5.9.2]. On the other hand, [13, Thm. 10.7.17] implies that

h̃1
f (K,V ⊗ χ) ≡ h̃1

f (K,V ⊗ χ′) (mod 2),

as explained in the proof of [13, 12.6.4.7(v)]. Combining the two congruences, we obtain the
desired result.

2.1.3. Proposition-Definition. – (1) εlim(π×χ0,
1
2 ) := ε(π×χ, 1

2 )
∏s
i=1 ηPi(−1) εPi ∈ {±1}

depends only on π and χ0 = χ|
G

(c)
0

.

(2) If k > 2, then εlim(π × χ0,
1
2 ) = ε(π × χ, 1

2 ) for any χ satisfying χ|
G

(c)
0

= χ0.

(3) If n ∈ N is large enough and (P1 · · ·Ps)n | c(χ), then ε(π × χ, 1
2 ) = εlim(π × χ0,

1
2 ).

Proof. – (1) By Proposition 2.1.2, the individual terms in

ε(π × χ, 1
2 )

s∏
i=1

ηPi(−1) εPi =
∏

v-P1···Ps

ηv(−1) εv

are the same for χ and χ′.

(2) If k > 2, then each πPi is a principal series representation [15, 12.5.4], hence
ηPi(−1) εPi = 1 ([15, 12.6.2.4(i)]).

(3) If n is large enough, then each term ηPi(−1) εPi is equal to 1, by [11, Prop. 3.8] and
[10, Thm. 20.6].

2.2. Ranks

2.2.1. – Fix a character χ0 : G
(c)
0 −→ O∗L, where L is a number field such that i∞(L) con-

tains all Hecke eigenvalues of g. Let p | p be as in 0.1; putO = OL,p, and Λ = O[[G(c)]]. For
any O[G

(c)
0 ]-module M , define

M(χ0) := M ⊗
O[G

(c)
0 ],χ0

O;

then

Λ(χ0)
∼−→ O[[G(c)/G

(c)
0 ]]

∼−→ O[[X1, . . . , Xr]], r =
s∑
i=1

[FPi : Qp].
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2.2.2. – We say that a prime v of F is exceptional if v | p, v - P1 · · ·Ps and πv = St ⊗ µ
(µ2 = 1). Denote byM(g,K; c, P1, . . . , Ps;χ0) the set of all exceptional primes of F that
do not split in K/F and satisfy{

(χ0)w = µ ◦NKw/Fv , if v | cdK/F
ordv(n(g)) = 1, if v - cdK/F

(where w is the unique prime of K above v). If k > 2, then there are no exceptional primes.

2.2.3. – Let χ : G(c) −→ O′∗ be a character of finite order, whereO′ is the ring of integers in
a finite extension of Lp. The extended Selmer group of V ⊗χ ([13, 12.5.9.2]) sits in an exact
sequence

0 −→
⊕
w|v|p

H0(Kw, V
−
v ⊗ χw) −→ ‹H1

f (K,V ⊗ χ) −→ H1
f (K,V ⊗ χ) −→ 0,

where v (resp., w) is a prime of F (resp., of K) and

0 −→ V +
v −→ V −→ V −v −→ 0

is an exact sequence ofLp[Gal(F v/Fv)]-modules arising from the potential p-ordinarity of g.
Denote by h0, h̃1

f and h1
f the dimensions of the respective cohomology groups over the frac-

tion field of O′; then

(2.2.3.1) h̃1
f (K,V ⊗ χ)− h1

f (K,V ⊗ χ) =
∑
w|v|p

h0(Kw, V
−
v ⊗ χw),

where

h0(Kw, V
−
v ⊗ χw) =

{
1, πv = St⊗ µ (µ2 = 1), χw = µ ◦NKw/Fv
0, otherwise

([13, 12.5.8]). In particular, h0(Kw, V
−
v ⊗ χw) = 0 and h̃1

f (K,V ⊗ χ) = h1
f (K,V ⊗ χ) if

k > 2.

2.2.4. Proposition. – Assume that k = 2. Let χ : G(c) −→ O′∗ be a character of finite order
satisfying χ|

G
(c)
0

= χ0 and such that (P1 · · ·Ps)n | c(χ), for large enough n ∈ N. Then:

1. h̃1
f (K,V ⊗ χ)− h1

f (K,V ⊗ χ) ≡ |M(g,K; c, P1, . . . , Ps;χ0)| (mod 2).
2. If there exists an exceptional prime of F that splits in K/F , assume, in addition, that

there is i ∈ {1, . . . , s} such that FPi = Qp. Then

h̃1
f (K,V ⊗ χ)− h1

f (K,V ⊗ χ) = |M(g,K; c, P1, . . . , Ps;χ0)|.

Proof. – If w is a prime of K dividing P1 · · ·Ps, then χ2
w 6= 1 if n is large enough, which

means that w does not contribute to the R.H.S. of (2.2.3.1).

Let v be an exceptional prime of F . If v does not split in K/F and v | cdK/F , then χw =

(χ0)w (note that the decomposition group of v in G(c) is finite, as v does not split in K/F )
and

h0(Kw, V
−
v ⊗ χw) = h0(Kw, V

−
v ⊗ (χ0)w) =

{
1, v ∈M(g,K; c, P1, . . . , Ps;χ0)

0, v 6∈ M(g,K; c, P1, . . . , Ps;χ0).
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If v does not split in K/F and v - cdK/F , then v is inert in K/F (vOK = w) and χw is
unramified; thus χw = 1 and (using [13, (12.3.9.1)])

h0(Kw, V
−
v ⊗ χw) =

{
1, µ is unramified ⇐⇒ ordv(n(g)) = 1

0, otherwise

=

{
1, v ∈M(g,K; c, P1, . . . , Ps;χ0)

0, v 6∈ M(g,K; c, P1, . . . , Ps;χ0).

If v splits inK/F (vOK = ww′), then the h0-terms in (2.2.3.1) forw andw′ are the same; this
proves (1). Under the assumptions of (2), there is i such that Gal(K[P∞i ]/K) is isomorphic
to a product of Zp by a finite abelian group. As the decomposition groups of w and w′ in
Gal(K[P∞i ]/K) are infinite, it follows that χ2

w, χ
2
w′ 6= 1 if n is large enough; thus w and w′

do not contribute to the R.H.S. of (2.2.3.1).

2.2.5. Proposition. – Fix a GF -stable O-lattice T ⊂ V . Let w|v|p be as in 2.2.3. Define

Zw = lim−→α

⊕
wα|w

H0((Kα)wα , (V/T )−v ),

where Kα/K runs through all finite subextensions of K[cP∞1 · · ·P∞s ]/K and (V/T )−v is the
image of V −v in V/T . Then

corkΛ(χ0)

⊕
w|v

(Zw)(χ0) =

{
1, v ∈M(g,K; c, P1, . . . , Ps;χ0)

0, v 6∈ M(g,K; c, P1, . . . , Ps;χ0).

Proof. – If the decomposition group of w in K[cP∞1 · · ·P∞s ]/K is infinite, then the
L.H.S. is equal to zero ([13, 12.6.4.10]). We can assume, therefore, that v is exceptional and
does not split in K/F . Choose an isomorphism G(c) ∼−→ G

(c)
0 ×

Ä
G(c)/G

(c)
0

ä
; then χ0 be-

comes a character of G(c) and D
Ä
(Zw)(χ0)

ä
= D

(
H0(Kw, (V/T )−v ⊗ (χ−1

0 )w)
)
⊗O Λ(χ0),

where D(−) denotes the Pontrjagin dual (cf. [13, 9.6.5]); thus

corkΛ(χ0)
(Zw)(χ0) = h0(Kw, V

−
v ⊗ (χ−1

0 )w) =

{
1, v ∈M(g,K; c, P1, . . . , Ps;χ0)

0, v 6∈ M(g,K; c, P1, . . . , Ps;χ0),

by the proof of Proposition 2.2.4.

2.2.6. – Fix a finite setS of primes ofF containing Σp∪Σ∞ and all primes dividing n(g), and
a subset Σ′ ⊆ S−(Σp∪Σ∞). As in [13, 12.5.9.1], consider the corresponding Greenberg’s lo-
cal conditions for T and V/T . In order to simplify the notation, putK∞ = K[cP∞1 · · ·P∞s ].

2.2.7. Proposition. – (1) The (co)-ranks

∀j = 1, 2 rkΛ(χ0)
‹Hj
f,Iw(K∞/K, T )(χ±1

0 ) = corkΛ(χ0)
‹Hj
f (KS/K∞, V/T )(χ±1

0 ) = r(g)

(where ‹Hj
f,Iw(K∞/K, T ) is the Λ-module defined in [13, 8.8.5]) are equal to the same integer

r(g) and do not depend on S and Σ′.
(2) Assume that εlim(π × χ0,

1
2 ) = −1. If g has CM by a totally imaginary quadratic

extension K ′ of F , assume that p 6= 2 and K ′ 6⊂ KKer(χ0)
∞ . Then

r(g) ≡ 1 + |M(g,K; c, P1, . . . , Ps;χ0)| (mod 2).
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Proof. – (1) See the proof of [13, 12.6.4.12].
(2) Let χ : G(c) −→ O′∗ be a character of finite order such that χ|

G
(c)
0

= χ0 and

(P1 · · ·Ps)n | c(χ), for large enough n ∈ N. We have

r(g) ≡ h̃1
f (K,V ⊗ χ) (mod 2) [13, 10.7.17]

≡ h1
f (K,V ⊗ χ) + |M(g,K; c, P1, . . . , Ps;χ0)| (mod 2) Proposition 2.2.4(1)

≡ 1 + |M(g,K; c, P1, . . . , Ps;χ0)| (mod 2) Theorem 0.4(1)

(Theorem 0.4(1) applies, as ε(π × χ, 1
2 ) = εlim(π × χ0,

1
2 ) = −1, by Proposition-Definition

2.1.3(3)).

2.2.8. Proposition. – Assume that k = 2 and εlim(π×χ0,
1
2 ) = −1. If g has CM by a totally

imaginary quadratic extension K ′ of F , assume that p 6= 2 and K ′ 6⊂ KKer(χ0)
∞ . If there exists

an exceptional prime ofF that splits inK/F , assume, in addition, that there is i ∈ {P1, . . . , Ps}
such that FPi = Qp. Then:

(1) The (co)-ranks in Proposition 2.2.7(1) are equal to

r(g) = 1 + |M(g,K; c, P1, . . . , Ps;χ0)|.

(2) corkΛ(χ0)
Sstr
V/T (K∞)(χ±1

0 ) = 1, where Sstr
V/T (K∞) ⊂ H1(K∞, V/T ) is Greenberg’s

strict Selmer group [13, 9.6.5].
(3) If K ⊂ K ′∞ ⊂ K∞ is an intermediate field such that χ0 factors through χ′0 :

Gal(K ′∞/K)tors −→ O∗L, then the (co)-ranks

∀j = 1, 2 rkΛ′
(χ′

0
)

‹Hj
f,Iw(K ′∞/K, T )(χ′±1

0 ) = corkΛ′
(χ′

0
)

‹Hj
f (KS/K

′
∞, V/T )(χ′±1

0 ) = r′(g)

(where Λ′ = O[[Gal(K ′∞/K)]]) are all equal, do not depend on S and Σ′, and satisfy

r′(g) ≥ r(g), r′(g) ≡ r(g) (mod 2).

Proof (cf. [13, 12.6.4.12, 12.9.8]). – (1), (2) Denote the coranks in (2) by s±(g). The
exact sequence

H0(K∞, V/T )(χ±1
0 ) −→

⊕
w|v|p

(Zw)(χ±1
0 ) −→ ‹H1

f (KS/K∞, V/T )(χ±1
0 ) −→

−→ Sstr
V/T (K∞)(χ±1

0 ) −→ 0

([13, (9.6.5.1)]) combined with Proposition 2.2.5 and 2.2.7 implies that

r(g) = s±(g) + |M(g,K; c, P1, . . . , Ps;χ0)|.

For m ∈ N large enough, let χm be as in 1.5.1; then

h1(K,V ⊗ χm) = 1, h̃1(K,V ⊗ χm) = 1 + |M(g,K; c, P1, . . . , Ps;χ0)|,

by (1.5.1.4) and Proposition 2.2.4(2). Finally,

h̃1(K,V ⊗ χm) ≥ r(g), h̃1(K,V ⊗ χm) ≡ r(g) (mod 2)
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by [13, 10.7.17], which implies that

s±(g) = 1, r(g) = 1 + |M(g,K; c, P1, . . . , Ps;χ0)|.

(3) This follows from [13, 8.10.11(ii)] and [13, 10.7.17(iii)].

2.2.9. Proposition. – Let R be the quotient of the ordinary Hecke algebra defined in [13,
12.7.7] (Spec(R) is the branch of the cyclotomic Hida family of parallel weight pass-
ing through the p-stabilisation f0 of a p-ordinary twist of g). Let R = R[[G(c)]] and
q = R · Ker(χ0 : O[G

(c)
0 ] −→ O) (q is a minimal prime of R). Let T be the big Galois

representation defined in [13, 12.7.15.3] (then TP/PTP
∼−→ V , where P is the arithmetic point

of R corresponding to f0). Assume that εlim(π × χ0,
1
2 ) = −1. If g has CM by a totally

imaginary quadratic extension K ′ of F , assume that p 6= 2 and K ′ 6⊂ KKer(χ0)
∞ . Then:

(1) The ranks

∀j = 1, 2 rkRq
‹Hj
f,Iw(K∞/K, T )q = rkRq

Ä‹Hj
f,Iw(K∞/K, T )ι

ä
q

= 1.

(2) For all but finitely many arithmetic points P ′ of R, r(gP′) = 1, where gP′ ∈ Sk′(n′, 1)

satisfies V (gP′)(k
′/2)

∼−→ TP′/P ′TP′ .

Proof (cf. [13, 12.9.8, 12.9.11]). – The four ranks in (1) are equal, by [13, 12.7.15.7(i),
12.7.16.8(i)]; denote their common value by h. Let g′ = gP′ be as in (2). According to [13,
12.7.15.8(iii)],

h ≤ r(g′), h ≡ r(g′) (mod 2).

ChooseP ′ such that k′ = 2 and π(g′)v is a principal series representation for all v | p (cf. [13,
12.7.10]); thenM(g,K; c, P1, . . . , Ps;χ0) = ∅. Applying (a slight variant of) Proposition
2.2.8(1) to g′, we obtain r(g′) = 1, hence h = 1. The statement (2) follows from the fact that
h = r(g′) for almost all P ′.

3. Proof of Theorem 0.8

3.1. Kummer theory

3.1.1. – As in 0.7, let q 6= 2 be a prime number and F0 a totally real number field such that
F0 ∩Q(µq∞) = Q. Let a ∈ OF0

− {0} be an element satisfying a 6∈ F ∗q0 and, for each finite
prime v0 of F0 not dividing q, ordv0(a) < q. For r ≥ 1, put Fr = F0Q(µqr )

+,Kr = F0(µqr ).

3.1.2. – Let r ≥ 1. As F0 ∩Q(µq∞) = Q,

Gal(Kr/F0)
∼−→ Gal(Q(µqr )/Q)

∼−→ (Z/qrZ)∗.

The map
F ∗0 ⊗ Z/qrZ = H1(F0, µqr )

res−→H1(Kr, µqr ) = K∗r ⊗ Z/qrZ
is injective, as

|Ker(res)| = |H1(Kr/F0, µqr )| = |“H0(Kr/F0, µqr )| ≤ |H0(F0, µqr )| = 1;

thus a 6∈ K∗qr , which yields, by Kummer theory, an isomorphism

Gal
(
Kr(

qr
√
a)/Kr

) ∼−→ µqr , g 7→ g( qr
√
a)/ qr
√
a.
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A choice of a compatible system of roots qr
√
a ∈ Q such that ( qr

√
a)q = qr−1√

a determines a
compatible system of isomorphisms

Gal
(
Kr(

qr
√
a)/F0

) ∼−→ µqr o (Z/qrZ)∗,

under which Gal (Kr( qr
√
a)/F0( qr

√
a)) corresponds to (Z/qrZ)∗.

3.1.3. Proposition. – LetH be a finite group acting on a finite abelian groupA; letG = AoH.
LetL be a field of characteristic zero containing all roots of unity of order equal to the exponent
of A. Then the L[G]-module L[G/H] decomposes into simple L[G]-modules as follows:

L[G/H] =
⊕

[χ:A−→L∗]

IndAoH
AoHχ(χ⊗ 1),

where χ runs through a set of representatives of H\Hom(A,L∗) and Hχ ⊂ H is the stabiliser
of χ.

Proof. – Easy exercise.

3.1.4. – For a subfield k ⊂ Q, put Gk = Gal(Q/k). If k′/k is a finite subextension of Q/k,
denote by

Resk′/k : (Gk −Mod) −→ (Gk′ −Mod) , Indk′/k : (Gk′ −Mod) −→ (Gk −Mod)

the corresponding restriction and induction functors, respectively.

In the situation of 3.1.2, apply Proposition 3.1.3 to

A = Gal
(
Kr(

qr
√
a)/Kr

) ∼−→ µqr , H = Gal
(
Kr(

qr
√
a)/F0( qr

√
a)
) ∼−→ (Z/qrZ)∗;

we obtain, for any field L ⊃ Q(µqr ),

(3.1.4.1) IndF0( q
r√
a)/F0

(Z)⊗ L = L[AoH/H] =
r⊕
s=0

ρs, ρs = IndKs/F0
(χs),

where χs : Gal (Ks( qs
√
a)/Ks) ↪→ L∗ is an injective character (of order qs) and ρs is an

absolutely irreducible representation ofG of dimension ϕ(qs). If s ≥ 1, denote by ρ the non-
trivial element of Gal(Ks/Fs)

∼−→ Gal (Q(µqs)/Q(µqs)
+); then ρχs = χ−1

s . As the order of
χs is odd, it follows that χs (more precisely, χs ◦ recKs ) factors through A∗Ks/K

∗
sA∗Fs .

If M is an L[GF0 ]-module, the projection formula

Indk′/k
(
X ⊗L Resk′/k(Y )

)
= Indk′/k(X)⊗L Y

together with (3.1.4.1) imply that

(3.1.4.2) IndF0( q
r√
a)/F0

◦ ResF0( q
r√
a)/F0

(M) =
r⊕
s=0

IndKs/F0

(
ResKs/F0

(M)⊗ χs
)
.

3.2. ε-factors

3.2.1. – In the situation of 3.1.1, let g0 ∈ Sk(n0, 1) be a cuspidal Hilbert modular newform
over F0 of parallel weight k, trivial central character and level n0; put V = Vp(g0)(k/2). For
r ≥ 1, denote by gr the base change of g0 over Fr (i.e., π(gr) = BCFr/F (π(g0))).
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3.2.2. – It follows from (3.1.4.2) and Shapiro’s Lemma that

(3.2.2.1) ∀r ≥ 1 H1
f (F0( qr

√
a), V ) = H1

f (F0, V )⊕
r⊕
s=1

H1
f (Ks, V ⊗ χs)

(taking L ⊃ Q(µqr ) in 0.1), hence

(3.2.2.2) ∀r ≥ 1 h1
f (F0( qr

√
a), V )− h1

f (F0( qr−1√
a), V ) = h1

f (Kr, V ⊗ χr).

3.2.3. Proposition. – Assume that (∀v0|a) π(g0)v0 is not supercuspidal and that (∀v0|q)
π(g0)v0 is a principal series representation. Then:

∀r ≥ 1 ε(π(gr)× χr, 1
2 ) =

Å
d

q

ã
, d = (−1)[F0:Q]N(n

(aq)
0 ),

where a(b) = a/(a, b∞) is the prime-to-b part of a, for any non-zero ideals a, b in the ring of
integers of a given number field.

Proof. – Fix r ≥ 1. Let v be a finite prime of Fr. Our assumptions imply that

(3.2.3.1)
v ramifies in Kr/Fr ⇐⇒ v | q

v | a, v - q =⇒ v | c(χr) =⇒ v | aq.

It follows that the condition H(Kr, χr) from [13, 12.6.3.5] is satisfied. Applying [13,
12.6.3.9], we obtain

ε(π(gr)× χr, 1
2 ) = (−1)[Fr:Q] ηKr/Fr (n(gr)

(q)) (−1)|R(1)0∩{v-c(χr)}| (−1)|R(1)−∩{v|c(χr)}|,

where n(gr) ⊂ OFr is the level of gr and R(1)0 (resp., R(1)−) contains those elements of
Σ1(gr) which are ramified (resp., inert) in Kr/Fr (see [13, 12.6.3.2]). By (3.2.3.1), we have
R(1)0 = ∅ and

R(1)− ∩ {v | c(χr)}
= {v | a; v is inert in Kr/Fr, π(gr) = St⊗ µ, µ : F ∗r,v −→ {±1} is unramified}
= {v | a; v is inert in Kr/Fr, π(gr) = St⊗ µ, µ : F ∗r,v −→ {±1}, o(π(gr)v) = 1}
= {v | a; v is inert in Kr/Fr, π(gr) = St⊗ µ, µ : F ∗r,v −→ {±1}, 2 - o(π(gr)v)}

(as π(gr)v is not supercuspidal), hence

ε(π(gr)× χr, 1
2 ) = (−1)[Fr:Q] ηKr/Fr (n(gr)

(aq)).

As Fr/F is unramified outside q, it follows that

n(gr)
(q) = n

(q)
0 OFr , n(gr)

(aq) = n
(aq)
0 OFr .

Let F ′ = Q(µqr )
+, K ′ = Q(µqr ). If I0 ⊂ OF0

is an ideal prime to q, let Ir = I0OFr ; then

ηKr/Fr (Ir) = ηK′/F ′(NFr/F ′(Ir))

≡ N(Ir) (mod qr) ≡ N(I0)ϕ(qr)/2 ≡ N(I0)(q−1)/2 (mod q),

hence

ηKr/Fr (I0OFr ) =

Å
N(I0)

q

ã
, (−1)[Fr:Q] ηKr/Fr (I0OFr ) =

Ç
(−1)[F0:Q]N(I0)

q

å
.

Taking I0 = n
(aq)
0 , we obtain the desired result.
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3.2.4. – The proof of Proposition 3.2.3 shows that the formula for ε(π(gr) × χr,
1
2 ) still

holds if we replace the assumption “(∀v0|q) π(g0)v0 is a principal series representation”
by “(∀v0|q) π(g0)v0 is not supercuspidal, and the extension Kr( qr

√
a)/Kr is ramified at all

primes above q”, as R(1)0 ∩ {v - c(χr)} = ∅ in this case.

3.3. End of the proof

3.3.1. – The statement of Theorem 0.8(1) follows from Proposition 3.2.3.

3.3.2. – By (3.2.2.2), the first line in the statement of Theorem 0.8(2) will follow from The-
orem 0.4(1) applied to each gs and χs (1 ≤ s ≤ r). As g0 is potentially p-ordinary, so is
gs. By 3.3.1, 2 - ran(Ks, gs, χs), so it remains to check that if gs has CM by a totally imagi-
nary quadratic extension K ′ of Fs, then K ′ is not contained in Ks( qs

√
a). If K ′ ⊂ Ks( qs

√
a),

then K ′ = Ks and g0 has CM by a totally imaginary quadratic extension K ′0 of F0 such
that FrK ′0 = Ks. However, the only quadratic extension of F0 contained in Ks is F0(

√
q∗),

where q∗ = (−1)(q−1)/2q; thus q ≡ 3 (mod 4) and K ′0 = F0(
√
−q), which contradicts the

assumptions.
It remains to show that, in the case when 2 - [F0 : Q], g0 cannot have CM by K ′0 =

F0(
√
−q), q ≡ 3 (mod 4). If that were the case, then each finite prime v0 of F0 ramified in

K ′0/F0 would divide q, hence π(g0)v0 would not be supercuspidal; thus π(g0)v0 = π(µ, µη′v0),
where η′ = ηK′0/F0

([13, 12.6.1.2.3]). As the central character of g0 is trivial, η′v0 = µ−2, hence
η′v0(−1) = 1. This would imply that 1 =

∏
w0
η′w0

(−1) = (−1)[F0:Q], which contradicts our
assumption.

3.3.3. – Let us now prove the last line in the statement of Theorem 0.8(2). For each s =

0, . . . , r, ρs = IndKs/F0
(χs) is an absolutely irreducible L[GF0

]-module of dimension ϕ(qs).
If 1 ≤ s ≤ r, then ρs ⊗L Lp occurs in H1

f (Kr( qr
√
a), V ) with odd multiplicity, by Shapiro’s

Lemma combined with Theorem 0.4(1) applied to each gs and χs. As the trivial representa-
tion ρ0 occurs with multiplicity h1

f (F0, V ), it follows that

h1
f (Kr(

qr
√
a), V )− h1

f (F0, V ) ≥
r∑
s=1

dim(ρs) =
r∑
s=1

ϕ(qs) = qr − 1.
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