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BOUNDARY COHOMOLOGY OF SHIMURA VARIETIES
I. - COHERENT COHOMOLOGY
ON TOROIDAL COMPACTIFICATIONS

By MicHaeL HARRIS (!) anp SteveNn ZUCKER (%)

ABSTRACT. — We study the coherent cohomology of automorphic vector bundles, restricted to the toroidal
boundary strata of Shimura varieties associated to maximal rational parabolic subgroups. The cohomology is
computed in terms of coherent cohomology of the Shimura varieties attached to the boundary components. The
main result concerns the restriction of a global coherent cohomology class to the boundary stratum associated
with the maximal parabolic P; it is shown that, in terms of Dolbeault cohomology with growth conditions, this
restriction is given by taking the constant term along the unipotent radical of P. This result is used to show
that certain non-holomorphic, absolutely convergent Eisenstein series define rational global (coherent) cohomology
classes. The main technical construction is a comparison between the (simplicial) Dolbeault complex associated to
a complex torus embedding and the (simplicial) de Rham complex associated to its “real part”.

Introduction

This paper is the first in a series devoted to analyzing the mixed Hodge structure
on the cohomology of a non-compact Shimura variety Sh, with coefficients in a locally
homogeneous variation of Hodge structure V. The mixed Hodge structure consists of two
filtrations, the Hodge filtration and the weight filtration. Of these, the Hodge filtration is
easier to understand concretely, since the associated graded object is the direct sum of
spaces of coherent cohomology of automorphic vector bundles, canonically extended to
toroidal compactifications (cf. [H4], and § 3 below). These coherent cohomology spaces
have natural restriction maps to the boundary of the toroidal compactifications, and the
kernels of these are reasonably well understood: they consist of spaces of square-integrable
automorphic forms, usually (but not always) cusp forms [HS]. Furthermore, the kernels
of the restrictions themselves comprise the Hodge components of what Harder (see [Ha2])
calls the interior cohomology of V, namely the image of H* (Sh, V) in H* (Sh, V), where
H? denotes cohomology with compact support. The natural mixed Hodge structure of the
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250 M. HARRIS AND S. ZUCKER

interior cohomology is known to be pure, so for our purposes it is reasonable to concentrate
initially on the cohomology supported on the boundary.

The present article proves basic results on the coherent cohomology of automorphic
vector bundles, restricted to the toroidal boundary strata of Shimura varieties associated
to maximal rational parabolic subgroups. We give a formula for the cohomology of these
boundary strata, first in classical, then adelic, language (Corollaries 3.7.6, 3.13.6, and
4.1.14). Our main result (Theorems 3.10.3 and 3.12.7) computes the restriction of a
global cohomology class on the compactification, given by a differential form (Dolbeault
cohomology with growth conditions), to the boundary stratum associated to a maximal
parabolic P, and to its closure, and shows that it is obtained by taking the constant
term along the unipotent radical of P. In Section 4, we show that these computations are
compatible with the rational structures provided by canonical models of the boundary and
of the automorphic vector bundles (Theorem 4.8.1).

These considerations correspond roughly to Ch. I, Sections 1 and 2 of Schwermer’s
book on Eisenstein cohomology [Sch], which covers the analogous material for the
topological (or de Rham) cohomology of local systems on arithmetic quotients of (not
necessarily hermitian) symmetric spaces. There, the much simpler and nicer Borel-Serre
compactification [BS] could be used, which realizes the space as the interior of a manifold-
with-corners. As such, the space has the same homotopy type as its compactification.
Moreover, all closed faces of the boundary—in natural correspondence with rational
parabolic subgroups P of all types—are themselves the Borel-Serre compactifications of
their interiors, denoted ¢’ (P). For quite general reasons, these faces admit collars (though
one must avoid a well-known pitfall when one writes them down in terms of the group
theory; see our 3.11.3). Thus, any ¢’ (P) can be moved in from the boundary, allowing
for an easy description of restriction of a cohomology class to a boundary face, and this
plays an important role in the topological theory.

Our treatment of coherent cohomology, although it eventually arrives at similar-looking
results (esp. 3.12.7 and 3.13.6), takes much longer to work out. The main reason
for this is that the toroidal compactifications, which play the role of the Borel-Serre
compactifications in the holomorphic category, are topologically quite different, and are
not homotopy equivalent to anything directly related to group theory. The theory of [HS]
computes the coherent cohomology of a toroidal compactification of a Shimura variety in
terms of C”-differential forms having moderate singularities along the boundary. Although
coherent cohomology admits an obvious restriction to the toroidal boundary, it was by
no means clear how to express it in terms of these singular forms. In fact, most of
the techniques in Sections 2 and 3 were developed in order to find a substitute for the
deformation retraction of the Borel-Serre boundary into the locally symmetric space. The
main construction is an identification of the (simplicial) Dolbeault complexes associated
to a complex torus embedding with the (simplicial) de Rham complexes associated to
its “real part” (Prop. 2.7.3), which we subsequently see as the “fine resolution” version
of something more basic (2.8). This construction, which we have not seen elsewhere,
allows us, more or less, to retract coherent cohomology classes from the boundary to
the interior of a partially holomorphic, partially C* quotient of a neighborhood of the

4° SERIE — TOME 27 — 1994 — N° 3



BOUNDARY COHOMOLOGY OF SHIMURA VARIETIES, I 251

boundary stratum, which retains the means for computing the coherent cohomology of
that stratum (see 3.9-3.10). '

The technical difficulties do not end there. In the topological case, ¢’ (P) is fibered
by compact nilmanifolds associated to the unipotent radical of P, with base an arithmetic
quotient of the lower-rank symmetric space of the Levi quotient, and it is integration
over the fiber that produces the constant term. In the toroidal setting, (for P maximal) the
geometric structure near the boundary comes from the Siegel domain picture associated
to P [see our (1.2.5)]: a part of the unipotent radical gives rise to a family of abelian
varieties, which is stuck as the middle term of a two-step fibration over the corresponding
(holomorphic) boundary stratum of the Baily-Borel Satake compactification, and is itself
covered by something of a purely topological nature, coming from the “link subgroup” G,
[see (1.2.1)]; and an arithmetic subgroup of the link group acts on the whole fibration. The
most natural way that emerged to deal with this problem is to use equivariant cohomology
2.9,3.7,3.9, 3.12, 4.8), which circumvents some technical issues arising in the hybrid
de Rham/Dolbeault calculations suggested above, and simultaneously returns us to the
purely algebraic category.

At several points we make reference to Pink’s work on mixed Shimura varieties and
their canonical models, which allows us to replace growth conditions on non-reductive
groups by geometric constructions. We understand that Pink is in the process of working
out the theory of automorphic vector bundles on mixed Shimura varieties, a part of which
we have developed ad hoc in paragraph 4. The availability of a systematic theory along
these lines may simplify a number of our constructions; more significantly, it will provide
a unified framework for considering the boundary strata of toroidal compactifications
corresponding to non-maximal rational parabolic subgroups. We hint at this theory at
several points, especially in our treatment of growth conditions along the boundary of
the chosen boundary stratum, and the general answer is described during the proof of
Lemma 5.3.12. We have decided to defer consideration of non-maximal strata because the
paper is already long enough, and because the general result will require a purely geometric
proof of our key formula, Corollary 3.13.6, that eliminates the use of differential forms
with growth conditions.

Section 5 contains a construction of certain Eisenstein cohomology classes lifting cusp
forms on (Levi factors of) maximal parabolic subgroups, along the lines sketched in
section 6 of [H4], and a proof of their rationality in the range of absolute convergence
(Theorem 5.3.11). That construction requires the embedding of discrete series modules
in induced modules, the classification of which in general remains an open problem.
J. Schwermer and J. Franke have both advised us to bypass this embedding problem
by computing the d-cohomology of the space of Eisenstein series directly; Franke has
in fact calculated the d-cohomology of induced representations. We agree in principle,
but computing the restriction to the boundary of these cohomology classes requires a
substantial understanding of intertwining operators. In the long run, and as in recent work
of Harder, we expect that these intertwining operators, which are closely related to special
values of L-functions, will be essential to describing the “mixed motives” of which the
Eisenstein cohomology classes form a part. Among other things, we consider the present
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252 M. HARRIS AND S. ZUCKER

work to be a contribution to the elucidation of these mixed motives, especially their de
Rham realizations.

Some of the results of the present paper were announced at the conference on
Cohomology of Arithmetic Groups at Luminy in 1989. In Part II of this paper, we
will generalize the results of Part I to arbitrary (non-maximal) boundary strata, and will
take up the problem of describing the mixed Hodge structure of the boundary cohomology
in terms of automorphic forms.

Acknowledgments. — At various stages of this project, we have been helped or inspired
by comments and suggestions of J. Arthur, A. Ash, J.-L. Brylinski, L. Clozel, R.-T. Dong,
J. Franke, M. Goresky, M. Kameko, J. Levine, M. Levine, R. MacPherson, J. Milne,
M. Rapoport, J. Schwermer, M. Stern, and N. Wallach.

We also wish to thank the referee for corrections and valuable suggestions, and to thank
R. Pink for his advice during the revision of this paper.

Notation

By A (resp. Af) we mean the ring of rational adeles (resp. of rational finite adeles).
If B is any Q-algebra, then Ag=A ®¢ B. By Q we always mean the algebraic closure of Q
in C; @® is the maximal abelian extension of Q in Q.

If V and T are schemes over the scheme S, then V(T) denotes the set of T-valued
points of V; V=V xgT. If T is Spec(A) for some ring A, we often write V(A) and V4
in place of V(T) and V1. If S=Speck’, where k' is a finite field extension of the field &,
then Ry, V is the scheme over k obtained by Weil’s restriction of scalars functor. The
structure sheaf of V is denoted Ov.

If G is an algebraic group, then G*, G%, G®, and Zg are the adjoint group, the derived
subgroup, the abelianization G/G%", and the center, respectively, of G. The unipotent radical
of G is denoted R, (G). If G is a topological group, then G° is its connected component
containing the identity; the same notation is used for algebraic groups. The group schemes
GL (n) and G,,, are denoted as usual. By X (G) we denote the group Hom (G, G,,).

If f: X—Y is a continuous map of topological spaces and F is a sheaf on X, we denote
by R f. F the total direct image of F (in the derived category). If £ is a sheaf on Y,
then f~! £ denotes the pullback in the category of sheaves; if X and Y are schemes and £
is a sheaf of Oy-modules then f* & denotes Ox ®p, £. If £* and F* are complexes of
abelian sheaves on X then “£* =~ F*” means that £* and F* are quasi-isomorphic. The
case where Y is a point (f is thus the unique map from X to Y) produces RI'(X, &),
whose cohomology is the hypercohomology of £°, denoted H* (X, £°).

Unavoidably, an enormous quantity of special notation is used in this paper. Here is
a list of the most frequently used notation, preceded by the number of the section or
subsection in which it first appears.

1.1. S, (G, X), Sh(G, X), xSh(G, X), E(G, X), g.

1.2. D, G(R)*, S*, T, Mr.

1.2.1. F, Pg, Lg, WE, G1=G1,F, Uup.
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1.2.2. A, A, wg, F3, WF, 3, g%, g1, 8t Gi, 81 (0), G,(0), G,=Gy, F, g, a.

1.2.3-1.2.5. CF, G?,F’ I‘1=F1’F, Pu, P/' = P, 5 Fi—.‘, DF, Fi:, MIF, TF, X(TF), T2, M1,
AF, MF.

1.3. g, TU, TE, 8TE’ 20’ EC’ CF’ (M;‘)cn DF,09 (M;‘){a’}’ DF, {o'}> (M;‘)Zb DF,E7
72,5, TF, 5, X (T).

1.4 EF’ MF,E9 aMF,Ev ®F,0s PF, 2 SNC.

1.5. s, M}, OML, Mg, Z,.

ZF,E’ >ZF,E’ <ZF12’ OZF]E’ aZF,Eo >8ZF’2» <8ZF’27 Z‘r’ <ZF,E’ QF,Ea 6F,2’ ZT9 1/)1"

1.6. T3, ™1, Mg 5 (=) Ar,=, Mr,=, Zr, 2 =) Zp, v (2 ~0Zp,x(z) “OLp,x(5)-

1.7. xSh(G, X)g, Sh(G, X)~, Sh(G, X)*, kSh(G, X)*, «~, B(D), B(),
(Gh, F» X(F))’ (Gh, F» FP)’ Sh (Gm9 N)9 Sh (Ga X)F, Sh (G7 X)P’9 Sh (G7 X)PF1
Sh (G, X)™F, Sh(G, X)~F, Sh(G, X)™~Pr,

1.8.K,, P,, &, ¢, p+, p~, Ki, Ki, (GP, A(Pr)), APp), T@, D, K, K,, N, cp,
‘p;-’ QF,p’ VF, UF9 D:a U;, ‘p_l'_’ p;ll_’ J = JPF'p~

2.1.6 = o/RY, £, T+, TF, TS, T¢, 9T%.

. Axv FV, SF,p’ le JI)\9 @09 5F‘,p-
.H, b, R, p, pc, Hyp, H, R* @, WEP_ [(w), WFP(g), A(h, w), A(l, w).
AL Algs Al A;ga’ jpzr
Dy qy L1, Zy, Z3, @, V.
'10‘ s, 77F9_ pp: ﬁh Di.
12.p, 3 @, ¥, Vi 5.
~P’ ~
L M,Fv AF’ KM/ > KAF’ T2, K> T1, K> KM,F,Z’ ShE , X(G[), H (Vcan), H* (VSUb),
Vg, ng A? AO’ Al, H. (W)9 IP-
2. Ky, K, IS,
3.V, [V], iy, I(G, X), Perg, ¢, EV, b), M), ph, X).
4.1y = k1 (G, X)g, I(G, X)r*, W®N), W, w), W (N relW‘).
SIE,IE.

F F IF AR V]
615 , 75, IE I, L.

2. Skl (0), 3, 8%, ¥/, £M), 5We X (T)).
3.U,, Us, g,, ('), U, (R).

4. 8U,, Star(a’), Con(c’), Y, (Cr)sz, 8 (Cr)s, 05°.
6. A* (T%).

7. A% (Ty).

9. H;, RE.

1. M=M (G, X), [V].

2. Vg, VA, Vi, Vs Vs

3. Jy.

4. 5, Do

5

6

8

9

B AR D DR LWWOWWWWWLWWWRNNNDNDDNDD
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254 M. HARRIS AND S. ZUCKER

4.7. W (F), W(F)A, m. |
5- 1- 6P9 IP (H, S), E(fa S, 8), JP (Hva s)9 Jl (Hv» S), J/ (H’ s)v~
5.3. AQ, a%’c, P(),p, A(),p, .A(G)Q ‘

1. Shimura varieties and Toroidal compactifications

1.1. SHIMURA VARIETIES. — Let S be the real algebraic torus Re/r G Let (G, X) be a
pair consisting of a connected reductive algebraic group G defined over Q and a G(R)-
conjugacy class of homomorphisms 4: S — Gg, satisfying the following conditions ([D3];
of. [Mil):

(1.1.1) The Hodge structure on the Lie algebra g of G, given by
Adoh: S — GL(g), isof type (1, —1) + (0,0) + (—1,1);
(1.1.2) The automorphism Ad (% (i)) of G (R) induces a Cartan involution on G (R)°;

(1.1.3) Let w: G,,, g — S be the canonical conorm map. The weight map how :
G, g — Ggr, whose image is (by (1.1.1)) central in Gg, is defined over Q;

(1.1.4) Let Zg be the maximal Q-split torus of Zs. Then Zg (R)/Zg (R) is compact.

We call such a (G, X) a basic pair. The space X has a natural G (R)-invariant complex
structure.

The associated Shimura variety is defined as follows: if K C G (Af) is an open compact
subgroup, then

kSh(G, X) (C) = G(Q\X x G(AT)/K

is a (non-connected) quasi-projective complex algebraic variety, as follows from [BB]. Then

Sh (G, X) (C) :‘«‘KEKSh(G, X) (C)

is a pro-algebraic complex variety with continuous G (AY)-action. Then Sh(G, X)(C) is
the set of complex points of the Shimura variety Sh (G, X) associated to (G, X); Sh(G, X)
has a canonical model over a certain number field E (G, X) (the reflex field) cf. [D3].

1.1.5. For simplicity, we assume throughout the paper that G* is @-simple; however,
all substantial assertions are valid as stated for general G. Similarly, (1.1.4) is imposed
only for convenience, and the results of the paper have natural generalizations in the
absence of this hypothesis, ¢f. ([H2], Remark 4.9.2).

1.2. We recall the construction in [AMRT] of the toroidal compactifications of the
connected components of Sh (G, X), and return to the adelic setting in 1.7.

Let D be a connected component of X; let G (R)* ¢ G (R)be the group that stabilizes D.
For any subgroups SC G (R) let St =SNG (R)*. Let Go=G%" (R)°. The action of Gy
on D identifies D with the Riemannian symmetric space associated to Gy.

Let I' C G(Q)" be an arithmetic subgroup, and let M=M be the quotient I'\D;
every connected component of xSh (G, X). is of the form M for some I'. We assume
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for convenience that I' is neat ([B1], Sec. 17): whenever p:G— GL (V) is a faithful
representation, and v € I', none of the eigenvalues of p () is a root of unity other than 1.
Then I is, in particular, torsion-free, so Mr is a smooth quasi-projective complex variety.

1.2.1. To the pair (D, G(Q)*) is associated, as in [BB], the collection of rational
boundary components F. For each F, let Pr C G be the maximal Q-parabolic subgroup
such that Pp (IF\Q)Jr stabilizes F. Choose a Levi decomposition Pr = Ly - W, and let Ug
be the center of the unipotent radical Wg. Let G; = G; ¢ C Ly be the subgroup described
in chapter III, paragraph 4 of [AMRT], which can be characterized as the maximal Q-
rational connected reductive subgroup of Ly which (i) contains the identity component
of Zg, (ii) acts trivially on F, and (iii) modulo Zg-{ finite subgroup }, acts faithfully (by
conjugation) on Ug. The logarithm map identifies the abelian Ugr with the vector space
up=Lie(Ug) as group schemes over Q.

1.2.2. Let A be the split component of the center of G; N G, A = A - Z%. Then A
is a Q-rational torus, and modulo Z% is one-dimensional and split; A = A N G4, We let
wr : G,, — A be an admissible Cayley morphism in the sense of Deligne ([D2], 3.1),
cf. ([Br2], 4.1; [H2], § 5). It is uniquely determined by the following properties:

(1.2.2.1) mp := wp - (how)™!, (w as in 1.1.3), which is actually independent of
h € X ([D3], 2.1.1), maps G,, to G%".

(1.2.2.2) For any h € X and any rational representation p:G— GL(V), the pair
(F3, WF) defines a mixed Hodge structure on V.

(1.2.2.3) When p is the adjoint representation, W§ g = Lie (Pp).
In (1.2.2.2-3), F}, is the filtration induced by p o h, whereas WY is defined in terms
of the weight space decomposition under wg:

WiV = @ Vi, wes where Vj wp = {v € V]powr (t)v==t"7v,t€ Gy}

isi
It follows easily from (1.2.2.2) and (1. 1. 1) that the weight filtration on g is of the form
(122.4) {0} =WF,gcWF,gc---cWig=g.
We let g° C g be the r-eigenspace of wg(?), t € G,,,. Then we have
(1.2.2.5) g 2=Lie(Up), ¢ 2®g'=Lie(Wp), g°=Lie(Lp).

The following notation will be used throughout. Let 3 =Lie (Zg),
g =[97%, 9°] @3 = Lie(Gy).

Let g, = g~ 2@ g; @ g2, and g, (0)=the orthogonal complement of g; in g° N gde* with
respect to the Killing form of g. Denote by G, and G, (0) the corresponding connected
subgroups of G; note that G, (0) contains all compact factors of Lg (R). Let g5, = g (0)Da,
where a=Lie(A), and let G, be the corresponding connected subgroup of Lg. (Note that,
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256 M. HARRIS AND S. ZUCKER

with our notational conventions—which differ a little from those of [AMRT], where “G,”
refers to our Gy (0), modulo its compact factors—G; and Gy, intersect in A; we want G,
to determine the basic pair for a Shimura variety, as in 1.7, below. Note esp. (1.1.3)).
When necessary, we write Gy, g instead of Gy,.

1.2.3. (For details and definitions in what follows, see [AMRT], III, § 4.) There is a
natural Q-rational positive-definite quadratic form (, ) on Ug. Inside Ug(R) is an open
convex cone Cp, self-adjoint with respect to {, ), on which G? = G (R)? acts transitively.

Let T, =T r =T NGY. Then I acts freely on Cg. Let I'y = Up (@) NT; Ty is a lattice
in Ur(R).

Let P/ = P C Py denote the largest connected subgroup whose adjoint action on Ug
is given by homotheties; thus P’ = G, - Wg. Let Dr = Ur (C) - 3(D) CM(C), where 8
is the Borel imbedding of D in its compact dual M (C), see 3.1. Then D has the structure
of a Siegel domain of the third kind over F:

(1.2.4) D c Dr = {(2, v, t)|]z2 € U (C), v € C*, t € F}

is defined by a well-known inequality [cf. (2.5.2), below]; here 2 a=dim (Wg/Ug). The
(transitive) action of Pr(R)° on D extends to an action of Pg(R)°-Ug(C) on Dg. By
choosing a base-point for Dg lying on the boundary component opposite to F [see our
(1.8)], one finds G; in the corresponding isotropy subgroup, which implies that Dg is

homogeneous under P’ (R)-Ug(C). Let I'p = I'nP’ (Q), Mz = I't\Dr, and let Tr be

the Q-split torus with character group X (Tg)=Hom (I'y, Z). Thus T (C)=Ug (C)/T'y acts
holomorphically on Mg, and I'; acts on Tg.

It was proved by Brylinski ([Brl]; ¢f. [P], § 10), that ML has the structure of an algebraic
variety. More precisely, My fits into a tower of fibrations, corresponding to (1.2.4):

Dr —»>Mp
! Lm

(1.2.5) Dr/Up (C) - A
1 bm

F —-» Mg

where

(a) Mg is of the form I'r\F, for some neat arithmetic group I'r, and in particular is a
smooth quasi-projective algebraic variety;

(b) m; represents Af as an abelian scheme over Mg;
(c) m, is a principal algebraic torus fibration over Ag, with structure group Tg.

The discrete group I'; r acts on both My and Ag over Mg. The action on My is proper
and discontinuous in the classical topology, whereas the action on Ar does not admit a
nice quotient (unless Agr=MF).
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BOUNDARY COHOMOLOGY OF SHIMURA VARIETIES, I 257

1.3. Let 0 C Up(R) be a closed rational polyhedral cone (rpc); i.e., a subset of

the form {i /\i V;
=1

X (Tr) ® R = Hom (Ur (R), R) contains the dual cone
g={AeX(Tr)@R|A(v) 20Vv € o}.

Ai __>__0}, where v; € Up(Q), 2 = 1,...,a. The dual space

Suppose o contains no non-trivial linear subspace of Ug(R). As in ([KKMS], I, § 1), let
T, = Spec Q [X (TF) N 5]; then Tr embeds naturally in T,, and the action of T on itself
extends to an action on T,. In this way one defines a 1-1 correspondence between rpc’s
o C Ur (R) and normal equivariant affine embeddings T¢ — T,. One puts 9T, = T,—T.
If 0 = |J o’ is a finite simplicial decomposition, then the T, patch together to an
equivariant torus embedding T,+}, and the natural maps T, — T, patch together to a
proper surjective T-equivariant morphism T,y — To.

More generally, define a fan (rppd in [AMRT]) in Ug (R), as in [O], [Mi]: if X is a fan,
then each o € ¥ is an rpc in the closure Cy of C, and the intersections of the different o
satisfy certain natural axioms. One obtains thereby an equivariant torus embedding Ty,
constructed by patching together the T, for o € ¥; we write 0Ty = Ty — T.

Given a fan ¥, there are two distinguished subfans:

(1.3.1) Y° ={o € Llo N Cr # T},
(13.2) ¥¢={o € Xlo - {0} C Cr};

the latter is a subcomplex.
For any rpc o C Ur (R), let

(1.3.3) (Mp)e = Mf x TP T,

and let Dy , denote the interior of the closure in (M), of I';\D. We let

T2, 0 - DFU_)AF

)

be the natural projection. If o = |J ¢’ is a decomposition as above, define (M;){,/}
and Df (/) analogously; then there is a proper morphism D (o1} — Df,, of analytic
spaces over Ag. Finally, if ¥ is a fan, then we define (Mp)y = My X TrPy and Dp, s
in analogy with the above. The morphism 73 : My — Ap extends to a morphism
72w : (Mp)s — Ap. Let

(1.3.4) Tp,p =T 0m2 5 (Mp)s — Mp.

The pullbacks to Dy 5 of (the analytic morphisms corresponding to) 2 5 and 7p, » will
be denoted by the same symbols.

It will be useful to consider the following slight generalization of torus embeddings.
Let T, and T, be split algebraic tori over the field & with cocharacter groups
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X; =X, (T;) =Hom (G,,, T;), i=1,2. Let ¥, CX;®R be fans. A morphism
h: (T, 1) — (T2, ¥3) is a homomorphism A: Ty — T, of algebraic groups such that the
induced map h.:X; — X has the property that, for each o; € ¥, there exists oo € 35 such
that h, (o1) C o2 (¢f. [O], § 1.5). This condition easily implies that the homomorphism 4
extends to a T;-equivariant morphism

ho’;,o‘g : Tl,al - T2,0’2‘

These maps patch together to define a T;-equivariant map of torus embeddings
(cf [H3],§ 3; P, 5.4)

hzlyEZ : T1,731 - T2,E2'

When T,={1}, any (T, ;) gives a morphism trivially. When T;=T,, we obtain the
notion of refinement (cf. 1.4, below).

Until the end of 1.3, we assume 3; and ¥, to be finite complexes; the generalization
to locally finite torus embeddings is easy.

1.3.5. LemMA. — The morphism hx, s, is proper if and only if, for all 0 € ¥, the set
IZ1] == {Uo’ € Zi1|hi (¢)) C o} equals b (o).
Proof. — This is proved in the same way as Theorem 8 of ([(KKMS], § 2).

If the hypothesis of the lemma is satisfied, we call the morphism k: (T;, X1) — (T2, X5)
proper.

Write Y; = T; 5, - O; = Oy, - 0; = 0Y; with reduced scheme structure i=1, 2.

(N.B.: one need not have that the support of (hyg, x,)* 92 equals d1, nor, when one does
have it, that (hy, 5,)* 8; is reduced, i.e. equals 0;.)

Assume Y; smooth, and J; is a divisor with normal crossings on Y;, i=1, 2. Let 51
denote the union of the irreducible components of &; whose image is contained in ;. Let
Ki = 01(-01), Ko = O3(-0,).

1.3.6. LEMMA. — Suppose h: (T1, ¥1) — (T, X,) is proper, with the map of tori surjective.
Then (a) R hs, 5, « (01) = Rihy, 5, « (K1) = 0 for i>0; (b) hs,, x,,+ (01) = O2 and
bz, 5., (K1) = Ka, canonically.

Proof. — The assertions are local on Y,. Thus we may assume Y, affine, i.e., Yr=0
is a single cone. We do this throughout. There are canonical adjunction morphisms
O3 — hs,,5,,+ (01), Ko = hys, 5, « (K1). The second part of the lemma is the statement
that these morphisms are isomorphisms, i.e.

(1.3.6.1) The natural adjunction maps

H°(Y,, O3) = H° (Y1, 0;) and  HO(Y,, Kj) — H (Y4, Ky)
are isomorphisms.
Similarly, the first part of the lemma is the statement that

(1.3.6.2) H!'(Y;, 0)) =H'(Y;,K;) =0  for i>0.
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The vanishing of H*(Y;, O,) follows directly from ([KKMS], p. 44, Cor. 2), by the

hypothesis of properness, since h;! (o) is in particular convex (cf. 1.3.5). Let S; = 03,
so that we have the short exact sequence

It is enough to show that
(1.3.6.4) H' (Y1, 81) =0 for i >0;

(1.3.6.5) H° (Y1, O1) — H° (Y1, 1) issurjective;

The sheaf S; is supported on the closed divisor 51. Write 51 = |J O, as the union of
its irreducible components; then the J,, are in one-to one correspondence with the set of
one-dimensional cones o, € ¥; such that h, (0,) # 0. More generally, for any 7 € ¥,
let 8, be the closure of the corresponding T;-orbit in Y, and let ¢, : 8, — Y; be its
canonical closed immersion. Define

(1.3.6.6) #=1-{0}//RY, 5= {frei}.

Then 3, is a polyhedral complex. Let

(13.6.7) W1 = {#|r € , %1},

where ,¥; = {7 € ¥;|r N Ker (hs) = {0}}. The normal crossings hypothesis means
that Y3, is actually a simplicial complex; i. e., every polyhedron in 3; of dimension k has
exactly k+1 vertices.

We compute H(Y;, S;) = H' (8, S;) using the spectral sequence for the closed
covering by the d,. The nerve N of this closed covering is evidently PL-homeomorphic
to pX;. Now for all 7 € 3,

(1.3.6.8) H (0,, it (S1)) = H (0;, 05,) =0  for i>0

([KKMS], p. 44, Cor. 2).

Define systems of coefficients L (-, S;) on N = W3 by the formula
L (%, &) =H’(5,, 0,.).

By (1.3.6.8), the spectral sequence degenerates at E; and yields

(1.3.6.9) H (Y1, 8) S H (WS, L(-, &), i=0,1,...
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We compute the terms L (7, S;) by direct calculation, decomposing it into weight spaces
L (7, x) for the action of T;, where x runs through the character group X} of T;. For
any x € X7, let

R(x)={z e Xi®R|x(z) 20};  H(x) =Ker(x) CX; ®R.

Recalling that 0. is taken to be a closed T;-invariant subset, it follows from the definitions
of affine torus embeddings (cf. also 2.4.3, below) that

(1.3.6.10) H°(8,, 05, )X =k -x (canonmically) if 7 C H(x) and 7' C R(x) for
every 7/ containing 7 as a face; otherwise H° (9,, O )X = 0.

We determine the support A(x) of L(-, x). Recall from 1.3.5 that |X;| = h;! (o).
Thus |X;| = (R (7;), where the 7; in the character group X3} of T,, now identified as a
subgroup of X3 via h*, define the boundary hyperplanes of o. It is easy to see that if 7 as
in (1.3.6.10) exists, i.e. with A (x) # &, then (with additive notation in X3):

(1.3.6.11) If x =S¢ -m; € X3 with ¢; = 0, then
A()={Z:n N H(m) - Ker(h)}/RE.

¢; positive
In every case A(yx) is either empty or contractible, and (1.3.6.4) thus follows from
(1.3.6.9). The proofs of (1.3.6.5) and (1.3.6.1) are similar and are omitted.

1.3.7. Remark. — The above argument also shows that H! (Y, K;) does not change
(up to canonical isomorphism) if ¥, is replaced by a refinement.

1.4. TOROIDAL COMPACTIFICATIONS. — A toroidal compactification Mr — Mrp 5 is
associated to a collection X ={3¥g|F a rational boundary component} where each ¥
is a fan in Ugp(R), satisfying a list of hypotheses to ensure compatibility (c¢f. [AMRT],
p. 252), which we recall as we need them. We refer to such ¥ as a I'-admissible family
of fans. The X’s are partially ordered by the relation of refinement. ¥’ is a refinement
of ¥ if every ¢’ € ¥’ is contained in some o € X, such that, for each 0 € ¥, the set
{0’ € ¥'|¢’ C o} is a finite simplicial decomposition of o. The spaces Mr, x are in
general only algebraic spaces over C. Let OMr » = Mr 5 — Mr.

For a complete picture of the structure of My, 5;, we refer the reader to ((AMRT], Ch. III,
§ 5). For our present purposes, it suffices to note the following:

(1.4.1) For each F and each o € Xp, the natural map I'z\D — M extends to an
analytic local isomorphism ¢f , : Dr,, — Mr, 5; these patch to yield a local isomorphism
¢r,= : Dp,s — Mr,s.

(1.4.2) The union of the images of the ¢r , form an open covering of My 5.

(1.4.3) Any ¥ has a refinement ¥’ such that the toroidal compactification Mr s is
smooth and projective, and such that OMr, 5 is a divisor with normal crossings, each of
whose irreducible components is smooth. Such a compactification will be called SNC.

1.4.4. Remark. — A toroidal compactification (or torus embedding) with the normal
crossings property mentioned in (1.4.3) necessarily has the property that every o in X is
simplicial, in the sense that the number of its 1-dimensional faces equals its dimension.
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If ¥’ is a refinement of X, then there is a natural proper surjective morphism
mxr,x ¢ Mr, s — Mr, 5, consistent with (1.4.1) and (1.4.2).

1.5. STRUCTURE OF THE BOUNDARY. — The variety Mr also has a natural compactification
as a normal projective variety. This compactification, due to Satake and Baily-Borel
([S1], [BB]), will be called the minimal compactification, and denoted M. For any
I'-admissible ¥, there is a unique proper morphism of algebraic spaces

Ty - MF72—>M;

which restricts to the identity on Mr.
The complement OMr := M} — Mr decomposes as the disjoint union of locally closed

subvarieties IIMy, where the union is taken over the set of rational boundary components F
modulo the action of I'. For each F, there is a commutative diagram:

Dg s, =D nr OMr 5 C Mr 5
(1.5.1) ] ! Loy
Mp = MpC OME C Mf

Let Zr x denote the closure in Mr 5 of 5" (Mp).

By refining ¥, we can arrange that, for each F, (i) Zp » is a subdivisor with normal
crossings of OMr » with

OMr, s = JZr, =,
F

and (ii) the irreducible components Z, of Zp,x are smooth and in one-to-one
correspondence with the set of 1-dimensional cones o in Xf, modulo the action of I';. In
this case, we say Mr, 5 is SNC. The same terminology will be used without comment for
torus embeddings (here I'; is of course irrelevant) and for partial toroidal compactifications.
We assume henceforward that Mr, s, is SNC.

Whenever F is a rational boundary component of containing F in its closure (one writes
F’ 2 F), then Cg/ is a boundary component of Cg, and one of the conditions on ¥ requires
that ¥¢ N Cpr = Y. This provides the means for determining Zg x N Zg 5 from the
data in ¥, when F'>F. Define

(152) >ZF,E = ZF,g - U ZFr7):;, >8ZF,E = ZF,E - >ZF,2;
F’'>F (modT)
<ZFYEZZF,E- U VATRR <3ZF,2=ZF,2—<ZF,E§
F'<F (modT)
OZF,E = >ZF,E n <ZF,2; OZp v =1 x — OZRE = >8ZF,E U <5ZF72.

Then >BZF, 5 <3ZF, s» and 0Zp 5 are all divisors with normal crossings on Zg x.

Said in words, Zg x is the union of the complete divisors corresponding to the one-
dimensional cones in 3¢. To get <ZF’ 5, (the F-stratum of OMr, x), one removes from Zp, 5,
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all points coming from X% but not X, which thus are really associated to smaller boundary
components; these are precisely the points that map to the boundary of My under 7s. To
produce >ZF,E’ one removes from Zg s those points that serve to compactify divisors
associated to larger boundary components (these still map to My).

For any cone 7 € Lp, write

Z.= N L.
oCt,dimo=1
Via (1.3.3) and (1.4.1), it comes from the (closed) T-orbit in T, associated to 7.
Note that <ZF’2 = wgl (MF) and that Zp x is the closure in Mr 5 of 0ZF,E. We note
the following description of Zp y:

1.5.3. LEMMA. — Let m denote the closure of 0Ty, e in OTF, 5. Let
<Zp y = My xTr 0T, 5¢, % 5 — My xTr OTF, 5z
Then
<ZF,): = F1\<ZF’2, OZF’E =T\ OZF,E as algebraic varieties.

Proof. — Everything is clear but the algebraicity, which follows from ([P], Prop. 9.36).
Let 6p 5 : <Zp,g — <ZF,>: be the projection determined by the Lemma. For any
cone 7 € Op let Z, C <ZF,2 be the stratum corresponding to 7. Then assuming ¥ is

sufficiently ﬁn~e or[ is su_fﬁciently small, which we do, ép 5 restricts to an algebraic
isomorphism Z, = Z, = Z, N <ZF,2' Define

Yy =T 50 613,12 : Z, — Ap.
1.5.4. CoroLLARY. — For each 7, the morphism ), defined above is algebraic.

.1.6. STRUCTURE OF THE BOUNDARY (CONTINUED). — In order to extend Lemma 1.5.3 to
something directly related to the boundary stratum Zp y attached to F, we must take a
detour through the theory of mixed Shimura varieties ([Mi], P). These are attached to pairs
(Q, &), where Q is an algebraic group with a three step-filtration by normal subgroups

(1.6.1) {1} cW_,QCW_;Q=R,QCW,Q=Q,

and X is a homogeneous space for Q(R)-W_;Q(C). It is assumed that W_,Q is
commutative, and for any arithmetic subgroup I' C Q the quotient

Tr(Q, X) =T'NnW_,Q(Q)\W_.Q(C)

is viewed as the set of complex points of the split torus with character group
Hom (I'N'W_2Q, Z). The remaining axioms satisfied by the pair (Q, X) are listed
in ([P], Definition 2.1). The mixed Shimura variety is denoted Sh(Q, &X); its connected
components at finite level are of the form At = I'\X'*, with X+ a connected component
of X. In what follows, by “connected component” we mean “connected component at
finite level”.
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Now, the spaces on the right-hand side of diagram (1.2.5) are all (connected components
of) mixed Shimura varieties: MF is attached to the pair (P, X (Df)), with W, P'=U,
W_ P'=W, and X (Dg) is a certain P’ (R) - Ug (C)-homogeneous space containing Df as
a connected component; Ag is attached to the pair (P’/U, X (Dr)/Uf (C)), with filtration
induced from that on P’; and Mg is the (pure) Shimura variety attached to (G, X (F)),
where X (F) will be discussed in 1.7, below.

More generally, Pink defines ([P], § 4) a set of rational boundary components
(Q(R), X (R)) of (Q, X), consisting of a “canonical subgroup” Q(R) of an “admissible
parabolic subgroup” of Q, and a space X' (R), such that (Q (R), X (R)) is a pair defining
a mixed Shimura variety, and such that

(1.6.2) W_,Q(R) D W_2Q, Tr(Q, ¥) c Tr (Q(R), X (R)).

For each R there is also an open cone C(R) C W_;Q(R)(R), which is invariant
under translation by the vector space (W_2Q(R)NW_;Q)(R). He then constructs
partial toroidal compactifications, associated to families of fans in the various C(R), just
as in 1.4. A rational polyhedral cone 0 C W_5 Q(R) (R) defines a torus embedding
Tr (Q(R), X (R)), for any arithmetic subgroup I' C Q, and the connected component
X (R)* is a principal Tr (Q(R), X (R))-bundle over a connected component of
the mixed Shimura variety attached to (Q (R)/W_2Q(R), X (R)/W_2Q(R)(C)); one
defines (I'\X (R)*), as in the pure case.

Now consider the case (Q, X')=(P’, X (Dg)) of a rational boundary component of (G, X).
Pink shows ([P], Cor. 4.20) that each rational boundary component of (P/, X (D)) is of
the form (P}, X (Dg,)), where F; is a rational boundary component of F and P, is its
normalizer in G. Furthermore, he shows ([P], Corollary 7.17) that the closed divisor
Z, C Z% (notation from 1.5) is the toroidal compactification, attached to an explicitly
determined family of fans, of (a connected component of) the mixed Shimura variety
attached to the pair (P’/U ((¢)), Dr/U ({¢))), where U ((o)) C Up is the one-dimensional
subgroup whose Lie algebra is spanned by o.

1.6.3. Examples.

(a) The rational boundary components (Q (R,), X (R)) of Mg correspond exactly to
the rational boundary components F,, of F. Then the torus Tr (Q (R.), X (R,)) is the
corresponding Tr_, which contains T [as in (1.6.2)], and the cone C(R,) = Cf,.

(b) The rational boundary components of Ag, which we denote (Q* (R,), X4 (R4)),
correspond as in (a) to the rational boundary components F, of F, but now the
corresponding torus Tr (Q* (R,), X4 (Ra)) equals Tr_/Tr. Denote the corresponding
open cone C2 CW_5 (Q(R4))/W_2(Q), and let ¢ o : Cp, — C2 be the natural map.

(c) Finally, we denote by Ty, r the torus attached to the boundary component F,, of F
for the pure Shimura variety Mg=I'g\F, and Cr_ g the corresponding homogeneous cone.
Then there are natural homomorphisms Tr (Q* (Ry), X¥* (R4)) — T, r, inducing
maps @1, : C& — Cr_ .

Let Mg’z be the toroidal embedding of Mg, in the sense of [P], associated to the
partial cone decomposition inherited from ¥. Then Mg 5 is SNC and contains as an
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open subset (Mj)s;, (notation 1.3). Let Zp, 5 denote the closure in Mg g of OZF,E‘ IfT
is sufficiently small, there is a natural isomorphism, extending those of Lemma 1.5.3
(c¢f. [P], 7.13, 7.17):

(1.6.4) T\Zp, s >Zr 5.

We assume henceforward that I' is chosen sufficiently small so that (1.6.4) holds; this
is always possible (cf. [loc. cit.]; alternatively, we could replace ¥ by an appropriate
refinement).

According to ([P], Prop. 6.25 (b)), after replacing ¥ by a suitable refinement, we
can construct complete SNC toroidal compactifications Ap = and Mg = of Ag and M,
respectively, such that the morphism 7, of (1.2.5) extends to a I';-equivariant morphism
71 : Ap,= — Mp,=. To be more precise, one constructs families of fans {2, C Cr,_ r}
and {ZA C CA}, with the property that, for all o € =2, there exists £ € Z,, such that
¢1,q (0) C &, and such that Ap = := Ap =a (for simplicity) and Mg = are SNC.

1.6.5. LEMMA. — When X is sufficiently fine, the morphism m, of (1.2.5) extends to
a T-equivariant morphism 7y : My 5, — A_ _. Furthermore, given Ar = and Mr = as
above for each rational boundary component Fu(modulo the action of T'), ¥ can be chosen
to work for all F's simultaneously.

Proof. — This is essentially due to Pink. We first consider a fixed F, and let
{Siz¢],o C Cr,} denote the induced family of fans, defined by analogy with ([P], 7.7):

(1.6.6) Sizr),« = {7 € Tp, |7 has a face in Xp}.

The one-dimensional cones in Sixy) o correspond to the divisors in Zp, s that have

non-empty intersections with Z x. Let ¥ = {£,} be a refinement of {Sjz,} «} such that:

(1.6.7) ForallTe f]a, there exists o € Z2 such that ©2,a (T) C 0. Then we can define
the morphism 75, as in ([P], 6.25).

Since (1.6.7) is stable under refinement, we can find a global refinement ¥ of ¥ such
that Sz, , satisfies (1.6.7) for all F and all o. Replacing ¥ by such a %, we obtain
the lemma.

Henceforward, we assume Y to be sufficiently fine in the sense of the lemma.

Let >9Zp 5 (=) denote the inverse image under (1.6.7) of Z0Zgp g it is the closed
subvariety corresponding to cones in the boundary of Cg. Define <8ZF) = (z) and 3ZF, 2 (®)
analogously. For any 7 € £, let T2 . : Z; — Ap, = be the morphism deduced from 7,
via (1.6.7), mg, » its restriction to Z, := Z. N <ZF,Z' We record the following facts
for future reference:

1.6.8. LEMMA.

(i) 0Zr 5(=) = “0Zp,x (=) U~ 0Ly x (=) is a divisor with normal crossings on Zr, 5 (@)
More precise{y, for any non-empty intersection of components of Zy s =), E = Néq, the
closure of [0Zy, 5 (=) — Uby] induces on E a divisor with normal crossings.
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(ii) For any T € X, the morphism 73 : Z, — Af is a smooth fibration. The morphism
T, 7 : Ly — Ag = is proper.
(iii) For any T € X3, let >0, =7.Nn" BZF’ s and let 0= = Ap,= — Ay. Then

Ri7y . (0z,) =R 7. (07, (=70,)) =0 for i>0;
and there are canonical isomorphisms
OAF,E = T2, (OZT)’ OAF,E (-0=) = T2, (Ozf (°>a’r))'

Proof. — Part (i) is just the hereditary property of divisors with normal crossings. The
first statement in (ii) is standard, and the second is obvious. Finally, GAGA reduces (iii)
to the corresponding analytic statement. Write TA =T (Q* (Rq), X4 (Ra)) = Tr, /Tr
[notation (1.6.3) (b)]. The assertions being local on Ay =, we may restrict our attention to
a neighborhood of the stratum on A, = corresponding to the boundary component X4 (R,,).
Thus we may replace Ag by a TA-fibration over a certain mixed Shimura variety M4,
and Ap = by the partial toroidal compactification M2 xT« (TA),, for some o € EA.
Let T (7) C Ty be the torus generated by the images of {\(G,,)|A € X. (Tr) "R -7},
and let T, , = Tr_ /T (7); this is the torus associated to the stratum Z, in a partial
compactification of the mixed Shimura variety Mg _, cf. ([P], § 7). Let

Y (0) = {6 € Sizg),alp2 (6) C 0}
Localizing further, we can replace the morphism 7 . by
ho X 1t Tr 0, 5(0) X B — (T2), x B
[notation (1.6.3) (b)]

where B is a complex ball in M2, and h, is a proper surjective morphism of torus

embeddings. In this form, (iii) is an easy consequence of Lemma 1.3.6.

1.6.9. Remark. - The condition 1.6.8 (i) for >8Zy 5, C “Zp 5, can be written in terms
of Xg: for all 7 € Xy,

Z. N {closure of (Z9Z y — U Zs)}

oCt,dim (0)=1
is a divisor with normal crossings on Z..

1.7. We still have to discuss the adelic toroidal compactifications. Choose a minimal
rational parabolic Py C G. A rational boundary component F of D will be called standard
if Pg is standard, i.e. contains Py. Fix an open compact subgroup K C G (Af), which
is neat in the ad hoc sense of [H5] or the more canonical sense of [P]. The toroidal
compactifications ,Sh (G, X)g of xSh (G, X) are associated to adelic fans ¥ = [ J X,

F
where F runs through the standard rational boundary components. Each Y is now a fan in

(1.7.1) G(Q)* xPr @' (Cp x G (AF)/K),

where Py (Q)* acts on the left on the last two factors and on the right on G (Q)*, satisfying
the axioms of ([H3], 2.5). It is proved in [loc. cit., Prop. 2.8] that, if ¥ is moreover
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projective and equivariant (definitions in [loc. cit.]), then xSh (G, X)x has a model over
E(G, X) which is compatible with the canonical model of ¢Sh (G, X). Pink [P] has
proved a more precise result: he has defined canonical models of toroidal compactifications
with good functorial properties, and proved that Sh (G, X)s, and more generally toroidal
compactifications of mixed Shimura varieties, (see also 3.1.2.2) possess canonical models.

The toroidal compactifications of Sh (G, X) associated to projective equivariant fans
will be called admissible toroidal compactifications if the restriction to any connected
component is an SNC toroidal compactification. As remarked in ([H3], 2.8), the
admissible toroidal compactifications are cofinal in the projective system of all toroidal
compactifications, ordered by the relation of refinement on fans. Thus the following ugly
object:

Sh (G, X)~ == (Sh (G, X)s,

where the limit is taken over all (compact open) K and (fans) ¥, has a canonical model over
E (G, X), which is respected by the canonical extension of the G (Af )-action on Sh(G, X).

The minimal (Baily-Borel Satake) compactification Sh (G, X)* of Sh(G, X) is
constructed as <= xSh (G, X)*, the limit being taken over compact open K C G (Af). Here
kSh (G, X) = IIMr,, is the disjoint union of a finite set of locally symmetric varieties Mr_,
and gSh (G, X)* is simply [IMy_. The morphisms 75 : Sh (G, X)s — kSh (G, X)*,
defined on connected components in 1.5, define in the limit a canonical G (Af)-equivariant
morphism

(1.7.2) 7~ : Sh(G, X)~ — Sh(G, X)*.

The Baily-Borel compactification Sh (G, X)* is naturally stratified as follows (cf. [P],
§ 6). A rational boundary component of Sh (G, X) is a connected component of the set

(1.7.3) G(Q)"\B(D) x G(A') = G (Q)\B(X) x G (A7),

where B (D) (resp. B (X)) is the set of rational boundary components of D (resp. X), and
the equality is a consequence of real approximation [D3]. Then Sh (G, X)* can be written
as the disjoint union of connected (pro-algebraic) varieties of the form

M (@, g) =< g7 Kg N Gy o (Q)\® - g,

where ® € B(D), Gy, ¢ is the corresponding group defined in 1.2, g € G (A7), and K
runs through compact open subgroups of G (AY).

Let F be a standard rational boundary component. The F-stratum Sh (G, X)¥ of
Sh (G, X)* is the set of M(®, g) with ® € G (Q)* - F. Then the F-stratum of Sh (G, X)~
is (7~)~1(Sh (G, X)) C Sh(G, X)™~, and, for any compact open K C G (Af) and any
admissible fan ¥, the F-stratum of (Sh (G, X)x is the image in xSh(G, X)g of the
F-stratum of Sh (G, X)™.

At this point it is necessary to correct a misunderstanding which has led to incorrect
(or at least incomplete) formulations in much of the literature, including a number of
papers of the first author. Proposition 5.1.11 of [H2] associates to F a basic pair (Gy, Fp)
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(denoted there (Gp, Fp,), where F is a connected component of Fp, and the F-stratum
Sh(G, X)F is implicitly viewed as the disjoint union of a family of Shimura varieties
isomorphic to Sh(Gy, Fp). This is done in order to identify the Fourier-Jacobi expansion,
and especially the constant term, of an automorphic form along F, in terms of sections
of automorphic vector bundles (¢f. 3.1, below) on Sh(Gy, Fp). Unfortunately, Fp may
have fewer connected components than X. The result is that Sh(G, X)F is actually the
disjoint union of a family of finite Galois coverings Sh’ of Sh(G,, Fp), with Galois group a
subquotient 7 of 7o (G, r(R)). These Galois coverings also have canonical models, as we
see presently, and admit a theory of automorphic vector bundles, all of which are naturally
homogeneous with respect to  x Gj, (Af).

This issue has been addressed by Pink, whose formulation seems to be the most natural
possible. Instead of the pair (G, Fp), Pink introduces a slightly more general pair, which
we denote (G, X (F)). Here X (F) is a homogeneous space for G, (R), which admits a
finite-to-one equivariant map X (F) — Fp, which makes X (F) a finite Galois covering of Fp,
with Galois group 7 as above. However, X (F) is not a conjugacy class of homomorphisms
S — Gy g. The Shimura variety is defined as before:

Sh(Gn, X (F)) =2 G4 (Q\X (F)xGy, (Af)/Kr,  Kp C G, (A7)
and there is evidently a natural Galois covering
1.7.4) Sh (Gp, X (F)) — Sh(Gp, Fp)

with Galois group = =Stab (F)/Stab(X(F)°), for any connected component X (F)° of
X (F) which maps to F. This construction is taken from ([P], 4.11, Prop. 2.9). In
Proposition 12.1, Pink shows that the reflex field E (G, X (F)) equals E (G, X) (cf. [H2],
Corollary 6.1.4), and in paragraph 11 Pink defines and constructs the canonical model of
Sh(Gy,, X (F)) and proves the expected functoriality properties; in particular, the covering
(1.7.4) and the action of 7 are defined over E (G, X). Automorphic vector bundles on
Sh(Gy, Fp) thus pull back to m x Gy (Af)-equivariant vector bundles on Sh(Gy, X (F)),
which we also call automorphic.

Moreover, let T=(G,)®, and let t : S — Tg be the image of any element of Fp; let T’
be the maximal Q-split quotient of T, and let (T’, ¢) be the corresponding basic pair.
By our hypothesis (1.1.4), the natural map T (R)/T (R)° — T/ (R)/T' (R)° is injective.
It then follows from Proposition 2.3 of [P] that (1.7.4) is the pullback, via the map
(Gp, 5, Fp) = (T', ¢'), of a Galois covering

Sh(T’, ) — Sh(T', ¢)
where 7 is some T’ (R)-equivariant cover of the point {# }. In particular, if one adds the
double cover of Sh(G,,, N), where N : § — G,, g is the norm map:
(1.7.5)  Sh(Gu,, mo (RX))
= Q*\R* x A X/(R*)? —» @*\R* x A"*/R* = Sh(G,,, N)

then every Shimura variety in Pink’s sense can be obtained from the old ones and
Sh (G, 7o (RX)) by taking fiber products and pullbacks.
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Now in the case of the boundary component F, X (F) has the property that, if X (F)°
is a connected component of X (F),

(1.7.6) Staba, @) (X (F)°) = G, (R) NG (R)*,

which in general is smaller than Stabg, (g) (F). Of course, X (F)° may be identified with
the boundary component F of D, and this identification is equivariant with respect to the
actions of G, (R)NG (R)*. Thus

1.7.7) Sh (G, X (F)) Z¥2 G, (@) F\Fx Gy (A7) /K.

Now the action on F extends naturally to Stabg g)+(F) = P (R)*. Recall the group P’
introduced in (1.2.3). Then the P’-stratum of Sh (G, X)*, defined by

(178  Sh(G, X)F' =2 P(Q)*\F xP(Q)*-P'(A)-K/K, KcCG(AY),

is the image of Sh(Gy, X (F)) under its natural map to Sh (G, X)*. Indeed, the map
Sh (G, X (F)) — Sh(G, X)¥', the natural one from the right-hand side of (1.7.7) to
the right hand side of (1.7.8), is surjective, by strong approximation in the unipotent
group Wg. Whether or not it is an isomorphism appears to depend on whether or not the
commutative algebraic group G;NG, satisfies the Hasse principle. In any case, Sh (G, X)?
is the quotient of Sh (G, X (F)) by a subgroup of P (Q)*, acting by conjugation. This
action is given by an automorphism of the data (G, X (F)), hence respects the canonical
model by functoriality (cf. [P], Prop. 11.10).

More generally, the F-stratum of Sh (G, X)* is given by
(1.7.9) Sh (G, X)F = P (Q)*\F x G (Af)/K
= Sh (G, X (F)) x? @V P A1 G (AT),

where P (Q)+ is the closure of P (Q)* in G (AY).

The equality (1.7.9) imposes a canonical model on Sh(G, X)F. It is proved
in paragraph 12 of [P] that this model is compatible with the canonical model of
Sh (G, X)* defined (for example) by the universal properties of the latter among normal
compactifications of Sh(G, X).

It follows from (1.7.9) that the F-stratum Sh (G, X)™F of Sh (G, X)~ is

(17100 (7~)~1(Sh(G, X)F) = ()~ (Sh (G, r, X (F))) xF @F P (A1) G (Af).

We define the P-stratum Sh (G, X)¥ of Sh(G, X)* to be the set of M(F, g) with
g € P(AY). The P- and P’-strata of Sh (G, X)™~ or Sh (G, X)x are defined analogously.
The P’- and P-strata of Sh (G, X)™~ are given simply by

{ Sh(G, X)™F = (~)~1 (Sh (G, X))

1.7.11 -
(7.1 Sh (G, X)~P := (7~)~1 (Sh (G, X)P') xP@F P/ (A1) G (AF).
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The difference between these two notions is that Sh (G, X)~F' maps naturally to (a
quotient of) Sh (G, X (F)), whereas Sh (G, X)™F is more natural with respect to the
adeles of G;. Here is the picture: (1.7.12)

Sh (G, X)™F 5 Sh(G, X)™® 5 Sh(G, X)~F' 5 Sh (G, X)P' « Sh(Gs, X (F)).

1.8. CayLEY TRANSFORMS. — We collect here some of the basic facts about Cayley
transforms and canonical automorphy factors that will be used in subsequent sections.
We introduce the auxiliary basic pair (G®, A (Pg)) as in [H2], 5.1, where G? was
denoted G***". Here G® is the connected algebraic subgroup of G with Lie algebra
972 ® g° @ g2, in the notation of 1.2.2, and a connected component A (Pr)® C A (Pf)
is given, in the coordinates (1.2.4), by the subset of D for which v = 0. There is a
product decomposition

A(Pr)? =D, xF,
where D, is the tube domain over the cone Cg, corresponding to an isogeny
j i GyxGy(0) - G®?

(notation in the domain as in 1.2.2). The symmetric domain F is then a boundary
component of A (Pr)°. More precisely, Py ; = G; - Up is a rational maximal parabolic
subgroup of G, the stabilizer of a point boundary component { g } of the tube domain D;;
then { g} x F is naturally a boundary component of A (Pr)°. In particular, G; D Z2.
Let Nr = G; - Wg; Ng (R) acts trivially on F. Fix a point p € D; g = £, ® p,, be the
corresponding Cartan decomposition of the Lie algebra g of G (R), and let

(181) gc = EP’C @ p+ @ p_ = g(O‘O) @ g(ly_l) @ g(-lal)

be the Hodge decomposition (1.1.1). Let K, (resp.P,) C G¢ be the connected
subgroups with Lie algebra £, ¢ (resp.B, := €, c ®p~). Then K, is defined over R,
and we frequently write K, for the subgroup of G (R) which stabilizes p; K, contains a
maximal compact subgroup of G (R)°, and also contains Zg (R). We may assume that
p € A (Pp), so that K, = K, N Gy, (R) contains a maximal compact subgroup of G (R)°,
Gh (R)°/A(R) - K, is hermitian symmetric, and K; = K, N G; (R) contains a maximal
compact subgroup of G, (IRR)0 (cf. [H2], § 5). Note that K, is smaller than the stabilizer in
G (R) of a point in X (F), since K, does not contain A (R). Let K = K, N G® (R);
it is isogenous modulo Z2 (R) to K; x K, where K; = K,(,2) N7 (G;), with j as above.
Again, we frequently use K,, * = h, I, to denote the connected R-algebraic group with
Lie algebra Lie (K.,).

The point p € D is a CM point if there is an algebraic torus H C G such that
p: S — Gg factors through Hg; then the basic pair (H, p) is called a CM pair, with reflex
field E(H, p). There are many CM pairs; indeed

E(G, X) = nE(Hv P),
(1.8.2) {where {(H, p)} runs over CM pairs in(G, X) ([D5], 5.1).
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We assume henceforward that p is a CM point. In ([H2], 5.2.3), we construct an
element cp € G (E (H, p)) with the following properties:

(1.8.3) {Ad (cr)(8c®) =pF Cp*,  Ad(cp)(G) =K:,  Ad(cr)(Ki) = Gis

cr commutes with K;

This corresponds to the element denoted (c,, P)! in [loc. cit.], and we call it the inverse
Cayley transform. The purely analytic theory of the (inverse) Cayley transform was
developed in [WK]. The point cg(p) is in the U(C)-orbit of p and lies on the boundary
component opposite to F, i. e., the one whose normalizer is the parabolic subgroup opposite
to Pr (relative to our choice of Levi factor).

The composite Ad (cp) o wp : G,, — K, determines a parabolic subgroup

Qr, CK,: Qr,={z€ KP'}HEOAd (Ad (cr) o wr (t)) () existsin K, }.

Let Vg denote the vector group We/Ug, vp = Lie (Vr) = Gr%, g, relative to the weight
filtration (1.2.2.4). Thus Vg is the unipotent radical of P’/Ug. By (1.2.2.2), vp has a
pure Hodge structure of weight -1, (with Hodge filtration F;), and one verifies easily that
it is of type (-1, 0)+(0, —1) (c¢f. [Br2], [D2], [P]):

(1.8.4) VF ¢ = (Up,c)(_l’o) b (UF,C)(O’_I) = U: Do, .

When D is realized, a la Harish-Chandra, as a bounded domain in p*, cg - D becomes
a Siegel domain of the third kind inside the complex vector space p* with respect to a
certain Kj-invariant decomposition ([WK]: 7.1):

(1.8.5) pt =i & pf @pf,
with p5 as in (1.8.3) and p} = pt Ngs c.

1.8.6. LEMMA. — Ad (cg) induces a Ky-equivariant identification v} = pf. Furthermore,
Qr,p is a maximal parabolic subgroup of K, with Levi component K,()Q) and
Lie (R, Qr,p) =v;. Alternatively, Qg, , is the projection on K, = P,/R,, P, of P, N P.

Proof. — See (IWK]: 6.3, 7.4) for the first two assertions. Now P, NP has Lie algebra
s:=F°gnNWgyg. Since W_, g is purely of type (-1, —1) [D2], s is an extension of
FOgnGry g = FO(Lie(Lp)) by FOgNGr¥W, g = FOGr"%, g = v . Similarly,

Lie(PNR,P,) =F'gNGry g =p, :=p~ N gh.c.
The third assertion follows immediately.

1.8.7. A canonical automorphy factor for the pair (Pg, p) is a morphism
J: G(R)° x D — K, (C) satisfying the following seven conditions:

(1.8.7.1) J(g-¢,2)=7J(9,9 (2))- (¢, ), 9.9 € GR)’, z € D;
(1.8.7.2) J(k, p) =k, Yk € K, (R);
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(1.8.7.3) For any g € G(R)°, the function J (g, ) : D — K, (C) is holomorphic;

(1.8.7.4) ThemapJ (-, z) : Nr (R)NG (R)® — K, (C) comes from an E (H, p)-rational
homomorphism Ny — K, of algebraic groups that is trivial on Ug, and is independent
of z € D.

(1.8.7.5) The restriction J® of J to G® (R)? x A (Pr)° takes values in the subgroup
K§,2) (C) € K, (C). Then the homomorphism

I®|g, mp : Gi(R)° - KP (C)

takes values in K;(C), and comes from the isomorphism (1.8.3) cp : G; = K; of
algebraic groups. '

(1.8.7.6) The restriction of J to Pr (R)? x D takes values in Qr,, (C).

(1.8.7.7) There is an automorphy factor J: G, (R)° xF — K, (C), satisfy-
ing the analogues of (1.8.7.1-3), such that, for g€ G, (R)°, =z¢€ A(Pp)°,
J® (g, 2) = Ju (g, zr), where zg is the projection of z onto F.

1.8.8. PROPOSITION. — A canonical automorphy factor J = J¥¥? for (Pg, p) exists.

Proof. — J was constructed in ([H2], 5.2) in terms of the Cayley transform cg. With the
exception of (1.8.7.6), which follows easily from Lemma 1.8.6 and the definitions, the
above properties were verified there, following [WK]. It is essentially uniquely determined
by these properties.

2. Differential forms on torus embeddings and their real quotients

2.1. Let T be the torus G , and let Ty, be a non-singular torus embedding, associated
to a fan ¥ in R™. Recall that if X° denotes the set of n-dimensional cones of ¥, and X!
the set of cones of codimension one, we have

(i) Ty = |J T, (with T, (C) = C™),
gex?

(ii)) T, N T, = T, whenever 0 No’ = 7 € X! (with T, (C) = C*~ 1 x CX),
and so on for intersections of higher dimension (assuming, as of course we always do, that
every 7 in ¥ is a face of some top-dimensional cone). Since each ¢ in ¥ is a cone, one
can define & = (o — {0})/R%, and ¥ = {6|c € £}, as in (1.3.6.6).

In what follows, we use the analytic topology on Ty (C). The data contained in ¥ also
gives rise to a real “connected torus embedding” Ty as follows. Inside T (C) = (C*)"
we have T (R) = (R*)", a group with 2" connected components. We take its identity
component T (R)° = (R})", which we denote T*. The construction of T} C T, (R)
can be described abstractly as the adjoining of the usual boundary (with corners when
n>1) to T*, viz.

T = (Rx)*  if o€eX’
(See also 2.3 below.) This is a natural process: if o N o’ = 7, as above, then

THNTH 2 THE Ry)™ ' xRY,  if 0,0 €3,

o
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the intersection taking place inside Ty, and so on. We put
TE= Y TY.
oex®

It is a manifold with corners, equipped with a closed embedding in Ty, as the closure
of T* in Ty.
One can also regard Tg as a quotient of Ty, as follows (see [O], § 1.3). Note first that

~

the pair (T, T*) acts on the pair (Ts, T§). Let T = (S!)" denote the maximal compact
subgroup of T (this is written ¢—T in [AMRT]). The following is evident:

2.1.1. PROPOSITION. — The composite mapping
TE & Ty 5 Ty/TC

is a homeomorphism.

Let 0T = TX — T+. We have:

2.1.2. COROLLARY. — The composite mapping

dTY, < 8Ty 5 (Ts)/T®

is a homeomorphism.

2.1.3. ProposITION. — The space OTY is PL-isomorphic to the polyhedral complex dual
to X.

Proof. — We have:

OTE = Y 0T} = | orb(o),

oceX oED
where orb (o) denotes the unique closed T*-orbit in T}, a cell whose dimension is the

o
codimension of o in R™. Moreover, one has that ¢/ C & if and only if orb (¢’) D orb (o).

These are the data that define the dual of 3.

2.2. THE SIMPLICIAL COMPLEXES ASSOCIATED TO THE TORUS EMBEDDINGS. — In the remainder
of this section, we fix F and study the topology of the boundary of Mr 5 near <ZF,2.
Thus we drop the subscript F until section 2.5.

Let ¥ = X be as in Section 1.3. For o € ¥, let Sk!(¢) denote the set of one-
dimensional faces of o. In order to simplify the exposition, we assume from now on that
the elements of 3 are simplicial cones (as can always be arranged by subdivision), viz.

(2.2.1) Forall o € %, dim (o) = Card Sk! (o).

The condition (2.2.1) implies that Yisa simplicial complex, whose i-simplices are in
natural one-to-one correspor}de’nce with the (i+ 1)-dimensional cones of ¥. Also, let X¢
denote the subcomplex of ¥ given by

(2.22) {6 €3loexe).
Both 3 and 3¢ are I';-equivariant.
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We need to study more closely the topology of the simplicial complexes

(2.2.3) [\ DT\,

and their relation to the boundary divisor Zg 5 via 2.1.3. It turns out that, under mild
additional hypotheses, these spaces actually contain the most essential information about the
topology of the boundary; to be precise, it is possible to construct a homotopy equivalence
from the “real quotient” [cf. (2.1)] of <ZF72 to fiber bundles with fiber the simplicial
complexes in (2.2.3), in terms of the coordinates of the cone Cg. We now set:

(i) 9% = {0 € T|o C ICr}
(2.2.4) (ii) oY = {&JU € QZ}
(iii) YW =X-90%

(N.B. - £’ is not a simplicial subcomplex of 33), and note that

(2.2.5) ey cs.

2.2.6. DEFINITION. — ¥ is said to have full boundary if every cone in %, all of whose
edges are in 0%, is itself in 0¥ (cf. [ES], 11, 9.2).

When ¥ has full boundary, one can describe ¥° as the set of cones ¢ C Cp for which
some edge (i. e., one-dimensional face) lies in the interior. It is always the case that ¥° is
the subfan of cones in ¥ such that every edge lies in the interior.

It is clear that (2.2.6) induces a corresponding notion for 5, expressible in terms of its
simplices and vertices, and conversely, so the two are equivalent. We observe that given
any X, the process of barycentric subdivision produces a I';-equivariant refinement (D
of ¥ having full boundary (cf. [ES], II, 9.4). Thus:

(2.2.7) One can always assume without loss that 3 has full boundary.

2.2.8. PropPOSITION. — If (2.2.7) holds, the simplicial complex I’l\fl is a (piecewise-
linear) deformation retract of T'/\Y'.

Proof. — Since ¥ has full boundary, it follows that 3% has a regular neighborhood in
) (see [loc. cit.], Ch. II, § 9). We claim that our assertion is a variant of that; indeed
it is a case of the following construction.

First, let o be a simplex, and 7 any face of 0. Then one has canonically that 0 = 7 x a,
where « is the face opposite to 7, and x denotes join (by convention, 7x< = 7). Whenever
a # J, this displays o as the quotient of 7 X I x «, where I is the closed interval [0, 1],
in which 7 x {0} x « projects onto 7 in ¢ and 7 x {1} X « projects onto a.

Next, let K be a simplicial complex, and L a full subcomplex ([ES], II, 9.2). Let

N = [J Star(7) (notation recalled in 2.4, below).
T€L
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For any simplex o of N, put 7 = ¢ N L, which is non-empty by hypothesis, and a face of
o by fullness; then write ¢ = 7 x (0, 7) as above. By mild abuse of notation, we put

ON=\J a(s, 1), N=N—9N.
T€L
Compare the two assertions:

(i) The linear retraction of I onto {0} (for simplices not contained in L) generates a
deformation retraction of N onto L (regular neighborhood property);

(i) The linear retraction of I onto {1} generates a deformation retraction of N—L onto
ON (hence of K—L onto K-N). Then (ii) always holds (whereas (i) requires that the
retraction be well-defined at the boundary, i.e.

a(o,r)y=a(d,7)=>1 =1

and this can be arranged by barycentric subdivision using the “I” of the original
triangulation). For Proposition 2.2.8, we take

K=T)\&, L=I\8%, K-N=I)\%°,

and apply (ii).
Thus, if we impose (2.2.7), we may assume without loss that ¥ has the property:

(2.2.9) F,\f)c is a deformation retract of Fl\f)’.

Since we are assuming that Cp = [J(o N Cr) ([AMRT], p. 117, Hyp.5), we
have that ¥’ — {0} is homeomorphic to Cp — {0}, hence I\’ = I\EM:’ (non-
canonical homeomorphism) is topologically the quotient X (I';) of the symmetric space of
(G, r N G2r) (R)°/A (R) by the arithmetic group I';. Moreover, it is a consequence of
reduction theory (see loc. cit., Hyp. 4) that I';\X° is a compact simplicial complex (with
boundary), and by (2.2.8) a deformation retract of F,\f)' . We thereby get

2.2.10. COROLLARY. — The simplicial complexes T')\%¢ and I‘l\fl(l)’ ¢ are triangulations
of compact topological deformation retracts of the locally symmetric space X (I')).

2.2.11. Remark. — ()¢ can be seen as a triangulation of the complex dual to &

(cf 2.1.1).
2.3. We recall some of the terminology from ([AMRT], I). We have

23.1) T =T'y\U(C) = T° x i U (R),

where T¢ is now the compact torus I'y\U (R). Identifying : U (R) with U(R) in the
obvious way, let

(2.3.2) ord: T-U(R)
be the projection onto the second factor. This induces a homeomorphism
(2.3.3) T = T/T° = U (R).
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This permits one to realize the real torus embedding Ty /T€ in terms of the ambient
space for X, as follows.

For o € %, one has a continuous extension of ord to a mapping
ord,: T, —-U,,

where U, is the partial compactification of U (R) to be described below, which factors
through a homeomorphism T,/T¢ = U,. These mappings patch together to define a
homeomorphism

(2.3.4) ordg : Tyx/T°¢ =Ug.

We use this to provide explicit coordinate charts. Let Q (o) be the (unique) minimal set of
generators of o N 'y. With our running hypothesis that OMr 5 is a divisor with normal
crossings, Q (o) is a subset of a basis of I'y (see [KKMS], p. 14, Thm. 4). First, suppose
that o is a cone of top dimension. Let Q (&) be the basis dual to Q(o). For q € Q (&),
put g, (z) = e~2™¢ (#); these define canonical coordinates:

(2.3.5) g,: U(R) = (Rs)®,
a real analytic isomorphism. One obtains U, as the partial compactification of U (R)
corresponding under g, to (Rx)* ).

2.3.6. Remark. — One should keep in mind the elementary fact that ¢, (z) < 1 if and
only if ¢ (z) 2 0. Thus, the closure of £, (0) is the closed unit hypercube.

If ¢’ is a lower-dimensional cone in ¥, let o be any top-dimensional cone having o’
as a face. Then o’ is defined in o as the locus of zeros of some subset Q' (¢) of Q (&).
Using ¢, again, let U, , be the (dense) subset of U, corresponding to

2.3.7) (R;O)Q (@)=Q' () ¢ (Ry)Q ).
One checks that (2.3.7) is independent of o in the following sense:

2.3.8. LEeMMA. - If o and o, are top-dimensional cones containing ¢’ as a face, then
the identity mapping of U (R) extends to a diffeomorphism U,, o = U, 4.

Proof. — Let Qs (0') denote the set of restrictions of Q(5)—Q’ (o) to the linear span
(o') of o'. These give generators of the non-negative Z-valued functionals on (¢') NU (Z),
so this set is independent of ¢. It follows that for each q; € Qs, (¢”), there are a unique
¢ € Qs, (¢") and ¢ in the Z-span of Q' (o) with ¢, =g, +¢’. With this said, the composite
diffeomorphism ¢, g;‘j is seen to extend to the boundaries in (2.3.7), as desired.

(2.3.9) Remark. — By the above, we have canonical coordinates ¢, on (o”), determined
by an intrinsic set Q (o).

We can now write simply U,s, and patch together the U, (¢! € X) to obtain Usy.
Furthermore, we have the canonical homeomorphisms T, /T¢ = U, which likewise patch
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together to define (2.3.4). Note that we can apply the same construction to X¢, and we
get Txe /T¢ =Ug. by restricting ordy. See the figure below for a picture in dimension 2.

Uy ol

~

(2.3.10)

2.4. We write 0U,, for the complement of U (R) in U,; by a mild abuse of notation,
we can say that it is defined as the locus where at least one ¢ -coordinate vanishes. Let &
denote the closure of o in U,. Note that

(24.1) o= {z €dle,(z) >0forallg € Q(5)}.

If ¢’ is a face of o—say then that o € Star (¢’), —put

24.2) U (0’) =9dU, Na.

It is useful to keep in mind the following hereditary feature of torus embeddings, which
also passes naturally to their real quotients:

2.4.3. ProposITION (see [O], 1.3). — Let X be a fan in R™. The T-orbit in Ty, associated
to o (the unique closed T-orbit in 'T,) is itself a torus. Its dimension equals the codimension
of o in R", and its closure in Ty is the torus embedding determined by the fan in R™ /(o)
consisting of the projections of the elements of Star (o).

2.4.4. CorROLLARY. — If dim ¢’ =1, the closure of OU, in Uy, is the real torus embedding
determined by the projection of Star(¢’) in R™/(c’).
It is also convenient to introduce the constellation of o'

Con (0') = {0 € Z|o N0’ # 0} = |J{Star (7)|7 is an edge of o'}.

2.4.5. LEMMA.

(1) an-l (0’1) n an-l (0’2) = 8Uo-l (0’1 N 0’2).

(ii) For any o' € ¥¢, we have | JOU, (¢) = U,:, where o runs over the ( finite) set of
top-dimensional cones in Con (¢’). Thus, OUs. C |J &.

gEX

Proof. — 1t is easy to see that whenever o is a face of 7, & [defined by (2.4.1)] is
closed in U,. Then (i) follows directly from (2.4.2). To prove (ii), one must verify that
dU,, C |J&, where the union is as above. Since ¢’ € X¢, this union is finite. Also,
the union of {OU_|r a 1-dimensional face of ¢’} is dense in U, . It thus suffices to
consider the case where dimo’=1; then Con(o’)=Star(¢’) is just the union of the closed
top-dimensional cones of which ¢’ is an edge. Our assumptions on ¢’ imply that in U (R),

4° SERIE — TOME 27 — 1994 — N° 3



BOUNDARY COHOMOLOGY OF SHIMURA VARIETIES, I 277

o’ is in the interior of its star, i.e., ' C Int (| J&). The desired assertion now follows
from 2.4 .4.

For each top-dimensional o € ¥, we use the corresponding canonical coordinates to
define the linear homotopy:

he: [0,1]x5—0a

(24.6) {Eq (ho (t, 7)) = teg (0) + (1 — ) g4 (2).

(N.B., ,(0) = 1 for all gq.) For t<1, its restriction h, ; to {t} x & is one-to-one; for
>0, the image of h, ; is contained in U (R). Note that if g vanishes on a face of o, then
€40 hy =1 on that face, hence g o h, = 0. It follows that

(2.4.7) The homotopy respects the simplicial structure of o.

Moreover, to each proper subset I C Q (&), let p; € U, be the vertex of the hypercube
such that e, (p1) = 1 for g € I, g, (p1) = 0 for ¢ ¢ I, and let o (I) be the face of o defined
by the vanishing of all ¢ € I. Then it is clear that

(2.4.8) Foreach 1, h, (t, p1) traces the barycentric ray in o (I) for t € (0, 1).

Let (Cp)s denote |J &, endowed with the weak topology, and do likewise for other
oED
fans; let | X1 denote the support of ¥. Then (Cr)s admits a continuous injection into Us.

However, it is usually not an embedding, for the induced topology on
(Cr)z, s — {0} = U (0 —{0}) = |Z[ - {0}
ocED

is, in fact, a Satake topology (this fact, to be proved in a forthcoming paper of the two
authors, will not be used here), generally finer than the one induced from U (R). We
repeat that the topology on the union above is the weak topology; this is also the topology
imposed on $in 2.4.11, below. On the other hand, things are nicer at the boundary:

(2.4.9) 0 (Cp)s := (Cp)s — |Z| is embedded in OUsx.

To be precise, after reminding ourselves that
05 :=0U,na € dU,,
we have [cf. (2.4.5, (ii)]
0Usg. C 0(Cy)s C 09Uy,
and the inclusions are proper unless ¥¢=3. Moreover, the inclusions are embeddings, for

the topology of OUy is the weak topology. From 2.1.3, we have that

aUEc = U 5—[—}—:
TEX®

is the dual complex of ﬂc, and is realized inside 3 as ()¢ [cf. (2.3.10)]. Finally, it is
clear that the I';-action on Cg extends continuously to (Cg)s.
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The argument used in the proof of Lemma 2.3.8 shows that the h,’s patch together
to define a continuous homotopy

hs: [0,1] x (Cp)g — (Cr)s,

which tautologically respects the cone decomposition.
From (2.4.6), we see at once:

2.4.10. ProPOSITION. — The homotopy hy, is piecewise linear and T';-equivariant. For
0<t<1, hg, ¢+ moves 0 (Cr)s homeomorphically into (Cr)s, 5 — {0}.

Henceforth, we write 9 (Cr)x (t) for hy + (0(Cr)s), etc. Let d%° be the boundary
of 3¢ as a PL manifold with boundary.

2.4.11. PropoSITION. —  The projection of O(Cp)s(t) for 0<t<l, onto
((Cr)g, s — {0})/RY defines a T\|-equivariant homeomorphism of the triples
(0 (Cp)g, OUse, 3(Cr)s:) and (X, X1, 33¢), with 8 (Cr)ax going to 3%, etc.

Proof. — We first verify that 0 (Cg)s (t) is transverse to the lines of dilation in Cp.
In terms of canonical coordinates, we need to check that on any face of the boundary,
the equations

[t+(1-t)e@))=[t+(1-t)e ()] q€Q(5)
imply that r=1. But there is some g for which ¢, = 0 on that face, which gives t=¢", thus
yields the desired conclusion for 0 (Cr)s, 9 (Cr)se, and 9 (Cr)ax.

Now for any 1-dimensional ¢ € X° and any top-dimensional ¢’/ € Star(c), let
B (o, 0’) c£(W:-¢ be the hypercube whose vertices are the barycenters of all 6" € &
such that & C 6” C &'. It follows from (2.4.8) that for O<t<1, the projection of
hs (t x 8U,y (o)) onto ((Cr)zs — {0})/RX is just B(o, o). The assertion regarding
OUx. now follows from Lemma 2.4.5.

The following is immediate:

2.4.12. CorOLLARY. — Let Y denote any I'j-invariant cross-section to the dilations of Cg.
Then there exists a I'j-equivariant homeomorphism from 8 (Cp)s — 8 (Cr)as onto Y. If Y
is such a cross-section for (Cg)s, then there is a T'-equivariant homeomorphism from
9 (Cr)s onto Y.

By 2.2.10, we also have:
2.4.13. CoroLLARY. — I')\OUs. has the homotopy type of X (I')).

2.5. We restore the subscript F in our notation. Recall the spaces Dg , and Dp s
from 1.3. LetY be as in 2.4.12, and put

(2.5.1) Cr(Y)={ryeCrlr>1,ye Y}

~

For t € F, let h;(:, -) be the real-bilinear form on C* = W (R)/Ur (R) given by
the theory of Siegel domains of the third kind (coordinates as in (1.2.4); ¢f. [AMRT],
p- 239), and let

(2.5.2) Dr (Y) = {(z, v, t) € D|Im (z) — h; (v, v) € Cr (Y)},
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Let D 5 (Y) C Dy, 5 denote the interior of the closure of I'z\Dr (Y) in (Mf)s.
The morphism 7p, 5, : (Mf)s — Mg of (1.3.2) restricts to a mapping
Ty - DF,E(Y)—)MF.

When Y is understood, we omit the “Y”, writing Dp 5 () for Dp s (aY), etc. The
following is well-known, deduced in ([AMRT]: Ch. 2, § 5) from the theory of cores:

2.5.3. LEMMA. - Let ¢r,x : Dr s — Mr, 5 be as in (1.4.1). There exists Y as above,
such that the set of interiors of the closures in Mr, s of

W(a) = ¢r,= (I',r\Dr,= (2 Y))
for a>1, is a fundamental system of neighborhoods of Zy s, in My, x.

2.6. We next return to the setting of 2. 1, and discuss the C* de Rham sheaves for T3
and OT%, from all angles suggested therein. We begin with T§;. Let A° (T%) denote
its intrinsic de Rham complex as a manifold with corners, and A* (Tx/T¢) denote its de
Rham complex as a quotient, in the sense of Koszul [Ko] (see also [Sj]). The latter is,
by definition, the subcomplex of w, A* (Ty) consisting of forms which are both invariant
under the action of T¢ and annihilated by contraction with vectors tangent to the T-action.
Clearly, the diagram in 2.1.1 defines a diagram

2.6.1) A (Tg/T¢) o m, A* (Tg) S A* (TF).
Since we shall be making local statements, we can restrict our attention to a single o € X°:
T - T, —» T,/T¢,
is just
(Ro)" —C" — C"/T*.

Let H denote the subgroup (Z/2Z)™ of T°. Then H acts on R™ by the sign =1 on
each factor.

2.6.2. ProposiTION. — A* (C"/T¢) = A* (R*/H) = (7. A* (R"))H.

Proof. — 1t is enough to consider the case n=1, where the assertion can be checked
using the usual polar coordinates. Indeed, .A* (R/{%1}) is generated at r=0 by 1 and
rdr over the even functions of r.

2.6.3. Remark. — Explicitly, this gives the following. For any subset S of {1, 2, ..., n},
put

HS = {(t, ..., tn) €H: t; = 1if j ¢ S}
Fs={(z1, ..., 7,) ER": z; = 0if and only if j € S},

and the open faces of the corner,
Fs = Fsﬂ(R;O)".
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Then Hg = H/HS acts on Fg, hence on A* (Fs), and the restriction to Fg of

coker {A* (R"/H) — A* ((Rx0)™)},
which is supported at the boundary, is isomorphic to
im {@ (m, A" (Fs))* — A (Fs)},
where the sum runs over the non-trivial characters of HS.
2.6.4. CorOLLARY. — The inclusion
A*(C*/T°) = A* ((R20)")
is a quasi-isomorphism.

2.6.5. Remark. — When n=1, this is asserting that at r=0, the germs of forms on the
r-line decompose into the complexes of odd and even forms (note that if f(r) is an even
function, then f(r)dr is odd, as (—1)*dr = —dr), and that the little cohomology that
there is, is carried by the even summand.

2.7. We now turn our attention to the boundary, and consider

A* (Ts/T)|@ors/1e) — A (T;)laT;
(2.7.1) ! 1
A" (0Tg/T%) & A°(9TY)
For the bottom line, we can use the simplicial de Rham complex for a divisor with normal
crossings or a polyhedral complex (defined in terms of those of its components or faces)
and the corresponding Koszul construction. (Alternatively, the vertical arrows are seen to

be surjective.) That « is a quasi-isomorphism is a consequence of the following standard
spectral sequence argument (cf. [D6], § 5):

2.7.2. PrOPOSITION. — Let { A% }ocx and {B }scx define simplicial sheaves A® and B*,
and let ® : A* — B* be a morphism. Suppose that for all o, ®, is a quasi-isomorphism.
Then so is .

Now let A% * (Tx) be the Dolbeault resolution of O, and define A% * (8Tx) likewise.

2.7.3. PROPOSITION. —~ The projection
A* (Tg/T°) — m, A%* (Tg)T
is an isomorphism of complexes. Moreover, the same is true of
A* (8T /T¢) — m, A%* (8T5)T".

Proof. — We consider only the case of Ty, for the assertion for 9T is just the simplicial
version. In terms of the usual coordinates of T, = C™, the differentials

zjdZj = rjdr; — z'rjz- dg; (1=j=n),
the (0, 1)-component of dlz; [, are (T¢)-invariant, hence generate 7, .A%* (Tx)T", as an
exterior algebra, over 7, A° (Tx)™ . By what we said earlier, along F the latter is given
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by smooth functions of the r;’s that are even with respect to the variable r; whenever j € S
(hence are functions of r]2- if j € S). The isomorphism is effected simply by replacing
dr; by 1/2(dr;j—ir; db)).

2.8. We will need a relative and equivariant version of 2.7.3. It is useful to introduce
the following abstract setting. Let 7 : E = B be a holomorphic fiber bundle, on which the
torus T acts vertically. We assume that the fiber is a SNC torus embedding for T. Let Z
be a T¢-invariant subset of E that satisfies the conditions:

(1) n’ = 7|z is a fiber bundle,
(ii) Z is open in the closure of a union of T-orbits,

(2.8.1) {

We decompose 7’ as

(2.8.2) 7z 7/T° % B.

By hypothesis, we have locally on B that

(2.8.3) EZ Ty x B,

and then p is deduced from Ty — Tyx/T¢. Since we will be working locally on B,
we assume that (2.8.3) holds. For simplicity, assume that Z is open in Ty x B
(otherwise, we must argue simplicially, as in 2.7). Again, p is induced by the product
of n factors of C — R3o. But then for any (relatively) open cube K in standard position
in T/T¢ = (Rxo)", p' (K) is a product of discs, punctured discs and annuli, hence is
Stein. Thus we deduce:

2.8.4. ProposITION. — For all i>0, Rip, Oz = 0.

Let £ be a locally-free sheaf on B, and put V = n*£. Then:

2.8.5. COROLLARY. — For all i>0, Rip,V = 0. Thus the morphism p,V — Rp,V is
a quasi-isomorphism.

If we represent R p, V by the direct image of the Dolbeault complex for V, and take
invariants for the compact group T¢, we obtain:

2.8.6. COROLLARY. — The natural mapping (p. V)T* — [p. (A%* (Z) ® V)|*" is a quasi-
isomorphism.

There is one more elementary ingredient:

2.8.7. PROPOSITION. — The natural inclusion
g E— W)
is an isomorphism.

Proof. — We may assume that £ = Og. The discussion preceding 2.8 .4 shows that we
can reduce to issues about functions of one complex variable. The assertion here comes
down to the fact that a holomorphic function which is independent of 6 is necessarily
constant.
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2.8.8. COROLLARY. — The mapping ¢! (A%* (B) ® €)— [p« (A%* (Z) @ V)T is a
quasi-isomorphism.

2.8.9. Remark. — If we write g1 € = p, 71 €, we see that 2.8.8 can be viewed as a
generalization of 2.7.3. Note that 7=! £ is the sheaf of relatively horizontal sections of
the natural relative connection (see [D]: I, 2.20) on V.

We will also have to permit 7 : E — B to degenerate. The kind of local structure that
occurs at the boundary is a surjective morphism of fiber bundles of torus embeddings:

Z*CE*__)B*
NS
S

(i. e., locally the product of a morphism of torus embeddings with a parameter space). If
h: T, — T, is the associated morphism of tori, then the torus in the preceding corresponds
to T=(Kerh)® here, and we assume Z* to satisfy (2.8.1) (ii) relative to T.

Let p : E* — E*/T° be the quotient map, and # = g o p the factorization of 7
[ef (2.8.2)].

2.8.10. ProposITION. — For all i>0, R 5, Oz. = 0.

Proof. — The argument is similar to the one for 2.8.4. Since the question is
local on E*/T°, we can quickly reduce to the case where S is a point, and then
to an affine torus embedding E* = C™. It is always possible to choose a basis
{t;(1£j7=<n),s (1 £i<m—n)} of the characters of Ty such that:

(i) each s; is pulled back from Ty,

(2.8.10.1) { i

(ii s; defines a regular function on E*.

Then T =) Kers;, and the t’s give a basis for the characters of T. The coordinates
on E* are of the form

(2.8.10.2) 2k = pi (t) vp (8) = 11 ()% % - 1T (si)bi,k7
with a; k, b; x € Z. This can be inverted, yielding
(28103) t] = H (zk)cjxk, S = H (zk)di,k’

with Cj k> di,k € Z, and di,k 2 0.

Now, a set of the form p~! (U) is the same as a T¢-invariant neighborhood of a single
T¢-orbit. The T¢-orbit of z° € E* is given parametrically by:

(2.8.10.4) 2 (8) = 20 @9 (9 ¢ R™),
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where a; is the vector with components g; ¢, and is thus defined by the equations:

= |29 < E<L
(2.8.10.5) { |lze| = |zx| (1 =k =m),

[TGe)s =[[E%: (1<iSm—n)

It follows from (2.8.10.5) that a set 5! (U), with U “small”, is given by specifying that
each ry=1z| belong to a small interval, and in addition, the values of the holomorphic
function f; (z) = [] (2x)%* belongs to a small disc (for each i). Each condition separately
would define a domain of holomorphy; since the intersection of domains of holomorphy
is again a domain of holomorphy (see [Kr]: (3.4.5)), and domains of holomorphy have
no higher cohomology for coherent sheaves, we are done.

Let £ be a locally-free sheaf on B*, and put V = 7* £. Generalizing 2.8.5, we have:

2.8.11. COROLLARY. — For all i>0, R'p,V =0. Thus, p.V — Rp,V is a quasi-
isomorphism.

We next verify that 2.8.7 carries over to the present setting:

2.8.12. PROPOSITION. — Consider the natural inclusion
v TYE—S BV
Suppose that for some complex subvariety V of B*, the map ¢ is an isomorphism outside
g (V). Then . is an isomorphism.

Proof. — We use the notation of 2.8.7 for the restrictions over B =B* — V; there is no
loss in taking V to be a hypersurface. Let j : B —B* denote the inclusion. It is clear
that every element of (7, V)T° comes from an element of ! (j. £). If the latter had
singularities along V (relative to &), there would also be singularities along 771 (V) C Z*.
This shows that ¢ is surjective, as required.

2.9. EQUIVARIANT SHEAF COHOMOLOGY. — Although equivariant cohomology (in algebraic
topology) and sheaf cohomology have been around for a long time, we failed to find
a systematic treatment of equivariant sheaf cohomology in the literature. (A very brief
discussion can be found in [J].) We give a terse account here. We begin by bringing
in some customary terminology. Let B be a Hausdorff topological space on which the
discrete group I" acts, and S a sheaf on B admitting an equivariant action of I.

2.9.1. DEFINITION. — The T'-equivariant cohomology of S is the cohomology of the
complex RHomz r) (Z, RT (B, S)). It is denoted Hy. (B, S).

There is a straightforward generalization of this notion to equivariant hypercohomology
for complexes of sheaves with equivariant I'-action.

There are some choices to be made in the above definition. For RT', one can simply
take the sections of the canonical resolution of Godement ([G], p. 167). However, because
“Hom” is a bi-functor, there are two alternatives for “RHom” that can be selected
according to purpose: use either

(i) a Z [[']-injective resolution of RT (B, S), or

(ii) a Z [I']-projective resolution of Z.
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A typical choice for (ii) is a suitable chain complex with Z-coefficients on ET" (a contractile
space on which I' acts freely).

Equivariant cohomology is a cohomological functor with the following basic property:

(2.9.2) Ifthe action of I" on B is free, then H}. (B, S) = H* (T'\B, Sr), where Sr denotes
the sheaf [1), S]' of I'-invariants in v, S and ¢ : B — I'\B is the quotient mapping.

As with ordinary sheaf cohomology, the definition gives rise to the spectral sequence
for the equivariant cohomology of a filtered complex. In particular, if #: Q —B is
I'-equivariant, and G is an equivariant sheaf on Q, the canonical filtration of R7. G
determines the Leray spectral sequence:

(2.9.3) Ey?=HE (B, R'7.G) = HE'(Q, §).

Thus we have:

2.9.4. PropPOSITION. — Let 7 : Q —B be a I'-equivariant mapping of topological spaces,
with T acting freely on Q. Then there is a mapping

H; (B, S) —H* (T\Q, (77! S)r).
It is an isomorphism whenever § — R, (7~! &) is a quasi-isomorphism.

2.9.5. Remarks.

(i) One often takes Q=B XEI" in 2.9.3 (the Borel construction); one then has
isomorphism in 2.9.4. Indeed, one can use it to define equivariant cohomology (cf. [J]).

(i) From 2.9.1, one obtains a spectral sequence
Ey? =HP (T, H! (B, S)) = HE™ (B, S).

Consider next the case where I' acts trivially on a space that we now call M. Then for
any I'-equivariant sheaf F on M, we have
Homgz ) (Z, T' (M, F)) =T'(M, J-')F = (M, ]_-r) =T'(M, Homzr) (Zum, F)).

It follows that the I'-equivariant hypercohomology of a complex of sheaves F* can be
expressed as the cohomology of

RF(M, RHO’I’TLZ 1] (ZM, .7:.))

This yields a variant of the canonical spectral sequence

(2.9.6) ER? = HP (M, HL (F*)) = HEYI (M, F*).

Suppose now that, in the situation of (2.8), we impose compatible actions of a discrete
group I', and assume further that I' acts relative to a fibration p: B =M (i.e, pis
equivariant for the trivial I'-action on M). From (2.9.6), we get another version of the
Leray spectral sequence:

(2.9.7) Ey? =HP (M, RLF*) = HEYY (B, F*).
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The actions on Z and Z/T¢ will be assumed free. Let

®=pom, ¥=pog,

and let ® and ¥ denote the induced mappings on I'\Z and I'\(Z/T¢) respectively. Assume,
finally, that V admits an equivariant I-action. We compute:

(2.9.8) R‘®,Vr ZRLO, VERLY, (p, V).
Then,
(2.9.9) Ri 0, (0. V)™ ZRE(po g (¢71E),

which equals R p, € whenever the fibers of g are contractible, or more generally whenever
& — Rq. (¢t €) is a quasi-isomorphism. It is to be noted that the last expression depends
only on B and £, and the action of I" thereon, and is thus independent of Z. We will apply
this in Section 3 to B=Ar and M=Mg (from 1.2.5), and Z C(M;)z (see 1.3.4), and
give cases where (2.9.8) and (2.9.9) are isomorphic.

2.10. The following will be needed for “adelization” in paragraph 4. Suppose that the
group I' acts (on the left) on the space X, and acts transitively on the space Y. Choose a
point y € Y, and let I, denote the isotropy subgroup of I' at y.

We first recall a simple fact:
2.10.1. LeMMA. — In the above situation, the maps

XxYéX;
B

a(z,vyy) =7z, Bz)=(z,v)

induce mutually inverse homeomorphisms
N\XxY)=T,\X.

This has an analogue for equivariant cohomology. Let 7x : X x Y —X be the projection,
and let F* be a complex of sheaves on X with equivariant I'-action.

2.10.2. PROPOSITION. — Assume that Y is discrete. Then there is a canonical isomorphism
Hr (X xY, w)‘(l (F*)) = Hr, (X, F*).

Proof. — 1t suffices to check this when F* is a single sheaf S; we must compare the
cohomology of the complexes

RHomyzrj (Z, RT (X x Y, 75'(S))) and  RHomzpr,(Z, RT (X, S))

Because these come by derived functor constructions, underlying this are the functors on
I'-equivariant sheaves F on X:

X, ALY, and TI'(X,F).
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We show that these two functors coincide. Indeed, this is a consequence of the same for
the following constructions on Z-modules A:

(A®Z¥)' and ATy,

this can be checked directly.

It is easy to eliminate the condition that I" act transitively on Y by decomposing Y
into I'-orbits. One obtains:

2.10.3. CoroLLARY. — Let I act on the spaces X and Y, with Y discrete; let F* be a
I-equivariant complex of sheaves on X. Then

Hy (X x Y, 75" (F)) = ][ Hi, X, 7).
yel'\Y

N.B.: If y'=+vy, then I/ is a conjugate of I';, and hence ny, and H}, ~ are canonically
isomorphic.

3. Boundary cohomology of automorphic vector bundles

3.1. AUTOMORPHIC VECTOR BUNDLES. — For what follows, a reference is [H2], especially
its paragraph 3. We define p, K,, P,, etc. as in 1.8.

Let M(C) be the compact dual symmetric space of X. We may define M(C) as
the set of complex points of the flag variety G/P,, which has a natural rational
structure M = M (G, X) over the reflex field E(G, X), described in ([H2], § 3). Let
A: K, — GL(V,) be a finite-dimensional algebraic representation, and extend A trivially
to a representation of P,. This defines, by the usual procedure, a G-homogeneous
vector bundle V, on M, rational over some number field. More generally, let V be a
G-homogeneous vector bundle on M. Let 3 : X <M (C) be the Borel embedding, defined
as in ([H2], 3.1); it is the unique G (R)-equivariant mapping whose restriction to D is the
open immersion defined above. For any compact open subgroup K C G (Af),

G.1.1) VIk = G(Q)\8" (V) x G (A)/K

is an algebraic vector bundle over xMc ([BB], § 10), and [V] =l<iK£1 Vg is a G (Af)-

homogeneous algebraic vector bundle over M¢. The restriction of [V] to the connected
component I'\D of (M¢ will be denoted Vr.

3.1.2. DEFINITION. — A bundle of the form [V), with V a G-homogeneous vector bundle
on M, is called an automorphic vector bundle on M. When V is of the form Vy, the
automorphic vector bundle [V,] is called fully decomposed.

One of the main theorems of [H2] is the following:

3.1.3. THEOREM. — The functor V — [V), from G-homogeneous vector bundles on M to
G (Af )-homogeneous vector bundles over Sh(G, X), is rational over E (G, X).

The algebraic construction underlying this theorem is recalled in paragraph 4.3.
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3.2. CANONICAL EXTENSIONS. — Let My, be an admissible toroidal compactification of M¢.
In this section we construct a “best possible” extension of [V,] to a vector bundle [V)]x
over My, following Mumford [Mu2].

It is simplest to construct the canonical extension over the connected components of Mc.
Let I'\D = Mr be such a connected component. For a rational boundary component F
of D, define Dg as in 1.2.3. Let ¥¢ be a I'; p-admissible fan in Cr, as in 1.3, and recall
the local isomorphism

vr,x: Dpyx— Mps

from 1.4.1. One defines the canonical extension Vy r s of Vy r over Mr s by first
defining it for Dy, y for each F, and then patching. For simplicity we write Vg = V) 5,
V = V), etc.; denote by js the embedding Mr —Mr 5.

We have Dy = U (C) - D CM(C). Let Vg be the restriction of V to Dg, Vi be the
vector bundle I'z\ Vr over the space M} (from 1.2). Define V3 to be the sheaf (7o, . Vi) TF
of Tg-invariant sections in 7y « Vi over Ag. Then

(32.1) Vi = w5 (VE)

(¢f. Mu2]). Let mp 5 : (Mf)s — A be the natural mapping. We let Vi ¢ = w5 & (V).
The canonical extension of Vr is the unique subsheaf Vr 5, of (jx)« V on M, 5 for which
there exist isomorphisms:

(3.22) foi 0Es(Vrs) S Ve s

extending the given isomorphism over M. The canonical extension is characterized up to
canonical isomorphism by (3.2.2). It is also characterized by a growth condition when
Mr 5 is SNC (see 3.8.2, below).

More generally, if V is a G-homogeneous vector bundle over M, [V] the corresponding
automorphic vector bundle over M¢ = ¢ Sh (G, X)¢, and My, is an admissible toroidal
compactification of M¢, then a canonical extension [V]s of [V] over M¢ is a vector bundle
whose restriction to every connected component of My, satisfies conditions (3.2.2). A
purely algebraic construction of the canonical extension is given in [H3], and recalled
in Lemma 4.4.2.

We note the following special cases:

3.2.3. Examples (Mumford, [Mu2]).

(i) Let A be the trivial representation of K,, so that V) = Oy. Then [Oyls = Oy,

(i) Let A be A" (ad|p™)*, so that Vx = QF,. If My is SNC, then [Q7, | = Qf_ (log Zr),
where 3. (logZr) is the logarithmic de Rham complex of Deligne [Del].

The following theorem is proved in [H3]; parts (i) and (ii) are due to Mumford.

3.2.4. THEOREM. — Assume K C G (AY) is neat, and let Mx be an admissible toroidal
compactification of M¢ = Sh(G, X)c.

(i) Any automorphic vector bundle [V] over M¢ has a canonical extension [V]s
over Ms.
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(ii) The functor [V] — [V]g is exact and commutes with tensor products and Hom.

(iii) Suppose My is admissible (1.7), so that My, is also defined over E (G, X). Then the
functor [V] — [V]z preserves fields of definition. In other words, the functor V — [V]s,

taking G-homogeneous vector bundles over M to vector bundles over My, is rational over
E(G, X).

3.3. DESCRIPTION VIA CANONICAL AUTOMORPHY FACTORS. — We now choose a rational
boundary component F, which will remain fixed until the end of paragraph 3. We drop F
from the notation whenever this is feasible; thus P=Pg, U=Ug, W=Wg, VA = V2, and
so on; however, we continue to use Ag, Mg, I'r, Dg, and other symbols from which F
cannot be dropped.

In a neighborhood of Zp sy, we may construct Vr y explicitly, using canonical
automorphy factors. Let J=JP” be the canonical automorphy factor of Proposition 1.8.8,
and define

(3.3.1) Ja=JI0P=X0J: G(R)’ xD — GL(V,(C)).

Then J) defines a holomorphic action:

332 j: GR)’—Auw(DxVr(Q);  j(9)-(z,v)=(g(2), Ir(g, z)v),

and it follows easily from (3.3.2) that there is a canonical isomorphism of vector bundles
over T\D (see [H2], 5.3):

(3.3.3) ar = § (D\(D x V5 (C)),

given by (g, v) — (g, Jx (g, p) v) when both are trivialized on G (R)°.

Thus, the pullback of V), r to I'g\D is isomorphic to j (I'z)\(D x V (C)). Furthermore,
j extends to an action of P (R)? on Dg x V, (C), and the action (3.3.2) gives rise to
a vector bundle j (I'z)\Dr X Vi (C) on My which restricts to the preceding on I'z\D,
and is likewise isomorphic to Vg.

Now, it follows from (1.8.7.4) that the restriction of j to P (R)? extends, trivially on
U (C), to P(R)? - U(C); there are actions

(33.4) {j’ : J (U (R)\P’ (R)°) — Aut ((U(C)\Dg) x V5 (C))

z:  (T'u\l'p) — Aut ((Tv\Dr) x Vx (C))
which lift to the corresponding restrictions of j, denoted simply j and jz, respectively.

Let VA be the vector bundle j/ (I'%)\((U (C)\Dr) x Vi (C)) on I'e\(U(C)\Dr) = Af.
It follows from the above that there is a natural isomorphism VA = VA, and

(33.5) w3 (VA 5V,

recovering (3.2.1). In fact, we have more:
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3.3.6. PROPOSITION. — For any sufficiently small open set U C My, the restriction to
71 (U) C Mk of the automorphic vector bundle Vi is flat (i.e., is the vector bundle
attached to a local system), and is the pullback of such on Ag.

Proof. — From (3.3.2) and (3.3.5), we see that if I/ is contractible, the restriction
of VA to m7! (U) comes from the local system associated to the representation J (-, z)
[cf. (1.8.7.4)] of its fundamental group I'N'W (Q)/I'y.

By (3.3.4), the action of I'z on (I'y\Dr) x V, (C) extends to an action, again
denoted jz, on (IT'y\Dr xT¥ T,) x V, (C), for any o € Tf. Then (3.2.2) and (3.3.5)
imply that there are isomorphisms

(3.3.7 Jo i ¥Fo(Vr,z) S 2 Ce)\(Tv\Dr x™ To) x Vi (C))lp .,

compatible with inclusions of simplices. Finally, for v € I';, 0 € Zr there is a commutative
diagram

(33.8) er o (Vre) > iz (Cp)\((Tu\Dr x™* T5) x V5 (C))|pe.,
Liw Lo
P, ) Vr,2) = gz TE)\((Tu\Dr X T (5)) X V2 (C))lpe )

Thus we have the following extension of 3.3.6:

3.3.9. PROPOSITION. — Over any sufficiently small open subset of Mg, the restriction of
the bundle Vy 5, on (My)s is a flat vector bundle, and is the pullback of such on Ar.

3.4. CALCULATION OF BOUNDARY COHOMOLOGY (BEGINNING). — Fix o € Xp. Let
%o+ Ze — Ar be asin 1.5. Then 1), is a proper, smooth morphism. Let V, = i}, (Vr,x),
where i, : Z, — M,y is the natural imbedding. Via (3.3.5), there is a canonical
morphism

bcr . VA ; ("/}a)* (¢; VA) - R'/)a,* ('p; VA) = Rd}”a* vf"

3.4.1. PROPOSITION. — The morphism b, is a quasi-isomorphism. Moreover, this depends
naturally on o:

(i) If o’ is a face of 0, let c(0, 0’) : Rg,« Vo — Rtpy « Vo be the natural mapping;
then c(o, 0’) 0 by = byr.

@) If v € Ty, p, let c(7) : Repo,« Vo = Rpy(0),x Vy (o) be the isomorphism induced
by j(); then c(7v) 0 by = by (o).

Proof. — We have to check that the map VA — 4, .V, is an isomorphism, and that
R* 95, « V, = 0 for i>0; the remaining statements are obvious. The mapping ), is a

proper, smooth fibration, whose fiber is a rational variety (torus embedding) which we
denote by Y,. The desired assertion comes down to the fact that H* (Y,, Oy,) = C.

3.4.2. Remark. — We can view the preceding as a case of the projection formula:
Ro « Oz, ® VA = R, . (Y2 VA) is a quasi-isomorphism.
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3.4.3. CoroLLARY. — H* (Z,, V,) = H* (Af, VA).

At this point, it is convenient to make use of the decomposition of ¥, as ¢, o p,, as
in (2.8.2). Consider

VA ~ R"lja,* vo‘ = Rqa,* (po,* vo‘)a
where the last quasi-isomorphism is by (2.8.5); and from (2.8.7):
Rqa» * (pa', * VU)TC ; RQG’, * (q;1 VA)’
which is quasi-isomorphic to V4, as the fibers of g, are contractible. We thus further obtain:

3.4.4. PROPOSITION. — For any o € Ly, the inclusion (po, « VU)Tc — Pg « Vs induces
an isomorphism on sheaf cohomology.

3.5. In this section, we fix a point p € D. Let 7g(p) be the F-coordinate of p in the
Siegel domain realization (1.2.4), and let x be the image of wg(p) in Mg. Write A, for
77! (z), and let VA denote the restriction of VA to A,; by (3.3.5), this bundle has an
underlying flat structure.

Define V=Vg asin 1.8, and put I'y = (W (Q) NI')/T'y. The point z € Mg determines
a complex structure ¢, on V (R), as in 1.8, and A, is, by construction, isomorphic to the
complex torus I'y\V (R), with this complex structure (see [Brl]). Then

(3.5.1) Vi £ jz (Tv)\(V (R)xV (C)).

To be explicit, let a=1/2(dim V), as in 1.2, and let S, denote the unipotent radical of
Q,=Qg,, [from (1.8.7.6)]. Then dimS,=a. The homomorphism
(3.5.2) J: U\N-=K,,

deduced from (1.8.7.4), takes V (C) onto S, (C); moreover, if we decompose

(3.5.3) V(C)=1v}av,.

as in (1.8.4), then v, is mapped by J' onto S, (C) (1.8.6).

Let J) : U\N — GL(V,) be the homomorphism induced [c¢f. (3.3.1) by (3.5.2)].
Then:

3.5.4. Observation. — The restriction of J) to V(R) is a unipotent representation;
i.e., there is a V (R)-invariant filtration w of V) such that Vg (R) acts trivially on each
Gr? V. This induces a filtration w of the flat vector bundle V2 such that each Gr?, VA
is flatly trivial.

Denote by A%* (V2) the Dolbeault complex of V2 on A,. Then we have canonical
isomorphisms for all g

(3.5.5) A% (VY 5 Hom (A9 (b]), C (V (R), V2)T).
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We define an isomorphism as in ([BW], VII, § 2):

(3.5.6) C>® (V(R), V)TV 5 €= (T'y\V (R), V) = C*® (I'v\V (R))®V},

by sending ¢ € C*° (V (R), V,)TV to ¢°(g) = J4 (9)"* ¢ (g9). Then, just as in ((BW],
Ch. VII; [0-O]), (3.5.5) and (3.5.6) define an isomorphism of complexes

(3.5.7) A% (VA 3500 (b7, C° (Ty\V (R))®V))

where the right-hand side is the usual complex for computing the cohomology of the
(abelian) Lie algebra v with the indicated coefficients. The following is quite standard:

3.5.8. PROPOSITION. — The imbedding Vy = C® V), — C® (I'v\V (R)) ® V., as the
space of constant functions on T'v\V (R), induces a quasi-isomorphism of complexes
(3.5.8.1) C* (v, Vi) = C* (v, C= (I'v\V (R))®V)).

Proof. — The morphism of complexes (3.5.8. 1) is compatible with the filtrations induced
by w (3.5.4) on both sides. Applying the comparison theorem for spectral sequences, it
thus suffices to verify (3.5.8.1) for V, = C. In this case, the assertion can be found
in ([Mul]: p. 8).

3.5.9. CorROLLARY. — There is a natural isomorphism
He (b7,Vy) — H* (A, V2.

3.5.10. PROPOSITION. — Let @, : Z, — MF be the restriction to Z, of the morphism s
(notation 1.5).

(i) For each x € Mg, there are natural isomorphisms
(3.5.10.1) (R1®,4V,), = H (sp, Va),
where 5, = Lie(S,) C €, acts on V) via the differential of .
(ii) The Leray spectral sequence:
(3.5.10.2) EY? = H? (Mf, R?®,.V,) = HP*Y(Z,, V,)

is independent of o (up to canonical isomorphism).

Proof. — Since ®, = m; 01),, we obtain from 3.4.1 that
(3.5.10.3) R1®,.V, =RIm, V& (cf.3.4.3).

Now, the homomorphism J' identifies s, isomorphically with bz . Thus, (i) is a direct
consequence of 3.5.9. To see (ii), we use (3.5.10.3) to identify the spectral sequence
(3.5.10.2) with the one for m; : Ap — Mg and the sheaf VA:

(3.5.10.4) E2'? = H? (Mg, RO 71, V*) = HPT (Ap, VA).

We can make a sharper statement. The Levi factor K§,2) of Q, acts naturally on the
right-hand side of (3.5.10.1). Consider the action p? of K, x G; on (R1®,, V).,
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defined by (3.5.10.1) and the isogeny K, x G; — K{? induced by cp : G; = K, of
(1.8.7.5). First we have:

3.5.11. LeMMA.

(i) R?®,.V, is the automorphic vector bundle on Mg defined by the restriction y}
of u? to Ky - A;

(ii) For every v € T';, we have a commutative diagram

R?®,.V,) = HI(sp, Vi)
l i |er (6D}

(Rq ‘1)7 (o) * V‘Y (U)) 5 H? (5P7 VA).

Proof. — These assertions follow immediately from the properties of the automorphy
factor and from (3.3.8).

We next prove a sort of relative analogue of 3.5.8:
3.5.12. ProPOSITION. — The spectral sequence (3.5.10.4) degenerates at E,.

Proof. — We follow a line of reasoning from ([Sch]: Thm. 2.7) that is attributed to
Borel. As in [loc. cit.], we can express the cohomology groups appearing in (3.5.10.4),
via Dolbeault cohomology, as relative Lie algebra cohomology, coming from complexes:

(3.5.12.1) C ("Bh» Kp; C* (PF\Gh) ® H? (5p, VA))
= [A* (p7)" ® C (Pr\Ga)®HI (s, Vi)

and

(3.5.12.2) C* (Br @ 5p, Kn; C° (TE\(P'/U) (R)) ® V)
= [A* (py, @ 5p)" ® C° (TR \(P'/U) (R))@VA]**,

where p, = p~ N gr (0), and Pr=p;, @ ¥ c. Via a suitable K,-equivariant embedding
H? (s,, V) — A%(s,)* ® V,, we regard the direct sum of the complexes (3.5.12.1) for
all g as a subcomplex of (3.5.12.2), inducing the identity on cohomology. This splits
the spectral sequence, from which the asserted degeneration follows.

3.6. The structure of H? (s,, V) as a module over K§,2) is determined by a well-known
theorem of Kostant, and goes as follows. As before, we use cg to identify K§,2), up to
isogeny, with Kj, - G;. Let H be a maximal torus of K,, h= Lie (H), and choose a set R*
of positive roots for (gc, hc) such that the holomorphic tangent space p* of D at the
base point p is the sum of the root spaces corresponding to the subset R, of positive
non-compact roots; let R} be the set of positive compact roots in R*. Let p (resp. p.)
be the corresponding half-sum of positive (resp. positive compact) roots. We assume that
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H; = HN K, is a maximal torus of K, and that H; = c;l (HNK,;) is a maximal torus
of G[. Then bc = bh,c + cp (bl,c) = bh,c + b[,c, where bh= Lie (Hh), bz= Lie (Hl)
If £ € (he)* let [€], and [£]; denote its restrictions to b ¢ and b; ¢, respectively. Of
course hy ¢ N b ¢ = Lie(Zg)c.

Let R* @ be the set of positive roots of h¢ in &2 = Lie (K{?), and define
WEP = {we Wk, ¢, be)lw™? (a) >0,Va e RP @},

Then WFP is a set of representatives of shortest length for the left cosets
W (82, hc)\W (&, ¢, bc). Denote by I the length function on W (¢, ¢, hc) (N.B.-not
W (gc, b)), and let WFP (q) ¢ WEP be the set of elements of length g, for g=0, 1, ....

Let A € (hc)* be the highest weight of the representation A of K, relative to R}.
For w € WF:?_ let

(3.6.1) pr (W) = [w(A+pc) = pelr, i (w) = [w(A+pe) — peli,

Then p,(w) and p;(w) are the respective highest weights of finite-dimensional
representations of K, and G;, denoted (A (h, w), Vi,w)) and (A(l, w), Vi, w)),
respectively.

3.6.2. ProposiTioN (Kostant [K]). — For every ¢ < dim (s,), there is an isomorphism
of Ky x G; modules

H'(sp, V3) = @ Vaguw @ Vaquw)-
weWF P (g)
The representation of Kj x G; on the right-hand side factors through its quotient
K; - G; € G. Combining this result with Proposition 3.5.10 gives:
3.6.3. COROLLARY.
(i) for every 0 € T and all q, we have isomorphisms
ri(0): R1®.V, =Rt V2S5 @ VM @ Vauw)
weWF? (q)
of automorphic vector bundles on Mg, where V1, ) is the automorphic vector bundle
associated to the representation \(h, w) of Ky, (¢f. Remark 3.6.3.1)
(ii) For all o and q as above, and v € I}, there is a commutative diagram
R?®. Vo) "X D Vahw ® Vagw
weW™ 7 ()
! i | S1RA (1, w) (7)

9 (v(0))
(RT®y(0)s Vy (o) — D Wirw ®Vagw

weW P (q)

3.6.3.1. Remark. — The use of the terminology “automorphic vector bundle” with
regard to V) (,w) does not quite conform to the definition in paragraph 3.1, because
with our conventions K is not the stabilizer in G, (R) of a point in X (F). This abuse
of language, which is only of importance for the arithmetic theory of paragraph 4, will
be corrected in paragraph 4.1.
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If we now feed this into 3.5.12, we obtain:
3.6.4. COROLLARY. — One can decompose H® (Z,, V,) as:

H* (Zo, Vo) SH (Ar, V) = @ BT'™ (Mr, Va(h,w) ® Va,w),
weWF P
compatibly with all restriction mappings, and with the action of T',.

3.7. CALCULATION OF BOUNDARY COHOMOLOGY (END). — Denote by Divg (X) the set of
divisors at infinity in (Mi;)g; (notation as in 1.3), and let Divy (Mr x) be the set of
irreducible components of <ZF,E’ or equivalently Zg s (notation as in 1.5). Then

DiVF (Mr, E) -; F[\DIVF (2)
is the set of vertices of the simplicial complex I‘,\ﬁ)f; (from 2.2).
Consider the closed covering of <ZF,E given by

3.7.1) ZEF = {Z € Divg (ME)}

The following is evident:

3.7.2. LEMMA. — The nerve M (Zx,.) of the closed covering Zs.,, is isomorphic to I"l\fl‘l:}.

Our hypothesis that I' is neat implies that I'; is torsion-free, hence F,\i% is a PL-
manifold (a similar observation appears already in the work of Looijenga [L]). Under the
mild additional hypothesis (2.2.9) on the simplicial complex ¥g, we saw (recall 2.2.10)
that F,\f]% has the homotopy type of the locally symmetric space X (I')).

Let ir : Zp,x — Mr, s denote the inclusion; i Vr, 5 restricts to a coherent sheaf on
<Zg . also denoted i} Vr 5. We can now compute H* (*Zy, 5,5 Vr ). Define systems
of coefficients L* (-, V) on 9t (Zx, ) by the formula L° (6, V) = H* (Z,, V,). Then there
is the spectral sequence

(3.7.3) Ey° =H" (MN(2s,), L* (-, V) = H** (“Z 5,4 Vr, 5).

It follows from Corollary 3.6.4 that L° (-, V) defines a locally constant sheaf on
MN(Zs,) = I\, the quotient by T of the constant sheaf on 3¢ with coefficients

(3.7.4) H'(Ap, VA E @ H'™ (Mp, Vs (hw) ® Va1, w)s
weWF:?
where I'; acts only on the second factor of the tensor product.
3.7.5. LeMMa. — For all t, H' (*Z 4,13 Vr,5) =Hf, (A, VA).
Proof. — We have that <ZF’2 Z I')\<Zp, s, by Lemma 1.5.3, and T, acts freely on

<Zp, 5 [here we are using hypothesis (1.1.4)]. Letip : <ZF,E — (Mf)s be the natural
embedding. It follows from (2.9.2) that

(3.75.1) H (Zg g, 0 Vr, &) SHE, (255,15 Vi 5)-
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It will be shown [see (3.9.4)], as part of something more general, that the projection
of <Zp s onto Af induces an isomorphism between the right-hand side of (3.7.5.1)
and H}, (Ar, V*).

3.7.6. Remark. — Note that we can rewrite the spectral sequence (3.7.3) as
E}* =H" (I, H* (Af, V*)) = HE (Ap, VA),
which is just an instance of 2.9.4 (iii).
3.7.7. PROPOSITION. — The spectral sequence (3.7.3) degenerates at E,.
Proof. — By 3.5.12, the spectral sequence
EL Y = HP (Mp, RYmy, V2) = HPY (AR, VA)

degenerates at E,. After noting that the embedding of (3.5.12.1) in (3.5.12.2) is
I';-equivariant, we see that

(3.77.1) ED? = HY (Mg, R?m, VA) = HE' (Ap, V*)

likewise degenerates at E;. It now follows that the degeneration of (3.7.3) is equivalent
to that of

Ey‘ = H" (T, H" (Mg, R? 71, V*)) = HEM (Mp, Ry, VA)
for all g. But here, I'; acts trivially on Mg, and on R? 7y, VA the action factors off (recall
3.6.3 and 3.6.4), so the above spectral sequence is a direct sum of ones of the form
™t _ v t T4t
E2 =H (Fl, V[) QS = HF, (MF, Ve Vl)
with S* = H* (Mp, V), and I, acts trivially on V. The E,-degeneration of the latter

spectral sequence is just the Kiinneth theorem.

3.7.8. CorOLLARY. — With hypotheses as above, for each integer t, there is a natural
isomorphism

H (“Zp g it Vrs) 5@ @ HT ) (Mp, Vi) ® B (X(T1), Vagw),

T weWh P

where Vy, (1,w) IS the local system on X (') defined by the representation X (I, w)|r,.

3.7.9. Remark. — Of course, the right-hand factor in the above is isomorphic to
H" (I';, Va@,w)) (i.e., group cohomology).

3.8. CONDITIONS OF GROWTH AND DECAY. — Except in the case where F is a minimal
boundary component, the space Mg is non-compact, not to mention anything lying over
it, such as <ZF .- 1t would therefore be useful to extend the results of 3.5-3.7 to some
compactiﬁcatiofl of Mg; or, failing that, to prove versions of those results for forms with
growth conditions.

We recall three types of growth conditions.

3.8.1. For any locally G-homogeneous vector bundle (not necessarily holomorphic)
associated to a finite-dimensional representation (7, V) of K,, on an arithmetic quotient
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Mr = I'\D, its sections can be described as functions f : I'\G (R)* — V that are invariant
under the action of K,; i.e., these are I'-invariant functions on G (R)*™ with

fgk™) =7 (k) f(9).
Choose any K,NG (R)4*"-invariant norm on V (which determines a metric in the bundle);
let || - || denote the measure of size on G(R)* induced by matrix norm under some
essentially-faithful finite-dimensional representation of G. The function f is said to have
moderate growth (or, is slowly increasing) if

|f(9)] £ Cllg||™ for some C > 0, m € Z.

We rewrite this as: for some m € Z,

(3.8.1.1) 17 (@) < llgll™.

Analogously, one says that f is rapidly decreasing if (3.8.1.1) holds for every m € Z.
More generally, we say that f is slowly increasing (resp., rapidly decreasing) to all
orders if © f satisfies (3.8.1.1) for every invariant differential operator © in the
enveloping algebra U (gc) and some (resp. all) m € Z. If ' C G(R)* is an arithmetic
subgroup, we let C® (I'\G (R)")g, (resp. C= (I'\G (R)*).q, resp. C° (I'\G (R)")sia
resp. C*° (I'\G (R)*);qa) denote the space of smooth functions on I'\G (R)* which
are slowly increasing (resp. rapidly decreasing, resp. slowly increasing to all orders,
resp. rapidly decreasing to all orders).

3.8.2. Let M be a complex manifold, Z a divisor with normal crossings on M, and
(€, h) an Hermitian vector bundle on M — Z. Let A = {z € C||z| < 1/2}, A* = A—{0}.
Locally on M, the inclusion i : M —Z — M is (A*)* x A% < A", with Z defined
by the equation

k
m(z) = H z; =0.
j=1

One says that a section s of £ on (A*)™ has logarithmic growth if for some m € Z,

(3.8.2.1) h(s, s) < |logm (z)|™.

In case M =Mr, 5 and Z =Zr, 5, so that M — Z = Mr, and £ is locally homogeneous
with a standard metric, the argument in [Mu2]: Prop. 3.3 (which does not require the
holomorphy of the bundle) shows that (3.8.1.1) and (3.8.2.1) are equivalent. It follows
that the notions of logarithmic growth, defined for different toroidal compactifications
of Mr, all actually coincide. Furthermore, it was shown in [Mu2]: Thm. 3.1 that the
subsheaf of i, £ consisting of those local sections with logarithmic growth is locally-free
and gives the canonical extension &t 5.

3.8.3. We return to the general situation of the beginning of 3.8.2. Start with the
sheaf of functions of logarithmic growth in i, A _,, i.e. those for which there is some
m € Z such that the condition (3.8.2.1) is satisfied, and form the tensor product over the
anti-holomorphic functions on M with the conjugate of the holomorphic log-complex. The
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largest subcomplex of this under 0 is denoted A2, (K},g in [HP]); explicitly, Az; consists of
forms ¢ such that (i) the coefficient functions, in the sense of 3.8. 1, are slowly increasing,
and (ii) the same holds for . In [HP], A2, is shown to be a resolution of Oy;. If one
starts instead with functions satisfying (3.8.2.1) for all m € Z, and continues as before,
one obtains a resolution Az, of Oy (—Z) [HS5], (3.1.4). Thus:

3.8.3.1. PROPOSITION. — For any locally-free sheaf € on M,
A (M, E) = A0 €
(tensor product here over Ow) is a fine resolution of €. Likewise, the subcomplex Ay ® £
is a fine resolution of € (-17).

This gets applied on M =Mr 5 to € = [V]g, where the growth conditions can be
seen to coincide with those of 3.8.1 and 3.8.2 (see [HS], (3.3.4); note 3.2.3 (ii),
and be willing to take the complex conjugate). In order to make comparisons with
Lie algebra cohomology, it is more convenient to replace the complexes A and Ay
with subcomplexes A%, and A:,,, corresponding to forms which are slowly increasing
(resp. rapidly decreasing) to all orders in the sense defined above. If B, = Lie(P,)
and K, are as in 1.8, there are natural isomorphisms of complexes

(3.832) C* (P, Ky; C*(M\G(R)M). @ Vy) S AL @V, * = sia or rda,

where the left-hand side is the relative Lie algebra complex.
For emphasis, we state the result from [H4}: 2.4.1:

3.8.3.3. ProposITION. — A3, (M 5, [VIs) is a fine resolution of the canonical extension
bundle [V]s. Likewise, Arq, (My 5, [V]x) is a fine resolution of the subcanonical extension

bundle [V)s (=Zr,x).

3.8.3.4. Remark. — The notions sia and rda have purely local geometric definitions,
independent of the group-theoretic context, cf. [H4], p. 54.

3.9. We now apply the results of (2.8) and (2.9) to subsets of the partial toroidal
compactification (M;)g of My [see (1.2.5) and (1.3.4) for notation]. We take in (2.9)

B=AF7 MZMFa p = T1; gZVA’ V:(VI/?,E)IZ

(in the last one, we mean bundle, not sheaf, restriction). Finally, we take for Z in (2.8.1)
any of the following:

() 7, =<Zpyg, as in Lemma 1.5.3,

(3.9.1) (il) Zy =a Tg-invariant neighborhood of Z; in (M,F)z;
admitting a deformation retract onto Z; over Ap,

(iii) Z3 = Zs — 74, a deleted neighborhood of Z;.
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We have a tower of spaces

rZ

[:

Z/TC

K

Ap ]
1™
-—)MF

(=

(39.2)

on which I'; acts.
Recall, from 2.8, that we have in all three cases:

(3.9.3) R(gop)eV < Ra (0 V) W Ra (0 V)T = Rau (g7 VA) VA

it is not hard to see that these mappings are all I'-equivariant. In the case of Z;, inv
induces an isomorphism on sheaf cohomology (3.4.4), which yields

(3.9.4) H (Z1, V) = HE (Ar, VA)

(recall Lemma 3.7.5 and its proof).
From (2.9.8) and (2.9.9) we also have in all three cases:

(395 R'® (Vo) S Rp, U (0 Ve 5) W RE U (0. Ve )™ S RE VA,
where the mapping is the one induced by the projection

D« Vi«“,z - (P* Vf«*,}:)TC
and the restriction to Z is understood. In the case of Z;, where ((Vg 5)|z)r, = i% Vr, =,
we can see that inv is an isomorphism again as follows. Recall from
(3.5.10.3) that for any o € Xp, R‘®, .V, = Rim . VA From 3.7, we see that
R*®, (i} Vr,=)r, = R, m1. VA, i.e., the first and last terms in (3.9.5) are isomorphic.
We obtain towers of spectral sequences associated to (3.9.2), for each of Z=7,, Z=7Z,,
and Z=73:

H? (Mp, R{, @, V]z) = HEM(Z, V|z)

IR T
HP (Mg, RE, U, (p. VIz)) = HEM(Z/T°, p.VIz)
(3.96) Ty Ty
H? (Mg, RE U, (p. V]2)™) = HEF(Z/T°, (p. V]2)T)
™ T

H? (Mp, R} 7, V%) = HEF (Af, V*)

which are compatible with the restrictions from Z, to Z; and Z;. The mappings denoted
“inv” are projections onto T¢-invariants, and, as has already been noted, are isomorphisms
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for Z=7;. As we remarked at the end of Section 2, the lower half of (3.9.6) is the
same in all three cases. By analogues of 3.7.7, the spectral sequences in (3.9.6) all
degenerate at E,.

3.9.7. Remark.

() It is not hard to see that one can use “H}, (Mg, R?” and “HP (Mp, R{, ”
interchangeably; the latter displays the fact that the action of I'; on Mg is trivial. In
particular, the bottom line in (3.9.6) is the same as (3.7.7.1).

(ii) For Z=Z; (or Z=2,), classes in Hp, (Z, V|z) can be represented by d-closed T';-
invariant C*°-forms on Z (with growth conditions), with values in V. This follows from
(2.9.2) and the appropriate version of the Dolbeault lemma.

3.10. MAIN THEOREM. — We can now state and prove a provisional form of our main
result. Start with a 0-closed (0, i)-form n on Mr belonging to the complex A2, ® Vi r.
The isomorphism (3.8.3.2) identifies  as an element of

(3.10.1) (C (T\G (R)M)sia ® A (p7)* @ Vy)¥r.

By Prop. 3.8.3.1, n determines a cohomology class [n] € H! (Mr 5, Vr,=). This admits
a natural “boundary value”, by restriction:

(3.10.2) rr [n] € H' (“Zg 5,1 Vr,5) = Hy, (21, Viz,)
= Hy, (Z1/T°, pu Vlz,) = Hp, (Af, V2).

On the other hand, we can take the constant term ng of n with respect to Pg, producing a
d-closed form on I'\D, where I't = ' P (Q)*, by averaging the coefficient functions
in (3.10.1) over 'y \W (R), where I'yy = I' " W (Q). This can be restricted to Z3, which
can be viewed as a subset of I‘;\D by reduction theory. We have been leading up to
the following:

3.10.3. THEOREM. — Under the identifications available from (3.9.4), we have
[7F|z,]) = rr [n] in Hy, (Ap, VA).

Proof. — If one writes n as an element of (3.10.1), then g is by definition

(3.103.1)  np= /F \W(R)ne[C°°(F$\G(R)+/W(R))®A°(p‘)*®VA1KP,

where I'w\W (R) has total measure one. This can be restricted to P (R)* (which acts
transitively on D), yielding an element

(3.103.2)  Res(np) € [C® (TF\P (R)T /W (R)) @ A* (p7)* @ V,]»"P®),
= [ ((TF/Tw\L ()" @ A" p* @ VaJ< 5,
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where L = Gy, - G, is the Levi subgroup of P as in 1.2. Now, it follows from 1.8.3 and
Lemma 1.8.6 that there is a Kj, - K;-equivariant isomorphism

(3.10.3.3) Ad(cr): pT Sucovt ap)

preserving p;. When inserted in (3.10.3.2), we get

(3103.4) Res (nr) €[C™ ((Te/Tw)\L (R)*)@A" (uc & by, )" ®A" (v7)" @V, X,

since uc is self-dual as Kj - K;-module; this (double) complex is quasi-isomorphic to
(compare the proof of 3.5.12)

(31035 [C((Tp/Tw)\L(R)*) @ A (uc & p;)" @ H* (07, V)< e,

3.10.3.6. Remark.
(i) Let g = Lie (K,) @ p, be the usual Cartan decomposition, where

pp=g®)N(prer),
and let p; = p, N Lie (G;). Recall [AMRT], 111, 4.2, Thm. 1 that the adjoint action of G,
on U presents the cone Cg as a model of the symmetric space of G;(R)°. Thus, let p,
be a fixed point in Cg of K;; then p; = Tc, p, = u. Here we are implicitly identifying
differentials on iu(R) (or 27iu(R)) with differentials on p;. We return to this point
in 4.9.

(ii) Let GY = G4 (0) (R)°, GY = G, (R)°. We can replace Lr (R)* in (3.10.3.5) first
by Lr (R)?, then its derived group G ~G?’ der " and finally by the latter’s finite cover
GY x G?’ der by adjusting K, and K, correspondingly and eliminating the Lie algebra
of the contractible central factor of G?. Specifically, let K, and K; denote maximal
compact subgroups of the respective factors. Assume first that I'y, - I'; = I'p /T'w, where
', = 'NGY. Then (3.10.3.5) is quasi-isomorphic to

[C ((TA\GR) x (TG ™) ® A* (pr,c @ py)" @ H* (07, Vo) 5,

where p; = p, N Lie (G§**), and then to
{C= (Th\GR) ® A* (9)7 @ [C™ (T\Gy" ™) ® A* (97 ¢) ® H' (07, V)1 )5,
and then to
{C™ (Th\GR) ® A* (py)* ® H' (T, H* (v7, Va)}*,
whose cohomology is
(3.10.2) H* (Mr, Ry, 71, V*) = Hy, (Ar, V*).

One can always reduce to the preceding case by finding I'}, a normal subgroup of finite
index in Iy, such that I}, - I, C T'p/T'w. This generates a finite covering of Ag of the
preceding type, without changing I';.
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We break up the process that defines ng in (3.10.3.1) into two steps. First, take the
average over Ur (R) only, yielding

61037 w=[  elc™TAGR/UR) O A () o VA,
Tu\Ur (R)
which can be restricted, as in (3.10.3.2), to give an element of

(.1038) [0 (Tp\P (R)/U(R) © A" (p7)" © Vo5
Z[C (Tp\P (R)/U (R)) ® A* (uc @ py)* ® A* (07)* @ Vy]¥rKe,

which is, in turn, quasi-isomorphic to (3.10.3.5). Then, averaging 7n° with respect to
(W/U) (R) results in 7g, for the Haar measure of W (R) decomposes.

From (3.10.2) and (3.9.4), we have that
re[n] = re[0°] inHp, (24, VIz,) = Hy, (Ap,V*)
so we may replace 1 by 7, also an “sia” form. Then 7°|z, represents
[n°|z.] € Hr, (Ar, V*) C Hy, (Z3, Vlz,) (sic).
Thus both rr [°] and [7°|z,] are restrictions of [1°|z,] € Hf, (Z2, V|z,), so
re [0 = [1°]z,] inHp, (Ar, VA).
Finally [n°|z,] = [nr|z,], because averaging a form over a compact torus preserves its

cohomology class in Lie algebra cohomology (see also 3.5.12). Thus, the desired
assertion follows.

3.11. INCORPORATING GROWTH CONDITIONS. — In 3. 10, we considered O0-closed (0, i)-forms
with logarithmic growth and with values in Vy r, from the point of view of a fixed boundary
component F. However, these forms have moderate growth in all directions. Therefore,
we can expect to control the behavior of the forms and cohomology classes that entered
in 3.10 as one approaches the boundary of F, i.e., F' <F.

To get started, we can improve upon (3.10.2). Recall that the closure of <Zy  in

Mr, s is Zp, x; let iz denote the inclusion of Zg s in Mr, 5, as in 3.7. Then we have
the restriction

(.11.1) 7r [n] € H (Zp,s, i3 Vr,x),

whose restriction to “Zg 5 is 7 [1].

After refining ¥, if necessary, we can construct the diagram (1.6.4). We need to specify
small neighborhoods Z3 of ZF,E in Mg 5. To this end, it is convenient to abandon the
Siegel domain picture of D, and revert to the real one (the one that would make sense even
for non-Hermitian groups), though the answer is equivalent to what is given in (2.5.2).
Their intersection with Mr is conveniently described in terms of the face ¢(P) on the
manifold-with-corners D of Borel-Serre [BS]. Consider the orbit of p under (°P (R)), the
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identity component of the kernel in P (R) N G4 (R) of the determinant of the canonical
action of P (R) on W (R) (°P is as in [BS], § 1.1; it has the same identity component
as P(R)/A (R)). This is a cross-section to the so-called geodesic action [BS], § 3 (see
also [Z2], (1.2)) of A (R)® = A (R)? N G (R) (notation 1.2.2), so is diffeomorphic to
the face e (P) =(°P (R))°/K, N (°P (R))°. These two commuting actions determine a
decomposition of D:

(3.11.2) D= Axe(P),

with respect to which all (°P (R))°-orbits are of the form {t} x e (P).

3.11.3. ProposITION (cf. [Z2]: (3.19)). — There is a W (R)- and Tp-invariant function g
in A%, (e (P)) (cf. Remark 3.8.3.4), such that the desired neighborhoods Z% are the
interiors of the closures of the images of

Yo ={(a,2) e AR)’ x e (P)la” > tg(2)} (t21)
in Mg y, where (3 denotes the one simple Q-root that is non-zero on A.

3.11.4. Remarks.

@) It is only for products of Q-rank one groups that the °P (R)-orbits define such
neighborhoods.
(ii) One places e(P) at the boundary of D in the manifold-with-corners by letting
af = oo.
(iii) One can view g as a function on (°P (R))°. Then in (2.5.3), the dependence on Gy,
appears as the dependence of the defining condition for Dr on the F-coordinate, and the
dependence on G; is reflected in the choice of Y (or core).

We can change variables and write

(3.11.5) Y.={reRjt<r<oo}xe(P) (r=d/g(x)).

From 3.11.3, we easily deduce:

3.11.6. LemMmA. — If a function on Y, is sia in the sense of 3.8.1, then it is sia as a
function of r and (°P (R))°. The corresponding assertion holds for rda functions.

Next, we observe that since taking the constant term involves only averaging over
I'w\W (R), it follows from 3.11.6 that 7 is slowly increasing with respect to (r and)
(°P (R))°. Likewise, the argument that reduces this to cohomology on Mg (3.5.12)
involves only Kj-equivariant projections, which certainly preserve the growth condition.
We conclude:

3.11.7. ProposITION. — If 1 is slowly increasing, then the class

rle® @ H ' M, Vrhw) @H (X(T1), Vag,w)
T wewWh P
is represented by a collection of slowly increasing forms on M.
Combining this with 3.8.2, we deduce:
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3.11.8. CorOLLARY. ~ If 1 is slowly increasing, then ng defines a class

rl= €@ @ HT') (Mr, 2, Vs hwyz) @ H (X (T0), Va @),
T wewh>?
for any toroidal compactification Mg = of Mp.

3.12. MAIN THEOREM WITH CONDITIONS AT INFINITY. — It remains to compare the classes
[7r]z and 7r [n]. As in (1.6.3), the tower (3.9.2) extends:

7*
l P
Z*/Tc
l q
AF,_E
rm

— MF,E.

=1

(3.12.1)

=

for all of Z* =7* = Zy v, 2* =23, Z* =7% = 7% — 7}, and Z* =7} = MF 5 (z), inside
of which Zj is a neighborhood of Zj.

Let ngz denote the canonical extension of Vg 5, to Zj (for simplicity of notation, we
use the same symbols here for the restrictions to Z}, i=1, 2, 3), and, for any o € ¥y,
write V, for its restriction to Z; likewise for 95, f, and g,. For i=1, V§ 5 is isomorphic
to the pullback to Zp,g of ¢x Vr » (notation 3.11). Extending 3.2.1,3.4.1, and 2.8.7,
we have:

3.12.2. PROPOSITION.
@A) Vﬁz = 75 (VA)z for some vector bundle (V*)z on Ap = whose restriction to Ag
is VA,
(ii) For any component Z, of Z%, Ry « (V,) = (V)=
(iii) For any o, the natural mappings
‘7;1 (VA)E — (Do, « VU)TC§ (7_1 (VA)E — (Ps ]—)lli‘,Z)Tc
are isomorphisms.

Proof. — Assertion (i) is proved locally. As recalled above, every rational boundary
component of (P’, D) is of the form (P/, Dy, ), for some rational boundary component F;
of F. In a neighborhood of the corresponding boundary stratum Mg, of MF g, it follows
from (3.3.5) that Vg 5, is even the pullback of a vector bundle on A, which is the
quotient of (the degenerating family of abelian varieties) Ar = near Mg .

Lemma 1.6.8 (iii) enables us to prove assertion (ii) by the same arguments used to
prove Proposition 3.4 .1. With the description of the boundary given in 1.6, assertion (iii)
follows from Propositions 2.8.7 and 2.8.12.

To put us in the setting of Proposition 2.9.4 and (2.9.9), we also need:
3.12.3. Lemma. — In all four cases of (3.12.1), we have
Vhz=Ra. {g" (V=)
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Proof. — The local structure of 75 is a morphism of torus embeddings (see the end
of 1.6). Using 1.3.6 and 2.8.11, we have for the higher direct images

0=R'7y, . Ve p) = R’ (70 D)« Ve 2) = R’ g, {p« (Ve 2)} =0
=R {5 (Vi s)}T =0=>Rig {7 (V*)=} =0,

and similarly (V4)z — ¢ {77! (V*)=} is an isomorphism.

3.12.4. ProposITION (cf. 3.9.5). — In all four cases, we have mappings

RE®. (Vb p)r S RE 0. (0. Vi 2) ™ RE, Ua(pa Vi )™
RE, (F100). {77 (V))2} = RE, T (V)=

We obtain, as in (3.9.6), towers of spectral sequences associated to (3.12.1), in each
of the four cases:

H Mp,=, R1®.Vpy) = HEM(Z%, Vhy)

IR IR
H?, (Mp, =, R? T, (. T/F,E)) = HE'(Z*/T°, pu Vi 5)
(3125) Tl inv Tl inv
HE, (Mp, =, R? T, (5. Vb £)T°) =2 BEF(Z/T°, (5, Vi 5)™)
IR mn

H2 (Mpz, R77, (VA=) = HEM(Aps, (VA)2)

which are compatible with the restrictions from Z3 to Z] and Zj. Moreover, in the case
of Z}, we again have that on both sides the first and last terms are isomorphic, which
implies that inv is an isomorphism. It follows immediately from (3.12.2) that [¢f. (3.7.5)]

(3.12.6) H' (Zp,z, (Vg 5)r) = Hy, (Ap,=, (V*)2).

3.12.7. THEOREM. — Under the identifications available from (3.12.4), [nrlz = 7r [1]
in Hp, (Ar,z, (V*)2).

Proof. — Now that we are down to Ap =, we can use 3.8 to revert to complexes of
slowly increasing forms to compute the cohomology groups. The idea is to repeat the
argument used for 3. 10.3, making sure that whenever we asserted before that an inclusion
of complexes induces an isomorphism on cohomology, the isomorphism can be effected
by means of a projection and a homotopy operator under which the growth condition
is preserved.
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It is convenient to write C* (Ap, VA)g, etc., for the Dolbeault complex of VA-valued
forms of moderate growth in the sense of Borel [B2], ¢f. (3.8.1), and H}, (Ap, V*); for its
I';-equivariant cohomology. More precisely, there is a complex of sheaves C* (Ar, =, VA)Si
on Ap =, and we take its I';-equivariant hypercohomology. By a small generalization
of 3.8.3, this complex is seen to coincide with A% (Ar =, (V4)z), —in view of 3.8.2,
we sometimes write (VA)g for (V*)z— hence

(3.127.1) H;, (Ar,=, (V=) £ Hy, (AF, VA)s

We had defined [nr]z as an element of the right-hand side. Indeed, if 7 is slowly
increasing, then so are n° (the T¢-invariant projection of 1) and 7, as we have already
observed. As before, 7r [1)] and [r°] are equal in H}, (Ap, =, (V*)z), for they are both
restrictions of [n]z;].

On the other hand, 7 is obtained from n° by averaging over a compact torus, which
has an L*°-bounded homotopy operator that thus respects our growth condition. It follows
that nr and 7° define the same class in H}, (A, V*);, and we are done.

3.12.8. Remark. — The construction of (V4)z (essentially Lemma 1.6.8) shows that
it can be viewed as a canonical extension of V*, in a sense which can be made more
precise using the methods of paragraph 4.6 below.

3. 13. REDUCTION TO COHOMOLOGY ON M (WITH GROWTH CONDITION). — We begin by noting
that (3.12.5) and (3.12.7.1) can be combined to give
(3.13.1) H* (Zr,s, Vi 5)r,) = Hp, (Ap, V).
We wish to express the right-hand side as cohomology on Mg, as we did in 3.7. Recall
from (3.6.3) that
(3.13.2) Ri7m V25 @ Vnw @ Va@w)s
wEWT P (q)
with T'; acting on the right-hand factor. This gives at once on (Mp)z,
(3.13.3) RIT VD D Maw)si ® Vagw)-
weWF P (¢)

We have the following version of the results in 3.5 and 3.7, which pays attention to
the growth conditions:

3.13.4. PROPOSITION.
(i) R? T, » ((VA)si) = (Rq L, % VA)si;
(ii) The following spectral sequences degenerate at E,:

(3.13.4.1) ED'? = H? (MF, R?my, . VA)s = HPTY (AR, VA)g,
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(3.13.42) ER? =HE (Mp, Ry, V) = HEF (A, V),
(3.13.4.3) Ey® =H" (T, H* (A, V*)a) = HEF (AR, VA)s,

(3.13.4.4) E}* = H" (T, H* (Mg, RYmy . V*)g) 2 HE (Mp, ROmy V),
as do their restrictions over subsets of (Mp)z.

Proof. — Recall that the main point in the proof of Proposition 3.5.12 was the I'j-
equivariant embedding of the complex (3.5.12.1) in (3.5.12.2), which induced an
isomorphism on cohomology. One actually knows much more: we claim it is induced by
the composite of I';-equivariant, quasi-isomorphic embeddings of complexes of sheaves

(3.13.45) C* (Mg =, H* (55, Va))si = C* (Mp =, A* (5)* ® V\)si = C* (Ar, =, V)i,

given by averaging over the fibers of 7, and by K-equivariant projection respectively.
These operations respect the growth conditions, and moreover, they come with cochain
homotopy operators that also respect the growth conditions. Thus we have (3.13.4.5)
(cf. proof of 3.12.7). Now, this and (3.13.3) give (i) and the degeneration of the first
two spectral sequences in (ii). As in the proof of Proposition 3.7.7, the degeneration of
the last two become equivalent; they do in fact degenerate, for the same reason as before.

Rewriting the above assertions in the alternate notation, we obtain:

3.13.5. COROLLARY.

ODRITL (V=)= D (Vatw)=® Vaqw):
weW™ P (q)

(ii) The following spectral sequences degenerate at E;:

(3.13.5.1) EbR? = HP (Mp, =, R971, . (V*)z) = HPM (Ap =, (VA)z),
(3.135.2) EP? =HE (Mp,z, R77,. (VA)2) 2 HEF (Ap, 2, (VP)z),
(3.13.5.3) Ey* =H" ([, H° (Ap,=, (V*)2)) = HiF® (Ap,=, (V*)=),

(3.1354) Ey* =H" (I}, H' (Mp, =z, R?7y, . (V*)2) =2 HE (M, =, RO 7, (VA)z).
Finally, (3.13.1) can now be expressed as:

3.13.6. CoroLLARY. — H' (Zp, 5, (V§ 3)r,) is isomorphic to

@ @ H1, r—1(w) (MF,_7V)\(h,w)7E) Q H” (X (F1)7 v)\(l,w)).

T wEWF P

3. 14. COHOMOLOGY OF RAPIDLY DECREASING FORMS. — We continue the discussion of the last
two sections, with Z] = ZF s, which we denote 51mply Z; write 8 = BZF 5, 0 = >BZF o
<8 = <0Zp y, in the notation of 1.5, 1.6. Let Ty, Z>4, Z<45 be the corresponding
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(invertible) sheaves of ideals in O3; they are the pullbacks from Z x of invertible sheaves
T5, I> 5, I<, defined in the obvious way. As in 3.12, we let V; 5 denote the pullback
to Z of i} Vr x, and let V§ 5, (=) (tesp. Vi, 5 (—70), resp. Vi 5 (—<0)) be Vi 5 ® Tp
(resp. Vg 5, ® T> 5, tesp. Vi 5, ® < ). Note that Vi, 5, (—9) is the pullback from Zp, 5, of
the vector bundle if Vr 5 (—9) = it Vr, 5 ® Ts.

On the other hand, let OAF,E = AF,E — Ap, 8MF,5 = MF,E — Mp. These are again
divisors with normal crossings on Ap = and My =, defined respectively by invertible
sheaves of ideals Zpap =, Zome =- We let (VA)z (—0) = (VA)z ® Toa, =5 if We is
the canonical extension to Mg =z of an automorphic vector bundle W on Mg, we let
W = Wz ® Towmy - (the subcanonical extension, as in [H5]). In view of Lemma 1.6.8
and Proposition 3.12.2, we have

(3.14.1) Ry, Vi 5 (=0) = [(VM)z (-8)] @ R7a, 4 (T 5)

In the last two sections we made no use of conditions of moderate growth on Gy, since
they are not necessary in the computation of the cohomology of its associated locally
symmetric spaces. When we consider the coherent cohomology of Z with coefficients in
Vi 5 (=0) or V4 5 (—~8), however, the condition of rapid decrease along G; becomes
relevant. Indeed, Z is a toroidal compactification of °Zp s and Vi 5 is a canonical
extension, in the sense of 3.2, of its restriction to OZF, 5. Thus the considerations of 3.8
apply to this situation. In analogy with Corollary 3.7.8, we have

3.14.2. PROPOSITION. — In the notation of Corollary 3.7.8, for each integer t, there is
a natural isomorphism

H* (ZF,Ev /L;‘ VI",Z' (—-{9)) ':@ @ Ht_r_l (w) (MF,E) (v/s\u(li)z,w)))®Hz (X (Fl)a vz\ (l,w))a
T weWh?
where H: denotes cohomology with compact supports.

Remark. — A combinatorial analysis of the left-hand side, along the lines of 3.7, will
be carried out in Part II (in greater generality).

Proof. — We argue as in 3.9. We need to compute
H (Zp,s, i3 Vr, 5 (-9))= B, (Z, Vi, £ (-9))
(cf. 3.7). By (3.14.1), this can be identified with

(3.14.1) HE (Ar,z, [(V*)2 (-9)] @ R#g .« I> ).
To compute Ry .Z>5, we factor @3 = gop, as in (3.12.1). Let Y=Z/T°,

9Y = Z9/T¢, Y = Y-"9Y; let j : Y — Y be the open immersion. At this
point we make use of the quasi-isomorphism

T>5 =~ Cone {05 — 055} [-1].
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It will be convenient to view O3 and O> 5 (resp. Cy and C> y) as simplicial sheaves on Z
(resp. Y) as in 2.7, corresponding to the closed covers by smooth irreducible components
(resp. quotients by T¢ of smooth irreducible components). Then

R’I_l'zy*I> 8~ Cone {R7_T2’* OZ — R7_T27* O> 3} [—1]
~ Cone {RQ* (ﬁ* OZ) —Ra. (ﬁ* O>6)} [_1]
by (2.9.6). By Proposition 3.12.2 (ii), the assertion of Proposition 3.4 .4 remains valid

with p replaced by p. Thus, by Proposition 3.12.2 (iii), and the five-lemma, this gives
the same equivariant cohomology as

Cone {R G, (5. 03)T — R (. O>5)" } [-1]

~ Cone {R g, (7! Oarz)y = R (@' Oar.2)>ov}[—1]

~ Opp - ® Cone {R Cy = R Copy)} [-1] 2 Oy, . @ RG 51 Coy.
We obtain that

(3.14.1) H! (Zp, 5,15 Vr, 5 (-9))=HE (Ap,z, (V)= (-0) ® R G\ ji C>v).

The latter is the abutment of the Leray spectral sequence for 7;, whose E, term is

(3.14.3) EP? = H? (Mp,z, RE, 71, (V)= (-0) @ R i C> )
= HP (MF,Ea R%, 7?1,* (VA)rda ® Rq’* j! C>Y)

where as in (3.12.7. 1) we have replaced (V)= (—3) by the canonically quasi-isomorphic
Dolbeault complex on Ar of forms which are rda near OAr =. As in 3.13, the last line
is isomorphic to:

=d & H =71 ) (M =, (Vi“('i,w)))®HZ (X(I), Va 1, w))-
T wewWhr
Finally, the spectral sequence (3.14.3) is seen to degenerate, and be canonically split, by
the argument of 3.5.12 (applied to rda forms).

4. Adelization and canonical models

The constructions in the previous sections have been purely complex analytic, and have
made no reference to the arithmetic structure of canonical models for the Shimura varieties
and automorphic vector bundles in question. For applications to Eisenstein cohomology
classes and the eventual construction of mixed motives, it is necessary to take this arithmetic
structure into account. The most convenient language for this purpose is that of adelic
Shimura varieties, which was briefly introduced in Sections 1.1, 1.7, and 3.1-2. The
boundary cohomology groups computed in 3.13 will first be replaced by their adelic
versions. We then show how to construct the canonical models of automorphic vector
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bundles and their canonical extensions, and show how each of the steps in the computation
of cohomology in paragraph 3 respects the arithmetic structures.

4.1. ADELIC COMPUTATION OF BOUNDARY COHOMOLOGY.

Fix a rational boundary component F and the corresponding maximal parabolic subgroup
Pr C G asin 1.2.1. In order to compute, as painlessly as possible, the cohomology of
the adelic F-stratum of Sh (G, X)™~ (notation 1.7), we introduce several mixed Shimura
varieties treated by Pink [P], which arise at intermediate stages of the computation. We do
so informally, without recalling Pink’s formalism, much of which is devoted to problems
arising from disconnectedness of the symmetric spaces; in particular, our symmetric spaces
will in (4.1.1) and (4.1.2) be taken to be connected components of those used by Pink.
For us it will only be necessary to recall that the mixed Shimura varieties have natural
algebraic structures and canonical models over the reflex field E (G, X), compatible with
all morphisms introduced and with the actions of the various adele groups.

We fix F for the remainder of paragraph 4, and abbreviate U=Ug, W=Wg, V=V,
Gh=Gh’ F» G1=Gl, F» P=PF, etc. Define

@.1.1) M =2 P'(@)*\Dp x P (Af)/Kp;

4.12) Ap =& P/ (Q)*\[Dr/U (C) x P (A1) /U (A7)]/K 4;

Here (4.1.1) and (4.1.2) are slightly modified versions of the mixed Shimura varieties
Sh (P’, Dg) and Sh(P’'/U, Dg/U(C)) defined by Pink (this is a slight abuse of notation,
since Dr and Dp/U (C) are connected). The modifications are adapted to the P-stratum
of Sh(G, X)*, see below.

The inverse limits in (4. 1. 1-2) are taken with respect to the indicated families of compact
open subgroups of the relevant adele group, which are intrinsically defined. However, it
will be necessary to work with these objects at finite level. Thus, let K C G (Af) be a
neat compact open subgroup, and let

Kp=KNP(Af), K,=KnP(Af)/KNU(Af)c (P/U)(AT),
Kr =KnNP(AH)/KNW (Af) c L(AY)

We make the simplifying assumption that the given Levi decomposition of P induces a
product decomposition

(4.1.3) Kp = Kr x (KNW (AY)).

It is easy to see that the set of K’s with this property are cofinal; we leave it to the reader
to reduce the arguments in this Section to this case.

Now define

(4.1.4) gSh(G, X)F = ,)Sh(G, X)F =Sh(G, X)/Kp (for typographical rea-
sons), kMp = Mg/Kp, Ap = Ap/Ka.
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Then there are natural morphisms (at “level K”):

(4.1.5) To, k1 kMp = kAp; T,k xAp — kSh(G, X)F;

Under the hypothesis (4.1.3), the map m; x makes y.Ap an abelian scheme over
xSh (G, X)F; let
Cx: xSh(G, X)P — kAp
be the zero section.
If ¥ = |UXFr is an adelic family of fans as in 1.7, then the (partial) toroidal
compactification KMIF, 5, is defined just as in the connected case (see [H3] for details). The

results of Pink cited in 1.6 are actually adelic, and imply that, possibly after refining ¥,
we may extend (4.1.5) to

4.1.6) Ty, 3 : KM'F’E — KAF’EA; 1,2 ¢ K-AF,EA — xSh(G, X)g,

where =4 and = are families of fans defined for the corresponding mixed Shimura varieties.
Furthermore, these fans may be chosen in such a way that the spaces KM;*,z:’ K.AF‘E As
and xSh (G, X)E are smooth varieties defined over E (G, X), the latter two projective;
the boundaries are divisors with normal crossings, each of whose irreducible components
is smooth; and the morphisms 72 5 and m; x are E(G, X)-rational. We also assume
hypotheses (2.2.7) and (2.2.9) (in their adelic versions).

In most cases we will be content to work with the partial toroidal compactifications
relative to |JXp for F/ 2 F, as in 1.5 (actually, all information is already contained
in ¥g); in other words, boundary divisors corresponding to the boundary components of F
are removed.

Until further notice, we fix a neat level subgroup K, and let Sh =, Sh (G, X). Let Shy
be an admissible toroidal compactification of Sh which admits the morphisms (4.1.6),
and let Shy, (F) be the partial toroidal compactification relative to |J Xg for F/ 2 F. Let
0Shs, = Shy, — Sh, and let Shg denote its P-stratum (1.7.11), which is the same as the

~P
P-stratum of Shy (F). Let Shy, be the closure in My 5 — My of
(m1, £ 0m2,5) 7" (xSh (G, X)F),

~FP
via (4.1.6). Then Shy, is, at least analytically, an etale covering of Shg:

~ ~P
4.1.7) Shi = (P (Q)*/P'(Q)*)\Shy.
Indeed, over the connected component Mr this is essentially Lemma 1.5.3. It is proved

~FP
by Pink ([P], Theorem 12.4) that the natural map Shy, — Sh¥ is a local isomorphism in
the Zariski topology, compatible with the E (G, X)-rational structures on both sides.

The computation of cohomology in paragraph 3 immediately extends to the adelic
setting. It is most easily written down for the inverse limit (with respect to K) over the
P-strata. We let

4.18) X (G1) =22 G, (Q)\Gi (A)/K;- A(R) - K,
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be the adelic locally symmetric space for G;; the limit is taken with respect to open
compact subgroups K; ; C G;(A7). The local systems V) (,w) on X (G;) are defined
as in Corollary 3.7.8, and the cohomology groups H" (X (G;), V, (i, w)) are defined as
direct limits over K, ¢:

r <) lim 11 o
(4.1.9) H (X (Gl), V)\(l,w)) =—H (X (Gl)/Kl’f, V/\(l,w))-
These have “topological” rational structures over the fields of definition of the algebraic
representations (A (I, w), Vi, w)) of Gi.

Next, for any Shimura variety Sh (G, X) and any automorphic vector bundle V, we
define as in [H5], § 2 the admissible G (A7)-modules

H* (V) =23 H* (x8h (G, X)5, V™),

1

I:Io (VSUb) — E}E He* (KSh (G, X)Z}, Vsub);

K
H* (Sh(G, X), V) = Im (H* (V***) — H* (V°2")).

Write VE (resp. VE) for the pullback of V" to the P- (resp. F-) stratum [from (1.7.10)
and (1.7.11)]. Now we compute I‘{i“;: H: (ﬁ;, VE) by the spectral sequence of the

closed cover ZE by its irreducible components, as in 3.7. For any fixed K, Zp (resp. £%)
is a fan in G (Q)* xP@" (Cp x G (AS)/K) (resp. G (@)t xP @7 (Cp x G (AF)/K)),
by (1.7.1). The P-stratum corresponds to the subcomplex of the fan given by
Yp = Xp N (Cr x P (A7) -K/K), and two simplices in this subcomplex define the same
divisor in Shy, if and only if they are in the same orbit under P (Q)*. If we let
$p = {6|0 € Tp} (¢f. 2.2), it follows that the nerve of ZE is just P (Q)*\Zp (¢f 3.7.2).
Then the reasoning of paragraph 3 applies. Let A; be the kernel of the natural map
Gr (A7) x G (AT) = Gr (A7) - G (AT), Ag = L(QY/(Gu(Q)F-Gi(Q)7F), A =
Ag x A;. Then A; acts naturally on

(4.1.10) He (w) := H 7 (Vy (h,w)) ) @ H* (X(G1), Viag,w))

for each w, through the natural G, (Af) x G; (A7) action on the tensor product. Moreover
8 € Ag acts on the left on the space Sh (G, X (F)) x X (G;) by

{ 6- (:L’, '7) = (6 (.’L‘), 676_1)a
$EFX[G1(R)/K1~ZGI (R)], ’)’GGh(Af)‘Gl(Af),

and the sheaves V (n,w) X VA (1,w) are equivariant for this action. Thus A, also acts on
H* (w), and we have

@4.1.11)

4.1.12. COROLLARY. — Il(l—"»;: H (ﬁ;, VE) is isomorphic to

® @ F{HTO(Vinw)™eH (X(G), Vag,w)}-

T wewF:?
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Here (V) (h,w))c’"“ is viewed as a (family of) automorphic vector bundle(s) on toroidal
compactification(s) of Sh (G, X (F)), with X (F) as in (1.7.4). Here

f
4.1.13) 1P {H (w)} :=Tndid G )., (arypeng TR ()21}

This is easy to see on the level of Lie algebra cohomology [cf. (4.2.9), (4.2.10),
below]. A direct topological proof is sketched in 4.8, below. Similarly, we can compute

the cohomology of the F-stratum. Let ﬁig be the closure of the F-stratum of Shsy
(¢f.1.7.9). Then

4.1.14. COROLLARY. — ;{5; H (ﬁg, VE) is G (Af)-equivariantly isomorphic to

f rri—r—1 (w can T ¥
mdEA 1D @ TP {HT) (Vaghw)™®H (X(G1), Vaqw)}.

T weWF?

The G (A7)-equivariance of the isomorphism follows by comparing the descriptions of
the F- and P-strata, and using the description ([H5], 2.5.6) of the G(Af )-action on
the cohomology.

Finally, we have the analogous fact for the cohomology of ﬁg relative to its boundary.

Let = |J (ShynShy) C Shy, and define VE (—3) as in 3.14. Then the adelic
F'#£F
version of Proposition 3.14.2 is

4.1.15. COROLLARY. — :—Z H* (ﬁg, VE (-9)) is G (A7)-equivariantly isomorphic to

f ~ . ~
Indg R [ @ TPAHT ) (Vyr,0)™)@HL (X (Co), Vag,w)}-

T weWkF: P
4 .2. RELATION WITH ADELIC AUTOMORPHISM FORMS.

We also need an adelic version of our main theorem 3.10.3/3.12.7. Fix a point p € D,
and define K, and B, = Lie(P,) asin 1.8. Let K, = K -A(R), K; =K; - A(R). As
in 3.10, there is an isomorphism ([H5], Cor. 3.4)

“.2.1) n—[n]: H (By, Kp; C°(G(Q\G(A))sia ® Vi) = H (V27),

with V = V), where C*> means locally constant with respect to G (A7) and smooth with
respect to G (R). On the other hand, for each w € WP, there are isomorphisms -

422 p— [,8] :
H* (B, Kny C (Gh (Q\Gh (A))sia ® Vi (h,w))) = H (Vs (h, w))™)

4.23) v—[]:
H* (g1, Ki, C (G (Q\G: (A))sia ® Viathw))) = H* (X(G1), Varw));

the isomorphism (4.2 .3) is due to Borel [B2], whereas (4.2.2) is a special case of (4.2.1).
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Denote the left-hand side of (4.2.1) by M} (G, Kp; Vi)sia, and the left-hand side
of (4.2.3) by H}(GI,KI;V,\(,\,w))Sia; the left-hand side of (4.2.2) is denoted

H5 (G, Kh; V) (h,w))sia, in conformity with the notation for (4.2.1). We write IS [
G(Af)

for Indp s [], and recall the definition of I¥ {-} (4.1.13). Then the proof of

Corollary 3.13.6 provides the existence of a commutative diagram

“4.24)

Hy (G, Kp; Va)sia— 15 [ IP{'H:{I(w) (G, Kn; Vi (h,w))sia®@ Mg (Gi, Ki; Vi, w))sial]
| r=t h | @por—elslen]

I’_'I. (Vcan) T_P‘) Ig [@ Ip{ﬁ°_l(w) ((V)\ (h,w))Can) ® H* (X (GI)) VA(I,w))}]

w

The first line needs to be clarified. Starting with an element
1 € C* (P, Kp; C= (G (RN\G (A))sia @ Vi)
= [C* (G(Q\G(A))sia @ A" (p7) @ V1],
one first defines its constant term

425 = / 7€ [C™ (P(Q) W(ANG (A))sa ® A* (p7)* @ V5]
W(@)\W(A)

where the measure, which is applied to the coefficient functions of 7, is normalized to
have total volume 1. One then restricts 7 as in (3.10.3.2) to an element of

(4.2.6) Res(np)e [C= (P (Q) - W (A)\P(R) x G (AN))ga @ A (p7)* @ V5 ]Kr"P®),

Applying the Cayley transform, as in (3.10.3.3), we rewrite Res(nr) as an element
of the complex

[C* (L (Q) - W (A)\Lr (R) x G (A7))sia ® A* (p; ® 0~ @ uc)* @ V,]KeMr ),
which is quasi-isomorphic to the double complex

(4.2.7) [C* (Lr (Q) - W(A)\Lr (R)
XG (Af))sia @ A* (P @ uc)* @ (A (b7)* @ Vy)KrKe,

As in [3.10.3.6 (i)], we let p; be a~p0int in Cr fixed by K, p; = pp N g1, [notation
(1.2.2)] and identity uc = Tcp, p, = p; c. Recall that A is not contained in K.

Since the G (A7)-action commutes with the differentials in the complex, this last
complex is canonically quasi-isomorphic to the complex

4.2.8) I5 [[C% (L (@)\Lr (A))sia © A" (p;, @ p1)" @ H* (07, V)] 1],
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We write p;=a@p, with &= Lie(A)Np; = Lie (A) [notation (1.2.2)] and
p=mN g?er. Then the complex in (4.2.8) is canonically quasi-isomorphic to

(4.2.9) Ig [[A‘ (p; ) pl)* ® H* (a, Coo (LF (Q)\LF (A))sia ® H* (U_, V)\))]Kh'Kl]
=15 [[A" (55 @ P1)" © C (Lp (Q)\Lr (A))sia ® H (07, V)< KA ®)]

(4.2.10) 215 [P IP{Cs (Ga, Kis Vit ))sia®Ca (Gt Ki; Va(a,w))sia}s

by Kostant’s theorem, since H' (&, C* (Lp (Q)\Lr (A))sia @ -) is trivial for i>0. Here
we have written

C% (Gn, Kn; Va(h,w))sia = C* (Br, Kn, C (G (Q)\G1 (A))sia ® Vi (h,w)));
Cy(Gi, Ki;Vy (nw))sia = C* (@1, Ki, C* (G (Q)\Gi(A))sia @ V (h,w)))-

4.3. AUTOMORPHIC VECTOR BUNDLES AND PERIODS OF CM MOTIVES. — It follows from
Theorem 3.2.4 that the cohomology restriction map rg is defined over the field of
definition of [V,], and the computation of the target cohomology groups in terms of
automorphic vector bundles on Sh (Gp, X (F)) is also purely algebraic. On the other
hand, the latter cohomology groups likewise have canonical rational structures, and it is
necessary to verify that the restriction maps on the bottom line of (4.2.4) are compatible
with the canonical models on both sides. (Here we need to observe that the action of Ay on
the cohomology, defined by (4.1.11), preserves the rational structure (cf. Remark 4.8 .4,
below). Indeed, our automorphic vector bundles are given with canonical families of
trivializations over CM points (in terms of the canonical local systems of [H2], or the
period torsor, as in [Mi]), and it has to be shown that the commutative diagram (4.2.4)
respects these trivializations. To this end, we need to recall how Theorem 3.1.3 is proved.
We use a language halfway between those of [H2] and [Mi].

Let (p, V) be a faithful Q-rational representation of G. Then V=M x V is naturally
a homogeneous vector bundle over M, hence defines (by Theorem 3.1.3) an E (G, X)-

rational automorphic vector bundle [V] over Sh(G, X). The bundle [V] is endowed with
the following additional structure:

(4.3.1) (i) A G(A/)-invariant flat connection V.

(ii)) A G(A7)-invariant filtration (Hodge filtration) by G-homogeneous vector
subbundles, corresponding to the filtration on ¥V which, at the point p € M, is the
natural filtration defined by the restriction of p to the maximal parabolic P, (notation 3.1).

(iii) For every G-invariant tensor ¥ € V€™ ® (V*)®" and corresponding line sub-bundle
L (%) C [V]I®™ ® [V*]®", a G (A7)-equivariant isomorphism 7, : Osh (G x) — £ (7).

The verification of this fact, which is a simple consequence of Theorem 3. 1.3, is actually
the main step in the latter’s proof. Using this structure, we construct a principal G-bundle
I(G, X) over Sh(G, X), rational over E (G, X): over any open subset / C Sh (G, X),

4.3.2) 1(G, X)(U) = {f € Isomo,, (V® Ou, [VIu)|f (v) =4, (1)}.
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This can be defined without reference to a particular V, by using tensor categories, and
one then sees that I(G, X) is independent of the choice of V; however, this concrete
realization will be useful.

The action of G (A7) on [V] defines an action on I(G, X), and the canonical morphism
d: 1(G, X)— Sh(G, X) is G (A)-equivariant. On the other hand, at any geometric point f
of 1(G, X), with d(f)=x, the Hodge filtration on the fiber [V], induces a filtration on V
via f~!, and one verifies that the stabilizer of this filtration is conjugate to P, for p € X,
hence defines a point 7 (f) € M = M (G, X) (notation 3.1). It is easy to show that
7: I(G, X) — M is also E(G, X) rational, and equivariant with respect to G x G (A7).

Now the functor of Theorem 3.1.3 is easily made explicit. Given V as in the statement
of the theorem, 7* (V) is a G x G (Af)-homogeneous vector bundle on I(G, X), hence
descends to a bundle

4.3.3) V] =7*(V)/G

on Sh(G, X). On the other hand, the set of complex points of I(G, X) may be identified
([H2], (3.4.2.4)) with

(4.3.4) 2 G(Q)\G(C) x X x G (A)/K,

such that the map = takes (g,p, ¢') € G(C)x X x G(AY) to ¢~ - B(p). Denote
the class of the image in Sh(G, X)(C) (resp. I(G, X)(C)) of (p, ¢') € X x G(A/)
(resp. (g, p, ¢') € G(C) x X x G(AY)) by [p, ¢'] (resp. [g, p, g']. Now over the point
[p, 9'] € Sh(G, X)(C), for any fixed ¢’, there is a canonical lifting

fp,9)=1[L p ¢1€1(G, X)(C),
whose image under 7 is [ (p), corresponding to the choice of local flat framings of V.
This is well-defined in the inverse limit, because hypotheses (1.1.3-4) imply that
gl (G(®)NK) = {1} (IMi], p. 324); otherwise the point would only be well-defined

in the quotient of I(G, X) by the Zariski-closure of this inverse limit in G (C). There is
a canonical composite “periods” isomorphism

(4.3.5) Perp gyt Vs =7tV (»,g") = W, ¢1-

If v € G(Q) then [yp, v¢'] = [p, ¢'], but f(p, g') # f(¥p, 79'), so Per(y, ¢y and
Per(, . are not identical. For example, if V = V, with (p, V) as above, then Per(,, 4
and Per(,, ) differ by translation by p (7).

Suppose (H, h) C (G, X) is a CM pair, with H a torus. Then M (H, h) is the E (H, h)-
rational point 3 (h) € M. The fiber Vs (n) is the space of a representation x = xy, 5 of H.
Let E (V, h) denote the field of definition of x; and let Vg (1) (E (V, h)) denote the space
of E(V, h)-rational points. Then (4.3.5) defines an H (A/)-equivariant local system of
E (V, h)-vector spaces:

Hg (MM (x)/Sh (H, k))n,n1 :=Percn, ny (Vs ) (E(V, h))) C WV, w1 (C).
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(Here M stands for “motive”, for reasons explained in [H2], § 3.15.) Then there is an
element p(h, x) € Aut ([V]shm,») (C)), which depends only on (H, &) and x, and is
canonical mod x (H(Q)), such that

4.3.6) Hpr (M (x)/Sh(H, h))n, w1 :=p(h, x) - He (M (x)/Sh (H, h))n, »)

is the canonical E (V, h)-rational structure on [V]jsh(u,») [H2], 3.15; [Mil], p. 314. As
(H, h) varies, the intersection of the E (V, h) is just the field of definition E (V) of V, and
the union of the G (AY)-translates of Sh(H, &) in Sh(G, X) is dense [De3]. In particular,
the space of rational (meromorphic) sections of [V] over any field containing E (V) is
completely determined by (4.3.3) and (4.3.4). We return to this point when we discuss
canonical trivializations below.

4 .4. Limit HODGE THEORY FOR FLAT AUTOMORPHIC VECTOR BUNDLES. — Deﬁqe (p, V) and
[V] as in 4.3. Then [V] extends canonically over Shy; to a vector bundle [V]x in such a
way that the flat connection V extends to a connection with regular singularities [Del]:

“4.4.1) Vs : [\7]2 — [{7]2 Ro Ot (log (8811)3)) (0 = Oshy,, etc.)

This extension can be shown to coincide with the one entering in 3.8.2 [H3], (4.2.2);
together with Vg, it is defined over E (G, X) (since [V]is). We may define Iy = x1(G, X)x
analogously to (4.3.2), relative to [\7];; For that, one needs to check that for all v, £ (v)
and i,: Ogyn =L () extend over Shy; but this follows from the functoriality of the
canonical extension. Thus, we have in Iy an E(G, X)-rational principal G-bundle over
the entire space.

4.4.2. LEMMA. — Let V be any G-homogeneous vector bundle over M. Then:
(i) the mapping 7 : 1(G, X) — M extends to a G-equivariant mapping

Ty © I):; — M
(ii) there is a canonical isomorphism
Vs = Vs =75 (V)/G

over Shy, rational over the field of definition of V, whose restriction to Sh is the isomorphism
defined above.

Proof.

(i) The Hodge filtration of [V] extends to [\7]2, as the former is given by G-homogeneous
bundles [see (4.3.1), (ii)], and one just takes their canonical extensions. One then
defines 7y, by the same prescription used to define .

(ii) When V is of the form V, this is a tautology. Since V is a faithful representation
and the functor V — [V]L commutes with tensor products, it follows that the theorem is
true for flat vector bundles. From here the proof is a paraphrase of the argument used
to prove [H3], Theorem 4.2, (iii): one represents the general V' as a subquotient of some
flat W and then the assertion for V follows from that for W.
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It is useful to put (4.4.2), (i) and other particulars in the context of general asymptotic
Hodge theory. First, we de-adelize (4.3.4) to give

(4.43) d: I(G,X)r=T\(GC)xX)—-T\X, 7: I(G X)pr—M.

Recall that the variation of Hodge structure of Vr is induced from the “tautological” one
on X x V, where the Hodge filtrations (4.3.1), (ii) satisfy

Fy =p(9)F;,
whenever g - p = p/, corresponding to (1, p’) in (4.4.3).
We now use the Siegel domain coordinates associated to the boundary component F,
coming from the group H = P’ (R) - U(C). The projection
H—- P (R)/U(R)
gives rise to the torus fibration (1.2.5), and by using local cross-sections, one sees that
the essential issue is to treat a single fiber.

As in 2.3, let o be a top-dimensional cone in the fan Xf. Let {e1, ..., e,} be the
generators of ¢ N Ty, and let {q1, ..., g, } be the dual basis. At first, we identify uc and
U (C), as is customary, and use only additive notation. The functions

G (w)= (g, u) (v€uc)
define coordinates on uc = U (C), and

(4.4.4) ti(u) =M™ 1<j<n

~

induces an isomorphism Tr = (C*)” [¢f. (2.3.5)]. One notes that
u=u(()=)_ (e
Jj=1

If we now take care to make explicit the identification exp :u¢ — U(C) and let
N; =loge; € u, then we have

(4.4.5) u(C) = exp (Z G Nj).
Jj=1

Of course, 0; = (e;) is an edge of o. The part of the corresponding boundary divisor,
which we denote here Z;, that comes from o is the locus of points where #;=0 in (4.4.4);
it is achieved in the limit as Im(; — co. It follows that dp (N;) is the nilpotent logarithm
of the local monodromy transformation around Z;; for notational convenience, we use N;
to also denote the monodromy logarithm, here or in any variation of Hodge structure.

In general, frames for the Deligne canonical extension on a product of punctured discs,
when the monodromy is unipotent, are given by the translates of flat frames by (4.4.5),
and the extension of the Hodge filtration follows from the deep Nilpotent Orbit Theorem
of Schmid [Sc], (4.12). In the case of a flat G-homogeneous bundle on a fiber of 7,
over Ar, one is taking the equivalence class of the point (u((), u({)xo) in (4.4.3), for
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some xo, and thus the image under  is independent of ¢ (for Im((;) sufficiently large),
thus giving the limit. (This was explained in another way for (4.4.2), (i).) Note that the
limit depends on the choice of x; in its U (C)-orbit (this recovers the usual ambiguity in
the definition of the “limit Hodge filtration”).

Next, a nilpotent endomorphism N of a finite-dimensional vector space V admits a
weight filtration W (N), characterized by:
(4.4.6) (1) NW(N); C W(N)i_o,
(i) N* induces an isomorphism Gr} My = Gr‘ivk(N)V.
There is also the more elementary kernel filtration K (N), with

4.4.7) K (N); V = ker N'+1;

whenever V is d-dimensional and indecomposable under N,
K(N;V=W(N)y_4V.

One can define, likewise, the image filtration, by

(4.4.8) I_,,V=N"V,

and W (N) admits the simple algebraic description as the convolution of K and I (see
[SZ], (2.3)). If a “weight” w € Z is attached to V, one recenters W (N) by putting
W(N, w)=W({N)[-w] (the shift of W(N) by w).

Recall that the Cayley morphism wg determines mg [see (1.2.2.1)], which (see [D2])
is the restriction of a group homomorphism #4; (defined over @), given by the composite

(4.4.9) SL(2) & SL(2) — G

for some s < r, where §; is the partial diagonal whose components are the identity mapping
for the first s factors and are trivial for the rest. Let

0 1
(4.4.10) No=dhs((0 0>>€CF.

Then the weight filtration of Nj is split by the weight spaces for wg. Since G; centralizes
wr, and acts transitively on Cg, the same holds for any N € Cg. Thus,

4.4.11. PROPOSITION. — Let V be of weight w. For all N € Cy, the weight filtration
W (N, w) is the same, viz. WF.

According to [Sc], § 6, for a local monodromy logarithm the filtrations W (N) and the
limit (in the above sense) of the Hodge filtration define a mixed Hodge structure on V;
moreover, if the type of Hodge structure involved has a locally-symmetric classifying
space, one can replace the limit Hodge filtration by that of any sufficiently nearby point.
In the homogeneous case, the latter assertion is contained in the axioms that define an
admissible Cayley morphism (1.2.2), and the assertion about the limit follows from that,
as (4.4.5) acts trivially on Gr)V My,

4¢ SERIE — TOME 27 — 1994 — N° 3



BOUNDARY COHOMOLOGY OF SHIMURA VARIETIES, I 319

For general degenerations of Hodge structure, the weight filtrations of the monodromy
logarithms N; can differ, and the relations among them are quite complicated. A theorem
of Cattani and Kaplan (see [SZ], (3.12)) asserts:

4.4.13. THEOREM. — For each non-empty subset J of {1, ..., n}, let
rp={N= Z AjN; X >0 forall j}.
Jj€J
Then (i) for any J, W(N) is a single filtration for all N € 73; denote it by W*;
(i) if N € 7y, then for any ¥, W (Nrel W?') = WY’
To explain the last assertion, we recall:

4.4.14. DeErNITION [D4], (1.6). — Let W' be an increasing filtration of the finite-
dimensional vector space V, and N a nilpotent endomorphism of V that respects W'.
The increasing filtration M of V is the weight filtration of N relative to W’ if:

(i) NM; C M;_o,

(ii) N* induces an isomorphism G}t Gr}V' V = GtM, Gr)V' V for all I, i. e., M induces
on GrV' V the filtration W (Gr)V' N, ).

4.4.15. Remark. — There is at most one filtration M of V satisfying these conditions
[D4], (1.6.13). The criteria for its existence are given in [SZ], § 2. One writes
M=W (Nrel W').

We consider the conclusions of 4.4.13 in the homogeneous case, returning to the
consideration of a top-dimensional cone in . In light of 4.4 .11, there is nothing serious
in 4.4.14 when o € X% one simply takes M = WF¥ x W (convolution of filtrations, as
in [SZ], (1.4)). Thus, one should have in mind that o has at least one edge in 0Xr. We
may assume that the boundary component F is F;, having Cayley morphism coming from
(4.4.9), and that we are considering, for j € J, o; C Cst. It is clear that 73 C Cp,,
where ¢ = max {s; : j € J}, and then W) = W¥» in 4.4.13. Note that if W (i) denotes
the weight filtration of the i-th factor of SL(2) in (4.4.9), we have

(4.4.16) WE =W (1) x...x W (p)

(distributive in the sense of [Ka], (1.6.3)), i.e. the total weight under (4.4.9) is the sum
of those of the individual non-trivial factors.

To make (4.4.13, (ii)) explicit, we may take J = {1, 2} and assume that s; < s,,
F(l)=F,,, F(2)=F,,. Then the non-vacuous statement is that for W' = W¥ (1),
M = WF ) satisfies [4.4.14, (ii)]. If we use (4.4.16) to write

WF @ = WF R,

where R is the weight filtration for the complementary factors, it follows formally (see
[SZ], (1.5)) that

G, GV VGGV,
and the rest is easy.
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4.5. REDUCTION OF THE STRUCTURE GROUP. — We now want to compare the canonically
extended automorphic vector bundles on Shy to automorphic vector bundles on
Sh(Gp, X(F)). We restrict our attention, until further notice, to the open subvariety
Shy, (F).

4.5.1. PROPOSITION. — Over the F-stratum ShE, the structure group of Is, can be reduced
to P' = Py: there lS an E(G X)-rational principal P'-bundle 15 over ShL and an
isomorphism IE|ShF SIE XY G

Proof. - In this section we reduce the proof of the Lemma to Lemma 4.6.9
of the following section. Parts of the following argument are probably familiar to
many people, but it does not seem to be in print. Recall that ¥g is a fan in
G(Q)t x P@F (Cp x G (A7)/K). Let o be a l-simplex in Xf. Let Z, C Sh§ be the
corresponding complete divisor, and let [V] =[V]s ® (0 /Z,) be the restriction of Vs
to Z, (O denotes the structure sheaf of ShL). Let T (—log (Z,)) be the logarithmic tangent
bundle relative to Z,, i. e., the vector fields that preserves the ideal sheaf of 7. it is the dual
of Q! (log (Z,)). The logarithmic normal bundle N, is the quotient of T (—log (Z,))|z, by
the tangent bundle to Z,. The regular connection Vy of (4.3.5) determines a residue map

(4.5.2) Res: M, ®o, [Vle— [V,

by the contraction:

(4.5.3) X@vr— (X', Vg (v)) (modZ,)

where v’ (resp. X') is any extension of v (resp. X) to a section of [\7];3 (resp. T (~log(Z,)))
near Z,,. Since X’ has a zero along Zg, the map (4.5.2) is (’)za-linear.

We can see that for any (local) section X of 0,, the operator Res (X ® .) is essentially
a multiple of N, [recall the paragraphs following (4.4.5)]. In fact, we can make the
identification natural by describing the Deligne extension and the residue map concretely
in a complex analytic neighborhood of Z, (cf. [H3], p. 19). We return temporarily to
the notation of paragraph 1: T is an arithmetic subgroup of G (®), etc. Then Dg star (o)
is locally isomorphic to both an open neighborhood of Z, in (Mf)s, and an open
neighborhood of Z, in Shy. Now the pullback of [V]g to Dr star(0) €xtends as follows
to (My)s,. First, let [V]p be the local system I%\(V x Dg) over My = [, \Dp, where
the action of I'z on V is by p. It follows from reduction theory (cf. 1.4 and 3.3) that
[Vlp £ [V]ina deleted neighborhood of Z, in (Mg)s,. If ¥ C A is an open ball and

U =3  (U) 2 Tp(C) x U C M,

the restriction of [V]r to U’ is just isomorphic to A (V) = (T'u\V x U (C)) x U, a local
system over Tr (C) x U (cf. Prop. 3.3.6). Then the restriction of [V]s to the closure I/’
of ' in Dy, Star (o) 18 isomorphic to the Deligne canonical extension of A (V) to u'.

The reduction of stucture group over C is easy in this model. Let I(G, Dg) be the

G-torsor over Mr defined by (4.3.2) relative to [V]p. Then locally on My (C) (in
the analytic topology), I(G, Dg) defines isomorphisms between [V']r and the constant
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sheaf V'xMy (C), for any representation (o', V') of G. We take p’ to be the adjoint
representation on ¢, and let

(4.5.4) 1z ={f € I(G, Dg)|f respects WP and is the standard
flat isomorphism on WX, = u} = TL\P’(C) x Df.

This construction is I'e = I' N P-equivariant when I'p acts by conjugation on P’ (C) and
through its natural action on Dg. It then follows from (4.3.4) that I, does give rise to
I(G, X)(C) in a deleted neighborhood of F on Mr s by extending the structure group
from P’ (C) to G(C). The extension of Iy to a P’/ (C)-torsor on (Mf)s, is carried out
as in the discussion preceding Lemma 4.4.2; taking quotients by I'p then provides the
reduction of structure group analytically on <ZF’2 (notation 1.5). Since Py D Pf, for
F>F', this reduction extends to the closure Zp, 5 of OZFY s in Mr g, hence is algebraic by
GAGA. We let If ¢ be the corresponding P'-torsor over Sh¥.

An integral generator ¢ of the simplex o corresponds to a 1l-parameter subgroup
to : G, — Tp(C), given by the formula

po (2) = (27i)"log(z) - 6 (mod T'y) (any branch of log).

Let X, denote the invariant vector field on Tr (C) whose value at the identity is
dp, (z - (d/dz)). Then X, defines a local section of M, on U’. It follows from [H3],
(4.2.3) that

(4.5.5) N, := Res (X, @ ) = (274)" dp (7).

Although the formula (4.5.5) depends on our choice of trivialization of I/’, becguse N,
is a line bundle, the 1-dimensior£al space of operators (N,) is well-defined on Z,. This

induces a weight filtration W, [V], of [V],.
We now define a subfunctor If, of the functor represented by Ix. First, let

(4.5.6) T ={fels@): F(W:V®Oy) =W, [V], U)};

this is clearly a principal P-bundle over Z,. We next take

4.5.7) I U)={f €T, U): fodp (v5) € (Ny,) forally € I'}.

Since I'; is Zariski-dense in G;, which acts transitively on Cg, it follows that IE is a
principal P"/-bundle over Z,, where P’ is the largest subgroup whose adjoint action on U
is given by homotheties; P’ is the identity component of P”. Furthermore, for any two
simplices ¢ and ¢’, the functors (4.5.7) coincide on the intersection Zo NZy, so the IE
patch together to define a principal P"’-bundle JE over ShE. It is rational over E(G, X)
because the functor (4.5.7) is defined over E (G, X). Since J E is defined as a subfunctor
of Iy, the isomorphism IE|Shg =~ JE xP" G is automatic. Also, when we replace (p, V)
by the adjoint representation as above, the condition in (4.5.7) specifies the isomorphism
on u, and this is as required by (4.5.4), giving that over C, J is given by Igc.

It remains to reduce the structure group from P’ to P/. This has already been
accomplished over C. Now R, (P)=R, (P")=W. Thus it suffices to show that the quotient
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Ig, , of I by W is rational over E(G, X), as a subfunctor of the functor represented by
JE/W. But this is immediate from Lemma 4.6.9, below.

4.5.8. LEMMA.
(i) There is an E(G, X)-rational, P'-equivariant morphism w5 : I — M such that

75 xP' G IE|Sh§ — M coincides with the restriction of s, to Shk,.

(ii) The image of 75 equals M (F) = P’ -p C M, and is thus independent of 3.
(iii) There is a P'-equivariant isomorphism

W\M (F) = M (Ga, X (F)),
induced by passing from V to Gr)¥ V, where the last space is the compact dual of F.

Proof. — The first statement is trivial: since IE is defined by a subfunctor of Iy,

F . I§ — M is just the restriction of 7s. Let (p, V) be as in 4.3, and view M as a
family of filtrations of the category of representations of G. Then the image of 7% equals
the P’ (C)-invariant set of filtrations of V induced by the Hodge filtration on [V]s at the
points of ShE. Thus, to prove (ii), it is enough to see that 3 (p) is in the image of 7%. For
this, we simply take xo=p in 4.4. Assertion (iii) is clear.

4.6. COMPARISON OF RATIONAL STRUCTURES. — The normal subgroup W acts freely on 15;
let IE =1 (tesp. IE ,) denote the quotient of 15 by W (resp. U). Then IE 1 is a principal
Gp- bundle on Shg, and IE 5 is a principal P’/U bundle, and there are natural morphisms

4.6.1) T3 o0 15 5 = U\M(F), Ty 0 15 — W\M(F) = M (G4, X(F))

defined by Lemma 4.5.8, which are P’-equivariant. We let i;; denote the pullback of
—~P’ -
I>:|Sh1>’ to Shy. by the map (4.1.7), and define IE , and 152 analogously.

It is clear that, on any Z,, the formula (4.5.7) identifies the restriction of Ig with
the principal P’-bundle attached [as in (4.3.1)] to [V]F; in other words, to the (Deligne
extension of the) flat bundle defined by the faithful representation p of the fundamental
group 'y of M. Similarly, If , (resp. If ;) is the principal P'/U-bundle (resp. Gy-
bundle) attached by the same sequence of constructions to a representation of I'z which
factors through a faithful rational representation (p,, V,) of P'/U (resp. a faithful rational
representation (p;, Vi) of G,). Let F(V3), F (V1) be the corresponding flat vector
bundles over xk M, let F (V3)s, F (Vi)s denote thelr Deligne canonical extensions, and
let F(V3)E, F(V1)% denote the pullbacks to Shz

But now p, and p; already define the flat vector bundles

[Va] =2 P/ (@)*\ V3 (C) x (Dp/U (C)) x (P (AY)/U(A7))/K4

(notation as in 4.1) and [\7]1, on the mixed Shimura variety .Ar and on Sh(G,, X (F)),
respectively. It is clear that, at least analytically, in the notation of 4.1

(4.6.2) F(V2)E 2w x (kalVal),  F(VI)EZ 75 x 07 x (ke [Vi])-
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The isomorphisms in (4.6.2) respect the algebraic structures on both sides determined by
Deligne’s existence theor;m [D1], hence extend to isomorphisms of canonical extensions.

It follows that, over §EE,

(4.6.3) B.2me), I§,=mgor k),

for some principal G,-bundle I} (resp. P'//Ug-bundle 15) on Sh(G, X (F)) (resp. Ar), with
WAL, = 7}  (I}), Furthermore, the computations of 3.4 and 3.5 show that

(4.6.4) Ta K « (F(V2)R) 2k, V3], (71, © T2, k) (F (V1)B) = ke [Vi]
(zeroth d~irect image). We thus obtain canonical E (G, X)-rational structures on x, [\72]
and k.[Vi], hence on I, I}, which are compatible with the isomorphisms (4.6.3) and
(4.6.4), and the morphisms of (4.6.1) factor through

(4.6.5) my Iy = U\M(F), 7 : T, - W\M(F) = M(Gs, X(F))

via (4.6.3). We trivially have the E (G, X)-rational isomorphism

(4.6.6) WAL, = 7} ¢ (1)

With the zero section (x : xSh(G, X)P — g A defined as in 4.1, there is an
isomorphism

G T2k« (F (V1)3) = ke [V1]
which is compatible with the E (G, X)-structures on both sides; this follows from the trivial
isomorphism {j o LERY (01) = 1 k,« Oz, where O, and O, are the structure sheaves of
kSh (Gp,r, X(F)) and g Ap, respectively. Thus
(4.6.7) (i (W\I,) = 1] (rationally over E (G, X)).

On the other hand, there is an obvious isomorphism

(4.6.8) I' (C)= . 1(Ga, X(F)) (C)
compatible with (4.3.2) and (4.6.5) for the pair (G, X (F)).
4.6.9. LEMMA. — The isomorphism (4.6.8) is rational over E (G, X).

Proof. — We drop the subscripts K in this proof. We use the strategy of [H2], § 6.
First, define (G, A (Pp)) as in 1.8, and let 5 : Sh(G®), A (Pg)) — Sh(G, X) be the
natural map (cf. [H2], § 5). This extends to maps

7™ Sh(G® A(Pg))* —Sh*, 75g: Sh(G?®, A(Pp))ge — Shy

of minimal and toroidal compactification, respectively, for some admissible ¥ [H3],
Prop. 3.4. Since F is still a rational boundary component of A (Pr) and Cg is again
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the corresponding cone, we may even assume EQ = Yp. It follows easily from the
construction (4.3.1) that, in the obvious notation,

(4.69.1) 7 IE =1(G®, A (Pr))s x5 @.

Let 5, Shgm, .A%z), Sh (G, X)P(z), 1/1(2), and I'z(2) be the objects corresponding to 5,
Sh, Ar, Sh (G, X)P, I} and I} for Sh(G®), A (Pr))s. Then (cf. [H2], § 6)

(4.6.9.2) Ap = Sh(G, X)P @ = ¢ (Sh(G, X)P),

and

Shy®  —ghE
(4.6.9.3) ™| ™|
Sh (G, X (F))® <& Ap

is Cartesian, since W%Z) = Ur. Hence

(4.6.9.4) I = 1@ = ¢ (W\I}) =T},

where the last isomorphism is (4.6.7). Thus we may assume (G, X) = (G®), A (P)).
Now the argument used to prove [H2], Corollary 6.4 .3 shows that we may “factor out” the
pair (G, X (F)) and assume F to be a point and D to be a rational tube domain; the reduction
in [loc. cit., § 6.5] shows further that we may assume G?* = G,,, G, =G, X G,,.
Finally, [H2], Lemma 6.5.1 shows that we may “approach” the boundary component
Sh(G,, x G,,, {pt}) along an embedded Sh (GL (2), H*) in Sh(G, X), where H* is the
union of the upper and lower half-planes in C. Thus we may replace (G, X) by the pair
(GL(2), H%). If for V we take the dual of the standard two-dimensional representation
of GL(2), then [V] is canonically isomorphic to the relative de Rham H' of the universal
family of elliptic curves with level structure over Sh (GL (2), $*). The lemma in this
case is then a simple consequence of the theory of the Tate elliptic curve (¢f. [H2], § 6.6).

4.7. COHOMOLOGY OF THE ABELIAN SCHEME. — In what follows, we let WV be a homogeneous
vector bundle on M as in 3.1 and let [WW] be the corresponding automorphic vector
bundle, [W]y its canonical extension to Shs, [W]% its restriction to the P-stratum. Let

—~P
v : Shy, — ShE be the map (4.1.7). We first observe:

4.7.1. LemMA. — Let W (F) denote the pullback of W to the P'-orbit M (F). Then
W (F) descends to a P'/Ug-homogeneous vector bundle W (F)* on U\M (F), and there
are canonical isomorphisms

WIS S a3 OV (B)/P', 7" VIR = (ma,x)" (3™ OV (F)*) /(P'/U)).

Proof. — 1t follows from 4.5 .8 (ii) that the vector group U acts freely on M (F), so the
first assertion is clear. The isomorphisms are then tautological.

For clarity, we let Q' = P'/U, M (F)* = U\M (F), so that W (F)* is a Q’-homogeneous
vector bundle over M (F)# and I} = I} (x.Ar) is a principal Q'-bundle over . Arp. Let
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Ap =i kAFr, the limit taken over K [or rather over K4, ¢f. (4.1.4)]. If K’ C K and
B : g Ar — gAr is the natural projection, then one verifies easily (using [H3], 4.3.2)
that Iy (g Ar) = 8* 15 (xAr). In the limit, we obtain the diagram

, b
@.72) N
M (F)A Ap

from which we can construct a theory of automorphic vector bundles on A, starting from
Q’-homogeneous vector bundles on M (F)A. Namely, let § = c* (p) € M (F), g its image
in M (F)*, let x be the projection of p (or g) on F, let PY C G, denote its stabilizer,
and let V be the algebraic subgroup of Vg with Lie algebra v;. Then the category
of Q'-homogeneous vector bundles on the Q'-homogeneous space M (F)# is naturally
equivalent to the category of representations of

Stabgs (¢) = [Ad (cp)™* (P,)NP'-U)/U = Pf -V,

where the last equality follows as in 1.8.6; note that cg ceintralizes G, hence commutes
with PF. If £ is a Q'-homogeneous vector bundle on M (F)* we let o¢ denote the
corresponding representation of P - V. Let

(4.1.3) [£] = 73" (£)/Q

be the corresponding automorphic vector bundle over the mixed Shimura variety Ap.
One verifies as in the pure case that the morphism 15 — Ap is Q' (A/)-equivariant
—this follows already from the corresponding fact for Sh and the equivariance properties
of the canonical extension— so [£] is naturally Q' (A/)-homogeneous. For any pair
(¢, 9) € Dp/U(C)xQ' (A7), let [g, g] be the corresponding point of A (C). Then there
is an isomorphism

(4.7.4) Perg gy & 5 [Elg a1

defined as in (4.3 .3), where we identify ¢ with its image in M (F)* under the obvious map.

Now & is of the form #} ()), for some Gj,-homogeneous vector bundle ) on
M (G, X (F)), if and only if o¢ is trivial on V7. In that case, let [V] be the corresponding
automorphic vector bundle on Sh (G, X (F)). It follows from 4.6.9 that the canonical
isomorphism (4.6.6)

(4.7.5) (€] = 77 [V,

where 7 : Ap — Sh(Gp, X(F)) is the limit of the morphisms 71 g at finite level,
respects the rational structures on both sides.

Since V_ is unipotent, every £ has a filtration 0 = ¢, E C 1 EC ... . E =E by
homogeneous subbundles such that Gr{ £ =i} ();), which induces a corresponding
filtration ¢; [£]. On the other hand, the inverse limit over K4 of the zero section
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¢k : kSh(Gp, X(F)) — gAr (¢f. 4.1) is a morphism ¢ : Sh(Gp, X(F)) — Ap. There
is also a section
{: M(G X(F)) = M(F)*

of 7, which, like ¢, corresponds by functoriality to the inclusion of the pair (G(2), A (Pr))
in (G, X). Evidently, Stabq: (¢) N Gs = Stabg, (¢) = PE if g is in the image of (; in
particular,

(4.7.6) (&)= @é* (Grf &) = @Y.

4.7.7. LeMMA. — Let (H, z) C (Ga,r, X(F)) be a CM pair, with H a torus. Let & be
a Q'-homogeneous vector bundle over M (F)A, and let o¢ , denote the restriction of o¢ to
H C Stabg (¢ (2)); denote by E (&, z) the field of definition of o¢ . Define the period
element p(z, 0¢,5) € Aut ([€]l¢ (sh(m,0)) as in4.3. For any g € Q' (AY), we identify
Sh(H, x) with its g-translate ¢ (Sh(H, z)) - ¢ C Ar, and let p(x, 0¢,+; g) be the element
of Aut ([€]l¢ (sh (1, <)).g) defined by transport of structure. Then

p(2,0¢,2; 9) - Per(z, gy (€ (E (€, 2))) =[E€]¢ (sh(1,2))4 (E(E, 2)),
where the right-hand side is the rational structure defined by (4.7.3).

Proof. — Since both sides are homogeneous with respect to Q' (A/), it suffices to verify
this for g =1, where it is a consequence of Lemma 4.6.9.

Now the representation o¢ : PL -V, — GL(&;) defines a PF-equivariant homomor-
phism
4.18) b; ® Grf (&) —Grl_, (&)

Let B~ be the Gj-homogeneous vector bundle on Mhyp associated to the adjoint
representation of PX on v ; then (4.7.8) defines a homomorphism

B~ © Gr¢ (£) »Gr?_, (),
thus a homomorphism of automorphic vector bundles
(4.7.9) Gr? [£] — [B7*]®Gre_, [€].
Now for any z € X (F), g € Gy (A7), define [z, g] € Shy r as in 4.3. Then v * is
canonically isomorphic as PF-module, in the notation 3.5, to
Gr} Hpg (Az, 1) = Hpr (A, ) /B’ (A, 1, Qi ) = H (Az g1, Oay, )
(cf. [P, 3.22]); thus there is a canonical isomorphism over C
(4.7.10) B~ *] 5 R 1y 4 Oy

4.7.11. LEMMA. — The isomorphism (4.7.10) respects the E (G, X)-rational structures
on both sides. More precisely, if (H, ) C (Gn, X(F)) is a CM point, g € G, (AY), and
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o, : H— GL(b; ") is induced by the restriction of the adjoint representation then [in
the notation of (4.3.5)]

p(z, 055 9) Perg, g (07" (E(H, 2))) = H' (A, g, Oap, ) (E(H, )z, g

Proof. — We may replace the pair (G, X (F)) by (H, z), and write .4, instead of Ap.
We identify the vector groups V and U with rational vector spaces. Now the adjoint
representation H — GL (V) factors through a representation

(4.7.11.1) H— GSp(V, (-, ),

where (-, -)» is a symplectic form defined by composing the Lie bracket V ® V — U with
some rational linear form A € U*. If A is positive on the homogeneous cone Cg, then
the map (4.7.11.1) defines a morphism of basic pairs (H, z) — (GSp (V, (-, -}»), H%),
where T is the Siegel double space, and A, is the pullback to Sh(H, x) of the universal
abelian scheme (with level N structure for all N) over Sh (GSp (V, (-, -)»), HF) (For all
this, cf. [Brl], or [P], 3.20, 10.7).

Now the period invariant p (z, o ; g) depends only on the representation o, of H. We
have just shown that this is the representation associated to the (0, 1)-part of the Hodge
structure associated to the isogeny class of abelian varieties obtained by restricting the
universal abelian scheme to Sh(H, x), which is none other than .A,. But by construction
[H2], 3.15 p(=, 0, ; g) is the period invariant associated to the (0, 1)-part of the Hodge
structure associated to the isogeny class of abelian varieties. Now the lemma is a tautology.

Let ¢ € M(F)*, and let x=x(g) denote its image in My p. For i=0, 1, ..., we let
E® be the Gy-homogeneous vector bundle on Mh,F associated to the representation of
PE on H (v, &,), with g and x as above. We now restrict our attention to £ of the
form W (F)#, as at the beginning of this section, where W is moreover attached to a
representation A of K,. In 3.5 we have constructed canonical isomorphisms over C:

(4.7.12) Rim . [W(F)A] = W (F)»®)].

The same argument works word for word for the subquotients Gr¥ [W (F)A]:

(4.7.13) Rim . Grf W(F)A = [(Grf W (F)M)D], 4, j20.

If £ = W(F)* or Grf¥ [W(F)*], (H, ) C (G, X(F)) is a CM pair, and g € G (A7),
the isomorphism (4.7.12/13) is defined as in Proposition 3.5.8: we let

Co (07, &) = A ()" ® & C A (07)" ® C* (V(Q\V (A)) © &,

where the differential on the last term is defined by the complex structure on Vg (R).
Then the composite map

H' (07, &) = H' (C* (07, &)) — H' (A (v;)"
QC® (V(Q\V(A) 9)© &) =R 71« [€]z, g)
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is an isomorphism. Denote this composite 3(*), and let afv, ¢ be the representation of PF
on Hi (v, &,). Let E(W) be the field of definition of the G-homogeneous bundle W,
and let E (W, z) be the field of definition of W (F),, which depends only on x(g).

4.7.14. LEMMA. — The isomorphisms (4.7 .12) and (4.7 .13) respect the E (W)-rational
structures on both sides. More precisely, for any CM pair (H, x) as above, and with

& =W(F)* or Grf W(F)*, we have

47.14.0)  p(z, 0b ) v (H (07, & (EW, 2)))) = Ri 71 4 [E]r, g (E(W, 2)).

Proof. — The fact that (4.7.14.1) is a more precise version of the first statement is a
consequence of (1.8.2). We first assume & = Gry W (F)*. Then [£] = 7} [J;], so

(4.7.14.2) Rim . []=R 7. [0]e V] = AR 7 . [0] @ [V;],

with O = Oy4, [Mul], § 1. In this case, the Lemma is an immediate consequence
of 4.7.11.

Now to treat the general case, we consider the spectral sequence for the filtration ¢:

(47.143) EP° =R 71 . [Grf W(F)A] 2 EL° = Gr? R™Y 7y, [W(F)?]
> Grf [W(F)» )],

By our hypothesis on W, [W (F)* ()] is associated to a representation of PF which
factors through K,, for each i (Corollary 3.6.3). There is thus a canonical isomorphism
Gr? [W (F)» 0] = [W (F)* ()] splitting the filtration. Furthermore, the differentials in
the spectral sequence respect this rational structure; indeed, they are all derived by tensor
operations from the morphism (4.7.9), and the isomorphisms (4.7.10) and (4.7.14.2),
all of which respect the rational structure. Since (as we have already seen) the rational
structure on the E;-term is given by (4.7.14.1), we are done.

4 . 8. RATIONALITY OF THE CONSTANT TERM.

We are now ready to prove the main result of this section. Let Q' =P'/U, as before,
and let Q=P/U. Let V be an automorphic vector bundle on Sh(G, X), attached to a
representation of K,, and let E ()) be its field of definition. The two sides of the bottom
line of diagram (4.2.4) have canonical E (V)-rational structures, which are determined
as explained before. In the first place, V and V) (,w), for all w, have canonical models
relative to their restrictions to CM Shimura subvarieties Sh(H, x), determined by the
condition that the right-hand side of (4.3.6) define the E (V, z)-rational structure on the
restriction to G (A/)-translates (resp. G, (A7)-translates) of Sh(H, x). On the other hand,
the local system V;\(I,w) is associated to the vector space V(i ), which has a unique
E (V)-rational structure compatible with its realization, for every pair (H, x) as above, as a
direct summand of H* (v, V,). Here V,, defined (relative to V) as in 4.7, above, has a
natural E (V, x)-rational structure, as does b ; this defines an E (V, z)-rational structure
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on Vi, w) for each (H, x), and these are obviously compatible and descend to define an
E (V)-rational structure on Vj ( y).

4.8.1. THEOREM. — The homomorphism rg of diagram (4.2 .4) is rational with respect
to the E (V)-rational structures just defined on the two sides.

Proof. — It suffices to consider the restriction to the P-stratum, since the action of
G (A7) preserves the rational structures. The cohomology of the P-stratum is given by
Corollary 4.1.12.

Now the discrete group Ly (Q)" acts naturally on Dr/U (C) and by conjugation on
P(Q)*-Q’ (A/); thus there is a holomorphic action of Ly (Q)* on Ar [notation (4.1.2)].
By [P], Prop. 11. 10, this action respects the canonical model of .Ar. Furthermore, Lg acts
algebraically on M (F) (e.g., by the concrete description given in 4.5.8). Say V = [W],
for some homogeneous vector bundle V¥V on M. Since W is homogeneous with respect
to G, it is a fortiori homogeneous with respect to L. We have the following Lemma:

4.8.3. LEMMA. — The action of Ly (Q)t on Ar lifts to an E(G, X)-rational action on
%, with respect to which the morphism )} of (4.7.2) is equivariant.

Proof. — Tt is clear how to define the action over C: writing

I,(C) == P/ (@)*\Q' (C) x (Dr/U(C)) x Q(AT)/K4 (cf.4.6),
the action of Ly (@)™ is defined by conjugation, and it is obvious that this action commutes
with 75. It has to be verified that the action respects the rational structure on I;,. Now the
natural right action of G (Q)xG (Af) on I(G, X) =2 G(@)\G (C) x X x G (A/)/K
restricts to an E (G, X)-rational action of Ly (@)%, which is equivalent to the (right)-action:

-1

oy — [yl . -1
48.4) { gz, 95 -v=0"tgrv, vz, v gl

g€G(C), zeX, g;eG(Af), veLp(Q)t.

In the limit (over K), (4.8.4) evidently preserves the P’-stratum, hence descends to
an E (G, X)-rational action of Lr (@)% on I,. One verifies directly that this action is the
one defined analytically above.

4.8.5. Remark. — 1t follows easily from 4.8.3 that the action of A, defined by
(4.1.11), preserves the rational structure on the cohomology groups H* (w).

The morphism 7, g of (4.1.5) is a torus fibration with fiber 7 which may vary
from one connected component to another (cf. [H3], 2.5). Let VA denote the bundle
T K, (V;)T over Ar (the adelic version of the definition in 3.2). In what follows, we let
I'=P(Q)*/P'(Q)T. For any G-equivariant sheaf W on M, let W (F)* be as in 4.7.1.
The automorphic vector bundle [W (F)A] on Ap, defined by 4.7.3, is endowed with a
I'-action which preserves the rational structure. Let V = [W] as before. By comparing
(3.2.1) with 4.7.1 one sees that [W (F)A] = VA. We may thus define I'-equivariant
cohomology Hy (Ap, V). Now we can factor the isomorphism (4.1.12):

(4.8.6) I‘<—>”‘E H* (Sh%, VE) = Hp (Ap, VA) 2= @ TP {H® (w)?1}.
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Here the first isomorphism is defined as in the proof of Lemma 3.7.5, using (4.1.7).
The relation between H}. (Shg , V) and the H}, (“Zp s, 1 Vr ) of paragraph 3 can
be derived from Corollary 2.10.3, but the derivation of the first isomorphism can be
carried out without reference to connected components. The second isomorphism is as in
Corollary 3.7.8. More precisely, the argument used to prove Proposition 3.7 .7 shows that

(4.8.7) Hi (Ar, V) = Hi (Sh(G, X)", (Vath, )™ © Va(,w))
where Sh (G, X)P is the P-stratum of Sh (G, X)*, as in 1.7:

Sh (G, X)P = [<2 Sh (G, X)®' x Lp (AY) - K/K]/G, (AT),

with T acting on the left on the second factor and Gy (AY) acting on
the right on both factors. If in Proposition 2.9.4 we take B = Sh(G, X)F,
Q=Lr (R)* /G4 (R)* - K; x Sh(G, X)¥, and = the projection on the second factor, we
can identify (4.8.7) with

2 He (I\Lr (R)* x Lp (A7) - K/G» (R)* KK,
He (Sh (G, X)P’ ’ (V)\ (h’w))can) ® V,\ (h,w))]Gh (Af)’

which is easily identified with the rightmost term of (4.8.6).

It remains to be shown that the two isomorphisms of (4.8.6) are rational. Now
Lemma 4.7.1, taken in the limit over K, implies that the first isomorphism

= H(ShE, V) 5 Hi (A, V),

of (4.8.6) respects the rational structures of the two sides. On the other hand, it follows
from Lemma 4.7.14 that the second isomorphism of (4.8.6) also respects the rational
structures.

4.9. CANONICAL TRIVIALIZATIONS. — The upper row of (4.2 .4) is usually written in terms
of complex vector-valued functions. The results of paragraph 4 show how to calculate
the restriction map rg in terms of specific systems of coordinates, which derive from
the coordinates of the compact dual and homogeneous vector bundles thereupon. These
systems of coordinates are used implicitly in paragraph 5 in proving that the Eisenstein map,
which goes in the reverse direction, preserves rationality. In order to interpret the results of
paragraph 5 for explicit automorphic forms, the definitions of these coordinate systems have
to be recalled. In the first author’s work on holomorphic and non-holomorphic cuspidal
cohomology classes on GL (2), these coordinate systems are called canonical trivializations.

The proper way to look at the rational structure on the boundary cohomology is to view
the factor H* (X (Gy), -) as being purely topological. A number of people seem to arrived
at the conclusion, from different starting points, that the cohomology of H* (X (Gy), -)
only contributes Tate twists. In the present formulation, even the Tate twists have been
incorporated into the H* (Shy, r, -) factor. Indeed, the different Weyl group elements w
determine different automorphic vector bundles, to which are attached different motivic
weights (in terms of the weight map G,, — G, 7, whose relation to the Cayley morphism
is described in [H2], § 5). Thus when F is a point and D is a rational tube domain over F,
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Gy, is a torus, and the cohomology of automorphic vector bundles on Shy r is essentially
given by Tate motives, twisted by finite Dirichlet characters. We return to this point in
Part II, where our approach is based on Hodge theory.

5. Cohomology classes defined by Eisenstein series

We use the method of Eisenstein series to associate coherent cohomology classes on
Sh(G, X) to classes on the boundary stratum attached to a maximal parabolic subgroup P,
and prove their non-triviality and arithmeticity under certain additional hypotheses.
Emphasis is placed on the absolutely convergent case, since this is where rationality
theorems can most easily be proved. It is probably safe to say that the non-convergent
case remains at the experimental stage. More examples need to be worked out for low
rank groups before the general pattern can be discerned. We hope to return to this topic
in a future paper.

In section 5.4, we also assume that P is a cuspidal parabolic subgroup; in other words, it is
assumed that the real Levi component L (R) possesses a discrete series. This is a technical
hypothesis which permits us to quote a theorem of Schmid (unpublished), reproved by
Blank [B]), on the embedding of discrete series representations in representations induced
from the discrete series. The effect, as explained in [H4], is to kill the intertwining operator
—there is only one, since we are starting with cusp forms on maximal parabolic subgroups —
in the theory of the constant term of the Eisenstein series. Thus, just as in the holomorphic
case [H1], [H2], the map defining the Eisenstein series exactly inverts the constant term
map. Together with the results of the preceding sections, this permits us to apply the
strategy of [H1] to prove arithmeticity of (most) absolutely convergent Eisenstein classes.

Apart from the identification of the constant term with restriction to the boundary, most
of the ideas of this section were already explained in [H4], § 6.

5. 1. EISENSTEIN SERIES ATTACHED TO CUSP FORMS. — The results described in this section are
standard, and we summarize them quickly. Fix a point p € X as before, and let K, C G (R)
denote its stabilizer. We write L for the Levi subgroup of P=Pr containing A, W=Wrg
the unipotent radical, and let L=MAW be the corresponding Langlands decomposition,
with L=MA. Let 6p : P(A) — R* be the square root of the modulus character. Using
the Iwasawa decomposition, one extends the function dp to a positive-valued function bp
on G(A) in the usual way (cf. [A], p. 254).

Let (II, Hi) be a cuspidal automorphic representation of L (A), II = ®II,, where v
runs through the places of @. For s € C, define the (normalized) induced representation

(5.1.1) Ip (I, s) = {p € C* (G (A), Hn)|e (pg)
=1 (p)6p (p)°*" -9 (9), pEP(A), g € G(A)},

where II (p) acts on Hyy through the projection of p modulo Wp (A).
Let Ip (II, s)o be the space of K,-finite vectors in Ip (II, s); then for any ¢ € Ip (II, s)o,
©(g)(-) is a cusp form on L (A). Let f,(g,s) = ¢(g)(1); then f, is a function on
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W (A)-P(Q)\G(A). For any s € C, multiplication by (8p)~* defines a vector space
isomorphism &, : Ip (I, s)o — Ip (I, 0)p = Z, say. We call a C> function f (g, s)
on G(A)x C an admissible section if (i) for alls, f(g,s) = ¢s(g)(1), for some
ws € Ip (II, s)o (as a function of g) and (ii) s — &5 (¢s) is a holomorphic map from C
toZ. Let f(g, s) be an admissible section. If Re(s) is sufficiently large, the Eisenstein
series

(5.12) E(f,s,9)= >, f(v9,9)
+€P (Q\G (@)

converges absolutely to an automorphic form on G (Q)\G (A), holomorphic in s. Thus
there is a homomorphism

(5.1.3) E: Ip(Il, s)o — A(G)

of (g, K,)xG (A/)-modules, where A (G) denotes the space of automorphic forms on
G(Q@\G(A).

The constant term E (f, s, g)r along F, defined by the integral (4.2.5), is computed
as follows:

(5.14) E(f, s, )r (k) = f(h, s) + [M (wy, s) - f (-, 8)] (R),

where wyo € WE'P is the unique element that normalizes L and such that wy (P)nP=1,
and M (wo, s) : I ® 6p — I’ ® 65° is the corresponding intertwining operator [A], with
I’ = IT%°. Indeed, f is a cusp form, so all remaining intertwining operators vanish on f.

Write Ip (I, s)o =Ip (I, s)o ® @Ip (II,, s), where v runs through the finite places
and for v finite (resp. v = oo) Ip (I, s) = Indg ((g)) [II, ® 6p] (resp. the K,-finite vectors
in Indg ((RR)) (Ml ® 6p]. Then for Re(s) sufficiently large —in particular, if E (x, s, -) is
absolutely convergent (cf. § 5.3), below— Ip (II,, s) has a unique irreducible quotient
Jp (I, s), the Langlands quotient, for all v. Define J' (IL,, s) by the exact sequence

(5.1.5) 0—J (1, s) —Ip (1L, s) — Jp(Il,, s) — 0,
and let J' (II, s), =J'(Il,, s) ® @ Ip (Il,, s). The theory of local intertwining operators

then implies that, for Re(s) sufficiently large as above,

(5.1.6) > ¥ (1, 5), C Ker (M (wo, s)).

For all this (cf. [A]; Sch, § 6).

5.2. LIFTING COHOMOLOGY CLASSES.
We start with an element w € WF'? and a non-zero cohomology class

[w] € IE [I° {H' 0 (Vi gn, )°™") @ B (X (G), Viag,u)))]
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represented as in paragraph 4.2 by a differential form
weIg [IF {C5(Ghy Ki; Va(h,w))sia ® C3 (G, Ki - A, Vi1, w))sia}]-

We assume w to be a cuspidal automorphic form, associated to an automorphic
representation I (w) of L (A), which is not necessarily irreducible. However, we assume
for simplicity that II (w) = IIc ® IIf, where Il is an irreducible (g5 x g;, Ki - K; - A)-
module,

Tracing back the identifications in paragraph 4.2, we can realize w as an element of
the space (4.2.6):

w € [0 (P(Q)- W (A)\P (R) x G (A))ua ® A (p7)" © V,J o ®),
and therefore (since G (R) =P (R) - K,) as an element

(5.2.1) w(-) €[C™ (P(Q)- W(ANG (A))sia ® A (p7)* ® V5],

Let w(g, s) = w(g) - 6p (9)°. For Re(s) sufficiently large we can perform Eisenstein
summation, and define the Eisenstein series E (w, s, g) € A(G) by (§.1.2). IfE (w, s, g)
converges absolutely at s=0 then

(5.22) E (w, 0, g) € [E(Ip (I (w), 0)o) ® A (p7)* @ V5]
= C" (B, K,; E(Ip (1T (w), 0)0) ® Vy))
C C™H (P, Kp; C (G (@)\G (A))sia ® V).

Consider the following hypothesis on the intertwining operator M (wy):

5.2.3. HypotHEesis. — The sum defining E (w, s) converges absolutely at s=0, and the
constant term E (w, 0)r along F equals w.

It follows from diagram (4.2.4) that

5.2.4. PROPOSITION. — Under hypothesis 5.2.3, suppose E(w, 0, g) is a closed
form in CI (P, Kp; C° (G (Q)\G (A))sia ® Va)).  Then the cohomology class
[E(w,0)] € Hi+i (V™) is not equal to zero, and in fact its restriction rg[E(w, 0)] to
the F-stratum of the boundary coincides with [w].

5.3. RATIONALITY IN THE ABSOLUTELY CONVERGENT RANGE.

The contents of the present section were developed in part in discussions with J. Franke.
Let # be an automorphic representation of G. Although 7w need not be irreducible, we
assume ™ = @, to be factorizable over the places of Q, with «, irreducible and
unramified for almost all v. Furthermore, we assume that there exists a finite-dimensional
irreducible representation (u, W,,) of G such that center Z (gc) of the enveloping algebra
of gc acts on 7, and W, through the same character xo,. We write oo = Xo, for some
a € b¢, in terms of the Harish-Chandra homomorphism; thus xo = X (o) for all w in
the Weyl group W (g¢, bc). The set {w (a)} can be identified with the set of extreme
weights of u.
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Let Q be any standard rational parabolic subgroup of G, not necessarily maximal;
let Ly be its Levi component, Ag = Zy,. We say Q belongs to (the rational boundary
component) F if G, r C Q C Pg. Then Q; := QN G, r is a parabolic subgroup of G,
and the set of standard rational parabolics that belong to F is in one-one correspondence
with the set of standard rational parabolics of G; g. If Q belongs to F, then the sum
Br,c + cr (b c) is a Cartan subalgebra of Lq (c¢f. 3.6). It follows from our conventions
that Lie (Z(;)C = bh,C Ncp (bl,C) but that aq, ¢ := Lie (AQ)C = Cl%’c @ Lie (Zg)c, with
ad, ¢ = Lie (Aq)c NLie (G*")¢. For * = h, I, we write by ¢ = (hs,c N 6Q ¢) @ by,
where b, ¢ = b c NLie (LET)c. Given xoo = Xa as above, write

a= Ol(h, Q) + cp (Oé (l, Q) +l/(01, Q)),
(53.1) with

Oé(h, Q) € b;yca O‘(ly Q) S b’l‘:(j’ V(a, Q) S aa,C'

5.3.2. DEFINITION. — We say « is very convergent if, for every Q-parabolic Q C G,
v(a, Q) > pq, relative to the ordering on ag, ¢ given by the roots of Q. Here pq is the
half-sum of roots of (the unipotent radical of) Q. The automorphic representation 7 is very
convergent if the corresponding « is. Finally, the automorphic vector bundle V = V),
where X is the representation of K, with highest weight A, is called very convergent if its
associated infinitesimal parameter —A — p € W /W (gc, be) is very convergent, with p
as in3.6.

5.3.3. Remark. — Here we recall that, if an automorphic representation 7 contributes
to the coherent cohomology of V, then the infinitesimal character of 7., equals x(—a—)
([H5], Prop. 4.3.2).

The complex space h¢ has a Q-structure defined by the lattice of algebraic characters
of H. The parameter o belongs to this lattice. The following Lemma was pointed out
to us by J. Franke.

5.3.4. LEMMA. — There is a finite set of hyperplanes {H,} in b¢, rational relative to the
Q-structure defined above, such that o is very convergent if and only if o & H; for all i.

Proof. — We may take « to be in the positive Weyl chamber. By hypothesis, o belongs
to the lattice of characters of H. Definition 5.3.2 thus excludes a finite set of hyperplanes
for each Q.

As Franke pointed out, the excluded hyperplanes are not necessarily root hyperplanes.

The analogous definition can be made for spherical functions on the groups of p-adic
points of G. Let Py , C G, be a minimal Q,-parabolic subgroup, with respect to which
the standard Q-parabolic subgroups are still standard. Let Ag, p be a split component which
is compatible with the Aq’s above, Ag , = A{ , - Zg,. The Satake transform associates to
any spherical representation m, of G, (relative to a special maximal compact subgroup) a
vector a(m,) in X* (Ag ,) ® C. If Q C G is a standard Q-parabolic subgroup as above,
we can write

(5.3.5) X* (Ag,p) ® C =X* (Ag,, NLE (Q,)) ® CPX* (Ag) ® C.
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5.3.6. DeriNimioN ([H1], 1.1). — Let m, be as above. We say m, is convergent for Q if,
in the decomposition (5.3.5), o (mp) = a(mp, Q) + v (a(7p), Q), where

(i) a(mp, Q) corresponds to a bounded spherical function on L‘T‘Qer (Qp), and

(i) Re (v (a (r;), Q) > po-

5.3.7. Remark. — We could also require a(7,, Q) to correspond to a unitarizable
spherical representation. When G (Q,) has Kazhdan’s property (T), this imposes a
significantly stronger constraint on 7, than the one used in [H1], and this in turn implies
a stronger rationality theorem than Theorem 5.3.11, below. We leave this for another
occasion.

It follows from [H1], Proposition 1.2 that

5.3.8. LEMMA. — Any given m, is convergent for at most one (not necessarily proper)
parabolic Q.

Langlands’ theory of Eisenstein series defines a natural decomposition of the space
A (G) of automorphic forms on G (Q)\G (A), the Q-decomposition:

(5.3.9) A(G) = @ A(G)q.
Q

Here A (G)q is the space of all automorphic forms arising as constituents of the space of
Eisenstein series attached to cusp forms on Lqg (A), and the sum is taken over associate
classes of standard parabolic subgroups Q. In particular, A (G)g = A (G) is the space
of cusp forms on G.

5.3.10. LemMA. — Let 7 C A(G)q and ©' C A(G)q be automorphic representations
with m, = 7r; for some unramified place p. Suppose ., and Tl are very convergent.

Then Q = Q'.

Proof. — Suppose not. Write the Langlands decomposition Q = Mq - Aq - Ng, with
Mq = L& Q' =Mqg -Aqg -Ng. It follows from the hypothesis that 7 (resp. ') is
isomorphic to a constituent of the normalized induced representation Indg (T®v®lng)
(resp. Ind§, (7' ® V' ® In o))» where T (resp. 7') is a cuspidal automorphic representation
of Mq (resp. Mg/), v € X* (Aq) ® C satisfies v > pq (resp. v/ > pg), and 1y, and
In o are the trivial representations. In particular, for every unramified prime p, the local
factor m, (resp. 7r;,) is convergent for Q (resp. for Q’). Now apply Lemma 5.3.8.

Lemma 5.3.10 provides an effective form of what Harder calls the Manin-Drinfeld
principle, for the cohomology of Sh(G, X) with coefficients in the local system attached
to W, provided the infinitesimal character of p does not lie on one of the hyperplanes
in 5.3.4. In particular, the lemma shows that the action of G (AY) separates the pieces
of automorphic cohomology coming from different pieces of the Q-decomposition. Since
the action of G (A7) respects the rational structure of cohomology, this implies that the
corresponding pieces of cohomology are rational. In particular, this provides a way of
showing that Eisenstein cohomology classes are rational.

The same argument applies to coherent cohomology; the case of holomorphic
automorphic forms was the subject of [H1]. Here is the result, which is certainly not
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the strongest possible. Our proof makes use of the recent difficult theorem of Franke [F],
which shows that all cohomology of Sh(G, X) (coherent or with twisted coefficients) is
represented by automorphic forms. This was not necessary in the holomorphic case, and
it may not be necessary in general. It also makes use of results to be proved in Part III
of this paper, and in this sense should be considered provisional, except when G4 is of
Q-rank 1, where the arguments of Part I already suffice.

5.3.11. THEOREM. — Suppose the automorphic vector bundle V = V), is very convergent,
in the sense of Definition 5.3.2. Let

[w] € I§ [I7 {H ) (Wa (h )™ @ HY (X (G1), Viag, )},

be defined by a cuspidal automorphic form w, as in paragraph 5 .2. Suppose
(@) w(g,0) € J(II(w), 0)cos
(b) the sum defining E (w, s) converges absolutely at s=0;
(¢) E(w, 0, -) is a closed form in C**7 (B, K,; C° (G (Q)\G (A))sia ® V));
(d) The class [w] is rational over a finite extension L of E (V).
Then for all o € Aut (C/L), [E (w, 0)]° = [E (w, 0)] € Ht ((Vy)ean),

Proof. — We may assume w belongs to a finite sum of irreducible cuspidal representations
@ 7 ® v; of L = Lp, where 7; and v; are as in the proof of Lemma 5.3.10. Since w is
realized in coherent cohomology, it follows easily that v; is an algebraic Hecke character
of A= Ap for all i, and since V) (4, ) is associated to an irreducible representation,
we may even assume that the archimedean components of the v; all coincide. For any
prime p, let 7; , and v; , be the corresponding representations of L (Q,). It follows from
our hypotheses that, for each p, the natural action of Aut(C/L) on representations of
L (Q,) permutes the sets of pairs {(7;,p, V4 p)}. Thus,

(5.3.11.1) For all p at which E (w, 0) is unramified, Aut (C/L) permutes the local
components {1, ;} of the induced representations Ind$ (7; ® v; ® Iy, ).

Let 0 € Aut(C/L), and let E' = [E (w, 0)]° — [E(w, 0)]. We claim that E’' is
represented by cohomology classes in A (G). Indeed, Franke has proved that H* ((Vy)e")
is entirely represented by automorphic forms, and that

(53.11.2) H* (V\)") 2 @ H* (B, Ky A(G)q ®@ V))).
Q

This implies the claim. Moreover, since the action of G (Af) on H* ((V))®") is rational
over E(V,), it follows from (5.3.11.1) that

(5.3.11.3) Forall 0 € Aut(C/L) and almost all p, E’ belongs to a sum of automorphic
representations m; whose local components at p are convergent for P.

We can ignore the 7; that do not contribute to cohomology. Our hypothesis that V,
is very convergent then implies that, for all j, the archimedean component 7; , of 7; is

very convergent. It now follows from (5.3.11.3) and Lemma 5.3.10 that the 7; all
belong to A (G)p.
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Let P=Pp. By Theorem 4.7.1, rp([E(w, 0)]?)=7r([E(w, 0)])°, and by
Proposition 5.2.4 the latter equals [w]° = [w]. Thus 7f (E’) = 0. The Theorem is
now a consequence of the following lemma:

5.3.12. LemMa. — Let P = Py, andletc € H* (B, K,; A(G)p ® Vi) C H* ((Vy)*2")
have the property that tr(c) = 0. Suppose Vy is very convergent. Then c=0 as a
cohomology class.

The proof relies on an argument familiar from the theory of Eisenstein cohomology
with twisted coefficients, but which in the context of coherent cohomology depends on
results to be proved in Part III. Since V), is very convergent, the interior cohomology
H* (Sh (G, X), V) is represented entirely by cusp forms. Indeed, it was proved in [H5],
§ 5 that this is true provided the highest weight A is sufficiently regular. But in fact, as
Franke pointed out to us, it suffices to assume that, for every root 3 of G we have

(5.3.12.1) (A, BY >1 (cf.[F]).
This is clearly the case when V) is very convergent. (A similar suggestion was made
by F. L. Williams.)

Since c¢ is orthogonal to cusp forms, it follows that, if ¢ # 0, then the image of ¢
in "% He (8Shg, V) ® Opshy, ) is non-trivial; here the limit is taken over compact open
K CG (A) and admissible toroidal compactifications i Sh (G, X)g. As in [H4], we write
H* (V)) (00) =23 H* (8Shs, Vx ® Ossny ).

Now at finite level Shy =,Sh (G, X)s, we can compute the coherent cohomology of
dShy; by the closed cover of its Q-strata Shy,, where Q runs through the set of stalndard
maximal parabolics. Thus, if Q is any standard parabolic, let She = (]  Shy. Let

Q'DoQ

Q' maximal
1Q : ﬁg < Shy, be the corresponding closed embedding. Let r(Q) denote the parabolic
rank of Q. Then the nerve spectral sequence for this closed cover of OShy takes the form

(53.12.2) B} = @ H*(She, ity (Vs 5)) = H™ (3Shs, Vs ® Osshy)-
r(Q=r
Taking the limit over K and X, we obtain
(53.12.3) EP'= @ SH(Shy, iy (Vax) 2 HH (V) ().
r(Q)=r
The terms E]’* have been computed in the previous sections. Write
H*2 (V) = H° (Shy, i (Vs 5))-
In Part II we will show that, for all Q,
(5.3.12.4) H>Q(Vy)
> @ IGI{E ™ (VW hg,u)™) ® B (X (Gr,q), Vag,w)}]-

weW®
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Here the terms are defined as follows. Order the standard maximal parabolics Pr by
setting Pr < Py if F < F'. For simplicity we assume G to be Q-simple; then this defines
a total ordering. Let Pp o) (Q) be the standard maximal parabolic containing Q which is
minimal for this ordering. Then G; (o) N Q is a maximal parabolic in G; r (o), Gi,q is a
standard Levi component, and G, = G, r (o). Then Gy r (o) N Q determines a maximal
parabolic subalgebra of ¥, ¢ by Cayley transform, as in 3.6, and W is the corresponding
subset of W (¥, ¢, hc). For each w € We, v, (hq,w) 18 an automorphic vector bundle on
Sh(Gn, ¥ (0), X(F(0))), and vV, (1,w) is a local system on the (adelic) locally symmetric
space X (Gy,q) associated to G; . The intermediate induction I® and the induction Ig
are defined by analogy with 4.1-2.

The differentials in the spectral sequence (5.3.12.3) have a simple expression in
- terms of the description (5.3.12.4). However, for our purposes, it suffices to remark
that, if V) is very convergent, and if m; is the representation of G (Af) corresponding
to 1 C A(G)p, then 7; does not intertwine with the G (Af)-action on H*< (V) for
any Q # P. Indeed, by Franke’s theorems [F] applied to Gy, (for coherent cohomology)
and Gy, o (for cohomology with twisted coefficients), the right-hand side of (5.3.12.4) is
a sum of representations 7 ; of G (Af) such that, for almost all p, the local component 7,
is convergent for some standard parabolic Q C Q. At the same time, each 7 ¢ is the finite
part of an automorphic representation 7 whose archimedean part is very convergent, by
our hypothesis on Vy. It thus follows from Lemma 5.3.8 that, for almost all p, 7, is
not convergent for P. But our hypothesis on w implies that 7, is convergent for P, so
the claim is clear.

We can project the spectral sequence (5.3.12.3) on its m¢-isotypic component. More
precisely, we fix a compact open subgroup K CG (A7) such that 7 has a K-fixed vector,
project all terms in (5.3.12.3) on their subspaces of K-fixed vectors, which are finite
dimensional. Then 7; corresponds to a finite-dimensional representation V (ms) of the
Hecke algebra H (K) of G (A7) relative to K; we then project on the maximal H (K)-
quotient all of whose Jordan-Holder components are isomorphic to V (¢). It follows from
the previous remarks that this procedure annihilates all H*<? (V,) for Q # P. But the
map from H* ((V»)*") to the image of H*P (V) in H* (V3) (c0) is given by rg. Thus ¢
maps trivially to H* (V) (00), so ¢=0.

5.3.13. Remark. — The same proof shows that the analogue of Theorem 5.3.11 holds
when, in hypothesis (a), J' (0, 0)o is replaced by J' (o, 0), for any finite place v. The
present formulation was chosen on the basis of a (perhaps misplaced) analogy with the case
of holomorphic Eisenstein series, and on an absence of examples satisfying both (a) and (c).

5.4. A CONJECTURE ABOUT EMBEDDINGS OF DISCRETE SERIES.

It remains to show that Theorem 5.3.11 is not vacuous; in other words, that rational
cohomology classes on the boundary can, in some instances, be lifted to elements of
J' (0, 0)oo which define closed forms. (We note that this difficulty does not arise if
J' (0, 0)s is replaced by J' (o, 0), for some finite place v, as in Remark 5.3.13, since
the latter space is defined as a rational subspace of cohomology). The basis of our
construction was already explained in [H4], § 6. We assume henceforward that P (R) is a
cuspidal maximal parabolic subgroup of G (R); this means that its Levi component L (R)
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has a Cartan subgroup which is compact modulo the center Zy, (R) of L. The hypothesis
is restrictive but not empty. The set of R-irreducible examples can be enumerated
easily. If G(R)%"? is R-simple and rankg G = rankg G, then there is always a Pf,
corresponding to a maximal boundary component F, for which G; is a torus; such a Pg is
cuspidal. Each hermitian symmetric domain of the form Sp (n, R)/U (n), SO* (2n)/U (n),
or SO(2p+1,2)°/SO(2p+1) x SO(2) ([Hel, p. 518) has an additional boundary
component stabilized by a cuspidal parabolic subgroup, for which G; (R)9°" is isogenous,
respectively, to SL(2), SL(2), and SO (2p, 1)°. This exhausts the list of irreducible
examples.

Since P is cuspidal, L (R) has a discrete series. Let h be the Cartan subalgebra of K,
chosen in 3.6, K, 1, = K, NL(R); we assume b, = hNLie (K, 1) is a Cartan subalgebra
of Lie (K, ). We use the same notation to designate discrete series representations of
G (R) and their associated (g, K,)-modules; likewise for L (R). For every discrete series
representation 7., of G (R), Blank constructs in [BI] a discrete series representation I,
of L (R) and an explicit embedding S : 7o — I§ (Il ® In;) as (g, K,)-modules.

The existence of the embedding was previously proved by Schmid (unpublished). The
identification of II., depends on three factors. Write L=MA, as in 5.3, and let M® and A°
be the identity components of M (R) and A (R), respectively. Write I, = 7 (o0 )®V (7o),
where 7 (7, ) is a discrete series representation of M (R) and v (7,) is a character of A°.
Now the infinitesimal character of 7., determines that of 7 (7,), and determines v (7o)
up to sign. The set of discrete series representations 7 with given infinitesimal character is
determined by two additional data: the Harish-Chandra parameter A (7°) of an irreducible
constituent 7% of 7|y, which is an element of b, ¢, and a certain sign character of
M (R)/MO, which determines an extension of 7° to an irreducible representation of M (R).

Starting with the Harish-Chandra parameter A = A (7o) € h¢ of 7o, Blank lets
A(r%) = Aly: . The sign character is defined explicitly, and is determined by the condition
that the central characters of Too and IS (Il ® 1N, ) coincide. Finally, of the two possible
choices of v (.,), Blank chooses the one with the property that IS (IL, ® 1y,) has a
(non-tempered) Langlands quotient. The explicit formulas can be found in [Bl], p. 128;
however, Blank actually constructs a map from the dual of I§ (Il ® 1y, ) onto the dual
of T, so there is a change of sign.

The discrete series representation 7., has 8-cohomology [H5] in a single degree ¢ (A),
and only with coefficients in the representation V with highest weight A* — p, where A*
is the Harish-Chandra parameter of (7 )* and p is the half-sum of positive roots. (N.B.:
In [H4], [HS], A is used to designate highest weights of K,-modules and A denotes Harish-
Chandra parameters.) Let B (A) be the (unique) lowest K,-type of m,; we use the same
notation to denote its highest weight in h¢ (Blattner parameter, cf. [BW], 11, § 5). Let
b(A) (resp. vy) be a highest weight vector in B (A) (resp. V}). Recall that g (A) is the
cardinality of

(5.4.1) Q(A) = {a € Rf|{a, A*) > 0}.
Let B(A)= A v e A?@p~, where v™* € p~ is a root vector for —a. Then

a€Q(A)
the cocycle @ € CTM) (B, Kp; Moo ® Vi) = Homy, (A7) p~ ® Vi, 7o), which
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generates H?() (B,,, K,; 7o ® V), is the K,-equivariant extension of the unique Hc-
homomorphism which takes 3 (A) ® vx to b(A) € B(A) C 7 (¢f. [W] for these
computations, but note that the conventions are not identical).

To guarantee hypothesis (c) of Theorem 5.3.11, we have to assume ¢ + j = ¢ (A).
At the same time, to guarantee the existence of w with non-trivial cohomology, we have
to assume 7 (7o) = 74 ® T, corresponding to the decomposition M = My, - M;, where
M, =G,NM, M; =G, NM. Then q(A(m)) = i—l(w), A7) = A(h, w) + pn,
and 7; has (m;, K; N M)-cohomology in degree j with values in V ., m; = Lie (M;).
Since 7; is a discrete series module, we must have j = ¢; := 1/2dim X (G;) [BW]: II,
5.3 (dimension as a real manifold).

Blank’s example corresponds to the case w = 1; we write A(h) = A(h, 1),
A(l) = X(l,1). Define A(h), B(A(R)), vr), and b(A(h)) for 7, in analogy with
the definitions for G, and let w, € Homg, (A9 (A (h) p, ® V3 (h) Tp,) in analogy with the
definition of &., above. The cocycle corresponding to 7; lies in a different Lie algebra
complex, namely C*(m, KiNM; 1 ® V). Let G} = G, (R)? - Zg, m), K} = Kin M},
and let 7' be the irreducible (g,, })-submodule of II; corresponding to 7° (introduced
above). Then (in the notation of 4.2)

(5.4.2) C* (ml, KinM; 1@V, (1))
= C* (my, Kj; 7 © Vi) =Homg: (A* 91 @ V3 1y 7))

Let A(l) €b; ;, ¢ be the Harish-Chandra parameter of the discrete series representation i,
let B(A(l)) C 7} be the Blattner Kj-type, b(A (1)) € B(A(l)) (resp. vay € V3 @)
highest weight vector. Finally, let

(5.4.2) BAM) = A wreAWyp,
a€PE (A (D)

where P (A (1)) is the set of all non-compact roots « for b; ¢ such that (a, A (1)) > 0,
and w™® is a basis of the root space corresponding to —c. In terms of (5.4.2),
He® (my, KiNM; 7 ® V) is generated by the K,l—equivariant extension w; of the
unique b;, ¢ N m-homomorphism which takes 3 (A (1)) @y ) to b(A (1)) e B(A(l)) C 7}
(cf. [BW], proof of Theorem 5.3).

Let 71, = 7, ® 7}. The local computation underlying the restriction maps (4.2 .5-10)
is given by the composite of three maps:

S: Homg, (A?W p~ ® V}, meo) — Cy :=Homg, (A?® p~ @ V3, IS (e ® 1n,))
(derived functorially from Blank’s embedding);

T: Cl — 02 2=I‘IOI‘I’lKh‘Kl1 (Aq () ‘p_ ® V;’ T;O)

(restriction of functions from G (R) to M (R)); and
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U: Cg — C3 ZZHOIIIKh.KII ([Aq (A (h) JJ; ® V; (h)] ® [A. P ® V; (l)]’ Th & Tll),

obtained by composing Cayley transform with restriction; since ! (w) = 1, V} w @ Vi
is naturally (and uniquely) a K - K}-submodule of V3.

Since @ is (up to scalars) the unique cohomology class in H? (%) (B, Kp; 7o @ V),
Hypothesis (c) of 5.3.11 is equivalent to the conclusion of the following proposition:

5.4.3. ProposITION. — Suppose q(A(h))+q(l) =q(A). Then UoT oS () is a
non-zero multiple of wy, ® w.

Proof. — Blank has verified [Bl], Prop. 4.1 that B(A (h)) ® B(A({)) is representable
uniquely as a Kj, - K}-invariant subspace (or quotient) of B(A), in such a way that
b(A)=b(A(h))®b(A(l)). We may similarly write vy = v ) ® vx(y. It therefore
suffices to verify that Cayley transform identifies 3 (A) with B (A (h)) ® B(A(1));
equivalently, that

(5.4.4) Q(A) = Q(A () L Ad (cr) ™ (PF (A (D))

Our hypothesis is that both sides of (5.4.4) have the same cardinality, so it suffices to
verify that the left-hand side contains the right-hand side. But this follows immediately
from the definitions.

We have shown that Theorem 5.3.11 is non-vacuous, but the examples proposed
have two obvious drawbacks. In the first place, we had to assume Pg cuspidal, which
is quite rare; the theory of holomorphic Eisenstein series gives examples of embeddings
for arbitrary F, where the representation of G, is a character (¢f. ([H1]). Furthermore,
the examples only work for w=1. Little is known in general about the embedding of
discrete series modules in induced modules, or rather the most general results are expressed
in terms of the Kazhdan-Lusztig polynomials, and are therefore not directly accessible.
Our arguments in paragraph 3 lead us to suspect that Blank’s embeddings have a direct
interpretation in terms of the geometry of the flag variety for G, and that they admit the
following generalization. For brevity, write G for G (R), etc., and assume G semi-simple
and connected. Let F C hg be the set of differentials of algebraic characters of H. Assume
A € Fis Rf-dominant, and A := A+ p is (gc, he)-regular. Let A (h, w) = X (h, w) + pp.
Let 7 (A) (resp. 7 (A (h, w))) be the discrete series representation of G (resp. of Gy) in the
Harish-Chandra parametrization. Define ¢ (A) and q (A (h, w)) as above. For w € WF?,
let

d(A, w) = q(A) — q(A(h, w)) — [(w).
Finally, let A (0, w) = A (I, w)|q and write P = Pp.

5.4.5. CONJECTURE. — Suppose A (0, w) — pp, as a character of a, is in the negative
chamber relative to the parabolic subgroup P. Let ¢ be an irreducible (g;, K;)-module such
that HY %) (g, K;, 0 ® Vi (1,1)) # {0}. Then the discrete series module 7 (A)* embeds
as a subrepresentation of Ind§ (7 (A (h, w))*® (pp — Ao (w)) ® ) (normalized induction).
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