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HELICES ON SOME FANO THREEFOLDS:
CONSTRUCTIVITY OF SEMIORTHOGONAL
BASES OF K,

By D. Yu NOGIN

ABSTRACT. — The paper deals with the properties of helices on the level of the Grothendieck group
Ko (X). For Fano threefolds with Pic X7 (the simplest from the point of view of helix theory) there are
considered the semiorthogonal bases of K, (X), viewed as a Z-module, which arise as a natural generalization
of images in K, of foundations of helices.

For these threefolds equations are derived, which play the role analogous to that of Markov equation for
helices on P2.  With the help of these equations the semiorthogonal bases of K, are classified modulo action
of mutations, i.e. the “K-constructivity” of helices is proved.

Preface

The notion of a helix was first introduced by A. L. Gorodentsev and A. N. Rudakov
in [5] in connection with the problem of constructing of exceptional bundles on P". It
is shown in this paper and also in [3], [8], [15], that the exceptional bundles can be
obtained one from another by canonical mutations in exceptional pairs. The principal
difficulty therewith is to provide a large enough store of pairs for which the mutations
are defined. The concept of a helix is used to avoid these difficulties.

According to [3], [S], a helix on P" is an infinite periodical exceptional collection
o={E,;} of vector bundles (or coherent sheaves) of period n+1, such that for any
element of it there exist multiple -(left) mutations L®E, for 1<k<n, while
LPE;=E,_,_, and the collections L¥ o are exceptional (we use here the notations
of [3]). With such a definition, nontrivial is the fact proved in [3], that any mutation of
a helix is also a helix, which means that some initial store of mutations provides the
existence of further ones.

In the succeeding works ([2], [4], [14], [16]) the helix theory got its further
progress. Thus, very promising was found the approach of A. L. Gorodentsev [4], who
suggested to consider helices in the derived category of coherent sheaves over an arbitrary
manifold. Such an approach on the one hand generalizes the notion of a helix on P",
and on the other hand allows to consider helices in any triangled category, where
Hom’ (E, F) for any two objects E, F has a structure of finite-dimensional graded vector
space over C. In particular, in [2] from this point of view there are studied the categories
of representations of some classes of algebras.
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130 D. Yu NOGIN

Exceptional vector bundles were first considered in [9], where they were used for the
description of moduli space of stable vector bundles on P2. There the exceptional
bundles arose as stable bundles with discriminant A (E) <1/2. Later J.-M. Drezet proved
in [8] that this definition is equivalent to the following: a bundle E is called exceptional,
if

{ °CE,E)=C
{E,E)=0 for i#0,

where ‘{ E, F ) denotes (as everywhere below) the space Ext'(E, F).

Such a cohomological description of exceptional bundles allowed A. L. Gorodentsev
and A. N. Rudakov to extend the notion of an exceptional bundle to P" and other
manifolds (see, for example, [3], [5], [16]). It is possible thereby to consider exceptional
objects not only in the category of vector bundles, but in more general cases: in the
category of coherent sheaves, and in the derived category of coherent sheaves. When
studying vector bundles, such a transition to the greater amount of objects we consider
has a certain purport because of the notion of a mutation of an exceptional pair and the
concept of a helix (see, for example, [4]).

Remind that a pair (E, F) of exceptional objects is called exceptional if ‘{ F, E)=0
for all i. It is one of the most important properties of exceptional bundles on P? that
for an exceptional pair there can be defined a (left) mutation: for an exceptional pair
(E, F) the kernel Lg F of the canonical morphism

1can

°(E, FY®E—oF

is exceptional, and the morphism itself is surjective. Moreover, the pair (L F, E) is
also exceptional; it is called the left mutation of the pair (E, F), and the object L¢F itself
is called the left shift of F in the pair. The mapping (E, F)— (L F, E) is also called
the left mutation, the left shift of F or the transfer of F over E.

The right mutation is defined dually with the help of the morphism
rcan= lcan* (F*, E*). The mapping rcan is inverse to lcan, and vice versa.

Mutations of exceptional vector bundles on P2 first appeared in [8], although without
the terminology.

For an exceptional pair of bundles on P" the surjectivity of lcan (correspondingly,
injectivity of rcan) is proved only provided that the pair is included in a constructive
helix [3]. Here the helix is called constructive, if it can be obtained by successive
mutations from the canonical helix { O (i) }.

When studying exceptional pairs of sheaves on a two-dimensional quadric P! x P!
(see [16], [4]), one can note that the canonical morphism Ican can be not surjective. It
can be injective; in this case one can easily check that the cokernel of the morphism is
exceptional, and it can be regarded as a left shift in the pair. The mutation of such
type is called a recoil, as distinguished from the case of the mutation of division type,
described above. The case is also possible, when °(E, F)=0, then the result of a
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HELICES ON SOME FANO THREEFOLDS 131

mutation is an exceptional sheaf &, obtained as the universal extension

0-F->¢->E F)®E—-0

Such a mutation of extension type is inverse to a mutation of recoil type.

These three cases were combined by A. L. Gorodentsev [4] into the concept of a
mutation in the derived category of coherent sheaves. An object A of the derived
category is called exceptional, if

Hom' (A, A)=C°,

and the result of a (left) mutation is the cone of the (left) canonical morphism, which, as
Gorodentsev proves, is also an exceptional object.

An ordered pair (A, B) of exceptional objects is called exceptional, if Hom' (B, A)=0.

Undoubtedly important is the concept of a helix in the derived category, introduced
by Gorodentsev. Remind that an ordered collection of objects is called exceptional, if
any ordered pair, being a subcollection of it, is exceptional. The helix of period n in
the derived category of coherent sheaves on a manifold X is an infinite ordered collection
o={A,}, which satisfy the following conditions:

1) Any n successive elements of the collection o form an exceptional collection (called
a foundation of a helix),

2) A;,_,=Lr VA, where L VA, is a (n— 1)-th left shift of A, in o.

The result of a shift of A, in a helix is a collection, obtained from it by corresponding
shifts of all elements A,, k=i(modn). Therefore, condition 2) may be written as
Lf Yo=o0.

The connection between the concept of a helix and the structure of the derived category
was revealed by A. I. Bondal [2]. He has proved the following theorem:

Let X be a Fano manifold, (A,, ..., A,_;) be an exceptional collection of objects of
D’(Sh(X)) be the bounded derived category of coherent sheaves on X. Then the
following conditions are equivalent:

1) The collection (A,, ..., A,_,) generates D®(Sh (X)),

2) An infinite collection {A;}, defined periodically by the condition
A;_,=A;®0x[dimX], is a helix of period ».

Here oy is a canonical class of X, and a number in square brackets denotes the
multiplicity of the shift of an object to the left viewed as a graded complex. Such
helices are called the complete helices on a manifold X.

If all the objects A; have only one non-zero cohomology, i.e. if they are represented
by sheaves, then the corresponding helix {E;} in the category of sheaves obey the
property E,_,=E,; (A x), where /' is the canonical divisor. An example of a complete
sheaf helix may be given by the helix { 0 (i) } of period n+1 on P" according to [1], the
collection { @, ..., O(n—1)} generates D?(Sh(P"), and according to [3] all mutation of
this helix are possible in the category of sheaves. Collections which generate the derived
category are described also by M. M. Kapranov ([10], [11], [12]) for Grassmannians,
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132 D. Yu NOGIN

quadrics and flag manifolds. A symmetric sheaf helix on the Grassmannian G (2, 4) is
constructed by B. V. Karpov [13].

For a foundation of a complete helix on a manifold X there is valid an analogue of
the Beilinson theorem — there exists a spectral sequence associated with the foundation,
which generalizes the Beilinson spectral sequence for the helix {0 ()} on P" ([3], [5],
compare with [1], [8]).

The possibility to chose suitable foundations of helices and to mutate the foundations
opens wide prospects in problems of constructing of moduli spaces, since it allows to
obtain the most convenient representations for a given sheaf, and also to mutate the
moduli spaces themselves. Thus, on this way J.-M. Drezet achieved a considerable
success in constructing moduli spaces of stable vector bundles on P? and studying their
geometry ([6], [7]).

The existence of Beilinson-type spectral sequences, associated with a foundation of a
complete helix, provide the fact that the images in K, (X) of elements of a foundation of
a complete helix form a basis of K, (X) viewed as a Z-module. On K, (X) there is defined
an integer bilinear form { E, F Y=y (E, F) where y (E, F) is the Euler characteristic, equal
to

Y (—1)-dim'(E, F)

for classes E, F represented by sheaves E, F; or, in more general case, to

Y. (— 1)’-dim H' (Hom' (E, F))

for objects of the derived category.

Since the elements of a foundation of a helix form an exceptional collection, any basis
(eo, - - -, €, of the module K, (X), obtained as an image of some foundation of a helix,
satisfy the conditions

(e, e;y=1, Ceje;)=0 for j>i.

The bases, which satisfy these conditions, are called semiorthogonal.

On the set of all semiorthogonal bases, as well as on the set of helices (see [4, (4.4.1)]),
there acts by left mutations the Artin braid group: the action of a generator of the group
on a basis (ey, - .., e, is defined as an elementary mutation, which maps the pair
(e €;41) tO

enerriyei—e s, e)

This definition of mutation in K, correlates with the corresponding definition in the
category of sheaves up to changing sign:

(The sign depends on the type of a sheaf mutation). The line denotes here the class of
a sheaf in K; further on we as a rule omit it.
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HELICES ON SOME FANO THREEFOLDS 133

In connection with the problem of classifying the complete helices it is natural to
consider that of to classify the semiorthogonal bases, i. e. to select the set of the simplest
bases (further on we call them canonical bases) and to describe the set of constructive
bases, which can be obtained from these canonical ones by successive mutations.

In this paper there is studied the problem of constructivity of the semiorthogonal bases
of K, for Fano threefolds, which are the simplest from the point of view of helix
theory, —for the threefolds with PicX=~Z. A complete helix on such a threefold must
have period 4. There exist four kinds of such manifolds: the projective space P2, a
smooth quadric Q, the manifold V4 and the family V,,.

For P3, Q and manifolds Vs there are known the examples of complete sheaf
helices. For P* it is the helix {0@())} according to [3]. For a quadric Q
M. M. Kapranov [10] has constructed exceptional collections, which generate the derived
category of coherent sheaves and therefore, taking into account the theorem of
A. 1. Bondal [2] given above, are foundations of some complete helices. The example

of such a collection gives
O, &*, 0(1), 0(2),

where & is the spinor bundle. One can easily check using some formulas from [10] that
this helix is a sheaf one.

The example of a complete sheaf helix on V5 was recently constructed by
D. O. Orlov —it is the helix with the foundation

@, 2, 7%, 0(1)),

where & and 2 are correspondingly the restrictions to V4 of the universal bundle and
the factor bundle on the Grassmannian G (2, 5) in case of V realized as the intersection of
the image of the Pliicker embedding G (2, 5)  P° with a general subspace P < P°. The
examples of complete helices on V,, are not yet known.

The problem of the classification of the semiorthogonal bases of K, (X) is, in fact, a
Diophantine one. In the simplest cases it can be reduced to that of to solve one
Diophantine equation. Thus, A. N. Rudakov [15] discovered that the ranks of the
elements of a foundation of a helix on P? satisfy the Markov equation

1)) x2+y?+z2=3xyz,

moreover, a mutation of a helix corresponds to a mutation of a numerical solution of
the equation ((x, y, z)> (3yz—x, y, z)). Thereby, in order to prove the constructivity
of all helices it is sufficient to prove that all numerical solutions of the Markov equation
form one orbit modulo action of mutations (up to multiplying two elements of a Markov
triple by —1, which in geometrical situation corresponds to the shift of graduation in
the derived category). In similar case, when describing symmetric helices on a
quadric [16], there is used the equation

¥)) x2+y?+222=4xyz,
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which holds for the ranks of elements of a symmetric helix. Certainly, the transition
from solving a Diophantine problem to geometrical constructivity is possible only when
the corresponding geometrical properties of exceptional objects are studied.

The main tool when proving constructivity of the semiorthogonal bases is the method
of Markov-type equations, which generalizes the equations (1), (2) for helices of
period 3. For helices of greater period a Markov-type equation for an exceptional pair
(E,, E,) is a Diophantine one, which holds for the ranks of elements of the pair and
some invariant of the pair. An invariant of a pair is an integer function of elements of
it, which is invariant under mutations.

For equations (1), (2) such an invariant is

dimHom (E,, E,),

which is equal correspondingly to 3 z, tripled rank of the third element of the foundation
of the helix in equation (1), and to 4z, taken four times rank of the non-diagonal bundle
in the foundation of the symmetric helix in equation (2). And if by z we denote
dim Hom (E,, E,), then equations (1), (2) would be rewritten in the form

2
3 x2+y2+ % =xyz,

where o2 is the selfintersection number of the canonical divisor, equal to 9 and 8
correspondingly. Similar equation for rational ruled surfaces was obtained by the author
in [14].

In this paper there is derived and applied when proving constructivity of the semiortho-
gonal bases the following Markov-type equation for threefolds listed above:

@) X 4y2+2

Here also z=(E,, E, ), x=1rkE,, y=1kE,; p is a parametre. This equation was first
obtained by A. I. Bondal. However, for the proof of constructivity of the semiortho-
gonal bases it is more convenient to take as z some other invariant of a pair for which
the corresponding Markov-type equations are:

for P3:
(%) x2+y*+222=8z—p)xy
for Q:
6 x2+y*+322=9z—p)xy
for V,:
@) x*+y*+522=(10z—p)xy
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HELICES ON SOME FANO THREEFOLDS 135

for V,,:
® x> +y?+1122=(11z—p)xy

In the paper there are derived some extra correlations between parametres of semi-
orthogonal bases (foundations of helices), which are used when proving the
constructivity. For each of these threefolds there exists a set of canonical bases, obtained
one from another by elementwise tensoring by a power of the ideal sheaf of a point. Any
semiorthogonal basis up to changing signs of some elements can be obtained by mutations
from one of these canonical bases.

Let #, denote the ideal sheaf of a point.
For P3 the canonical bases are

O 75, 0(H® L5 0 (R 75 O(3)R 7%, nel.
For a quadric Q the canonical bases are
0O® 7, £*® 75, 0(H® £, 0 2)®77), neZ,

where & is a spinor bundle.
For V; the canonical bases are

0®7, 287, S*®@1, 0()®F}), nel,

with & and 2 described two pages above.
For V,, the canonical bases (e, . . ., e;) are the bases with

rke,=1, rke, =4, rke,=3, ke, =2,

c1e,=0, cie;=cye,=cye3=H,

where H is a positive generator of Pic X.

The study of geometrical properties of helices on these manifolds seems to be a field,
worthy of the most intent consideration.

The author is very grateful to A. N. Rudakov and A. N. Tyurin, and also to
A. 1. Bondal, A. L. Gorodentsev and S. K. Zube for their kindly support and unchanging
interest to the work.

1. Markov-type equations for exceptional pairs

Here and below we call a collection (e, .. ., e,) of elements of K, (X) exceptional if
it satisfies the conditions of semiorthogonality:

(e, e;y=1, (e, e,)=0  for j>i.
In particular, we call xe K, (X) an exceptional object if { x, x y=1.
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1.1. INVARIANTS OF EXCEPTIONAL COLLECTIONS. — An invariant of an exceptional collec-
tion is an integer function of elements of the collection, which is invariant under all
possible mutations of it. The simple example is the invariant 4 of an exceptional pair
(x, ), equal to the value of the form ¥ on the pair :

h(x, y)=<x, y).
Indeed, 4 is preserved under a mutation of the pair

h(ny’ x)=<ny9 x>=<<x’ y>'x_y3 x>
=X,y )X x )=y, x)={x,y)=h(x, ).

The example of an invariant of an exceptional collection (e, .. ., €,) of arbitrary
length is given by
det (s; (€))):, j=o. .. ..k>

where (8o, . . .,5;) is a collection of additive functions on K, (X). Indeed, the transform-
ation of the matrix under the left mutation of the pair (e}, e;.,) is, in fact, the column
transformation, so the determinant is preserved.

The described above invariant A4 can also be represented as a sum of such invariants,
since for an exceptional pair the Riemann-Roch theorem provides that

(x,y)={x,y)—<» x>=<td('7)~det< ch*x Ch*y>>‘
chx chy "

More complicated example of an invariant of a pair (x, y) is

et( $(2) s(y)),
sLey) s

where s is an additive function. Indeed, the left mutation transforms the matrix to

< s(L,y) s (x) )
hs(L,y)=s(x) hs(x)=s(y))
since

Ly, x=(L.y, x)-Ly—x=hLy—x,

so the row transformation is made, which also preserves the determinant.

1.2. MARKOV-TYPE EQUATIONS. — Let there exist an equation, which establishes the
relation between the ranks of elements of an exceptional pair (ey, e,), some invariant z
of the pair and invariants p,,...,p,(n=0) of an exceptional collection (e,, .. ., ¢),
which complements the pair to a semiorthogonal basis. Consider this equation as a
Diophantine one

(X, ¥, 2, P15 - P)=0
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HELICES ON SOME FANO THREEFOLDS 137

on tree variables
x=rke,, y=rke,, z=2z(eg, €;)

with parametres p,, ..., p,. Let it be quadratic with respect to each variable. Then,
with fixed values of parametres, on the set of all numerical solutions (x, y, z) of this
Diophantine equation there act the mutations

’

x> x', ye—y, z 7',
defined as following:
For any solution (x,, y,, z,) consider

(px(t)=(p(t, Yo> Z0> P15 - - "pn)

—the quadratic polynomial on #; x, being one of its roots. The other root x’ gives the
mutated solution (x', y,, z,). The mutations y+»> ), z+— z' are defined similarly.

We call such an equation o¢(x, y, z; py, ...,p,)=0 Markov-type, if the following
conditions hold:

1) the variables x and y are symmetrical in the equation,

2) numerical mutations x+ x’, y+— )’ correspond to right and left mutations of a pair
(eo, €1) (up to the commutation of x and y, but they are symmetrical),

3) the value of the parametres p,,..., p, on the collections (e,, ..., e) and
(L., ez - .., L, e) coincide for any semiorthogonal basis (e, . . .,e),

4) the numerical mutation zr>z' corresponds to the transition from the basis
(eg - - -» ) to the basis (e;®wy, €y, L., €5, ...,L, €) (up to the commutation of x
and y), where oy is the canonical sheaf on X.

Thus, the classical Markov equation (1)

x2+y?+z2=3xyz,

which holds for the ranks of elements of a semiorthogonal basis of K, (P?) (a foundation
of a helix on P?) is a Markov-type equation in the following sense: the equivalent

is a Markov-type equation of variables x, y, h: conditions 1), 3) are obviously satisfied;
x'=hy—x and y'=hx—y correspond to mutations in the pair; »'=9 xy—h corresponds
to the transition to the basis

(€1®(0, €05 L21 62),

since for this basis

(e;®0, e, y=31kL, e,=3({e,, e;) -rke;—rke;)=3(3x-y—z)=9xy—h.

Note that when changing sign of one of the elements of a pair (it is the operation,
which preserves the semiorthogonality of the basis and corresponds to the shift of grading
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in the derived category) the Markov equation (1) is no longer valid, while the equation
(3) is: not only the sign of one of the ranks changes, but that of the invariant 4 also
does.

The Markov-type equation (4) is derived in section 3.

1.3. REDUCTION METHOD. — Markov-type equations help to find the conditions, which
provide that the corresponding mutations reduce the numerical solutions. Thus, let
¢ (a, b, c)=0 be a Markov-type equation with fixed values of parametres, (a,, by, o) be
one of its solutions. Let the top coefficient of the quadratic ¢,(f)=o (¢, by, ¢,) be
positive. One of the roots of this polynomial is a@,. A mutation reduces a, if the other
root is less than a,. To prove it, it is sufficient to find ¢, <a, such that o, (¢,) <0.

Suppose that any numerical solution of a Markov-type equation can be reduced to
one of the simplest, which correspond to some certain (canonical) semiorthogonal
bases. It would mean that any semiorthogonal basis can be reduced by mutations to
one of the canonical, i.e. the constructivity of the semiorthogonal bases is proved.

Below this method is applied to some concrete examples.

2. Properties of semiorthogonal bases

Let (eo, €;, €5, €3) be a semiorthogonal basis of K (X), { x, y > =y (x, ) be the bilinear
form on K,(X). Denote by k the linear operator on K, (X) such that

(x, ky)=(y x).
For an arbitrary manifold X this operator exists due to Serre duality, namely
kE=(—1)""*EQae.

As above, ® denotes here the canonical sheaf on X. In particular, for threefolds
kE=-E®o.

2.1. DuAL BAses OF K (X). — A basis {e; } is called (left) dual to a basis {¢; } if
(e, e Y=3,;

If { e} is a semiorthogonal basis, which corresponds to some foundation of a complete
helix {E,.}, then, as A. L. Gorodentsev [4,(4.4.2)] has shown, the dual basis exists and
is given by the conditions

©) e¥=Lg .. Lg_ E

i.e. e is the image in K, (X) of the i-th left sheaf of E; in the helix in the derived
category. Conditions (9) together with the definition of a complete helix imply that

AV — V o— —_ -— p—
€ =€, ey =Lg E; = L,,e =e; (egs €1) - €,

ey =LOE,=E,Q@u[dmX]=(- 1) XE,Qo=xe,,

4° SERIE — TOME 27 — 1994 — N° 2



HELICES ON SOME FANO THREEFOLDS 139

ey =LPE,=R(LYE,) =R (E,®0)[dm X]= —R,,, ke,
=—xR, e;=xe,— (e, e3) Ke,.

Further on we use the notation
hij= (e €;j >

Thus, if a given basis corresponds to a foundation of a complete helix, then the elements
of the dual basis are given by formulas

(10 eg =eo, ey =e;—ho, e, e; =Ke;—hy3Kes, e; =Kes.

Now one can easily check that for an arbitrary semiorthogonal basis the elements e,’
defined by (10) satisfy the conditions (e;, e}’ ) =3,; as well, i.e. form a dual basis.

2.2. ProbucTs oF ADDITIVE FUNCTIONS. — Define for xe K, (X) the additive function
Ax={(-,x):KoX)— Z
The existence of semiorthogonal bases implies, in particular, that the operator
A: Ko (X) > K3 (X)

is invertible, i. e. for any additive function se K# (X) there is defined the element A~ !s.

Define for any additive functions s and ¢ their product
(s, t)={ A" s, A7),
Note that it can be similarly defined by means of the operator
p:x—((x, - ):Ko(X) > 2),
but {x,- >={-, kx), so p=Ak, and thereby
AThs, MRy =(xpT s, kpT ) =(p i, kpT s )=(pT s, pT 1),

i.e. the definitions are equivalent.

Fix the basis { pe;} in K§(X) and consider the decomposition of an additive function :
t=Y"rpe=Y (e, ).
i i

Then
t(ejv)=ztl<ei9 e >

i.e. #=t(e’). Thus,
1=Yt(e’)pe.
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Similarly, using the basis {Ae,” } one can easily obtain for an additive function s the
identity
s=Y s(e)he.

Then
s, t>=23(ei)t(ejv)<7"eiv’ Pej>-
Here ’
(e, pej>=<eiv’ ATt pej>=<eiv’ Kej>=<ej’ e’ >=8ij,
ie.
@arn (s, t>=zs(ei)t(eiv)-

2.3. ProrosiTioN (helix property of semiorthogonal bases). — Let (eq, . ..,e,) be a
semiorthogonal basis of Ko (X). Consider the infinite collection {e;} defined by the
condition

€i—k-1=€6Q0.
Then

1) Any k+1 successive elements of the collection {e; } form a semiorthogonal basis;
2) LWe=(—1)*4mX. g _,_,.

Proof. — To prove assertion 1) it is sufficient to verify that the collections
(e®w, ey, ...,e,_;) and (e, ..., €, e,®0 ') are semiorthogonal bases. The verify-
ing is obvious. :

To prove assertion 2) consider the collection

LWe, e, ..., e—1)
which is a semiorthogonal basis, since mutations preserve semiorthogonality. Therefore
(12) (e;, LWe, >=0 for 0<igk-1.
Furthermore, for an exceptional pair (x, y) we have
O Lay)=(nixy)x—y>=-1L

Hence, by induction on j we obtain that (e, LYe, >=(—1). Then (12) together with
the equality { e,, L® ¢, >=(— 1)* implies that
ALW e, =(—1)Aey,

hence,
LW e =(—1) ey =(—D'keg=(— D 4mXe_,.
The proposition implies, in particular, that the transition from a basis (e, . . ., €,) to
(e;®0, €y, L,, €5, ..., L, &), which appears in the definition of a Markov-type equation

(1.2), can be obtained by mutations (up to changing signs).
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3. Markov-type equations for X

The manifold X we consider is understood to be one of the threefolds P2, Q, Vs, V,,.
The canonical class of X is denoted by 7.

3.1. RIEMANN-R({)CI;I FORMULA. — Consider for a manifold X the Riemann-Roch
theorem in Hirzebruch form:
X (E)=(ch(E)-td (9))s,

where J is the tangent sheaf on X; (), denotes the component of codimension 3 in
A X)®Q, where A (X) is the Chow ring; ch (E) is the Chern character;

2
Wd@)=1+a+G@r)  ac
2 12 24

is the Todd class of I, ¢;=c¢;(J). Here ¢, (J)=—A", and ¢, c,/24=y(0)=1, so
242 __ 24472
a3 a3

W@)=1-Z o[ L 2 )41,
2 12 %3

)=

Thus,

Introduce the notations for ““specific components” of Chern character:

_ () _ B _ 1, |
v(E) ok q(B) '®  2r®) (c1(E)—2¢, (E)),
_ ch; (E) _ 1 3 _
n(E) 7 (E) 61 (E) (1 (B)—3¢;(B)c, (E)+3c;(E)),

then
ch(E)=r(E)-(1+v(E)+q(E)+n(E)),

and the Riemann-Roch formula may be written as
X (E)=(ch(E)-td (7)),
N 1 2
=r(E)-(Q+v(E)+qE)+nE)- (1 - =+ —— — |+1
r()(( v(B)+ ¢ (E) n(»( d (12 w) ))
1

2 A
—r(E)-<l+9{2<E - —f—;)v(E)— 7q(E)+n(E)).

For locally free sheaves E, F we have the identity y (E, F)=y (E*®F), and the multiplica-
tivity of Chern class implies that

VE*@F)=v(F)-v(E)=Av, ¢E*@F)=q(E)+q(F)—v(E).v(F),
N(E*@F)=An+qE)v(F)—q(F)v(E),
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where An=1n(F)—n(E). Then
(13) (E, F)=x(E, F)=r(E) -r(F)
1 2

A
2 - - — .
x<1+.%” (12 J£’3>AV 2 (q(E)+q(F)—Vv(E)-v(F))

+An+q(E)v<F)—q(F)v(E)>.

Since the Euler characteristic is additive, formula (13) is valid for an arbitrary sheaf E
of non-zero rank.

In particular, from (13) one can derive the expression for (E,F), =(E,F)+(F,E):

(14 (E, F>+=2’(E)'r(F)'(1— %(q(E)+q(F)-V(E)~V(F))).

3.2. RIEMANN-ROCH FORMULA FOR AN EXCEPTIONAL PAIR. — For an exceptional sheaf E
formula (14) implies

2=(E,E),=2r (E)~<1— %(24(5)—\'2(15))),

hence, —(#'/2) 2 q(E)— Vv (E))=1/r* (E)—1, so

Ao sm L VE A
15) . Tq(E) 3(E) 5 T

where 8 (E) denotes 1/(2 7% (E)).

Substituting (15) and the similar expression for — (¢ /2) ¢ (F) into (14), we obtain the
Riemann-Roch formula for an exceptional pair (E, F):

(E,F)=(E,F),=2r(E)-r(F)
_L_vE x _L_ V) X A e
><<1+8(E) STy A T () v(F)>

=2r(E)-r(F)-<8(E)+8(F)— 2f——(vz(E)+v2(F)—-2v(E)-v(F))),
ie.

(16) (E, F)=2r(E)-r(F)-<8(E)+8(F)— %(Av)’).

Let H be the positive generator of the group PicX=~7Z-H. Denote by k the multipli-
city of the anticanonical class (index of Fano threefold), i.e. —#"'=kH. Denote by d
the integer additive function on K, (X), equal to the multiplicity of the first Chern class,
i.e. ¢; (E)=d(E)-H. [In particular, k=d (0 ').]

Consider (16) for an exceptional pair (e;, e;) using the above notations:

ey e,->=2r,-r,-<8(e,-)+8(ej)+ %H(d"H - ﬂ>2>

rj ri
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Remind that we denote (e;, e;) by h;;. Then

2.2 k(d_di\ s 2,2, K s 2
hijrir;=2riri| 8(e)+d(ep)+—| L — =) B’ |=rj+ri+ - H>(r;d;—r;d)*.
4\r; r, 2
Here
rid;—r;d;=det (ri rj>=Cij
i J
— an invariant of the pair (e, e;).

Thus, we obtain the formula

gyt

(17) hrr=r12+r12+§H3Clzl

Note that it is not a Markov-type equation, since it includes two invariants of a pair:
h;; and C;;.

3.3. PROPOSITION. — An exceptional object on X is of non-zero rank.
Proof. — Formula (14) for an exceptional object E of zero rank implies:
— — '){ 2 — 2 372
2=(E,E),=2- 5 c¢;(E)=—kH((E)-H)*= —kH’d*(E)<0,
which provides a contradiction.

3.4. ProprosiTION. — For an exceptional pair of objects of positive rank the inequalities
h;j=3, C;;#0 hold.

Proof. — Formula (17) written as

k
(h;=2)riry=(r;— rj)2 + > H3- Cizj,
with r;, ;>0 immediately implies that 4;;=2. If h;=2, then r;=r;, C;;=0. Conversely,
under C;;=0 we obtain
hjrirj=ri+rk,

hence r;|r;, r;|r;, i.e. r;=r; Thus, in both cases r;=rj, ¢, (¢)=c, (¢;). Then (15) implies
that g(e;)=g(e;) as well. Then the condition (e;, ¢;)=0 together with (13) provide
that n(e;)=mn{(e;), therefore ch(e;)=ch(e)), i.e. e;=¢; as elements of K,(X). But it
would imply

1=(e;, e;)=(ej, ¢;)=0.

3.5. CorOLLARY. — Mutations of an exceptional pair of objects of positive rank preserve
the ranks to be positive.
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Indeed, 4 is an invariant of a pair; thereby if an object obtained by a mutation has
negative rank, then in equality (17) for the mutated pair we would have r;>0, r;<0,
h;j= 3, which provides a contradiction.

When multiplying one of the elements of a semiorthogonal basis by —1, the basis
remains semiorthogonal. Therefore, taking corollary 3.5 into account, we consider
further on only the bases consisting of objects of positive rank.

All the following assertions of this section are formulated for such bases.

3.6. PROPOSITION. — An exceptional pair with fixed values of invariants C and h can
be reduced by mutations to a pair for which the lesser rank (among those of elements of

the pair) is not greater than C-_/kH3/2(h—2).

Proof. — We prove the proposition by induction on the sum of ranks of elements of
a pair (assuming them to be positive). Denote the ranks by x and y; then (17) is written
as

x2+y2+§-H3-C2=hxy.

Applying the reduction method (1.3), we obtain that when x =y, the mutation does not
reduce x only if

050,()=2y7+ 5 H-CP =y,
i.e. (h—2)y*<(kj2)H?-C2.
QED.

3.7. THE pUAL BASES. — According to 2.1, the dual basis of K, (X) is defined by
formulas (10):

eg =eq, ey =e,—hgy, ey, ey =ke,—h,3Kes, ey =xes,

where kE=(—1)%"X*EQo=-EQo.
For additive functions r (rank) and d introduced above, we obtain

r(ke)=—r, dxe)=—d(e,Qw)=—(d,—kr)=kr,—d,

so r(e;) and d(e;”) can easily be computed:

rey =ro, rey =ri—hgy o, re; =—r,+h,sr;, rez= —rs;
deg =d,, dey =d,—hy, d,, de; =kry—d,— h,;(kr;—d,),
V = —
dey =kry—d,.

Furthermore, A~ ! r=0,, the class of a structure sheaf of a point (see 2.2), and A~ 'd is
represented by a one-dimensional cycle, so

{r,ry={r,dy={d, r)=0.
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The same products can be computed using (11):

(18) 0={r,ry=Y rrey =ry—hg ror, +ri—(r3—hy3ryry+ri);
i

(19) 0=(r,dy—<{d, ry=> (r,de} —d;re’)

=h01(r0d1~—r1d0)+kr§—h23kr2r3+h23(r3d2—r2d3)kr§
=h01C01+h23C23+k(r§—h23r2r3+r§).

The obtained equalities (18), (19) together with (17) provide

k? k?
(20) ho1 Coy thy3 Cyz= E_ H? 'C(2)1 = ? H? ~C§3.

3.8. PROPOSITION. — For semiorthogonal bases consisting of objects of positive rank the
equality | Cy, |=|C,3| holds, and at least one of the numbers C,, C,5 is positive.

Proof. — The first part of the assertion follows immediately from (20). Furthermore,
hoy1 Coqt+hy3 Cy3>0 because of (20) and proposition 3.4, therefore when hy, = h,5, we
have

2
(21) hoy +(sign Cy3) hys= k? H3-Cy, >0.

(Correspondingly, when ky, <h,;, then C,;<0).
Let C;, denote C(e3, e,®®~!). Then similarly |C,,|=|Cj,]|.

3.9. ProrosiTioN. — For any semiorthogonal basis of K, (X) one of the following cases
holds: either
(+) Co;=Cys and Ci12=Cs4
or
(=) Co1=—Cy; and Ci=—-Cys.

Proof. — According to 3.8, in all the other cases excepts (+) and (—) exactly one of
the numbers C; ;,, (0=<i=<3)is negative. Assume without loss of generality that C,; <0,
since all the other cases can be brought to this by taking into consideration one of the
bases

(e3R0, e, €1, €;), (6,00, e;Q0, ey, €;) or (e, e,, €3, W™ 1).

So, let
C01=_C23=C>0, C12=C34=C,>0.

Consider the basis

J=Uos f1, 12, f3) = (€0, €2, R, €4, €3).

For this basis C{,=C,,=C’, since C' is preserved under the mutation of the pair
(e;, ;). Denote C5, =C. Since

d, d,
Clj=rirl(;‘l - :),
Jj i
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the sign of C;; equals to that of (u;— ), where p=djr is the slope. Then for the starting
basis po<p, <p, and p,>p,, thus, p,<p(f), w(fy)>us;. It implies that C>0,
Cly=— C

Furthermore,
C’ C
(22) C=rory(uy— o) =rory (B2~ 1e) + (11— Ho)) =T - +r, -
1 1
Moreover,
-C o
—C=Crs=ryr3(H3— 1) =1, r3(Ha — () TR~ WD) =712 7 +r3“r7,
2 2

where r{=h,, r,—r,. Together with (22) it gives

=C(hyarari—r)ri=ry(=C'ro=Cry)+r,r3 C,
ie.
—C(—=r3+h,rri—1r)=—=C'ror,+C'ryrs,
where

—r§+h12r2r1—rf=]5€H3~C2=]§H3-(C’)2

according to (17), (18); therefore, recalling C' #0, we obtain

k
(23) EH3-C-C’=r0r2—r1r3.

Now consider the basis

g=(g09 g1> g2, g3)=((3’f®03, eﬁ@m, e;, e;)
For it
C3:=Co1=C, 92=C30=C, C53=C,3=—-C,

then (23) implies that

SHCCmA A=A A=

Together with (23) it gives C-C’=0, which contradicts to 3.4.

3.10. CoroLLARY. — The classes of (+)-bases and (—)-bases are closed under the
action of mutations.

Indeed, any mutation preserves one of the pairs of numbers: (Cy;, C,3) or (C,,, Cj,).

3.11. CoroLLARY. — Formula (23) is valid for (—)-bases with hyy Zh,5, hy; 2 hs,.

Indeed, when deriving this formula we used the conditions Cy; = —C,3;>0, C,,>0
only, which hold for such (—)-bases, since 3.8 for Ay, = h,, implies C,, >0.
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3.12. ProposITION. — For (+ )-bases there is valid the formula

(24) §H3-C-C'=ror2+r1r3.

It can be deduced similarly as the formula (23) in 3.9 bearing in mind that a mutation
transforms a (+ )-basis to a (+)-basis (3.10).

3.13. MARKOV-TYPE EQUATIONS FOR (+)-BASES. — (Below we prove for each of the
manifolds we consider that (—)-bases consisting of objects of positive rank do not exist).

For a (+)-basis (20) holds in the form

hoy + has -

@) (k*/2)H?

01=Cs3.

Consider (17) with i=0, j=1. Let hy; =z, h,3=p. Then (25) gives C,, =z+ p/(k%/2) H3,
thus we obtain equation (4) :
2 2 (z +P)2 _

x2+y2+ =L =xyz,
Y epw
I.e.
x2+ 2+2___(z+p)2 =xyz
y (_%)3 yZz.

Conversely, taking the invariant C as z, i. e. considering C,, =z, h,3=p, obtain
2 2 k 3.2 k2 3
(26) x*+y +5Hz=xy 7H z—p

(compare with equations (5-8) of the preface).

For equation (26) the numerical mutation of z is z+—z'=kxy—z. This mutation
corresponds to the transition to the basis (e; ®w, e,, L., €,, L,, e3), since

r r r r
C(e,®0, e,)=det ! °>=det< t °>=-—C +kror,=kxy—z.
(e 0) <d(e1®m) d, d,—kr, d, o1 ol 34

Hence, equation (26) is indeed a Markov-type equation (verifying other properties is
obvious).

For equation (4) the numerical mutation of z is

(=AY
2

Z—z =

xXy—2p—rz.
On the other hand,
k2
h(e,®, ey)= *2“ H?>C(e;®@0, eg)—p
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according to (25), so

_'%/‘ 3
) xy—(z+p)—p,

K? s k? (
h(e;®@w, eg)= 5 H? (kxy—Cyy)—p= 5 H?xy— > H*>Cy, —p=

QED.
Thus, (4) is also a Markov-type equation.

4. Two lemmas

4.1. LeMMA. — Let (ey, €4, €,, €3) and (fo, f1, f2, f3) be two semiorthogonal bases of
Ko (X) with r(e)=r(f), d(e)=d (f). Then there exists o€ Z such that f,;=e;® #5, where
# p is an ideal sheaf of a point.

Proof. — For an exceptional object formula (15) implies that ¢ is determined by r and
¢y, 50 q(e)=q(f). Hence, fi=e;+n,;0, where n,eZ. Conversely, any object of such
a kind as e;+n @, is exceptional, since

(e+n0,, e+n0,y=1+nle, 0,>+n{0, e;y=1+n-ri—n-r,=1.
On the other hand, semiorthogonality implies that for j>i we have
0=Cfp fiy=(ej+n;0, e,+n0,y=nr;—n;r,

so n/r;=n;/rj=—oeQ. Here a-r;eZ for any i, i.e.

d.~g.C.d.(r0, rl, r29 r3)€Z'

But ry, r,, 7,, 1y are coprime as the values of the function r on the elements of a
basis. Thus, aeZ and
fi=e—r.00,=¢,®(0—-a0,)=e® 45,
QE.D.

Further we need the following technical result:

4.2. LEMMA. — Let a (+)-basis (eq, e,, €,, €3) satisfy the inequalities CZp-ryr,,
C'2q-ryry, where C=Cy, =C,3, C'=C,,=C;y, p, g€ R, with Apg>1, where A=k/2H>.
Besides, let both possible mutations do not reduce the rank of ey, i.e. ry<h,3r,—r; and

r3Shsaro—rs. Then
2 /Ap?+1
< Ap*+1 or 4

r,< Foly << e
2= Apg—1 1T Apg—1
and also
Ag+1 /A g +1
roélL or r1r2<L.
Apg—1 Apg—1

Proof. — Formula (23) provides

ror,trirs=A-C-C'2ZApqg-rorir,2Apq-ror,,
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sor rs=(Apg—1)ror,. Thenrgr,<r ry/(Apg—1),i.e.

1
rlr_,,<A +1>_>__r0r2+r1r3=A-C~C’,
pq—1

hence,
rirs Arq ZA-C-C'z2Apg-rorir,
Apg—1
ie.
@7 raZ(Apg—1)-roryra.
Furthermore,
", Apq 2A-C-C'2A-C prory,
Apg—1
hence,
o c<_ 9 T
Apg—1 r,
Similarly,
o c<_ P .75
Apg—1 r,

Since the mutation does not reduce the rank of e;, we have

(30) hysry22r,,
31 hayaro22rs.

Consider equation (17) for the pair (e,, e3):

according to (30); substituting (29) into it we obtain

SO
2
7 (r%— A 2>gr;,
(Apg—1)

then either the expression in brackets is non-positive, i. e.

< \/Apz <\/Apz+1

F, = s

Apg—1 Apg—1

or

(32) r2

r3 ri.
(r3—Ap*/(Apg—1)?)

IIA
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On the other hand, (27) implies
rariry(Apg—1)<r3,

which together with (32) provides

2

r2ri< "2 ,
*T (Apg—172ri-Ap?
hence,
(33) ror < i

< .
- JApg=1)r3—Ap*

Consider the function
t

t)= .
a JApg=1)?F—Ap?

On the set 1> \/A_pz/(A pq—1) this function monotonically decreases, and f (¢)=¢ when
t=ty=_/(Ap*+1)/(Apg—1). It means that either t<t, or f(¢) <t,. Recalling inequality
(32), we obtain that either r, <t or r, r, <t,, i. e. the first part of the assertion is proved.

Similarly, considering equation (17) for the pair (e3;, e,®® ') and using inequalities
(28), (31), we obtain the second part of it.

5. Constructivity problem for P3

For a semiorthogonal basis of K, (P?) formula (17) takes the form
34 x*+y?+22z%=hxy,

where x=r;,, y=r;, z=C;;, h=h;;. The constant (k*>/2)H? in formulas (21), (25), (26)
equals 8.

5.1. PropoSITION. — (—)-bases of K, (P?) do not exist.

Proof. — It is sufficient to prove that for any (—)-basis consisting of objects of positive
rank there exists a mutation, which reduces the sum of ranks of elements of the
basis. Indeed, according to 3.5 and 3. 10, ranks remain positive under mutations, and
a basis remains to be a (—)-basis, i. e. the proposition will thereby be proved by induction
on the sum of ranks of elements of a basis.

Assume without loss of generality that in the given basis hg, =h,;, hy,2=hy,, for
otherwise we may consider instead of it one of the bases

(e3®0)9 eO’ el9 e2), (ez®(0, 33®(!), eO) el), (el ®0), e2®0)a e3®0~), eo)a
which, according to 2.3, can be obtained from the given one by mutations.
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Then (21) holds in the form Ay, —h,3=8Cy; >0; similarly, h,—h;,=8C,,>0. It
implies, in particular, that in (34) for the pairs (e,, e;) and (e, e,) there holds the
condition A>8z.

Consider (34) with #>82z. Use the reduction method 1.3 for variables x and y.
1) Let x=y=z. Then x'<y, i.e. ¢,.(y)<0, for otherwise

0=0,(y)=2y*+222—hy*<4y*—82z)?,
which provides a contradiction.
2) Let x=z>y. Then x'<z, for otherwise
0<5¢,(2)=y*+3z2—hyz<4z>-82%y,
which also provides a contradiction.
3) Hence, both x and y can not be reduced only if z>x, z>y. Then
472> x%+y?+222=hxy>8xyz,

i.e. z>2xy.

So, the mutations of the pair (e, ;) do not reduce the sum of the ranks only if
C=Cy;>2xy=2ryr,. Similarly, in the pair (e,, e,) the ranks can not be reduced only
if C'=C,;,>2r,r,. Then formula (23) (see corollary 3.11) gives

— ’
rot,— 1 13=2C-C'>8ryr -r,r,28ryr,,

which provides a contradiction.
5.2. COROLLARY. — The elements of a helix on P* are ordered by slopes.

Proof. — Shifting when necessary the grading of some elements of a helix, we obtain
the helix consisting of objects of positive rank; the slopes are not changed. Then the
image in K, (P?) of any foundation of the obtained helix is a semiorthogonal basis of
K, (P?), which according to 3.9 and 5.1 can be only a (+)-basis. Then

C, .
— i, i+1
Hitq— K= —— >0.
rifivq

Now we start proving constructivity of semiorthogonal bases.

5.3. THEOREM. — Any semiorthogonal basis of K, (P?), up to changing signs of some
elements of it, can be reduced by mutations to one of the canonical bases

087, 0()® L, 0B 1, 03)®F), nel.

Proof. — Changing the signs when necessary, we obtain a basis consisting of objects
of positive rank. According to 5.1, this basis is a (+ )-basis.
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We prove the theorem by induction on the sum of ranks of elements of a basis: show
that if the basis is not a canonical one (up to tensoring by an invertible sheaf), then
always a mutation exists, which reduces the sum of ranks.

For a (+)-basis (25) gives
hoy +hy3=8Cy,, hyy+hy=8Cy,.

As in the proof of 5.1, assume without loss of generality that sy, 2 h,5, b, =h;,. Then
in equation (34) for the pairs (e,, e;) and (e,, e,) we have h=4z.

Use the reduction method for x and y in (34) with h=4z.

1) Let x=y=z. Either x'<y or

050, (»=2y>+2z2—hy*<4y*—4zy?,
hence, z=1, then
0=, (N=2y*+2-h*<2-2)?,
hence, y=1, then
0=0,(y)=4-h,

so h<4. By proposition 3.4, we have A>3, but (34) immediately implies that for an
exceptional pair on P3 the invariant # must be even. Thus, /=4. Then equation (34)
takes the form
x?+3=4x,
the lesser root is x=1.
2) Let x=z>y. Then x'<z, for otherwise

0<0,(2)=y*+3z2—hzy<4z>—427%y,

which provides a contradiction.
Hence, either x (or y) can be reduced or x=y=1 or
3) z>x, z>y. In this case

472> x*+y?+ 222 =hxy=4zxy,

i.e. z>Xxy.

Thus, the mutations of the pair (e,, ¢;) do not reduce the sum of ranks only if
ro=r;=1o0r C=Cy, >ror,. Similarly, the mutations of the pair (e,, e,) do not reduce
the sum of ranks only if ry=r,=10r C=Cy,>r,r,.

Now, it remains to consider two cases:

1. C>rory, C'>ryr,.

2. The basis includes at least two objects of rank 1.

Case 1. — Apply lemma 4.2. Under the conditions of the lemma we have p=g=1,

A=2, i.e.
JAP+1 _ JAgFT /3 s
Apg—1 B Apg—1 _7<.
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Then both possible mutations do not reduce r; only if
(r,=1 or rory=1) and (rg<lorr,r,<1).

Therefore, in this case there also exist two elements of the basis of rank 1, i.e. it is
sufficient to consider case 2.

Case 2. — Assume without loss of generality that ro=r;=1. Then the Markov-type
equation (26) for the pair (e,, e,) is

2+422z2=8z—p,

hence, z=2 :l:\/3 —(1/2) p, where p=h,,, so either h,;=4 or h,;=6.

Let h,3=6, then C,;=z=2. Then lemma 3.6 for the pair (e,, e;) provides that under
r;2r; (here {i,j}={2,3}) the mutation does not reduce r; only if r;<2 \/T/_2, ie.
r;=1. Then equation (17) for the pair (e,, e;) is

r?+9=6r,

hence, r;=3. Then condition (24) gives 2C' - 2=1+3,i.e. C'=C,,=C3,=1. If i=2,
Jj=3, then (17) for the pair (e,, e,) implies #,,=4, so the mutation L, e, reduces the
sum of ranks. And if i=3, j=2, then, similarly, the right mutation of the pair
(e3, eo®®™ ') reduces the sum of ranks.

Let h,,=4, then z=1 or z=3. Consider the basis corresponding to the lesser root
z=1. Then lemma 3.6 for the pair (e,, e;) implies that under r;=r; the mutation does
not reduce r; only if r;<1, i.e. r;=1. Then (17) for (e,, e3) is

ri+3=4r,
the lesser root is r;=1.
So we come to the case ro=r,=r,=r;=1, Cy; =C,;=1. Then (24) gives 2C'=2, so
C'=C,,=C;,=1. For the obtained basis consisting of objects of rank 1 we have

1=Ci,i+1=di+1"dia

then d;=d,+i. Then the « helix » {¢]} in the sense of 2.3 determined by this basis
satisfies the condition d (e}, ;)=d(e;)+ 1 for all i. Hence, it includes a foundation

’ ’

(ego’ ei0+l’ eio+2’ e;0+3)
such that d(e;))=0.
Thus, we obtain a basis (ey, ey, e,, e3) with r;=1, d;=i. The assertion of the theorem

just follows from lemma 4.1, applied to this basis and the basis corresponding to a
foundation of the helix { 0 (i) }.

5.4. CoroLLARY. — The Gram matrix of the form ¥, for a canonical basis is
1 4 10 20
0 1 4 10
0O 0 1 4
0 0 0 1

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



154 D. Yu NOGIN

Proof. — 1t is easy to compute h; for a semiorthogonal basis using formula (17).
Indeed, for a canonical basis we obtain

hiis1= 2+2C1 i+1° h”+2—2+2Cx i+2=10; hiiv3= 2+2C11+3 20.

(Here C;;=d;—d,).

6. Constructivity problem for a quadric

Consider a smooth three-dimensional quadric Q. For a semiorthogonal basis of
K, (Q) formula (17) takes the form

(35) x2+y2+322=hxy,

where x=r;, y=r;, z=C, h=h;;. The constant (k*/2) H* equals 9.

lj’

6.1. ProposiTION. — (—)-bases of K,(Q) do not exist.

Proof. — As in 5.1, it is sufficient to show that for any (—)-basis consisting of
objects of negative rank there exists a mutation, which reduces the sum of ranks. As
above, assume without loss of generality that hy, =h,5, h,=h;,. Then (21) gives
hoy —hy3=9Cy, >0; similarly, h,,—h;,=9C,,>0. Hence, for the pairs (e,, ;) and
(ey, e,) in (35) there holds the condition £>9 z.

Use the reduction method for x and y in (35) with A>9z.

1) Let x=y=z. Then x'<y, for otherwise
0=0,(0)=2y*+322—hy*<5y* =927,

which provides a contradiction.
2) Let x=z>y. Then x' <z, for otherwise

0<0¢,(2)=y*+4z2—hyz<5z2-92%y,

which also provides a contradiction.
3) Finally, if z>x, z>y, then

522>x%2+y?+322=hxy>9 xyz,
i.e. z>(9/5) xy>xy.

Thus, the mutations of the pairs (e,, ¢;) and (e;, e,) do not reduce the sum of ranks
only if C=Cy,>ror;, C'=C,,>r,;r,. Then (23) (corollary 3.11) implies

rot,—rir3=3C-C'>3rqr -rir,23r,1,,
which provides a contradiction.

6.2. CorOLLARY. — The elements of a helix on a smooth three-dimensional quadric are
ordered by slopes.
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6.3. THEOREM. — Any semiorthogonal basis of KO (Q), up to changing signs of some
elements of it, can be reduced by mutation to one of the canonical bases

0®7,, F*®15, O(H® L, 0)®F,), nel,
where & is the spinor bundle.

Proof. — As in the proof of the theorem 5.3, use induction on the sum of ranks of
elements of a semiorthogonal (+)-basis consisting of objects of positive rank.

For a (+)-basis condition (25) gives
hoy +hy3=9Co,, hiathy=9Cy,.

As above, assume without loss of generality that hy, =h,;, h;,=h;,. Then in
equation (35) for the pairs (e,, ¢;) and (e,, e,) we have h=(9/2)z.

Use the reduction method for x and y.

1) Let x=y=z. Either x'<y or

050,()=27 +32 - W7 <557~ 277,
hence, z<10/9, i.e. z=1. Then
020,0)=2y*+3-h?s3-2 %,
hence, y><6/5, i.e. y=1. Then
0=0,(»=5—h,
i.e. h<5. On the other hand, £h=9/2 z=9/2, hence, h=5. Then equation (35) takes

the form
x*+4=5x,

the lesser root is x=1.

Thus, in this case x is not reduced only if x=y=1.
2) Let x=z>y. Either x'<z or N

0<¢,(2)=y*+4z2—hzy<5z*— g 22y,

hence, y=1. Then

050, ()=1+422—hz<1- % 2,

hence, z2<2, i.e. z=1, which contradicts to the considered case z>y. Hence, in this
case x can always be reduced.
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3) Let z>x, z>y. Then
522>x2+y*+3z2=hxy= g zxy,

i.e. z>9/10 xy.

Thus, the mutations of the pairs (ey, ;) and (e,, e,) do not reduce the sum of ranks
only in the following cases:

1. C=Cy;>9/10)ryry, C'=C;,>9/107, 1,.
2. The basis includes at least two objects of rank 1.

Case 1. — Apply lemma 4.2. Under the conditions of the lemma we have p=¢=9/10,
A=3. Then

Ap*+1 Ag*+1 3-81/100+1
Apg—1 Apg—1 3.81/100—1

Hence, both possible mutations do not reduce r; only if
r,Slorrgr 1) and (ro=lorr r,Z1).
Therefore, in this case there also exist two elements of the basis of rank 1.
Case 2. — Let ro=r,=1. Then the Markov-type equation (26) for (e,, e,) is
2+3z2=9z—p,

) z==3/2:l:\/(19—4p)/12, where p=h,;. Hence, h,;=4, then z=1 or z=2. Consider
the basis corresponding to the lesser root z=1. Then lemma 3.6 for (e,, e;) provides
that under r;=r; the mutation does not reduce r; only if r;< \/3—/2, i.e.r;=1. Then (17)
for the pair (e,, e;) is

ri+4=4r,
ie r,=2.

Thus, ro=r;=r;=1, r,=2, Cy;=C,3=1. Then (24) takes the form 3C'=3,
iie. 1=C'=C;,=C,,. Since Cy,=Cl(e;, ¢,®w '), the “helix” {e/} in the sense
of 2.3 determined by this basis satisfies the condition C; ;,,=1 for all i. Then this
“helix” includes a foundation (e,, e;, e,, e;) such that r, =2, ro=r,=r;=1. Here
K1 —Ro=Coy/rory=1/2, similarly, p, —p; =1/2, py—p,=1.

Moreover, since the foundation (e_,, e_3, e_,, e_,) can be obtained from the consi-
dered one when tensoring by the canonical class "= —3H, we may assume without
loss of generality that —1<d,<1. Besides, ko, =h,, =4, which follows from (35), so
r(L,e)=r(R,e)=2.

Then for dy=1 consider the basis

f= (e3®0), Leoel’ €9, eZ)’
and for d,= — 1, the basis

f=(ez R, €4, €3, ee®0™ ).
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In each case we have
r)=2  rUa=r()=r(f)=1, 4=0, C=C=1.
Then
di=r m=1, d2=r2.p2=,2<p1+%>=1, dy=ry-py=r (1) =2.
Thus, we obtain a basis for which
ro=r,=ry=1, r; =2, dy=0, d,=d,=1, dy=2.

The assertion of the theorem follows from lemma 4.1, applied to this basis and the basis
corresponding to the foundation of a helix

0, £*, 0(1), 0(2)).

6.4. CoroLLARY. — The Gram matrix of the form y for a canonical basis is

1 4 5 14
0 1 4 16
0 0 1 5§
0 0 0 1
Proof. — Indeed, formula (17) implies :
1+4+3 1+1+3
hor=hy,= > =4, hoy=hy3= 1 =5,
1+1+3-4 1+4+3-9
h03=~——1—1—3——=14, hiy= ———23—=16‘

7. Constructivity problem for V;
For a semiorthogonal basis of K, (Vs) formula (17) with x=r;,, y=r;, z=C;;, h=h;
takes the form

36) x2+y*+522=hxy.

The constant (k%/2) H?® equals 10.

7.1. ProposITION. — (—)-bases of K, (Vs) do not exist.

Proof is similar to those of propositions 5.1, 6.1. Assume without loss of generality
that hy, =h,s3, hy, = hs,, then for the pairs(e,, e,) and (e,, e,) in equation (36) we have
h>10 z.
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Use the reduction method for x and y.
1) Let x=y=z. Then x’' <y, for otherwise

050, (y)=2y*+522—hy?<7 y*—102z)?,

which provides a contradiction.
2) Let x=z>y. Then x' <z, for otherwise

0<0,(2)=y*+6 22—hyz<7z2—102%y,
which also provides a contradiction.
3) Finally, if z>x, z>y, then
7 22>x2+y*+5 22=hxy>10 xyz,

i. e. z>(10/7) xy>xy.
Thus, the mutations of (e,, ;) and (e,, e,) do not reduce the sum of ranks only if
C=Cy,>rory, C'=C,,>r;r,. Then corollary 3.11 implies:

rot,—r 13=5C-C'>5rqr-rir,=5rgr,,

which provides a contradition.
7.2. CorOLLARY. — The elements of a helix on V4 are ordered by slopes.

7.3. THEOREM. — Any semiorthogonal basis of K, (Vs), up to changing signs of some
elements of it, can be reduced by mutation to one of the canonical bases

O®F}, 287, S*®1,, O(N®F}),  nel,

where & and 2 are correspondingly the restrictions to Vs of the universal bundle and the
factor bundle on the Grassmannian G (2, 5) in case of Vs realized as the intersection of the
image of the Pliicker embedding G (2, 5) o P°® with a general subspace P°cP°.

Proof. — When proving the theorem, instead of the basis (e,, e;, €,, e;) we consider
sometimes, for convenience, the adjoint basis (e, e, e}, e}), proving the constructivity
of it. Because of the identities

L fY*=Raf* R f)*=L.[*

the constructivity of the adjoint basis is equivalent to the fact that the basis (e,, e;,
e,, e3) itself can be reduced by mutations to a basis, which is adjoint to some canonical.
Therefore, to prove the constructivity of (e,, e,, e,, e3), it will be sufficient to verify that
a basis adjoint to a canonical one is constructive.

As before, use induction on the sum of ranks of elements of a semiorthogonal
(+)-basis consisting of objects of positive rank. Condition (25) gives

hoi+hy3=10 Co;,  hypy+hya=10 C,,.
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Assume without loss of generality that hq, =h,3, h,,=h;,; then in equation (36) for
(eo, ;) and (e,, e,) we have h=5 z.

Use the reduction method for x and y.
1) Let x=y=z. Either x'<y or
00, (»=2y*+522-hy*<7 y* =52y,
hence, z=1. Then
0=, (N=2y*+5-hy*<5-3 y?
hence, y=1. Then
0=, (»=T—h,

i.e. h<7. On the other hand, /=5 z=5. Equation (36) gives

x2+6=hx,

hence, either A= 35, the lesser root is x=2, or h="7, the lesser root is x=1.
Thus, in this case x is not reduced only if

x=1, y=1, z=1, h=7 or x=2, y=1, z=1, h=5.

2) Let x=z>y. Either x'<z or

00, (2)=y>+622—hzy<T1z*=52%y,

hence, y=1. Assume now that x=2 z. Then x’' <2 z, for otherwise

0<0,22)=14922=2 hz<1-22,

i.e. z=1, which contradicts to the considered case z>y. Hence, it remains to
consider x<2 z. Then z>1/2 x=1/2xy.

Thus, in this case x is not reduced only if y=1, z>1/2 xy.
3) Let z>x, z>y. Then

722> x*+y?+522=hxy=5zxy,

i.e. z>(5/7) xy.
Thus, the mutations of (e,, ¢;) and (e;, e,) do not reduce the sum of rank only in the
following cases (as above, denote C=C,,, C'=C,,):

1. The basis includes a pair with x=2, y=1, z=1, h=5.
2. C>(5/T) rory, C>(/7) ryrs.

3. C>(5/T) rory, C'>(1/2) ryry, {ry, ry}a 1.

4. C>1/2) ror, C'>1/2) i1y, ri=1.
5

. The basis includes at least two objects of rank 1.
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(The possible case C>(1/2) rory, C'>(5/7) ryr,, {ro, ry}21 is reduced to case 3 by
considering the basis (e%, e¥, e, e¥®w 1), taking into account the remark at the begin-
ning of the proof.)

Case 1. — Assume without loss of generality that ro=1, r; =2, Cy, =1, hy, =5, then
C,3=1, hy3=5. Then lemma 3.6 for (e,, e;) implies that under r; > r; the mutation does
not reduce r; only if r; < \/5/3, i.e. r;=1. But then ¢, and e; are of rank 1 and the case
is reduced to case 5.

Case 2. — Under the conditions of lemma 4.2 we have p=¢=5/7, A=5. Then

Ap*+1 Ag*+1 5-25/49+1
JAFFT_JAFET_ S
Apg—1 Apg—1 5-25/49-1

Hence, both possible mutations do not reduce r; only if

r, =1 or rqr=1) and (ro=1 or ryr,=<1).

Therefore, in this case there also exist two elements of rank 1, which corresponds to
case 5.
Case 3. — Under the conditions of lemma 4.2 we have p=5/7, g=1/2, A=5. Then

\/Aq2+1 \/5/4+1 21
Apg—1 25/14—1 11

Hence, he mutations do not reduce r; only if ro=1 or r; r,=1; besides, {r;, r,}31, so
in the basis there exist two elements of rank 1 (case 5).

Case 4. — Under the conditions of lemma 4.2 we have p=¢g=1/2, A=35. Then

Ap*+1 Ag*+1 5/4+1
VAP JAGCTT AT
Apg—1 Apg—1 5/4—1

Here the assumptions of the lemma hold as strict inequalities C>p-ror,, C'>q-r;r,,
which implies that the inequalities in the conclusion of the lemma are also strict (see the
proof of 4.2). Thus, the mutations do not reduce r; only if r,<6 or r,<6; thereto,
ri=1

Assume without loss of generality [considering when necessary the basis
(e, e*, e¥, eX®n ™~ !)] that ro<6. If ro=1, then we are under conditions of case 5;
therefore consider only 2<r,<5.

Recall that the considered case C>(1/2) ror, corresponds to the situation y=1,
x=z> (1/2) x, so the condition

1
r0§C>§r0

must hold. Moreover, (36) under y=1 provides that x|(5z2+1), hence, ry#5, rq#C.
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Thus, we consider a basis satisfying the following conditions:

ry=1, 2<5r,<4, %r0<C<ro, ro|(5 C*+1).

If ry=2, then 1/2<C<1, which provides a contradiction. If ro=4, then 2<C<4,
i.e. C=3, but then 5 C*>+ 1=46, which is not divisible by r,=4.

Finally, if ro=3, then 3/2<C<3, i.e. C=C,y,; =C,;3=2. Then (17) for (e,, ;) implies
ho; =10, and (25) gives h,;=10. Then lemma 3.6 for (e,, e;) provides that under r;>r;
the mutation does not reduce r; only if r;<2 \/%, i.e.r;=1. Thus, e, and e; are of
rank 1, which corresponds to case S.

Case 5. — Let ro=r;=1. Then the Markov-type equation (26) for the pair (e, e,)
takes the form

2+5z2=10z—p,

hence, z=1 :I:\/(3—p)/5, i.e. p=h,3;=3,50 z=C,, =C,;=1. Then lemma 3.6 for (e,, e;)
implies that under r;=r; the mutation does not reduce r; only if ;< _/5, i.e. r;=1 or
r;=2. Under r;=1 equation (17) for (e,, e;) is

ri+6=3r;,
which has no integer roots. If r;=2, then (17) for (e,, e3) is
r?+9=6r,,

hence, r;=3. Then (24) gives 5 C'=2+3, i.e. C'=1. Considering if necessary the
basis (e} @, ef @w, €%, e%), without loss of generality assume r, =3, r,=2.

Thus, we obtain a basis for which
ro=ri=1, r,=3, ry=2, C=C'=1.

Then the “helix”{e;} in the sense of 2.3 determined by this basis satisfies the
condition C; ;, ;=1 for all i. In the “helix” there exists a foundation (ey, e;, €,, €3)
with ro=1, r; =3, r,=2, ry;=1, and 0=d,<1 (tensoring of a foundation by " reduces
dy, by k=2). One can easily check using (17) that under d,=1 the basis

f=(e3®w, L, e,, L, R, e, €)
satisfies
r(fo)=1, r(f1)=3, r(f2)=2, r(f3)=1,
d(f,)=0, C'=C=1.

Thus, we obtain a basis with

r0=1‘3=1, r1=3, r2=2’ d0=0, C=C'=1‘
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Then for it

—H_C_l - _C 1 H_P«_C 1
H1Ho roty 3 27 rir, 6 32 ryry 2

so u; =1/3, p,=1/2, py=1, hence, d, =d,=d;=1. Applying lemma 4.1, conclude that
any basis of such a kind is

OR L7, 2Q F1, L*R 75, O (R L)

According to the remark at the beginning of the proof of the theorem now it remains
to verify that a basis adjoint to a canonical one is constructive. Indeed, for a basis
adjoint to a canonical we have

ro=rz=1, ry=2, r,=3, C=C'=1.
Formula (17) gives s, =3, then the basis
f=(eo, €2, R, €1, €3)
provides the already considered case

r(fo=r(f)=1 r(fp=3, r(f)=2, C=C=1

7.4. CoroLLARY. — The Gram matrix of the form y, for a canonical basis is
1 55 7
01 3 10
0 01 5
0 0 0 1

Proof. — Indeed, formula (17) implies:

1+9+5 1+4+5 1+1+5
hoy = =5, hoy=hy3= =5, hos= =1,
3 2 1
44945 9+1+5-4
hi,= =3, hij;=—=10.
12 2.3 13 3

8. Constructivity problem for V,,

For a semiorthogonal basis of K, (V,,) formula (17) with x=r;, y=r;, z=C;;, h=h;
takes the form

37 x2+y2+ 1122 =hxy.

The constant (k%/2) H? equals 11.
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8.1. ProposITION. — (—)-bases of K,(V,,) do not exist.

Proof is similar to those of propositions 5.1, 6.1, 7.1. Assume without loss of
generality that hy, =h,3, by, = h3,, then for the pairs (e, e;) and (e,, e,) in equation (37)
we have A>11 z. Moreover, since Ay, =11 C+h,; and h,,=11 C+h,,, recalling 3.4,
we obtain £211 z+ 3. Use the reduction method:

1) Let x=y=z. Then x’' <y, for otherwise

00, ()=2y*+1122—h?<2y?+1122—(11z+3) p*<10y?— 11 zp?,
which provides a contradiction.
2) Let x=z>y. Either x'<z or

00, (2)=y*+1222—hzy<13z2— 1122y,

hence, y=1. Assume that x=>2z. Then x'<2 z, for otherwise
0<¢,(22)=1+1522-2hz<1-1722,
which provides a contradiction.

If x<2 z, then z>(1/2) x=(1/2) xy.
3) Let z>x, z>y. Then

1322>x%2+y?+ 11 22=hxy>11 xyz,
hence, z> (11/13) xy > (1/2) xy.

Thus, the mutations of (e, e;) and (e,, e,) do not reduce the sum of ranks only if
C=Cy;>1/2ryr,, C'=C;,>1/2 r, r,. Then corollary 3.11 implies:

11
Fory—rir3=11 C-C'>:r0r1-r1r2>ror2,

which also provides a contradiction.
8.2. CoroLLARY. — The elements of a helix on V,, are ordered by slopes.

8.3. THEOREM. — Any semiorthogonal basis of K, (V,,), up to changing signs of some
elements of it, can be reduced by mutations to a canonical basis (e, . . ., e3) such that

ro=1, ri=4, r,=3, r;=2, dy=0, dy=d,=d,=1.

Proof. — As above, use induction on the sum of ranks of elements of a semiorthogonal
(+)-basis consisting of objects of positive rank. As when proving theorem 7.3, consider
sometimes the adjoint basis (e%, ef, ef, ef); further verify that a basis adjoint to a
canonical one is constructive.
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Assume without loss of generality that kg, 2 h,3, hy, = hs,; then in equation (37) for
(e, €;) and (e, e,) we have h=(11/2) z. Use the reduction method:

1) Let x=y=z. Either x'<y or
020,0)=2y"+ 11 2= WS 1357~ )%,

hence, z<26/11, i.e. z=1 or z=2.
If z=1, then

11
Oé(px(y)=2y2+ 11——5—.}}25

hence, y2<22/7, i.e. y=1. Then equation (37) takes the form
x2+12=hx,

hence, x|12, i.e. x=1 or x=2 or x=3 (the other factors of 12 correspond to greater
roots of the quadratic, which can be transformed by mutations to lesser ones).

If z=2, then
00, ()=2y*+44—-hy?<44-9)?,
hence, y<2, but since we consider the case y=z, then y=2. Then
0=¢.(»)=52—h-4,
i.e. h<13. On the other hand, A= (11/2) z=11. Equation (37) takes the form
x2+48=2 hx,

hence, A= 13, the lesser root is x=2.
Thus, in this case x can not be reduced only if

(e 1), (1;2), (1;3),2; 2}
2) Let x=z>y. Either x'<z or

009, (2)=y*+ 1222—hzy<1322—%22y,

hence, y<26/11, i.e. y=1 or y=2.
If y=1, then xX'=hy—x=h—x, i.e. X’ 2 x implies /=2 x. Then

X2+ y*+1122=hxy=22x?,

i,e. 11z2+12x% Since z>y=1, we have z>2, then 1=5z%/4, i.e. 11z*+(z%/4)=x2,
hence,

2 2
xX=-—=xy.

NN

z

1\%
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Let y=2. Assume that x=(3/2) z. Then x'<(3/2) z, for otherwise

00, §z =4+222+ llzz—h-§z~2<4+-5—§zz—l—l—'3 zz=4——1322,
2 4 2 4 2 4

hence, z=1, which contradicts to the considered case z>y=2.
Thus, in this case x is not reduced only if

y=1, x=zz

X or =2 z>2x—1x
Y y=2, 3 3)’-

&&‘

3) Let z>x, z>y. Then

11
1322>x%+y2+11 zz=hxyg?zxy,

hence, z>(11/26) xy.
Thus, the mutations of (e,, ;) and (e,, e,) do not reduce the sum of ranks only in

the following cases (with account of the transition to the adjoint basis, as in the proof
of 7.3):

1. C>(11/26)rqr,, C'>(11/26) 1, 1,.
C>(11/26)rory, C'>(1/3)ryry, {ry, 1, }32.
C>(11/26)rory, C';(Z/\/B) rory {r,r sl
C>(2/3)ry, C'>(2/3)ry, ri=2.
ro2C2(Q/ [A5)ro, 1;2C 22/ fAS) 130 1y =1,
The basis includes a pair with x=y=2.

The basis includes a pair with x=y=1.

® N0k WD

The basis includes a pair with x=1, y=2.
9. The basis includes a pair with x=1, y=3.

Case 1. — Under the conditions of lemma 4.2 we have A=11, p=¢=(11/26). Then

Ap*+1 Agr+1
\/ P =\/ 7 <2
Apg—1 Apg—1

)

i.e. both possible mutations do not reduce r; only if

r, =1 or ryri=1) and (ro=1 or ryr,=1)

hence, the basis includes a pair with x=y=1 (case 7).
Case 2. — Under the conditions of lemma 4.2 we have A=11, p=11/26, g=1/3. Then

JAFFT_ JTIPF1
Apg—1 121/78—1

b
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i.e. the mutations do not reduce r; only if ro<2 or r,r,<2; moreover, {r,, r,}32.
Hence, the conditions of cases 6 or 8 hold.

Case 3. — Under the conditions of lemma 4.2 we have A=11, p=(11/26),

qg=(2/./45). Then (_/Aq?>+1)/(Apg—1)<4, i.e. the mutations do not reduce r; only
if ro<3 or r, r, £3; thereto, {rl, r, } 31. Hence, the conditions of cases 7, 8 or 9 hold.

Case 4. — We can directly apply lemma 4.2, but better estimations can be obtained
when repeating the proof of it using the condition r; =2.

Formula (23) gives

ror,t2r;=11 C-C’>11-gr0r2,

hence
35
38 - r3>—1§r0r2.
Then
88 2
—r> +r;=11C-C'>11C- -r,,
35"3 For,™ry 3r2
i.e.
12
(39) c<-=D
35r,

Equation (17) for the pair (e,, e;) implies
r2+r24+11 Cl=hyyr,ry =212,

since h,5r, =2 r;, assuming that r, is not reduced by the corresponding mutation. Using

(39) we obtain
2 .2
r3+11 (E> REPE S
35) r3

and using the estimation 11-(12/35)% <4/3 obtain

4
ri>ri. <r§ —5)
2

2 2 r; <2 4 25

. , 3, 25,
B a @) a—@p) 216

If r,=2, then

i.e.r;<(5/4) r,. Together with (38) it gives
4 35

r,>—=—rory,
275 g0
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hence, r,<9/14, which provides a contradiction. Hence, r,=1, i.e. the conditions of
case 8 hold.

Case 5. — In this case we can not apply the methods of lemma 4.2, since
Apg=44/45<1.

Ifro<3Corr,<3 C'(case Sa), i.e. C=(1/3) rory or C'=(1/3) ryr,, then

NG

and lemma 4.2 can be applied. Consider at first the case r,>3 C, r,>3 C’ (case 5b).

Case 5b. So, let

Use the fact that p(e,®® ') —p(e,)=k=1. On the other hand,

H(ee®0™ 1)~ u(eo)—Z(u,H )= Z ”“

i= 0r1r1+1

where e, denotes e,®@w~*. Thus,

C C’ C C’
l=— +— +— + =
rory Iyry Iryry TI3ry

where r;=1, i.e.
Clrot+ryry)tC (ry+rory)=ror,rs.

Using the inequalities rq/3>C, r,/3>C’ we obtain
l 2 2
5("0'*"0"2 rytrytror,ry)>ror,rs,
hence
(40) ré+ri>ror,rs.

Furthermore, the Markov-type equation (26) for the pair (e, e,) is

x>+ y*+1122=x(11z—p),
hence
2 2
z=E-J: X _x +px+1'
2 4 11
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Then the inequality ry/3>C, i.e. x/3 >z, implies that
x_ /xz_x2+px+1<x
2 Va4 11 3

2 L2 2
x* x“+px+1 x x+ X
>_P__+_>x<_l’+_>,

4 11 36 11 36

hence

therefore, (2/9) x> (x+p)/11, i.e. p<(13/9) x. Thus,
41) h,y3 < (13/9) r,.

Finally, assuming that the transfer of e, over e; does not reduce the sum of ranks we
obtain the inequality r,<h, r;—r,, hence, h,;=2(r,/r;). Together with (41) it gives
(13/9)rq>2(ry/r3), i.e.

18

Tol3>—71,.
of3= 372
Substituting it into (40) we obtain

18
r24+ri>—r2,
otra>3n

i.e. r2> (5/13)r2>(1/4)r3, hence, ro>(1/2) r,.
Similar computations for the pair (e,, e,) provide r,>(1/2) r,. Hence, 2>rq/r,>1/2.
Then (40) implies
r<fogz gyl
r, o 2
ie.ry<2.
Thus, r; =1, r;<2, so the conditions of cases 7 or 8 hold. It remains to consider.

Case 5a. Assume without loss of generality that p=1/3, ¢=2/ \/E Then
\/(7\??+—13/(A pqg—1)<16. Hence, lemma 4.2 implies that the mutations do not
reduce r; only if ry<15 or r, <15, since r; =1.

To lessen the number of variants, make some extra estimations. Assuming that the
transfers of e, over e, and of e; over e, do not reduce the sum of ranks we obtain the
inequalities 4y, =2 rq, hy322(r3/r,). Then (25) implies

2 2
11 C=h01+hng2(ro+r—3>=—(r0r2+r3)=—- 1c-c
[last equality is equality (24)]. Hence, C'<(1/2) r,. Similarly, C<(1/2) r,,.
Thus, we obtain that the considered basis includes the pair for which [using the
notations of formula (37)]

2
x<15, y=1, fgz>——__x

2 J '
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Furthermore, (37) implies that
11z22+1
x

h= +x

b

hence, in particular, x| (11 z2+1). Thereto, z§)2—c, i.e.z<7.

Now consider z lying in the interval 1 <z<7 and for them x such that

NI

2z8xst—z<—z,
2 2
with x| (11z%+1).

Let z=1. Then 2<x<3, i.e. the conditions of the cases 8 or 9 hold.
Let z=2. Then 4<x<6; 1122+ 1=45, hence, x=5. Then h=14.
Let z=3. Then 6<x<10; 1122+ 1=100, hence, x=10. Then ~A=20.
Let z=4. Then 8<x=<13; 1122+ 1=177=3-59, so such x do not exist.
Let z=5. Then 10<x<15; 1122+ 1=276, hence, x=12. Then h=35.
Let z=6. Then 12<x=<15; 1122+ 1=397, so such x do not exist.
Let z=7. Then 14<x<15; 1122+ 1=540, hence, x=15. Then A=51.

Assume without loss of generality that x=r,, y=r,. Then for the pair (e,, ;) we have
C,3=1z, h,3=11z—h [according to (25)]. Then lemma 3.6 for (e,, e;) implies that under
r;2r; the mutation does not reduce r; only if r; <112%/(11 z—h—2).

For z=2, h=14, we obtain r} <44/6, i.e. r;<2.

For z=3, h=20, we obtain r} <99/11, i.e. r;<3.

For z=35, h=35, we obtain r? <275/18, i.e. r;<3.

Finally, for z=7, h=>51, we obtain r} <539/24, i.e. r;<4.

Thus, either the pair (e,, e;) satisfies the conditions of the cases 7, 8 or 9, or (e,, e)) is
a pair with x=1, y=4.

In last case consider for convenience a basis with ro=1, r; =4. Then the Markov-type
equation (26) for (e,, e;) is

17+11 22=4(11 z—p),

hence, z=2:|:\/(27—4p)/11, i.e. p=4, then z=1 or z=3. Consider the basis corres-
ponding to the lesser root z=1. Then for it

hoy=11C—hyy=11z—p=1.

Thus, for the pair (ey, e;) we have hy, =7, and the ranks of elements of the pair are 1
and 4. Then the corresponding mutation of the pair leads to a pair with elements of
ranks 1 and 3, i.e. to case 8.

Case 6. — Let ro=r,;=2. Then (26) for (e,, e,) takes the form

8+1122=4 (11z—p),
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hence, z=2+2_/(9—p)/11, i.e. h,;=p=9, then C=z=2. Then lemma 3.6 for (e,, e;)
implies that under r;2r; the mutation does not reduce r; only if ;<2 /TI/7, hence,
r;=1or r;=2. Under r;=1 equation (17) for the pair (e,, e3) is

r?+45=9r,
which provides a contradiction. Under r;=2 equation (17) for the pair is
r}+48=18r,
which also provides a contradiction.
Thus, the case is impossible.
Case 7. — Let x=y=1. The (37) and (25) imply
2+11z22=h=hy, <11Cy, =117z,

so, this case is also impossible.
Case 8. — Let ro=1, r;=2. Then (26) for (e,, ¢,) is
5+11z2=2(11z—p),

hence, z-l:l:\/(6 2 p)/11,i.e. hy3=p=3,C=z=1. Then lemma 3.6 for (e,, e;) implies

that under r,=r; the mutation does not reduce ; only if ;< \/ 11, hence, r;<3.

The cases r;=1 and r;=2 because of r,=1 and r, =2 provide the cases 7 and 6
respectively, i. e. are impossible. Hence, r;=3; then the pair (e,, e;) satisfies the conditions
of case 9.

Case 9. — Let ro=1, r;=3. Then (26) for the pair (e, e,) is
10+1122=3(11z—p),

hence, z=(3/2)+(1/2) \/(59 —12 p)/11,i.e. h,;=p=4. Consider the basis corresponding
to the lesser root z=1. Then lemma 3.6 for (e,, e;) implies that under r,2r; the
mutation does not reduce r; only if r; < \/m, i.e.r;=1 or r;=2. Recalling case 7 we
obtain r;=2. Then (17) for (e,, e;) takes the form

ri+15=8r,

the lesser root is r;=3. Assume without loss of generality that r,=1, r;,=3. Then the
case r,=3, r; =2 is impossible, since formula (24) gives

11C-C'=rgry+ryry=9.

Conversely, under r,=2, r;=3 formula (24) implies 11 C-C'=11, hence, C=C'=1.
For the pair (e;, e,), where e4=e0®m , we have C;,=C'=1, and (17) implies h34
Then R,, e; is of rank Ay ry—r;=4. Hence for the basis

S=(eo, R (3Q0), €4, €;)
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we have

r(fo)=1, r(f1)=4, r(f2)=3, r(f3)=2,

and (24) implies 11C-C'=3+4-2=11, hence, C=C'=1. Then the “helix” { f;} in the
sense of 2.3 determined by this basis satisfies the condition C; ;,,=1 for all i. This
“helix” includes a foundation (e,, e;, e,, e;) for which ro=1, r,=4, r,=3, r;=2, and
d,=0, since the tensoring of a foundation by " reduces d, by k=1. Then

C 1 _C 1 - _C 1

e ”O_rorl—Z’ Ha ul_rlrz_ﬁ’ r,r; 6

i.e. uy=1/4, p,=1/3, py=1/3, hence, d, =d,=d,=1, as we need.

To finish the proof, it remains to show that a basis adjoint to a canonical one is
constructive. Indeed, for a basis (ey, €;, €,, €;) adjoint to a canonical we have ry=2,
ri=3, r,=4, ry=1. Then (17) implies that for this basis h,;=(16+1+11)/4=7,
h,3=(+1+11)/3=7. Then for the basis

f: (63, Re3 €1, Re3 € e3®m_l)
we have
r(fo)=1, r(f1)=17-1-3=4,
r(f)=7-1-4=3, r(f3)=2, d(f,)=0.

Then according to the computations in case 9 this basis is a canonical one.
8.4. CorOLLARY. — The Gram matrix of the form ¥, for a canonical basis is

7 8

(= R
(= |
S - W
— A o

Proof. — Indeed, formula (17) implies:

16+1+11 9+1+11 4+1+11
=2 =7, hyy=———=7,  hpy=————=8,
01 4 02 3 03 )
16+9+11 16+4+44 4+9+11
= =3, ho.= =8, = =4.
34 P24 2 2.3
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