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HOMOGENEOUS KAHLER MANIFOLDS
ADMITTING A TRANSITIVE SOLVABLE GROUP
OF AUTOMORPHISMS

By Joser DORFMEISTER

ABSTRACT. — In this paper we prove the “fundamental conjecture” due to Gindikin and Vinberg for
homogeneous Kihler manifolds admitting a solvable transitive group of holomorphic isometries. We genera-
lize a proof of Gindikin, Piatetskii-Shapiro and Vinberg (which worked with split solvable groups) using
“modifications” of solvable Kihler algebras.

RESUME. — Nous éprouvons la « conjecture fondamentale » de Gindikin et Vinberg pour les variétés
kéhlériennes homogénes admettant un groupe soluble, transitive des isométries holomorphes. Nous généralisons
une épreuve de Gindikin, Piatetskii-Shapiro et Vinberg en introduisant des « modifications » des algébres
kéhlériennes solubles.

In this paper we consider the manifolds described in the titlee. We prove that the
“fundamental conjecture” of Gindikin and Vinberg [8] holds in this case.

Our main tool is the “modification” of a solvable Kahler algebra (see 3.1 for a
definition). We use it to remove obstacles which arise when going through [7],
part III, §3. Thus we prove that a solvable Kédhler algebra can be modified to yield a
sum of an abelian Kihler ideal and a normal j-algebra. As an application we describe
Kihlerian NC algebras and prove that they are modifications of the product of an
abelian Kéhler algebra and a normal j-algebra. We would like to point out that our
results improve over the recent results of [10]. We are also able to recapture the results
of [14].

In paragraphs 1, 2 we investigate certain abelian ideals of a solvable Kéhler algebra. In
paragraph 3 we introduce the notion of a modification and prove various results about
modifications. Sections4, 5 and 6 are devoted to the proof of the algebraic main
theorem 3.7. In paragraph 7 we collect geometric consequences of this theorem. In
particular we prove the fundamental conjecture for Kihler manifolds admitting a solvable
transitive group of automorphisms.
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144 J. DORFMEISTER
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1.1. A solvable Kdihler algebra is a solvable Lie algebra s, together with an inner
product <., . > and an orthogonal map j: s — s satisfying

(L.1) j?=—id,
(1.2) ix, jy1=jlix, y1+j [x, iyl +[x, y] ~ for x, yes,
(1.3) {x, y), jz>+ <, 2), jx >+ {z, x], jy >=0 for x, y, zes.

From [7], Part II, 1, it follows that solvable Kihler algebras correspond to simply
connected homogeneous Kahler manifolds admitting a simply transitive solvable group
of holomorphic isometries. Kaihler algebras in the sense of [7], Part I, 1, will be called
“general Kéhler algebras”.

1.2. The following lemma is an easy consequence of (1.2).

LEMMA. — Let t be an abelian ideal of s, then jt and t+jr are subalgebras of s and
rM\jr is an abelian ideal of t+jr.

We apply [7], Part II, §6, and see that the orthogonal complement of rMjr in
r+jr is a solvable Kihler algebra. Let T denote the orthogonal complement of r (M jt
inr. Then r+jr=(rNjr)+(t+jT) where t is an abelian ideal in T+t satisfying
TNjr=0.

1.3. Let now s be a solvable Kihler algebra and r an abelian ideal satisfying s=r+j,
rNjr=0. We follow the approach of the proof of [12]; Appendix, Theorem 1, and
represent the manifold corresponding to s as a “tube domain™: Fix y,er and define, for
hejr, a map C,: t - by C,(y):=[h, y—yo]—jh. Then the map h— C, is an injective
honfomorphism for the Lie algebra jr into the Lie algebra aff (r) of affine transformations
ofr. Put h:={C, hejr}. Then C,y,= —jh implies that the map C,—C,y, is an
isomorphism of vector spaces. Therefore, the orbit U of the Lie group H generated by
b is an open subset of r. We put

D(U):={x+iy; x, yer, yeU}
and get that
¢: r+jr— LieAutD(u), @ (a+jb)(x+iy)=a+Cpx+iCpy

is an isomorphism from r +j r onto a solvable Lie algebra generating a transitive Lie group
on D(U). Moreover, ¢ is C-linear relative to the natural complex structures. Hence we
may consider the tube domain D(U)=r+iU as the realization of the complex manifold
corresponding to r+jr. The Lie algebra s=r+jr under consideration is then of type
g_;+g, where g_, consists of all translations with elements from r and g, is an affine
Lie algebra of infinitesimal automorphisms of U.

We denote by (., .) a scalar product on r and extend it as a hermitian form to
r+jr. We denote this hermitian form again by (., .). We represent the Kihler metric
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KAHLER MANIFOLDS 145

on D(U) in the form (H, (z)u, v). By assumption, j acts as i on the tangent spaces and
is orthogonal relative to the Kéhler metric as well as to (., .). Therefore Hy(z) is a
C-linear endomorphism of . Moreover, the Kéhler metric is invariant under the group
generated by g_, +g,. As a consequence we have

Ho(x+iy)=H() and H(W)="@dW) ' H(»)@W)™!

for all ye U, Weexp g, where exp g, denotes the Lie group generated by g,. Finally,
we evaluate the Kihler condition V,jY=jV,Y. Here we use vector fields on D (U),
the defining equation for V, B and the Kéhler condition and get

H(y; a)b=H(y; b)a for all a, ber, yeU.

Where

H(y; a):=;;£t H(y+ta).
(1]

As H(y) is C-linear we may write
H@»)=A(»)+iB() with A (), B(y)eEndgr.

Moreover, H (y) is hermitian whence ‘A (y)=A () and ‘B(y)=—B(y). Obviously, the
Kaéhler condition gives

A(y;a)b=A(y;b)a and  B(y;a)b=B(y;b)a.
Clearly
0=B; wWx, x)=B(; x)u, x)=—(u, B(y; x)x) for u, xer

Therefore B(y; x) x=0. This implies B(y; a)b= —B(y; b) a; together with the Kahler
condition we get B(y; a)=0 for all yeU, aer. But then B(y)=B is constant. From
above we know that B is skew-adjoint and invariant under the action of exp g,.

1.4. We keep the notation of 1.3 and introduce the invariant Kéhler metric
g (u, v)=(A(Imz)u, v) on D(U).
From
‘A)=A() and A(y;a)b=A(y; b)a
we get (locally) a function 11 : U — R* satisfying
g, (u, v)=d%logn (u, v) for all u, ver, yeU.

We evaluate the invariance of g under exp g, It is easy to see that the directional
derivatives of dy,. logn (dWu) and d,logn (u) coincide for all xeU. Hence, there exists
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146 J. DORFMEISTER

a linear map A(W; —): r — R satisfying
dy, logn (dW u)=d_logn (u)+A(W; u).

Now we see that the directional derivatives of log 1 (W x) and log[n (x) ¢* ™ ¥] coincide
for all xeU. This implies (W x)=1n (x) e* V¥ W where ¢ (W) eR.

THEOREM. — U is convex.

Proof. — The proof consists of several steps. We first replace W by a one-parameter
group W,=exp (T and write M(W; u)={I(W), u):

(M d logn (T x)=digl(T), u)+dysc(T).

We recall that g, consists of elements of type C;, her. We claim that ¢,:r—r,
h— Cj,x is bijective for all x in a neighborhood of y,. For a proof we note that ¢, is
linear and that ¢, =id holds. Hence deto, # 0 in a neighborhood of y,. Moreover,
@, is affine in x whence @, ' is rational in x and also C;,-1, is rational in x. Finally,
CiorlwX=0,0; ' (y=u. Hence, from (1) we get with T=C; -1,

@) d,log ﬁ (W) =<(dy! (7 oz ! (u))’ x)+dyc (C; P (u))'

As a consequence of this we see that d, logn (u) is rational in x. We put Y =d?logn
and N,=—d_logn. Then (U, nY) is a complete, connected riemannian manifold (as a
connected group acts transitively on it). Let aeU and uer and assume a+tueU for
all0 <t <1,and a+1,u¢U. Because n, is rational in x we may apply part (a) of the
proof of [6], Lemma 8.2, and get N (a+1Tu) = o if T > 1, Now (c) of the proof of [6],
Theorem 3.9, shows that U is convex.

2.1. Let s be an arbitrary solvable Kéhler algebra and r a commutative ideal
ins. Then ads is a solvable Lie algebra of endomorphisms of s. Let ads denote the
algebraic hull of ads (see [3], II, § 14, for a definition). Then ads leaves invariant each
ideal of s and we have

[ads, ad s]=[ad s, ad s] =ad [s, s].

From [3], V, §3.5, we know that ad’s is solvable and ads=a+n where n is the ideal of
ad s consisting of all nilpotent elements of ad s and a is an abelian algebraic Lie algebra
consisting of semisimple endomorphisms. Moreover, a=ag+a; where ag (resp. a))
consists of the elements of a having only real (resp. purely imaginary) eigenvalues [3], II,
§13. From the above it follows that r contains a subspace q so that n.q=0,
T|q=A(T)1d for T|eag and T|q=p(T)I for Teq; where I’=—Id. In case T|q=0
for all Tea; we may choose p=0 and q one dimensional. In general we only know
dimg <2 Of course, q is an abelian ideal of s. Moreover, qjgq=0 or
qNjg=q. In the second case we may write s=q+q* with a solvable Kihler algebra
q*. We will see in section 4 that this implies the fundamental conjecture of [8]. We
assume therefore in what follows q N\ jq=0. Clearly, in paragraph 1 we may put r=q.
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KAHLER MANIFOLDS ’ 147

2.2. We assume q(\jq=0. Put q,=U N (—U) where U denotes the closure of U
inq. We set q,=q7. Hence q=q;+q; and U=q,+U, where
U,=UNgq, Moreover, U, is an open convex domain in q, not containing a straight
line.

LEMMA. — q;+jq, is an ideal of q+jq.

Proof. — Let heq be arbitrary and W,=exptC;. Then it is easy to see that the
linear part of W, leaves q, invariant, i.e. [jh, q;] = q;- For all heq. We also know
[Cit» CijJ=Cl, jqr From the definition of q we get that this commutator is just a
translation with a= —j[jh, jq]. But then ta+xeU for all xe U whence aeq,. This
implies—using (1.2)—[jh, q]+[h, jqgleq, for all h, geq. We choose gqeq, and get
lig:, a] < q, for all g, eq,. Now it is straightforward to show that g, +jq, is an ideal
in g+jq.

COROLLARY. — q,+jq, is a subalgebra of q+jq.

2.3. We retain the notation of the last section.

LEMMA. — Assume q(\jq=0, then q,+jq, is abelian.

Proof. — We clearly have to consider the cases dimgq, =0, 1, 2. It is clear that we
only have to prove [jq,, q,]=0. If dimq,=1, then q,=Rgq and [jq, ql=Aq. By the
definition of q, this implies ad jg J q=AId, whence [jg, x,]=Ax, for all x,eq,. But
q,+jq, is an ideal in q+jq whence A=0. Therefore q,+jq, is abelian and commutes
with q,.

Assume now dimgq,=2. Thus gq,=q. Suppose there exists gqeq so that
ad Ijhl q=ald+pl, a#0, then we can find h,eq, for which a=0. Thus
adjh,=BI. We choose h, and h, so that

ad|jh,q=BIL,  ad|jhyq=Id+yL,  Thy=h, Thy=—h,.
Therefore
Uy, jhal=ilihy, hal =i bz, hi=j (ha =y hy)—j Bhy= —yjhy +(1 = B)jh,.

This element acts trivially on q only if y=0 and (1—B)B=0. If =0, then from (1.3)
we get

0= <[jhy, jhs), jhy >+ <[jhy, hyl, jjhy >+ < [hy, jhy), jih, >
=<h23 h2 >+< —hl’ _hl >+< _h2a —hz >

a contradiction.
If B=1, then [jh,, jh,]=0 and (1.3) shows

0=< [ihv Jjhal, jhz >+ < [jhy, hz], “h1 >+ < [hy, jh], _hz >
=<h13 h1>.+<h27 h2>9

a contradiction.
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148 J. DORFMEISTER

Therefore adjh | q=a(h)I for all heq. We choose h,eq so that a(h)=0 and we
choose h, €q so that IThy=h,, Th,= —h, holds. Then adjh, | q=al and

ks jhal=jlihy, hol+jlhy, jhy]= —ojh,.

As above we know that this commutator acts trivially on q. Hence a=0 and the lemma
is proven.

2.4. We retain the notation of the previous sections.

LemMMA. — If qN\jq=0, then either dim q=1 and there exists r € q satisfying [jr, rl=r
or q+jq is abelian.

Proof. — From 2.2 we get q=q,+4q, and U=q, +U,. Suppose dim g=2. By the
last lemma we may assume dim q, < 1.

Assume first dimq, =1. Let xeq,, x # 0; then Rx=gq, and [jx, x]=0. By the defini-
tion of q this implies [jx, q]=0. From Corollary 2.2 we know that q,+jq, is a subal-
gebra of q+jq. Because dim q,=1 and [jq, q] = q we know [jr, r]=Ar for req,. But
(1.3) now gives

0=<[jr, jx], jx >+'<[ixa x]’ j.]r>+<[x7 jr]’ jjx >
=<jljr, x1+j[r, jx}, jx > +0+ <[jr, x], x > =21 <x, x >.

This implies A=0. Hence [jq, q]=0 for all geq and a straightforward computation
shows that q+j q is abelian.

It remains to consider the case dimq,=0. From paragraph 1 we know that the Lie
group exp g, generated by C;,, geq, has an open convex orbit U in q which contains no
straight line. We therefore may apply the results of [15], Chap. II. Hence

1
q=q; +0qy;2 and U={x1 +X1/2; xl_Exl/ZAxl/zeK},

where K is a convex regular cone in q;. By construction, C; eLieAutU for all
qeq. Because q; # 0 and dim q < 2 we only have the possibilities dimq, =2, q,,,=0
or dimq, =dimgq,,,=1. It is easy to see that in both cases the isotropy algebra in Lie
AutU of any point in U is trivial. Therefore {C;; geq}=LicAutU. If q,,,=0 and
dim q, =2 then the action of TeLieAutU is not of type Ald+punl on q=q,. Hence
q32 =0 implies dim q;=1. It remains to consider the case dimq,;=dimgq,,=1. But
then a comparison with [15], Chap. II, shows that ad x q is nilpotent for xeq;,,. This
contradicts the choice of q.

3.1. In the next sections of this paper we prove that solvable Kihler algebras are
“modifications” of “semi-direct products a @ b where a is an abelian ideal and b is a
normal j-algebra” (*) (see [12], Chap. 2.3, for a definition). Let s be a solvable Kdhler
algebra with scalar product < ., . > and complex structure j. Let D: s — Ders be a

(*) in this paper such an expression is exclusively used for split solvable a @ b
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KAHLER MANIFOLDS 149

linear map satisfying for all x, yes

3.1) D(x) is skew adjoint relative to <., . >,
(3.2) [D(x), j1=0,

(3.3) [D(x), D(»)]=0,

(3.4) D([x, yD=0,

(3.9 D(D(x)y—D (y)x)=0.

We call such a map a “weak modification map”. We would like to mention that
modification maps and modifications have been used before ([2], [5]).

LeMMA. — Let D be a weak modification map of the solvable Kihler algebra s. Then
the product (x, y):=[x, y]+D (x) y—D (y) x defines on s the structure of a solvable Kdihler
algebra.

Proof. — Obviously, (x, x)=0. A straight forward computation shows that (x, y)
defines the structure of a Lie algebra on the vector space s and that s remains
solvable. Using (3.1) and (3.2) one easily verifies that (1.2) and (1.3) are satisfied for
(., .). This proves the lemma.

3.2. Let M be a simply connected h. k. m. (-homogeneous Kédhler manifold) and S a
connected solvable group of automorphisms of M. Assume moreover that S acts simply
transitive on M. Hence S is simply connected.

Let s=Lie S and D a weak modification map of s. We put
f:={D(x); xes}, g:=fDs.
Then g is a Lie algebra with product
[D+x, D'+x]=[x, x']+Dx"—D’x.

We extend j to g by putting j|f=0. Moreover the skew form p(x, y)=<x, jy> on s
will be extended trivially to g. Then it is easy to verify that g is a (general) Kéhler
algebra of infintesimal automorphism of M [7], PartII, 1. Let G denote the connected
group of automorphisms of M having Lie algebra g, then M =~ G/K and Lie
K=f Moreover, K is connected and closed in G and we have S = G.

We consider D: s —» g, x> D(x)+x. Then it is clear that D is an injective homomor-
phism of the “modified” Lie algebra on the vector space s onto the sub algebra s=0D (s)
of g.

Let S denote the connected subgroup of G with Lie S=5. Then § is solvable and it
is easy to see that S acts transitive on M. But dim s=dim$, therefore S has discrete
isotropy subgroup. We have assumed that M is simply connected, so S acts simply
transitive on M. Hence, a modification corresponds to a different choice of a simply
transitive group of automorphisms of M. We also note that the complex structure j on
s is given by j(D (x)+ x) =D (jx) +jx where j denotes the complex structure of s.
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150 J. DORFMEISTER

3.3. In this section we investigate weak modifications of particularly simple Kéahler
algebras.

LEMMA 1. — Let a be an abelian Kdihler algebra and D a weak modification map
for a. Then a is the orthogonal sum of j-invariant subspaces a=@a,+a,=8y+8,o+4a,,
where:

(a) a, is spanned by {D(x)y; x, yea}.

d,0={xea; D(x)=0, D(jx)=0 and D (y)x=0 for all yea}.
a;; = {xea; D(y)x=0 for all x, yea}.

(b) D(D(x)y)=0 for all x, yea.

(¢) In the modified algebra 4 is an abelian ideal, a, is an abelian subalgebra and we
have [a,,, a]=0 and [a, a]=4d,.

Proof. — We know that {D (x); xea} is abelian and consists of skew-adjoint endomor-
phisms of the complex space a. Hence there exists a basis of a consisting of common

eigenvectors for all D(x). Moreover D(x) acts on such a basis vector by multiplication
with a purely imaginary number. We can therefore identify a with C" so that the

canonical basis e,, ..., e, consists of common eigenvectors for all D(x). Then D (x) is
a diagonal matrix with purely imaginary eigenvalues. Hence there exist R-linear maps
Ap: C"> R, m=1, ..., n, so that D(x)e, =\, (x)ie, for all xea, 1 <m < n. The last

condition for a  modification map requires D(D(x)y—D(y)x)=0,i.e.
A, (D(x)y—D(»)x)=0 for all x, yea, m=1, ..., n. Choosing x=a,e, and y=,e,
this means 0=2,, (A, (2, ¢,) B, ie;,— A, (Bs e,) @, ie,). Hence

(*) }“s (ar e") )“m (BS ies) = )\'r (BS es) )\’m (ar ief)'

Choosing s=r=m in (%) we have A, (o, €,) Ay (B i€1) =Xy B €m) A (U i€,).  We know
that A,,: Ce, » R is R-linear and has a nontrivial kernel. Let A,(a,e,) =0. Then
0=\, (Bnem) An(2yie,) for all B,eC. If A,(B,e,) #0 for some B,, then
A (o, ie,)=0. Buta,e, and ia,e, span Ce, over R. Hence A,,(ye,)=0 for all yeC,
a contradiction. This implies

(%) An(ae,)=0 forall aeC, 1<m=n
Next we choose r=m in (*). Then by (**) we have

0=A, (¢, e,) A, (Bsie;) forall 1 £s<nandalla,, B,eC.

This identity is surely satisfied if, for a certain m, A,(Ce,)=0 for all s. Assume
m=1, ..., | are exactly these m’s. At any rate

(k%)
A (Ce,)=0 or A,(Ce)=0 forall 1<m, s<n

Assume now r>1 and let s be arbitrary. If A,(Ce)=0, then in (*) we have
0=A,(Bse;) A, (a,ie). But r>1 and there exists m and o so that

T
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Am (o, ie,) # 0. Therefore A, (Ce)=0. The second possibility is anyway
A (Ce)=0. Therefore A, (Ce)=0 for all r>1I, 1=<s=<n As a consequence,
Ay --.5 A depend only on Ce,y ..., Ce, and A,,=...=A,=0. Some of
Ay, .., My mayalsobe 0. SayA,=...=M=0and A, #0fork+1=<m<l Weput
4,0=Ce;+...4+Ce,0,=Ce;,,+...+Ce¢and a,;,=Ce¢,,;+...+Ce, Forx, yea
we have [D (x) y],,=A, (X) yuie,. Thisiszeroif m¢{k+1, ..., I}. Forme{k+1, ..., [}

we have A, (x)=k,,,< Y ox, e,). By the choice of m there exist r >/ and x, so that
r=1+1
An(x,e) #0. Hence Ce, = {D(x)y; x, yea} < &, This proves (a). To verify (b) we

choose r and m as above then
D(xrer)ym em_D(ym em) xrerzD(xrer)ym €m-

Hence D(a,)=0. The last statement of the assertion follows from the definition of the
subspaces and the properties of D.

LEMMA 2. — Let s=a+sp be the semi-direct product of an abelian ideal a of s and a
normal j-algebra s,. We assume that s is a Kdhler algebra and that a and s are
orthogonal and j-invariant. Let D: s — Der s be a weak modification map. Then:

(a) For all xes, D(x) leaves a and sy, invariant.

(b) D,: a— Dera, D,(x):=D(x) | a is a weak modification map of a.

(¢) Dp: sp — Der sp, Dp(x) | sp is a weak modification map of a.

(d) Let a=ay+a, where ag={xea; D(x) | sp=0} and a,=a O a,. Then a, is an ideal
of the modification of s via D and a, is an abelian subalgebra. Moreover, in the
modification Lie algebra (a,, sp) < ag+(p, Sp)-

(e) We have D (x)ye(s, s) (for all x, yes). In particular D(D (x)y)=0.

Proof. — (a) Let W=exptD(x), then W is an automorphism of s which commutes
with j. Hence, for all aea we get [[Wa, Wa]l=W/ja, a]=0. We write Wa=u+x,
uea, xesp and get 0=[ju, x]+[jx, u]+[jx, x]. Here the first two summands are in a
whereas the last is in sp.  This implies 0=[jx, x]. From [4], Lemma 3.5. We get x=0.

(b) and (c) are clear.

(d) Let aea, and xes, then in the modified algebra we have
(a, x)=[a, x]+D(a)x—D (x)a.
For xea we see (a, x)ea and D((a, x))=0. If xesp, then D(a)x=0 whence
(a, x)ea. Obviously D((a, x))=0. Next we consider the weak modification map D,
and split a=d,+d, as in Lemma 1. Clearly a, = a; where (a;, a;)=0. To see that
(54, 5p) < a¢+(sp, 5p) holds we first note (x,, xp) =[x;, xp]+D(x,) xp—D (xp) x, where
[., .] denotes the Lie product of the unmodified algebra. By definition, D ([x,, xp]) =0
and because D (x,)xp€(sp, 5p) We also have D(D(x,) xp)=0. Hence, using this and
(3.4) and (3.5) we get D(D(xp) x,)=0. Therefore (x,, xp) €ay+(sp, 5p). Finally let
X=Xx,+Xx,+xp and y=y,+yp. Then

D(x)y=D(x)y,+D(x)yp=D,(x,) y,+D(xp) y,+D (x) yp.
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We know that D (x) is a skew symmetric derivation of sp, hence D (x) yp€[sp, Sp] by [4],
Lemma 3.5. Therefore we have only to consider D,(x,)y, and D(xp)y,. From the
last Lemma we get D,(x,)y,€(a, a) = 4, Hence D(D,(x,) y,)=0. Now we consider
D(xp) yo- Here we may assume xp L [sp, sp]. Then ad xj acts self adjoint on a. We
also know [D(xp), ad xp]=ad D (xp) xp =0, hence D (xp) leaves the eigenspaces of ad xp,
invariant. If A # 0 is an eigenvalue of ad xp on a, then ad xp+ D (xp) is invertible on
the corresponding eigenspace. Therefore this eigenspace is contained in (sp, a). In
particular D (xp) a€(sp, a) for all aea which lie in an eigenspace for ad xp, for a nonzero
eigenvalue. If ad xpa=0, then (xp, a)=[xp, al+ D (xp)a=D(xp)a. Hence the asser-
tion.

3.4. The results of 3.3 indicate that condition (3.5) can be sharpened.

A map D: s — Ders satisfying (3.1), ..., (3.4) as in 3.1 is called a modification map
if D satisfies

(3.5%) D(D(x)y)=0 for all x, yes.

Remarks. — (a) (3.5%) is automatically satisfied if D (x)s = [s, s] for all xes.

(b) By 3.3 we have: let s be the semi-direct product of an abelian ideal and the Lie
algebra of a simply transitive group of a bounded homogeneous domain. Assume D is
a weak modification map of s. Then D is a modification map.

LemMAa 1. — Let s be a solvable Kdhler algebra with product [.,.] and
D: s— Der(s[., .]) a modification map. Denote by (., .) the product in the modified
algebra. Then:

(a) D(x)eDer(s, (., .)) for all xes.

(b)) —D: s— Der(s, (., .)) is a modification map.

(¢) The composition of the modifications corresponding to D and —D reproduces
[ -

Proof. — Straightforward computation.

The above results show that modifications are reversible. The following result proves
that modifications subtract parts of the adjoint representation.

LemMMA 2. — Let s be a solvable Kdhler algebra and D a modification map of s. Let
u;={xes; D(x)=0} and u,=s SO u,. Then:

(@) D(x)s = u, for all xes.

(b) D(x)u, =0, xes.

(¢) In the modified algebra the adjoint representation is given by adu+ D (u) for ueu,.

Proof. — (a) Follows from (3.5%).

(b) As D(x) leaves u, invariant and is skew-adjoint, it also leaves u, invariant. Hence
D (x)u, =0 because of (a).

(¢) From (u, x)=[u, x]+D (u) x —D (x) u the assertion follows.
Occasionaly we will use the following Lemma 3.
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LemMA 3. — Let s be solvable Kdihler algebra. Assume s is the modification of the
semidirect product of an abelian ideal a and a normal j-algebra s, Denote by D the
modification map of s which leads back to the original semidirect product. Then the maps
D, (a+x)=D (a) and Dy (a+ x)=D (x) are modification maps of s.

Proof. — We have to verify only (3.4) and (3.5*%). We denote the Lie product of the
semidirect product by (., .). Then
la+x, b+yl=la, b]+[a, y]+[x, b]+[x, yI.

It is clear that both maps vanish on [a, b] and [x, y] Hence it suffices to show
D,(a, y)=0 for all aea, yesp But [a, y]=(a, y)—D(a)y+D(y)a whence the
a-component of [a, y] is (a, y)+D()a=]a, y]+D(a)y. We know D (a)sp < [sp, Spl;
therefore the a-component of [a, y] is in [s, s]. Hence D,([a, y])=0. Next we consider
D,(a+x)(b+y)=D(a)b+D(a)y. From Lemma 3.3.1 we know D (a)be][a, a] hence
D,(D,(@a+x)(b+y))=D(D(a)b)=0. Analogously we have

Dp(a+x)(b+y)=D(x)b+D(x)y and D (x) y €[sp, Spl-
Hence (3.5%) for Dy,
LeMMA 4. — Under the assumptions of Lemma 3 we have [jx, x]=0 only if x€a.
Proof. — Split x=a+ xp, then 0=[j (a+ xp), a+ xp] implies
0=[jxp, xp]—D (ja) xp+D (a) jxp.
In the normal j-algebra underlying s, we have ® as in [4], Lemma 3.5. But then it is
easy to see xp=0.

LEMMA 5. — Let s=a+sp be the semidirect product of an abelian ideal and a normal
j-algebra. Assume that s is a Kdhler algebra relative to [., .], p andj. Let D be a
modification map for s; then s is a Kdihler algebra relative to (., .), p and j where
u, v)=[u, V] +DW)v—D (v) u.

Assume s is also a Kihler algebra relative to (., .), p and j. Then p(a, sp)=0.

Proof. — We follow the proof of [7], Part III, Lemma 3. Let s be the principal
idempotent of (sp, [., .]), then a=ay+a;,,+a_,,, and $p="5p, +9p, , +%p, relative to
s, .]. We have

B(sa a—1/2)=6(isﬁ a—1/2)=5(jsa [Sa a—l/Z])
=B(iS, (s, aAl/z)—D(s)a—x/z+D(a—1/2)s)=5(iS, (s a—l/z))

because s, a_,,,€[s, s]. We apply (1.3) and get

B(S’ a_1/2)—5(s, (a—l/za J'S))—B(a-l/z, s, s))
=B(S, [is, a_1/2]+D(js)a_1/2—D(a_1/2)js)—5(a_1/2, 5)

1~ ~ . ~
= —EP(S, a—1/2)+P(5, D(]S)a_1/2)+p(s, a~1/2)-
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Hence
1~ ~ .
EP(S, a_i2)=p(s, D(@s)a_, )

Therefore
p(s, exptD(js)a_ 1/2) =e'™'p (s, a_ 1/2)

whence p(s, a_;,,)=0, because exptD(js) is bounded and e/?* unbounded. This
implies

(%) p(is, ay,,)=0.

Let uea, and nes, where { < o. Hence

1
—C+0=£, juea_; and iu, vlea_;,s=ay,.

By (%) we have
0=p(s, liv, ) =p (s, (u, ©)—D (ju) v+ D (v) ju).

If 6=1/2, 1, then D (v)=0 because s, < [s, s] and D (ju)ves,. If =1, then D(ju)v=0
and if o=1/2 then p(js, D(ju)v)=0 by [4], Lemma 3.5. Hence p(js, (ju, v))=0 if
c=1/2, 1. Assume now 6=0. Then {=—1/2 and [ju, v]€a,;,, whence

(ju, v)=[ju, v]+D (ju) v—D (v) ju=[ju, v] =D (v)juea,,

because D (ju)=0. Thus we get from (%) again p(js, (ju, v))=0. Therefore from [7],
Part I1I, Lemma 9, we get

dia(etAdjsju, etAdjsD)=B(iS, etAdjs(]'u, D))=0
t

where Adjsx=(js, x). Hence

E(etAdjsju, et AdJs D) — B (]'u, U).

But Adjs has on j g, real part —(Id and on s, real part cId. Therefore the left handside
grows as e{"¢*9! but the right hand side is constant, whence

(%) p(ju, v)=0 for ueq, ves, and {<o.

c

Assume now o=( Then —-({+0=0<1 whence —{<1—o. Therefore
p (ju, v)=p (jju, jv)=0 for all ueq, and ves, by (**). This proves the Lemma.

LEMMA 6. — Let s=a+sp be the semidirect product of the abelian ideal a and the
normal j-algebra s,. Let D be a modification map of s. Then there exists an abelian
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subalgebra u of s so that D (x), x e, is the purely imaginary part of the adjoint representa-
tion of x in the modified algebra. Moreover, D (x)=0 in the complement of u in s and
D (x)u=0 for all xes.

Proof. — We put up=sp, © [sp, sp] and u,=a © a, where a,={aca; D(a)=0}. Itis
clear that D vanishes on the orthogonal complement of u=u,+up. It is clear that uy
is abelian and u, is abelian by Lemma 3.3.1. Let aeu, and heuy then

[a, |+ D@ h—D(h)a=][a, ]—D(h)aca.

Now ad h | a is self adjoint; therefore the eigenspaces for nonzero eigenvalue are contained
in a,. This implies [a, h]=0 for heuy and acu,. Finally, D (h) | a acts on the complex
vector space a by C-linear skew-adjoint endomorphisms. This shows that u, is orthogo-
nal to all eigenvectors for non zero eigenvalue of D (h). Moreover, we have shown
D(u)u=0. Hence [u, x]+D W) x—D (x)u=[u, x]+ D (u) x because D (x)u=D w)u=0
for some u’eu. We see that D (¥) commutes with [u, .], ueu, and [u, .] has only real
eigenvalues. Hence the assertion.

3.5. Let M be a flat h. k. m. and s a solvable Kéhler algebra for M. It is well-known
that the universal cover space for M is the affine space C". The action of s on M can
be lifted to C". Therefore s acts on C" by affine transformations with skew-adjoint
linear parts. Because s is solvable, the linear parts of any two elements of s commute.

We denote the elements of s by X (a) where aeC" and X (a)z=a+A (a)z, zeC".

The homogeneity implies that all ae C" occur. We also note jX (a)=X (ia). Hence
C" and s are isomorphic as complex vector spaces.

LEMMA 1. — There exists a base z,, . . ., z, of C" so that
[X(z), iX(z)]=0 for 1Sk<n
Proof. — As mentioned above, {A (a); aeC"} is a commuting family of skew-adjoint

endomorphisms of C". Let w,, ...,w, be a base of C" consisting of common
eigenvectors. Let A,: C" - R be R-linear so that A (a) w,=A, (a) iw, for all aeC". Then

X (W), X (w)]l=[w,+A(W,)z, iw, +A (iw,) 2]
=A W) iw,—A (iw)w,= — (A, (w,)+i), (iw,) w,.
If this is non-zero then put
z,= =, W) +ik, (W) w,,
otherwise set z,=w,. In the first case we have A (z,)=0. Hence
X(z), i X (z)]=Iz,, iz, + A (iz,) z] = — A (iz,) z, = — \, (iz,) iz,

If A,(iz,) #0, then A (iz,)=0 whence [X(z,), jX(z,)]=0, a contradiction. Therefore
A, (iz,) =0 and the Lemma is proven.

We give C" the Lie algebra structure of s via ar— X (a).
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LEMMA 2. — The map y+— A (y) is a modification map of the abelian Lie algebra on
C". The given structure on s is the corresponding modification of C".

Proof. — From the remarks preceding Lemma 1 we get that only (3.5*%) has to be
verified. By Lemma 3.3.1 it suffices to prove (3.5). But

[a+A(a)x, b+A (b)x]=A(a)b—A (b)a

implies (3.5) because s has a trivial isotropy subalgebra. The last statement of the
assertion is just the equation above.

We apply Lemma 3.3.1 and get:

LemMma 3. — (a) If ad x acts nilpotent on s, then x corresponds to a translation.
(b) A (x) is the semisimple part of ad x in s.

Proof. — Let s=5,+85, as in Lemma 3.3.1. Then adxy=ad xy,=A (x)y, by the
last Lemma. Hence the assertion.

3.6. In this section we prove that a sequence of modifications can be represented by
one modification.

LEMMA. — Let s be a solvable Kdhler algebra and D, . .., D, a sequence of successive
modifications resulting in the semidirect product of an abelian ideal and a normal
j-algebra. Then D, + ... +D, is a modification map.

Proof. — By Lemma 3.4.1 each of the modifications D,, is reversible. It therefore
suffices to prove that for two successive modifications D,, D, starting from the semidirect
product s=a+s, of an abelian ideal a and a normal j-algebra sj also D, +D, is a
modification map. The Lie product in the semidirect product will be denoted by
[., .]. The product after modification by D, will be (., .).

First we note that D, (x) leaves invariant a. The modified algebra is still associated
to a flat h. k. m. by 3.2. Hence we can apply 3.5. From Lemma 3.5.1 we get a basis
of a satisfying (jx, x)=0. Let W,=exptD,(y), then (j W,x, W,x)=0. We decompose
W,x=a+zp, and get in particular, (jzp, zp)+D, (ja)zp—D, (a)jzp. From [4],
Lemma 3.5, we get zp,=0 hence W,a=a. Therefore D, (y) leaves a invariant. This
implies that a and s, are subalgebras of s after carrying out both modifications. By
Lemma 3.5.2 we know that the algebra structure on a is given via a modification map
D,: a—Enda from the abelian Lie algebra a. The “D-component” of ada, a€aq, is
given by Dy (a)=D, (a)+D, (a) | sp. It is clear that D, (a) is a skew-adjoint derivation
of the normal j-algebra s, which commutes with j. The same holds for D, (a) by
[4], Lemma 3.5. We claim that D(a)=D,(a)+Dp(a) is a modification map of the
original a+s,. Here (3.1), (3.2) are clear. To prove (3.3) for D we have to show
[Dp (a), Dp(b)]=0 on sy for all a, bea. It suffices to show [D, (a), D, (b)]=0 on s
for all a, bea. We know that D,(b) is a derivation of the intermediate Lie
algebra. Comparing the s, component of (a, x) gives

D, (b) D, (@) x=D, (a) D, (b) x+ D, (D, (b) a) x.
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We know that the family {D, (a); aea} commutes and consists of skew-adjoint j-linear
endomorphisms of s,. We choose a basis of common eigenvectors and get easily that
they are also eigenvectors for D, (b). Hence [D, (b), D, (a)]=0 on s, To verify (3.4)
we have to show D([a, sp])=0. But D,(a)=D, (a)+ D, (a) and D, ([a, sp])=0. Using
the intermediate modification we get D, ([a, xp]+ D, (a) xp—D, (xp) a)=0 for all aea,
XpEsp. We know D, (a) xp€[sp, sp] whence D, (D, (a) xp)=0. If xp€[sp, sp), then
D, (xp) =0 hence D, ([a, xp]) =0. So let xpesp, O [sp, 5p). But ad xp | a is self-adjoint
on a and D,(xp) leaves the eigenspaces invariant. For eigenvalues #0
ad xp | a—D, (xD){a is invertible, whence D, (a)=0 for all eigenvectors of ad xp for
non-zero eigenvalues. In particular D, ([a, xp]) =0 for all aea, xpesp. To prove (3.5%)
it suffices to prove (3.5). Splitting x=x,+ xp and y=y,+ yp we get

D(x)y_D(y)x=D(xa)yu_D(ya)xa+D(xn)yD_D(ya)xD'

Because D is a modification of a and has sy, in its kernel we get (3.5). Finally we note
that D(a)=D, (a)+ D, (a). By definition, D, (a) is a derivation of the original s. So
we only have to prove that D, (a) is also a derivation. This is clear on a and on s,.  So
we only have to show

D, (@) [u, xp]=[D; (@) u, xp]+[u, D, (@) xp].
For L=D, (a) we know

L ([u, xp]+D; (u) xp— D (xp) u)
=[Lu, xp]4+ D, (Lu)xp—D, (xp) Lu+[u, Lxp]+ D, (u) Lxp—D, (L xp) u.

We are only interested in the a-component and we know L x,€[sp, sp]. Hence
L ([u, xp] —D; (xp) u)=[Lu, xp] =D (xp) Lu+[u, L xp].

For xp€lsp, sp] we have D,(xp)=0 hence L satisfies the required identity. If
xp€sp O [sp, spl, then Lx=0 and we have [ad xp | a+D; (xp), L]=0. But adxp | a is
self-adjoint and D, (xp) is skew-adjoint on a, therefore [ad xpa, L]=0 on a. This finishes
the proof that D, (a) is a derivation of the original algebra s.

Now we consider the action of sy, after the second modification. We know that sy, is
a subalgebra. Hence, by [4], Theorem 3.3.2, s, is a modification of the underlying
normal j-algebra. It is easy to see that the modification map is
Dp(x)=D; (x)+D, (x)IsD. We know that Dy is non zero only on sy © [sp, sp]. We
put D,(x)=D, (x)+ D, (x) | a and D(x)=D,(x)+Dp(x). It is clear that D (x) is skew-
adjoint, commutes with j and we have D ([sp, 5p]) =0. To see that D(x) is a derivation
of the orginal s it suffices to prove that it acts as a derivation on [a, sp]. This is clear
for D, (x) and for L=D, (x) we know

L([a, y]+D,(@y—D;(» a)
=[La, y]+D,(La)y—-D,(») La+[a, Ly]+D,(@)Ly—D,(Ly)a.
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Arguing as above shows the assertion. It remains to verify (3.3) and (3.5). As above
one shows [ad xp, | a+D; (xp), D, (3p)]=0. Hence D, (xp) commutes with D, (yp) on
a. On spwe use the intermediate Lie algebra and the fact that D, (y) is a derivation of
the normal j-algebra s, by [4], Lemma 3.5. Hence

D, () (D, (x)z—D, (2) x)
=D, (D,(»)x)z—D, () D,(») x+D, (x) D, () z— D, (D, (%) 2) .
But D, () sp < [sp» 5p) and
D, (), D, (x)]z=[D, ), D, (@)]x for all x, y, zesp
follows. Hence
0=<[D,(»), D;@)]x, x >=<[D,(»), D;(¥)]z, x> and [D,(y), D;(x)]x=0

follows for all x, yesp. Linearizing in x and comparing with the original identity shows
[D,(¥), D, (x)]z=0 for all y, x, zesp. Hence D, (x) and D, (y) commute on s,. This
implies (3.3). Next we consider

D (x,+xp) (¥4 +¥p) =D (¥a+yp) (Xs+xp) =D (xp) ¥, — D (yp) X4 + D (xp) yp — D (yp) Xp.

As a is in the kernel of D and D ] sp is a modification map, (3.5) follows.

Finally, we consider the map Q(x)=D;(x)+D,(x). It 1is clear that
[x, Y1+ Q(x)y—Q(y)x is the Lie product after the second modification. Clearly
Q(x)=Q(x,)+Q(xp). Both maps are modifications of the original Lie algebra s. So
we only have to verify (3.3) and (3.5) for Q. We have

QXy—Q x=Q(x)y,— Q) X, + Q(x) yp— Q) xp.

The last two summands lie in [sp, sp), hence are annihilated by Q. Because Qla is a
modification map as shown above it remains to prove that Q annihilates Q(xp) y,, We
have shown above rhat Q l sp is a modification map. Therefore we may assume
Xp€Sp © [sp, spl-  Using the fact that D; and D, are modification maps we only have
to show

D (D;(xp)y.)=0 and D, (D (xp) ¥)=0.
By definition
D, ([xp, ¥+ Dy (xp) ya— D (¥2) xp) =0.

By the choice of xp, we have D, (y,) xp =0 and because D, annihilates the eigenspaces of
ad xp, | a for non-zero eigenvalue we have D, (D, (xp) y,) =0. Next we use that L=D, (h)
is a derivation of the intermediate Lie algebra. We note here that the product in a is
just D, (@)b—D, (b)a. Therefore

L(D, (@b—D, (b)a)=D,(La)b—D, () La+D, (@ Lb—D, (Lb)a.
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This implies
{IL, D; (@)]-D; (La)} b={[L, D, (b)]—D, (L b)} a.
We abbreviate this by U (a) b=U (b) a where U (b) is skew-adjoint. Then
0=<U(a)b,b>=<UB)a, b>=—<a, UB)b> for all aea.
Therefore U (b)b=0 for all bea. Replacing b by a+b gives
0=U(a)b+U(b)a=2U (a)b.

Hence U(a)=0. This means [D, (h), D, (a)]=D,(D,(h)a) on a. We know that the
family {D, (a); a€a} is abelian. On the common eigenvectors we have

iA(a)D, (h)b—D, (@)D, (b)b=A(D, (h) a) ib.

Decomposing D, (h)b too shows D, (h)b=pb. Hence [D, (h), D,(a)]=0 on a and
D,(D,(h)a)=0 on a. Applying D, (h) to the product of xesp and aea in the interme-
diate Lie algebra gives for the s, component

D, (h)D,(a)x=D, (a) D, (h) x+D, (D, (h) a).

A argument as above shows [D, (h), D, (a)]=0 on s, and D, (D, (h)a)=0 on s,. This
finishes the proof of (3.5*) and gives half of (3.3). The second half of (3.3) is
[D;(x), D;(@)]=0. On a this has been shown above. On s, we use gain the sp-
components from the product of x, yes,. We note that D, (a) is a derivation of the
normal j-algebra sp, hence, in the modification via D,, we get

D, (a)(D; (x)y—D; () x)
=D, (D,(a)x)y—D, () D, (@) x+D, (x) D, (a) y—D, (D, (a) y) x.

Because D, (a) sp < [sp, sp] this implies
[D; (@), D; (x)]y=[D; (a), D, )] x.
This gives, as above, [D, (a), D, (x)]=0 on sp. This finishes the proof of the Lemma.
3.7. In this section we state the algebraic main result of this paper.

THEOREM. — Each solvable Kdhler algebra is a modification of the semidirect product
of an abelian ideal and a normal j-algebra.

The proof of this Theorem will be carried out by induction on the dimension of the
Kaihler algebra in sections 4, 5 and 6. In case the dimension is 2, the Theorem is trivially
verified.

We also note that, by Lemma 3.4.1 and Lemma 3.6, for the proof of the Theorem it
suffices to find a (finite) sequence of modifications starting at the given Kihler algebra
and leading to the semidirect product of an abelian ideal and a normal j-algebra.
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We point out that we will frequently use the results on modifications which are listed
in this section 3.

4.1. In the following sections we prove (by induction) that to each solvable Kahler
algebra there exists a (finite) sequence of modifications leading to the semidirect product
of an abelian ideal and a normal j-algebra.

4.2. We construct q as in 2.1. There are three cases that we have to consider. The
first is M\ jg=gq. The other two cases are listed in Lemma 2.4.

Case 1. — qMNjq=q. Here q is a Kahler ideal in s. Therefore the orthogonal
complement s’ of q in s is a Kéahler algebra, s=q+s’. As q # 0 we may apply the
induction hypothesis to s’. Hence s’ =s;+5] + s, and Lemma 3. 3.2 applies. We consi-
der the action of s’ on q. Put A(x)=adx |q, xes’. We write A (x)=A,(x)+A,(x)
where A (x) commutes with j and A, (x) anticommutes with j. Then it is straightforward
to see that (1.2) implies A, (jx)=j A, (x) for all xes’. Next we choose y, zeq and xe¢’,
then (1.3) means that j A (x) is self-adjoint on q. We note that by the definition of q we
have A ([x, »])=0 for all x, yes’. Therefore the family {A (x); xes’} is abelian and as
in [7], PartII, Lemma 3, one shows that A (x)=A,(x) is skew-adjoint and commutes
with j.-

Let D be the modification map of s’ as in Lemma 3.3.2. We extend D by putting
D(x) | q=A (x). Then D(x) is a commuting family of skew-adjoint endomorphisms
of s. Each D(x) commutes with j. This shows (3.1), (3.2) and (3.3). We compute

[q: +x1, 42 +x5]1=[q,, x52]+[x], q;]+[x7, x3];

here the first two summands are in g, the last is in 8. Therefore D([u, v])=0 for all
u,ves. By Lemma3.3.2 we have D(x)ye[s, s'] for all x, yes’. This implies
(3.5*). It remains to show that D (a) is a derivation of s. We only have to verify

rA(a)[q, x]=[A (a) q, x]+][gq, D (a) x] for xes’, gqeaq.
But A (a) | g=ad a |  whence
A (@) (g, x]=Ia, [g, x]1=[la, q], x]+[g, [a, x]]=[A (@) ¢, x] +Ig, [a, x]].

If suffices to show 0=[[a, x]—D (a) x, q]. But [a, x]—D (a) x € [s’, s'] by Lemma 3.3.2
and the assertion follows.

This implies that D is a modification map of s. The modified algebra is the sum of
the abelian ideal g+ s+ 5] and the normal j-algebra sp,.  This finishes the first case.

5.1. We consider the case where q+j q is not abelian. Then, by Lemma 2.4, dimq=1
and we can choose r e q so that [jr, r]=r.

Put p:={xes; [x, r]=0, [jx, r]=0}. Then as in [7], Part III, Lemma 8, one proves
that p is invariant under j and adjr and that the operator adjr I p commutes
with j. Moreover, [7], Part III, Lemma 9, shows:

(1) %p(e'“'f'u, &7 p)=p(jr, ¢*7[u, o)) for all u, ves,
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where p(x, y):=<x, jy>. The following proposition together with its proof is almost
identical with [7], Part III, Proposition 2.

ProposITION. — (a) The operator adjr | p is semisimple and has eigenvalues A with
Rere{0, 1/2}.

(b) s=Rr+Rjr+u+s" where the eigenvalues of adjr | u (resp. adjr | ") have real part
1/2 (resp. 0). Moreover, v:=Rr+ Rjr+u is a j-invariant subalgebra of s, s’ is a j-invariant
subalgebra of s and r, jr, u and ¢’ are pairwise orthogonal.

Proof. — We modify the proof of [7], Chap. III, Proposition 2. Let xe€s, then we
determine a, be R so that x —ajr—brep by

0=[x, r]—aljr, r]l=ar—ar and 0=[jx, r]—b[jr, r]=Br—br.
Hence
2 s=Rr+Rjr+p.
As in [7] we get from (1)
3) p(r, e v)=a()e™* for all vep.
As j commutes with adjr on p we also get
4 p(jr, €* " v)=—a(jv)e”" for all vep.

Let now u, ves be arbitrary, then [u, v]=ar+Bjr+p and the right-hand side of (1)
equals

pUr, €7 [u, r)=ap(jr, €'r)+Pp (r, jr)+p (jr, &'** " p)=be'—a(jp)e”*
where we have used p (jr, jr)= — <jr, r >=0. An integration gives for all u, ves
(5) p(e'*47u, ¢4 v)=a(jp)e™ +e'+v.

Clearly, the coefficients depend on u and v. If uep, then also juep and (5) yields —be-
cause adjr and j commute on p—for uep, ves.

(6) <ediry ot2diry > —q(jp)e ' +PBe' +7.

We consider the endomorphism A : =adjr | p more closely. Let A+ pi be an eigenvalue
of A. Then there exists a subspace u of p such that A | u=AId+pI where
I12=—1d. For ueu we get

e2diry—expAu=e*(cosptu+sinptlu).
Hence

(7 < ey, e2diry > =e?*|(cospt)u+(sin pt) Iu*=a(ip)e  +Be' +7v.
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As a consequence we have

(8) re{0, +£1/2},
9) [(cosptyu+(sinp)Tul*=|ul® for all teR.

Expanding (9) gives
(9) <lu, lu>=<u, u>, <lu, u>=0.

We next prove that A is semisimple (whence adjr is semisimple on s). Let A=A,+A,
where A, (resp. A,,) is the semisimple (resp. nilpotent) part of A. We may choose a
vector u so that

Au=lu+plu+A,u  where I*’=-1Id, A,u#0
and
exptAu=e™((costp)Id+(sintp) D) expt A, u.
But now (7) shows that
|((cost w)Id +(sintw) I)expt A, ul>*=|u|* for all teR.

This implies that |exptA,u|* is bounded. Therefore A,u=0, a contradiction. To
prove (a) it suffices to show that in (8) A= —1/2 does not occur. Here we proceed as
in (c) of the proof of [7], Chap. III, Prop. 2. We derive from (3) and (8) that a(v)=0
for all vep. Therefore the right-hand side of (7) is Be'+7y. This implies that in (8)
only Ae{0, 1/2} is possible. This proves (a) and the first part of (b). As adjr|p
commutes with j we see that u and s’ are j-invariant, hence b and s’ are
j-invariant. Writing adjro=Av+plv one derives from (3) and (4) that u and s’ are
orthogonal to r and jr. Moreover, ueu and ves’ in (5) imply p (4, v)=0 whence u and
s’ are orthogonal. As in [7] one notes now s’ < p whence [r, s']=0. As a consequence,
(1.3) shows [s", s'] L jr.

Finally, considering the real parts of the eigenvalues of adjr, one shows that v and ¢’
are subalgebras of s. This finishes the proof.

5.2. We are now prepared to finish the case dimg=1. Using 5.1 we write s=p+5’
where o=Rr+Rjr+u. We consider the map

D(ar+Bjr+u+x"):=[r, u]—1/2u+[jr, x’].

It is easy to see that D is a derivation of s. From the definition of p=u+s" we get that
adjr commutes with j on u and on s. Therefore D commutes with j. We choose
x’, y'€s’ and get from (1. 3) the equation

0=<1[x, ¥}, jjr >=<D, jrl, jx' > =<[jr, X'}, jy" >.

This implies that jD is self-adjoint. Therefore D is skew-adjoint on s’. From (9)" of
the proof of Proposition 5.1 we see that D is skew-adjoint on u. Altogether D is a

4¢ SERIE — TOME 18 — 1985 — N° 1



KAHLER MANIFOLDS 163

skew-adjoint derivation of s commuting with j. It is now straightforward to show that
the map ar+Bjr+u+x"+— BD is a modification map of s. We therefore may and will
assume from now on that adjr is self-adjoint and that v is an ideal of s. We apply the
induction hypothesis to s” and split s’=sg+s] +sp according to Lemma 3.3.2. Then
sp, is the Lie algebra of a simply transitive solvable group on a homogeneous bounded
domain. Let D’ denote the modification of s’.  We consider the map D, (a)=ada | v,
aea’=sy+s]. From Lemma3.5.1 we get a basis z;, ..., z, of the complex vector
space a’ so that [jz,, z]=0 for 1 <r <n. Hence by [7], PartIIl, Lemma 3, we get
that adjz, | v and adz, | o are skew-adjoint and commute with j. Therefore D, (a)
is skew-adjoint for all aea’. We have [D,(a), D,(b)]=ad][a, b] } v; but this implies
[D,(a), D,(b)]=0. We define D(v+a’+x")=D,(a’)+D’(a’). We claim that D is a
modification map of s. By Lemma 3.4.3 we know that D ] s’ is a modification map of
s’. S0(3.1),(3.2) and (3. 3) are satisfied. We know that v is an ideal of s, orthogonal
to a’. Hence it suffices to prove D([x, y])=0 for x, yes’. But

[a+xD’ b+yD]=[a1 b]+[a7 yD]+[xD, b]+[xD, yD]

and it suffices to prove D(ag, x])=0 for all aed, xesp But
[a, x]=(a, x)+D’(@)x—D’(x)a. Therefore the a-component f of [a, x] is
f=la, x]—D’(a)xe[s’, s’l. Hence adf [ v is nilpotent; but we have seen above that it is
skew-adjoint. Therefore D([a, x])=0. Next we consider

D(+x)(w+x)=D(x)v+D((x)X".
To verify (3.5%) we may assume v=0v=0. Now
D(a+xp) (b+yp)=D’(a) b+ D (a) yp.

Hence it suffices to prove adD’(a)bv=0. But from Lemma 3.3.1 we know
[a’, a’]={D’(a)b; a, bea’}. Hence the assertion. It remains to show that D (x)eDers
for all xes. It is easy to see that we only have to show

D (a)[v, x']=[D (a) v, x'1+[v, D" (a) x'].
But this is equivalent to showing [v, [a, x']—D’(a) x']=0. But
[a, x1—D’(a) x’=(a, x’)—D’(x)aeaN[s, ']

whence the assertion.

Carrying out the modification D gives s=a’+ v+ s, where a’ commutes with o and is
an abelian Kéhler ideal of a’+sp. Hence a’ is an abelian Kihler ideal of s. Hence
v+sp, is a Kéhler subalgebra of s. From the induction hypothesis we get that v and s,
are “simple j-algebras” in the sense of [11], §1. Moreover, the restriction of the adjoint
representation of sp, to v is a symplectic representation in the sense of [11], §2, p. 313. We
apply the remark at the end of [11], §2, with ®=0 and ¥ =0 and see that v+sp is a
simple j-algebra, hence it is associated with a bounded homogeneous domain by
[11], §3. But then, by [4], Theorem 3.3.2, there exists a modification map D of
p+sp.  Now we consider a’+s,.  Again by induction we get a modification map D. It
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is easy to verify that these two modifications are consistent, i.e. define a modification
of s. After carrying out this modification s is the semidirect product of an abelian ideal
and a normal j-algebra. This finishes the case where q+;j q is not abelian.

6.0. In this section we consider the last remaining case: q+jq abelian. Here we
modify [7], Part III, §3, and prove that—after several modifications of s—the ideal q is
contained in a j-invariant ideal of s.

6.1. Pick 0 #req.
(1) [jr, sl < p={xes; [x, a]=0, [jx, q]=0}.
The proof of (1) is as in [7]. We next prove
(2) adjr=D+ N where D is skew-adjoint, N nilpotent and [D, N]=0holds.
We may copy (a) and (b) from the proof of loc. cit. Lemma 11. Hence
(%) <et*diry etadiry > —qt? 4 bt+c

for all uep, ves. We split adjr into its semisimple part D and its nilpotent
part N. From (*) we get that the eigenvalues of D are purely imaginary. Then s
splits into a direct sum of subspaces s, 5, = p if k # 0, invariant under D and N, so
that on each of these spaces s, we have Dv=alv+Nv where I?= —Id. Then

ePo=((cosat)+(sinat)I)eNo.

From (*) we now derive that the spaces s, are pairwise orthogonal and that I is
orthogonal on s,. This proves that D is skew-adjoint on s. As j commutes with adjr
on p so j and D commute.

Now we construct a modification map F: s > Ders so that adjr acts nilpotent on s
in the new algebra. We choose r,, r,eq so that trace adjr,adjr,=—39,, and put
a,(x):=trace adjr,ad x. Let D, and D, denote the semisimple parts of adjr, and adjr,
respectively. Then F(x):=a, (x) D, +a, (x) D, maps s into Ders. It is easy to check
that F is a modification map. Hence after carrying this modification:

(3) We may assume that adjr is nilpotent for all req.
But now the proof of loc. cit Lemma 11 goes through without any change and we get
©)] (adjr)?=0 forall req.
6.2. We define
sV:=g @:={xes [jq, xJeq+jq}, sV:=[ir, sl+[ry slta+ia, sP=q+jq.
The subspaces s® form a j-invariant filtration of the Lie algebra s. Furthermore

(5 [s", sM=0.

4° SERIE — TOME 18 — 1985 — N° 1



KAHLER MANIFOLDS 165

Proof. — We modify the proof of loc. cit. Lemma 12. First it is clear that
(71 560 5 g1 5 5 holds. It is also easy to see that all s* are j-invariant. By
the definition of s® we get [sC"V, s?] < s and [5'9, sP] = 5. One proves next
[59, 59 = 59 as in loc. cit. Therefore s° is a Kihler algebra. If s©=s then we
continue with 6.6. Otherwise we decompose s=s,+9%,+sp as in 3.3 by induction
hypotheses. Clearly [jg, q]=0 for all qeq+jq. Hence q+jqcs,+s; by
Lemma 3.4.4. We claim [jx, x]=0 if x=[jq, y] with some geq, yes. We first show
as in loc. cit. that [[jg, u], [jq, v]]=0 holds for all geq, u, ves. But then

Ux, x1=0 g, y), g, Y=g, j¥1—Jj [, i¥1—1a, ¥}, lia, ylI=—lila, jiy)+1a, ¥}, lig, 1l

Now we note that j[q,jy]+I[g, yleq+jq and [jq, y]<p by(l). Therefore
[jx, x]1=[ju, lig, y]] with u= —{[q, jyleq. But we know

0=[ad (ju+jq))* = (ad ju) (ad jq) + (ad jq) (ad ju)
from (4) and
[adju, ad jq]=ad[ju, jq]=0,

therefore (ad ju)(adjq)=0 and [jx, x]=0 follows. But this implies [jq, s] = s,+s, for all
geq. Hence

(6) sV = sy+5, = s

We know that [jr, s] acts on s by nilpotent endomorphisms, therefore [jr, sjes,+5, is a
translation (thus an affine transformation without linear part). By definition, q acts by
nilpotent endomorphisms and adj q is nilpotent by (4), hence also q and j q are translations
in s,+s,. Therefore

) s1 is abelian and acts nilpotent on s.

We finish the proof of (5) by showing [‘?, sV] < sV and [s(" Y, s'V] < @ as in loc.
cit.
Next we show

(8) let xesy+s,, ad x=S+N, where S is the semisimple part of ad x and N its nilpotent
part. Then Ns < s,

Proof. — Let req then [jr, Nx]=N[jr, x]—[Njr, x] for all xes. Because
[jr, x], jres it suffices to show N | s'=0. But aes™ is represented by a translation,
X€s,+95, by an affine transformation x + A (x) z hence

[x, al=[x+A (x)z, a]=—A(x)a.

Therefore ad x | )= — A (x) whence semisimple. Thus N | s)=0.

Let a=sy,+s, and h=sp. Let s denote the principal idempotent of the normal
j-algebra underlying b [4], Theorem 3.3.2. We split adjs=H+N into semisimple and
nilpotent part and denote by H, the real part of H. Then HyeDers. We denote by
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s, the eigenspace of H, for the (real) eigenvalue A. Then s=@®s, and
[5 5] © 8,4, Moreover, defining s{*, a, and b, analogously, we get s, N 5@ =s{", 5{*
= al + bl‘

Now we go over [7], Chap. III, §3, Sect. 5. We define s):=gW/si*1) s)=Q for

2
j=3. Ons= ® 59 we put [x?, X¥] =[x, x¥] mod sV *** "),
j=-1
Then s is a graded Lie algebra. We define on s~ (for a fixed req)

(€) {abc}=([lr, a], b], c].

Note that {abc} s~ ), hence, it is determined modulo 5.
As in loc. cit. one proves that {abc} is invariant under permutation of a, band c¢. Also

(10) lia, {abc}1=I[r, a}, b}, [jg, ]l for all geq.

Our next goal is to prove {abc}=0 for all a, b, ces"". We know q = s ca. By
the construction of q we also have H, ] qg=old. From the classification of “‘symplectic
representations” [12], p. 234, we know ae{0, +1/2}. If a=—1/2, then [s, r]=jr, but
jréq whence a# —1/2. Moreover, rea,, therefore jrea_,. This implies in s

(11) Hyjr=—ajr  where ae{0, 1/2}.
We show
(12) lir, si" M < sV

Proof. — For x,es{"" we have
H, [jr, x,]1=[Hqjr, x,]1+[jr, Ho x,]= —a[jr, x;,]1+A[jr, x,].

We know from the description of “symplectic representations™ [12], p. 234, that H,
has only the eigenvalues 0, +1/2 on s'¥). Hence

(13) A=a, at1/2  where ae{0, 1/2}, if s{"V#0.

Choose aes{" ", bes, ), ces{™V so that {abc} # 0. Then [jg, {abc}] #0 for some
geq. 1If [jg, {abc}]=0 for all g€ q, then all representatives of {abc} are in 5. Therefore
{abc} =0.

From the above we know

(13) A, ve{o, at1/2} where ae{0, 1/2}.
Furthermore
[[i—r’ a]’ b]egl+p—amg(0)=61+u—a+5l+p—a'

If A+p—a#0, 1 or 1/2 then BHp_a:O because H, has on b only the eigenvalues 0, 1,
1/2 whence y=[[jr, a], blea and ady acts nilpotent. Therefore (8) implies that each
representative  of [y, c] is in s whence [y, c]=0. But [y, c]={abc}, a
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contradiction. This implies (using the symmetry of {abc})
(14) Ap, u+v, v+re{a, 1+a, 1/2+a}, ae{0, 1/2}.
Now we show

[5, sV] = 5o N s, s]+(sp N[5, 5)).

Proof. — We know [s, 5] < 9, therefore each element of [s, s*] is of type
X=Xg+Xx,+xp With xg€8, x;€s, and xpesp. Moreover, ad x acts nilpotent on
s. From the properties of s¥=s,+5s,+5, we see that the sy-part of adx ] sp 1S
(ad x; +ad xp) | sp modulo s,. This endomorphism acts nilpotent on s,. In particular,
Xp€[sp, 5p]. But then ad xp acts nilpotent on sp,.  This implies that ad x, | sp Is nilpo-
tent, therefore adx, | sp=0. From the above we derive that x—x; acts nilpotent
on a. Hence x, =0 and (15) is verified.

As a consequence of (15) we note that the a—components of [s, s'¥] consist of
translations.

Next we prove

Let g,€s,, u,esl, vies) and assume n+& > 0 or n=§=0,

(16) then [[g,, u,], v]=0.

Proof. — Put y=j[[g,, u,], v;], then yes) . .. and we have
< y > = P([[gv, uq]’ Ug]’ y)= - P([Uga y]’ [gw uq])_ p([y’ [gva u“]], Ug)-

Here the first summand on the right-hand side vanishes because v, yes'” and (7). It
therefore suffices to prove [[g,, u,], ¥]=0. By the Jacobi identity and (7) this is equivalent

to [[g, ¥}, u,]=0.

If n+&>0, then [g,, y]es'), ., N a because H, has only non-negative eigenvalues
on sp.  Obviously, [g,, y] acts nilpotent on s'Y); therefore it is represented in a by a
translation. Consequently [[g,, y], u,]=0 because u, es'*.

Now we assume n=£=0. Then yes) and [g,, y]les{. We know from (15) that
the a-component of [g,, ¥] is a translation; it therefore commutes with u,es®. It
therefore suffices to prove
(*) o =[5p, 5p] N s acts trivial on s

Proof. — Let nen, and put A=adn | s§). We have

Un, jx]=j i, x]+j[n, jx]+[n, x] ~ for xesf.

Because

[, s < sV=0 and  js{V=s{V
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we get 0=0+j[n, jx]+[n, x], i.e. [A, j]=0. Next we consider
p(A X, Z)= p([n’ x]s Z)= —p ([xa Z]’ n)—P([Z, n], x)
=p([n, Z], X)= _p(x> [n7 Z])= _p(x’ A Z)

because x, ze s and s*) is abelian. Using that A commutes with j we conclude that A
is skew-adjoint. On the other hand A acts nilpotent on s whence A =0.

As a consequence of (16) we get
(17) [V, sV, s1=0 if n+&>0 or n=£=0.

We resume the assumptions on a, b, ¢ made after (13) and note [jr, a]es{?,, [jg, cles®,
by (12). Using the remark preceding (13’) and (10) we get that {abc}#0 is possible
only in the case where

(18) A+v—2a =0, and A—a and v—a are not simultaneously zero.

Using the symmetry of {abc} we obtain

(19 A+p, p+v, A+v=2a, and at most one of the numbers A, p, v is equal to a.

It is easy to check that for both cases, a=0 and a=1/2, it is impossible to satisfy
simultaneously the conditions (13)’, (14) and (19). Therefore {abc}=0.

This implies [[s'"), 5], 5] = 5/®. Hence
lig, [[s®, s], s]] < [jr, 9] = s for all qeq.
Using the Jacobi identity and the commutativity of ') we see that the left-hand side of
this inclusion equals [[s, s, [jq, s]]. Hence [[s'V, s, [jq, s]] = s®. Replacing [jqg, s]
by q+jq we get [[sV), s], q+jq] = s®. Therefore altogether [[sV), s], sV = 2. It is

easy to show p([[s"), s], sV}, 5)=0. As s® is j-invariant we may replace p by the
inner product on s. Therefore

(20) [[sV), s], sV =0.
Now we define
Z(s"M) ={xes; [x, sM]=0}.

Because jq < s') this implies Z(sV") = 5.  We can take over the first part of the proof
of [7], Part III, Lemma 18, without change and get

(21) Z(sV) < 69 is an ideal of s.

Eventually we want to show that Z(s'") is a Kéhler ideal.

We pick zeZ(s'") arbitrary. Because Z(s") = s we know jzes®. Therefore
liz, sV = sM). We put A=adjz | . Then

p(Ax, y)=p(liz, x], »)=—p(x, y], j2)—p (D, jzl, X)=p(Ay, x)=—p(x, Ay)
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where we used that sV is commutative.
From the integrability condition we get

Uz, jx1=jljz, X]+jlz, jx]+[z, x]=j[jz, x]
for zeZ(s"W) and xes'. This implies [A, j]=0. Therefore
<AX, y>=p(Ax,jy)=—p(X Ajy)=—<x, Ay>.
Hence A is skew-adjoint.
(22) adjz | s is skew-adjoint for all zeZ(s") and commutes with j.

Hence, to be able to show that Z(sV) is a Kihler ideal we have to modify the algebra s.

6.3. For xes'® we denote by xp, the component of x in s, = s(®. Let b, denote the
orthogonal complement of np=[sp, sp] in sp and b, the weight spaces of b, in np. It is
known that the projections onto § are polynomials with no constant coefficient in
elements of b,

We put 3p={xp; x€3}, 3=Z(s).
(23) 30=0BoMNbho) ® ® (3 M b,

a#0

Let xe3 and hel,, we know [s,, h] = a, hence the sp—component of [x, h] is
[xp, B}. This implies that the n, component of x, splits into the weight spaces. Hence
(23).

(24) Let xe3 and xpe3p M b, a#0. Then x=x,+ xp, X, Xp€3.

Proof. — Because s!) is an ideal of s/ we know that xj acts nilpotent on s'). But
adx | s =0, therefore adx, | s'*) has no semisimple part. This implies ad x, | s'=0,
i.e. x,€3. Consequently xp€3.

6.4. In this subsection we assume 3p#0.

We consider ze3p M jh,- Choosing z from a weight space we may assume in addition
liz, zZ]=z. Let .5, YER, be the weight spaces (of the real part) of adjz ins. We
know [,s, s8] = g+, Moreover, because adjz leaves invariant s we may find a
complementary subspace u of s'” in s that splits into weight spaces relative to (the real
part of) adjz, u=® (uN,5). We note that jz commutes with all jr, req: We have

[iZ, .]r] =j [iZ, r] +j [Za ]r] + [Z, r];

here the last two summands vanish because ze3 and jr, res¥). Finally, jz acts skew-
adjoint and C-linear on s and leaves the ideal q invariant. Therefore
liz, 1ejqMq=0. This implies that adjz has on u and [jr, u] < s the same
weights. But we know that adjz is skew-adjoint on s whence adjz has only real
weight 0 on u. Therefore, ad jz has non-zero weight only in s©. We know that it has
possibly the weights 0, +1/2in a=s® O spand 0, 1/2, linsp. It is clear that w= s+ ,5
is a subalgebra of s. We claim that w is j-invariant. It suffices to show that gs is
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orthogonal to ,s+ s for all B # 0, 1. But we know

d . . _ .
Ep(etadjzxa’ e‘“d”xo)=p(]z, etad;z[xﬂ, xo]).

Here the last term vanishes because e'*4/* [x,, xo]€ g5 M s and gs N 5@ is orthogonal to
08+ 5. This implies

p (€247 x4, 247 x0) =p (X, Xo)-

But the left-hand side behaves like e'® whence p(xp Xo)=0. Replacing x,€4s by x, €5
in the argument above shows p(xg x;)=0 as well. It now suffices to note that

@ p5=4,,8%+_,,8? is invariant under j. This shows that @ s is orthogonal
B#0, 1 B#0,1

to w and w is j-invariant. Hence w is a Kéhler algebra.

If w=s, then ;s is a commutative ideal of s and it is easy to see that paragraph 5
applies to this case. Hence s can be modified to become a semidirect product of an
abelian ideal and a normal j-algebra. Assume now w #s; then we can apply the induction
hypothesis and get w=a"+w, as well as a modification map D for w. We put
by =wp O [wp, wp]. By af we denote the set of elements of a* which are annihilated by
the real parts of all hehy. We know that D vanishes on the orthogonal complement
of ag+bhy. Moreover, by Lemma 3.5.1 we get a basis a,, ..., a; of a” satisfying
[ja,, a]=0for 1 =r =1 Now we use that w leaves invariant . Hence, by [7], Part III,
Lemma 3, we know that aj acts on b by skew-adjoint endomorphisms which commute
with j. Now we consider hj. It is easy to see that f, is contained in hj. Because
ho+v = s° and [by, ] = v we know that the purely imaginary parts of adb, ] D are
skew-adjoint and commute with j. Let hebhy ©b,. Then [h, jz]=0 and ad h leaves ;s
and _,,s invariant. We claim that h is orthogonal to [;,;s, _;;;5]. From above we
know that all these spaces are contained in s'®. Moreover, a=a,+a;,+a_;, and
Sp=95po +5p (1/2)+ 5p1 relative to the real part of adjz. Hence -

[1/25, —1/25]=[a1/2+5D(1/2), a—1/2] < qy

because the modification map of s° vanishes on all occurring spaces. We know from
the description of sympletic representations that a, is j-invariant. Hence, by
Lemma 3.5.1 we have a basis by, ..., b, of a so that [jb,, b,]=0 holds. But this
implies a, = a*. In particular

<Rh+Rjh, [1)28, —128] >=0.
Therefore

d
Zp(emdhul/z, emdhl’—l/z):P(h, etadh [ul/z, 0—1/2])=0-

This shows

tadh

h
p(e™* uy,, e V_12)=p (U2, V_y)2)

4¢ SERIE — TOME 18 — 1985 — N° 1



KAHLER MANIFOLDS 171

whence ad h l v and adjh | v are symplectic transformations of . Hence, by [12], p. 234,
o decomposes into eigenspaces v} ,, o”.,, and vf, for the real part of adh | o. The fact
that ad h is symplectic and satisfies (12) implies that the purely imaginary part of ad h | D
is skew-adjoint and commutes with j. For wew we denote by D (w) the skew-adjoint
part of adw on s. From the remarks above we see that the family {D (w); we w} consists
of skew-adjoint derivations of s which commute with j. By the definition of D (w) it is
clear that these endomorphisms are contained in the algebraic hull of ad(a”+5§g). But
a¥+h§ is a solvable Lie algebra whence the purely imaginary parts of ad(a™+bg)
commute. This proves (3.3).

From the definition of D(w) we get D([w w])=0 and D([w v])=0. We know
D=5+ _;,,5; hence

[v, °]=[1/25’ —1/25] < w.

The elements of [v v] act nilpotent on s, therefore D([v v])=0. This proves
(3.4). Finally, (3.5*%) follows by Lemma 3.3.2. This shows that D is a modification
map. Carrying out this modification we get a solvable Kéhler algebra for which each
ad x, xes, has only real eigenvalues. Hence, by [7], s is the semidirect product of an
abelian ideal and a normal j-algebra.

6.5. In this section we assume 3,=0. Hence 3 =a. We apply Lemma3.3.1 to a
and get a=d,+4d,,+4d,, where d,=[a, a], A(G,+d,,)=0 and A (a)(a,,+4,,)=0, where
A (a) denotes as usual the linear part of the affine transformation associated with
aca. Because s and a,+@,, consist of translations we have 6,+a,, = 3. Because 3
is an ideal s we see that ad z has the same eigenvalues as ad z | a. Hence ad z has only
purely imaginary eigenvalues. The eigenspaces for non-zero eigenvalue are contained in
8, and are invariant under j. Let ,s be the eigenspaces for adz. Then [ys, ,8] < 4, if
a#0 because H>= —a?1d on [s, ,s] where H denotes the semisimple part of ad z.

Let now ze€d,o+4a,, then z and [z, x], xes, are translations whence (adz)>=0. If
z€b,, then jzea,, and p(z, [os, ,5]) =0 follows. Hence from [7], Part III, Lemma 9, we
get

dip(e‘“'zox, €% )= p (2, ¢% [y, x]) =0.
t

We know adz | G, =A(2) | d, and adz commutes with j on 4,. Replacing ,x by j,x
above shows that we can replace p by the inner product. Hence

tad tad —
< e x, 97 X > =< gX, X >

This implies < ¢x, ,x > =0. Therefore ,s 1,5 for all a#0 and ,s is invariant
under j. As a consequence we get that the semisimple part of adz is skew-adjoint and
commutes with j.

If ys=s for all ze3, then ad 3 consists of nilpotent endomorphisms. Otherwise we fix
an orthonormal basis D, ..., D, relative to trace AB* in the vectorspace of semisimple
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m

parts of {adz; ze3}. We define D(x)= ) (traceadxD,)D,. It is clear that these

r=1
maps are skew-adjoint derivations of s which commute with j. Because d,, is abelian
we have (3.3) satisfied. Finally, (3.4) and (3.5*%) are verified using the fact that the
algebraic hull (ads)* of ads is solvable whence trace [A, BJC=0 for
A, B, Ce(ads)*. Therefore D is a modification map of s. We note that D does not
change the adjoint action of 6,4+ a,,.

Carrying out this modification we can assume that ad z is nilpotent for all z€3.

Weputt=360((3Njz). Thentc<a,;, tNjt=0and A(a)t=0. Because adt consists
of nilpotent endomorphisms we also have A (t{)=0. Hence in particular [a, t]=0.

We have
[jx, jr]=0 forall xet, req,
(25) [ix, jy]=0 for all x, yet,

[ix, y]=0 for all x, yet.
Proof:

Ux, jr1=jx, jr1+jlix, ]+ [x, r]=0

because xet <3 implies [x, q+jq]=0 and [jx, r]=A(ix)reqMNjq=0. Similarly,
[ix, jy]=0  because x,y act as translations, [ix, yYI=A (ix)y=0 and
[jy, x]=A (iy) x=0. This also proves the last assertion.

Let H,, xet, denote the real part of the semisimple part of adjx. Then (25) implies
[H,, adjr]=0. Therefore

Bljr, xgl=[jr, H, xgl=H, [jr, x4].

But we know that ad x has no real eigenvalue in s¥’. This implies =0 or [jr, x5]=0
for all req. But the latter case implies x,,eso. Hence

(26) adjx, xet, has only purely imaginary eigenvalues in s.
Next we note

27 (adx)>=0 for all xe3.

Proof. — For any ues we get adx(u)e3. Hence (ad x)2u=ad x (ad xu)=0 because
3 < a consists of translations.

We consider xet and denote the j-linear part of ad x by g, and the j-anti-linear part
by g,. Similarly we define p, and p, for adjx. We copy the proof of [7], Lemma 3, so
far as to get

P2=Jj4>, iy 411=243 and [P1> 421+[P2, 41]1=0.
Clearly, [j, ad x]=2jq, and a computation shows

[, adx]u= —[x, jul+j[x, u] for all ues.
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Hence
4q3=jlx, jlx, ul =[x, jull =[x, —j[x, jul =[x, ull=j[x, j [x, ull+[x, j[x, jull
by (27). We note [x, julez < a whence j[x, julea. This implies
[x, j[x, jull=A (j [x, ju]) x=0

by the definition of t. Therefore g7=0. In particular we get [p;, ¢;]=0. An argument
as above shows even ¢, g, =¢,q,=0. Hence the remaining equation gives

0= —[py, jp2l+lig2, 41]=—jp1P2+ipP2P1 +i9291—J9192= —J [P1> P2l

Therefore [p,, p,]=0. Because g3=0 we also have p2=0. This implies that the semisim-
ple part of adjx is just the semisimple part of p,; hence it commutes with j. Moreover,
by (26) it has only imaginary eigenvalues.

By (25) we know that the family 2 of semisimple parts of adjx, xet, is abelian and
commutes with j. Moreover, each element of & has only imaginary eigenvalues.

Let K denote the closed Lie group generated by expD, De2. Then K is compact,
K < Auts and Kj=jK.

We define

(28) p(u, v)=j p(Wu, Wo)dW,
K

where dW denotes the normalized (right- and left-invariant) Haar measure on K.
We easily get
p(x, y) is skew-symmetric,
p(x,jx)>0 forall x#0,
(29) p(x ¥, )+p ([, 2 x)+p (2 x], »)=0,
p(Ux, Uy)=p(x, y) forall Uek,
p(x, y)=p(x, y) forall x, yes®.

As a result we see that & consists of skew-adjoint endomorphisms relative to p (x, j)
and (s, p) is a solvable Kihler algebra. We define D: s —» Ders by D(x)=) (trace

ad xD,) D, where D, is an orthonormal base of 2 relative to trace AB*. As above we
verify that D is a modification map for (s, p).

We would like to point out that D (x)=0 if ad x is nilpotent.

W denote the new algebra by s and its product by (x, y). After this modification we
define s as before. We have

s@={xe5; [jg, x]+D (ig) x—D (x)jge q+jq for all aeq}.
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But adjgq is nilpotent whence D (jg)=0. Moreover, by definition of D(x), D (x) | s is
skew-adjoint, therefore

D(x)ja=jD(x)q <j(aNjq)=0.

Hence x €5 iff xes©.

Next we consider [jr, x]+D (jr)x—D(x)jr. As above we have D(jr)=0 and
D (x)jr=0. Therefore s"'=sW,

Of course, s V=31 and s@ =33,

Now we consider 3={xes; (x, sV)=0}. It is easy to see 3+j3 <3 Moreover,
0=(x, s') is equivalent to

0=[x, Y]+ D(x)y—D()x for all yes®.

We know that ad y acts nilpotent on s whence D (y)=0. It is clear that there exists
ze3 so that D(x) | s‘”—adjz | s*. Hence [x—jz, y]=0 and x—jze3. This implies
x€3+j3 and therefore 3= 3+ j3. It follows that 3+j3 is a j-invariant ideal of 5. Asa
consequence s =3+ w where m is the orthogonal complement of 3 in s relatlve to p. We
know that D (x) leaves invariant 3=3+j3 and is skew-adjoint relative to p. It therefore
also leaves invariant w. Moreover, it is clear from Lemma 3.4.1 that D(x) is a
derivation of s and of s.

We define a map D: s > Ders by D |3=0, D |m=—D | w. Itis easy to see that D
is a modification map of 5. As a matter of fact one can carry out the two modifications
D and D in one step by Lemma 3.6. Hence we can assume 3=34j3 is a Kéhler ideal
and D(w)=0. This implies in particular that m is a subalgebra of s. As a result
D (x) | w is skew-symmetric relative to p. We split w=1m,+ mp according to our induc-
tion hypothesis. By Lemma 3.5.1 we have a basis w,, ..., w, of m, so that [jw,, w,]=0
for allr. Let U= exptD(x) then [U, j]=0 and [/Uw,, Uw,]=0. Hence, by
Lemma3.4.4, we get Uw,=m, whcncc UmD—mD Therefore s= a+mD where
a=3+w, Because D(x) leaves 3, w, and w, invariant we see that a and wy are
subalgebras of s. Moreover, a is a modification of an abelian Lie algebra and wy, is a
modification of a normal j-algebra. Altogether (s, p) is the modification of the semidirect
product of an abelian ideal and a normal j-algebra. But (s, p) is also a Kaéhler
algebra. Therefore, by Lemma 3.4.5, we get p(a, wp,)=0. But because a and w,, are
subalgebras of (s, p) we know that D(x) | a and D (x) | w, are skew-adjoint. Therefore
D (x) is skew-adjoint relative to p whence p=p. Hence, after a modification, 3 is a
Kiéhler ideal of s (which is a modification of an abelian K&hler algebra).

6.6. It is now very easy to finish the proof of the algebraic main theorem. In
sections 4, 5 and 6 we have shown that—after carrying out a modification—the given
Kaéhler algebra is the semidirect product of an abelian ideal and a normal j-algebra or it
has a non-trivial Kéhler ideal. In the last case we have s=3+w where 3 is a Kéhler
ideal which is a modification of an abelian Kéhler algebra and w a Kéahler subalgebra,
31l w.  We write w=w,+wp as usual. Then s=(3+w,) +wp and it is easy to see now
that s is the modification of an abelian Kéahler ideal on 3+ w, and a normal j-algebra on
wp. This finishes the proof of the main theorem.
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7.1. In this section we collect some facts on solvable general Kéhler algebras. For
the notion of an effective Kéhler algebra we refer to [7], Part II, 1.

Lemma 1. — Let s be an effective solvable general Kéhler algebra with isotropy
subalgebra f.

Then s=t+s" where ¥\ s'=0, T is abelian and ¢ is an ideal of s. Moreover, & is
naturally a Kdhler algebra.

Proof. — First note w=fN[s, s]=0. We know that f acts by semisimple endorphisms
and [s, s] by nilpotent endomorphisms on s. Hence w is contained in the center
of 5. But then w is an ideal of s which is contained in f. By assumption, s is effective
whence w=0. It is clear that f+[s, s] is f invariant. Therefore there exists a f invariant
complementary subspace a of s Clearly [fflcfN[s, s]=0 and also
[ alcaNls s]=0. We put s'=a+[s, s]. Then s’ satisfies the first part of the
lemma. We define a complex structure j* on s” by projecting jx, x€s’, to s” alongf. Thus
j x=jx+k for some kef. We use (KA1) to (KA7) of [7], PartIl, 1, to verify (1.1),
(1.2) and (1.3). We put <x, y>=p(jx, y), then <., . > is an inner product on

s’. We note p(jx, y)=p(§’ x, y) for x, yes’” by (KA4). To verify (1.1) we compute
j x=jx+k and

Jix=j (x+k)=j(x+k)+k'=—x+jk+k'+k”.
By definition j xes’ whence jk+k’+k”=0 and (j)>=—id. Next we consider
(1.2). Here we have

U x, j Y1=lix+k, jy+k’1=[x, jyl+[k, jy]+ix, k']

=jljx, YI+jlx, yl+1x, yI+j Ik, yI+k, +jlx, kKT+k,

=jlix+k, yl+jlx, jy+kT+[x, yI+k+k,

=jli’x, Y1+jlx i’ y1+[x, yl+k, +k,

=j'U %, yI+i'[x, J y1+x, y]+ky +ko+ks+kg.
Comparing terms in " and ¥ we see k; +k,+k;+k,=0. Finally, we note that (1.3) is
trivially verified by (KA4) of [7].
In case s acts on a homogeneous bounded domain we can sharpen the above result.

LeEMMA 2. — Let s be a solvable general Kdhler algebra with isotropy algebra ¥ and
complex structurej. Assume that (1.1) and (1.2) hold and s is the Lie algebra of a
transitive group on a homogeneous bounded domain. Then in Lemma 1 we can choose s’
to be j-invariant.

Proof. — First choose 5" as in Lemma 1. By construction we have j' x=jx +k (x) for
all xe's’ where k (x)ef. From (1.2) we get

U x, j' yl=lix+k (x), jy+k O]=[ix, jy]+[ix, k 0]+ 1k (x), jy]
=jlix, y1+jlx, jyl+[x, y1+jlx, k 0] +j[k (x), ¥]
=jli’"x, y1+jlx, j y]+[x, y]
=J " x, Y1+ [x, J v+ [x, yI=k ([i" x, YD)~k ([x, j y])
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Hence k([j'x, y]+[x,jy)=0 for all x yes’. From [4 we know that
& =50+5"_ 12 +5_, and the subspaces s_,, r=0, 1/2, 1, split into root spaces like a
“normal j-algebra” relative to an algebra a — 5°_, (note, however, that j a, aca, does
not necessarily have only real eigenvalues). Moreover, for y < g’_l,l, y¢a, we have
k(s5_,,)=0, and also k (55,,)=0 if s, Nja=0 and k(s_,,,)=0. Let n’ be the sum of
" all root spaces of & that are not contained in a+j’a. Puts’=n"+a+jqa; then s is an ideal
in s because [¢', s']=n"+a and j’ a+f is abelian and leaves [s’, 5] invariant. Moreover, n’
and a+ja are j-invariant, hence s’ is a j-invariant ideal of s.

7.2. We apply the results of 7.1 to Kahler manifolds.

LEMMA. — Let M be a connected Kdhler manifold and S a solvable transitive Lie group
of holomorphic isometries. Then there exists a subgroup S’ of S so that M = S’/K where
K is discrete in S'.

Proof. — Put s=LieS; then s=f+¢" with f and ¢’ as in Lemma 7.1. Let S’ be the
connected subgroup of S with Lie S"=s"; then S” and its isotropy subgroup K of some
point of M have the desired properties.

CoROLLARY. — Let M be a connected, simply connected Kdihler manifold admitting a
transitive solvable group S of holomorphic isometries. Then S contains a simply transitive,
simply connected, connected subgroup S'.

7.3. We prove the geometric main result of this paper, the “fundamental conjecture”
of [8] for manifolds admitting a solvable transitive group.

THEOREM. — Let M be a connected Kdihler manifold admitting a solvable transitive
group of holomorphic isometries. Then M admits a holomorphic fibering the base of which
is analytically isomorphic with a bounded homogeneous domain and each fiber is, with the
induced Kdhler structure, a locally flat Kdhler manifold and it is homogeneous relative to
the subgroup of Aut M leaving the fiber invariant.

Proof. — By Lemma 7.2 we may assume that the isotropy subgroup of S is
discrete. By S* we denote the connected, simply connected Lie group with Lie algebra
s=LieS. Then S* is a h. k. m. (which we will denote by M*) and also the universal
cover of M. From 3.2 and Theorem 3.7 we get that M* admits a split solvable transitive
Lie group S. Hence by [7] we know that M* admits an equivariant holomorphic fibering
onto a bounded homogeneous domain B, n: M* — B satisfying the assertions of the
theorem. We know further that s is the modification of s=Lie S via a modification
map D.

By the choice of S and S* we know M=S*/A¥ where A} is discrete in S*. The
natural projection of S* onto M will be denoted by ¢. We consider the isotropy
representation A (a*) of a* € A¥ in the tangent space T, , M where e is the neutral element
of S*. By definition

¢ (e)

Aa¥)u=A(a*)d, o x=d,a*d, 0 x

— a*.(p(exptx)=i o (a*exptxa* )=d,pAda*x.
dt|o dt|o

4¢ SERIE — TOME 18 — 1985 — N° 1



KAHLER MANIFOLDS 177

Hence only such a*eS* are admissible, for which Ada* acts orthogonal on s and
commutes with j. It is clear that Ada* is an automorphism of s. We decompose
s=a+sp as usual. Then 0=[jAda*Z, Ada*Z]for Z, asin Lemma 3.5.1. We write
Ada*Z,=a+xp and get [jxp, xp]+ D (ja) xp—D(a)jxp=0. From [4], Lemma 3.5, we
derive xp=0 whence Ada* leaves invariant a and s,. Next we prove that for each
geS* we have g=ahn where a is a product of expa’, a’ea, h is a product of exph’,
h'esp, ©lsp, 5p] and n=expn’, n'€[sp, spl. We note that S* is generated by
{expx, xeaUhUn}. We know exphexpa exp(—h)=exp(exp(adh)a) and
exp(adh)aea because D (a) h=0. Hence exphexpa=expa’exph. Next, we consider

exp(—a)expnexpa=exp(exp(—ada)n)=exp(a’+n’)

where a’e€a, n’€[sp, 5p] and D (a')=0, D(n")=0. Hence the Lie products of n” and a’+n’
in s are the same as in the unmodified Lie algebra. But there a is an ideal
whence exp(a’+n’)exp(—n')=expa’”’, a”’ea. Althogether we have shown
expnexpa=expaexpa’expn’. Therefore we are able to bring all expa, aea, in the
position as is claimed above. Finally, because [sp, sp] is an ideal of s, we can move all
expn across exph. Hence we can represent each g as stated above. We apply this
result to Ada*. Hence Ada*=AdaAdhAdn. But Ada | sp is orthogonal whence
Adh=Id. Now AdaAdn is orthogonal; but Ada gives only orthogonal contributions
over sp and Adn is unipotent. This implies Adn=Id. Hence Ada*=Ada. We know
Adh|sp=Id implies h=Id and also Adn | sp=1d implies n=Id. Therefore
a*=expa, aca.

Now we consider A} more closely. As in 3.2 we consider g=f+s=Ff+5 and split
s=a+sp and s=a+sy The Lie product in g will be denoted by [., .]. We know
s={D(x)+x; xes} and [g, g] 5. In the Lie transformation group G on M* correspon-
ding to g we have a*=ak where a=expada, aeca, and keexpf Then
Ada*|s=AdaAdk|s. We know that Adk leaves a and s, invariant. Hence
Adasy c sp. But

Ad(expada) (D (xp)+ xp) =D (xp) + xp—D (xp) a+[a, xp)

whence [a, xp]=D (xp) a. This implies [a, xp]=0 for xp €[sp, sp) and for xp € sp O [5p, Sp)
we split a into the eigenspaces relative to adxp [ a. We get adax,=0 and
D(xp) a=0. This shows aecenter s.

We identify S* with M* via the base point e*. Then the action of S on M* is given
on S* by x.y=xyk=xkk !yk where keexpf is such that xkeS. Hence for a*cA*
we have x. ya* = xyakk = xykak = xyka* where we have used that 4 is in the center of S
and expf is commutative. This shows that S leaves the right cosets of S* modulo A¥
invariant. Hence the group action of S can be pushed down to M. The isotropy group
A, of this action is given by

Ao={XeS;X. A} c A¥)={x€eS; xkeA}}.

Finally, we consider the semidirect product S, x A where S;, and A correspond to &
and a. It is easy to see that the natural map into the semidirect product S, x A/A, is a
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homomorphism which induces the identity map on s The kernel is clearly
{id} x A,. Therefore M=S/A,~S,xA/A,. But the last group is split solvable and we
can apply [7], PartII, Theorem 2. Hence M satisfies the fundamental conjecture.

7.4. In this section we apply our results to Kéhlerian NC-algebras. Let
(s, j, <., . > beasolvable Kdhler algebra. We decompose s as usual s=a*+s¥. The
Lie product in s will be denoted by [., .] and the Lie product in the unmodified Lie
algebra will be denoted by (., .). Hence [x, y]=(x, »)+D(x)y—D(y) x where D is a
modification map in the sense of section 3.

We want to determine when s is an NC-algebra. For a definition we refer to
[2], 3.4. We will use the notation of {2]. We point out that now a denotes the orthogo-
nal complement of [s, ] in s and a* corresponds to the abelian part of the Kahler
algebra s.

LEMMA. — The solvable Kdhler algebra (s, j, < ., . >) is an NC-algebra and < ., . >
is an admissible inner product if and only if (a*, s)=0. Its flat part is a*. The correspon-
ding simply connected, connected h.k.m. is a product of C" with a homogeneous bounded
domain.

Proof. — First we consider a=s©n. It is clear that we have a = h+a* where
h=sp O [sp, 5p]- The weight spaces of ) on a for weights with non-zero real part are
contained in [s, s]. Hence a = h+ad where

ad={aea*; (h, a)=0 for all heb}.
For aea} we have [h, a]=D (h)a. Hence a < §+ af, where
ag,={aea*; (h, a), D(h)a=0}.

In particular, we have [b, a%,]=0. We define a} and a* as in Lemma 3.3.1. We get
a=h+a¥, Na*NIs, s]*. This proves that a is abelian. Now we consider the generali-
zed root space decomposition defined in [2], 3.3. For aea we have

[a, b+n]=[a, n]=(a, n)+D (a)n.

Hence a(a) # 0 only if a=b+h, bea*, heh and h # 0. In particular a(a)=0 for all
acaMa*. Hence (ii) of [2], 3.4, is satisfied if and only if (a, sp)=0. This implies that
a ©) is contained in the center of the unmodified Lie algebra. We consider (iii). It is

clear that we may assume Hyel). Moreover, the condition a(Hy) > 0 for all o # 0 for
1

which a+ip is a root implies Hy= ) o,H, where H,, ..., H, is a complete set of
r=1
“minimal orthogonal idempotents”, i.e. [H,, jH,]=0,,H, and H,+ ... +H,=js where
s is the principal idempotent of s,. Let aea* be a common eigenvector for b relative
to(., .). Assume (H,, a)=—1/2a. We apply the classification of symplectic represen-
tations [7], p. 234, to H,,H, and H,+H, r#m. Hence (H, a)=Aa and
re{0, 1/2}. If A=1/2 then (H,+H, a)=0 whence (jH,, a)=ja, (H,, a)=0 and
((H,+H,), a)=0, a contradiction. Hence (H,,, a)=—1/2a implies (H,, a)=0 for all
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r#m. Therefore (Hy, a)=—-1/20,. But o,=H,, jH,) >0 by assumption. This
shows that (iii) is satisfied only if each H,, has only non-negative eigenvalues on a*. But
j interchanges the eigenspaces for the eigenvalues 1/2 and —1/2 and (H,,, a*)=0 for all
1 <m = Ifollows. From [7], Part III, Lemma 3, we now derive (a*, s5)=0. Hence a*
is the center of the unmodified Lie algebra. Let us now assume (a*, s)=0. Then (iii)
is clearly satisfied. From the above it is also clear that (iii) implies (ii). Next we
consider (iv). But from the definition of n, it is clear ny, = a*. Because D (n,)=0 and
D (n) =0 we have [ny, n]=(ny, n) = (a*, n)=0. To verify (v) it suffices to note that n? B
is a-invariant and that ada, aeaq, is the sum of a self-adjoint and a skew-adjoint
endomorphism. This proves incidentally that < ., . > is admissible [2], 3.7. Now it
is easy to see that ny+ay,=a* holds where n, and a, are defined as in [2], 4.3. Finally,
let M be the connected, simply connected Kédhler manifold associated with s. From 3.2
and Theorem 3.7 we know that the Lie group S which is generated by the unmodified
Lie algebra acts simply transitive on M. But the unmodified Lie algebra is the direct
product of a* with the normal j-algebra s,. This finishes the proof.

CoRrOLLARY 1. — Each Kdihlerian NC-algebra without flat part is a modification of a
normal j-algebra.

COROLLARY 2. — Let M be a connected homogeneous Kdihler manifold. Assume that
M has non-positive sectional curvature. Then M =C"/L x D where L is a discrete Z-module
in C" and D is a bounded homogeneous domain.

Proof. — Let M* be the universal cover of M. Then M* is a homogeneous riemannian
manifold with non-positive curvature. Then by [1], Proposition 2.5, we get a solvable
simply transitive group S of holomorphic isometrics for M*. Hence s=Lie S is a
solvable Kahler algebra; but [1], 6.3, shows that it is also an NC-algebra. Hence
M*=C"xD by the lemma above. From the proof of Theorem 7.3 we get
M=S, xA/A, where the right handside is under our assumptions here a product of
groups which correspond to unmodified Lie algebras and the assertion follows.
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Added in proof: 1. Theorem 1.4 is also contained in K. Nakajima, J-algebras and homogeneous Kahler
manifolds (to appear).

2. Professor Xu Yichao Kindly sent me a different (and somewhat more direct) proof for the results of
section 2.
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